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Method

Result 1: Small-size clusters at low T

References

Result 4: Effect on kurtosis

Result 2: Four-nucleon clustering and He-4 production

We propose new effects in heavy-ion collisions at the Beam Energy Scan (BES) of the Relativistic
Heavy-Ion Collider which can signal the presence of a possible QCD critical point at a particular collision energy.

We focus on nucleon-nucleon (NN) interaction: at distances ~1 fm is mediated by the σ critical mode.

Beyond mean field, the ω strength is increased to 
reduce the potential depth and make it closer to the 

phenomenological NN Bonn potential.

The shallow potential classically bounds few-nucleons 
close to T=0 (see Results 1). It can also reproduce 

binding energies of bulk nuclear matter in a 
semiclassical approach (see Ref. [1]).  

Walecka-Serot potential between nucleons: 

Close to the critical point T
c
~100 MeV, this potential is 

unable to bind nucleons. However, modifications due to 
the σ mode strongly affects the NN interaction

(see Method).

Nuclear forces appear as a partial cancellation of repulsion and attraction in the mean potential energy,
and Fermi energy, producing binding energies of few MeV in infinite nuclear matter.

We consider several NN potentials with increasing degree of criticality (due to decrease of σ mass close to T
c
):

Result 3: Big clusters close to critical transition

Molecular dynamics + Langevin with V
A’
 potential at T=10-3 MeV with N=4, 6, 8 and 13 nucleons

T is fixed by fast particles (pions, kaons), while nucleon dynamics is dominated by the pairwise potential.
Baryon diffusion constant λ is taken from URASiMA simulations.

We stress the importance of correlations between nucleons for binding and eventual clustering
(Boltzmann’s Stosszahlansatz is not enough to describe this phenomenon).

1) With freeze-out conditions as in experiment, we run N
ev

=105 simulations with N=32 particles in a 

non-expanding frame during Δt=5 fm/c. A final boost matches y and p
T
 distributions. 

A system with noncritical V
A’
 is calibrated to s1/2

NN
=19.6 GeV (close to Poisson expectations). 

We cannot simulate larger energies due to the absence of antiprotons. 

For freeze-out conditions at BES the potential V
A’
 cannot produce clustering of nucleons

However, V
C
 is able to form clusters (e.g. He-4) at temperatures T~100 MeV within a few Fermi/c. 

PDF of distances between nucleons at T=120 MeV for N=4.
At T=0, a Dirac delta sits at the minimum of the potential

These potentials are implemented into a classical molecular dynamics with thermal noise.
We extract physical properties from phase space distribution.

Quantum effects are ignored at T~100 MeV, but needed for infinite matter (see [1]).

Molecular Dynamics + Langevin Equation

 

Conclusions
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Spatial configurations and binding energies checked against direct minimization of the potential.

Resulting geometries coincide with Platonic solids except for N=8 (as known for Lennard-Jones potential) 

PDF is used to define an 
identification procedure of 
N=4 clusters in simulations 

with more nucleons

N=128
T=120 MeV
n=0.16 fm-3

At long times all 
particles eventually fall 

into a big cluster
(except for outliers 

with high momentum)

Medium at BES only has a 
few Fermi/c to interact.

We can expect few-nucleon 
partially bound systems 

e.g. proto He-4 nuclei
(see Result 2) 

also...
signatures on cumulants of 
(net-)proton distribution at 

freeze-out?
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1) Attractive part of NN potential is very sensitive to the QCD critical mode σ.

2) Phenomenological potentials for infinite nuclear matter are not able to produce binding around T~100 MeV.

3) NN potential reflecting σ-mass suppression close to T
c 
allows for substantial nuclear clustering.

4) In HICs, finite duration and radial expansion prevent big agglomeration, but small clusters can be formed.

ENHANCED HE-4 PRODUCTION IN BES CLOSE TO CRITICAL POINT

5) Clustering induces NN correlations producing an enhancement of kurtosis close to T
c

INCREASE OF KURTOSIS SIGNALS CRITICAL REGION DUE TO CLUSTERING   

2) We rescale our numbers 
to fix average number of 
protons in one cut.

Other proton cumulants 
match well with experiment 
for both cuts.

3) Larger criticality of NN potential we observe an increase of kurtosis.

Clustering → non Gaussian correlations!
STAR data. Two cuts:

0.4 GeV < p
T
 < 0.8 GeV

|y| < 0.5

(from Ref. [3])

0.4 GeV < p
T
 < 2 GeV

|y| < 0.5

(from Ref. [4],
STAR preliminary)

Simulation with N=32, T=120 MeV, Δt=5 fm/c
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Theory of heavy ion collisions Gauge topology: monopoles, instantons
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Brief sequence of events:

• 1970’s: pQCD, screening vs antiscreening, etc 
• 1980’s: inventing the signals  
• 1990’s: SPS/AGS and preparation for RHIC 
• 2000’s: hydro works perfectly! And jets are quenched 
• ADS/CFT and holographic models, of hadrons, QGP, collisions 
• 2010’s: higher flow harmonics as another hydro triumph   
•  small QGP viscosity confirmed => strong coupling sQGP 
• small systems, pA and even pp are also “explosive” and have large radial and 

elliptic and triangular flows 
• Important role of topology: monopoles in QGP near Tc define kinetic 

coefficients, viscosity and jet quenching  
• New semiclassical theory based on instanton-dyons 
• Two theories => one answer!

For time reasons, I cannot speak about everything



• 1968 Khriplovich derived -22/3 for SU(2) non-Abelian gauge theory 
• 1969 SLAC experiment confirms Bjorken scaling 
• 1970 Feynman proposed his parton model  
• 1970 I finished undergrad studies 
• 1973 Gross, Wilczek and Politzer: as.freedom and QCD 
• 1974 I got my Ph.D.: stat and hydro models, HBT  
• 1974 J/psi was discovered at BNL and SLAC 
• 1974: Polyakov and ’t Hooft found the monopole solution 
• 1975 I calculated the polarization operator of QCD at finite T 
• 1975 Polyakov et al found the instanton
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”physical” non-covariant gauges, rather than in the covariant ones which are used

in the QFT textbooks. It was done first in [108] using the Coulomb gauge. Not

only in this case there are no Faddeev-Popov ghosts, but also one can show that

there is no vertex renormalization of the static charge. As a result, all one has to

do in this gauge is to calculate the polarization tensor ⇧µ⌫(!, k), in close parallel

to what is done in the electron gas above.

As usual, the polarization tensor has two Lorentz structures corresponding to

the electric (Coulomb) and the magnetic (transverse) fields. The former is described

by ⇧
00

(!, k) and the latter by the spatial part of the polarization tensor

⇧mn(!, k) = (�mn � kmkn

k2

)⇧?(!, k) +
!2kmkn

k2

⇧
00

(!, k) (15.7)

These two functions enter the corresponding “dressed” (re-summed) Green func-

tions as follows

D
00

=
1

k2 + ⇧
00

(!, k)
Dmn = � �mn � kmkn/k2

!2 � k2 � ⇧?(!, k)
(15.8)

(a) (b) (c)

Fig. 15.2 Three diagrams in the Coulomb gauge for polarization operator. The dashed lines

indicate the transverse (magnetic) gluon propagators, dotted lines are for < A0A0 > propagator.

The logarithmic contribution from the three diagrams shown in Fig.15.2 are

su�cient to obtain the invariant charge renormalization, as in this gauge there is no
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renormalization of the Coulomb vertex function. Including the usual contribution

from quarks (analogous to that in QED) plus these three gluonic diagrams one gets

the following respective contributions to the gluon polarization operator

⇧
00

(~q) =
g2~q2

⇡2

log(~q2/⇤2)


+

1

2
� 6 + 0 +

Nf

3

�
(15.9)

(The fourth term is a contribution of the quark loop, added for completeness.)

Note that the only negative contribution comes from the diagram (b). Indeed it is

only possible for this diagram because it has no imaginary part – the Coulomb line

shown by dotted line is instantaneous and has no pole in energy, so the sign of the

log is not restricted by the unitarity cut. Explicit calculation shows that it has a

log, log(~q2) which contains not the usual 4-dimensional momentum squared but its

spatial components only.

Thus, re-summing the Coulomb field of a charge via sequence of polarization

operators, one finds

(1/~q2) + (1/~q2)⇧
00

(1/~q2) + ... = (15.10)

(1/~q2)(1/(1 +
g2

⇡2

log(~q2/⇤2)[(Nf/3) + (1/2) � 6]) (15.11)

which agrees with the asymptotic freedom formula by Gross, Politzer and Wilczek.

This derivation is in fact much simpler than theirs, done in covariant gauge, and is

due to Khriplovich [124], as early as 19681.

1Khriplovich was a good friend and for few years even a roommate of mine: so I had full 5 years

before Gross, Politzer and Wilczek to connect this sign to the parton model and weakness of

strong interaction at small distances, known since the famous SLAC experiment of 1969. I can

in the Coulomb gauge no ghosts are needed
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renormalization of the Coulomb vertex function. Including the usual contribution
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(The fourth term is a contribution of the quark loop, added for completeness.)
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only possible for this diagram because it has no imaginary part – the Coulomb line
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surprisingly, they lead to the polarization tensor being the same function of !,~k as

the cold quark matter: the di↵erence was only the coe�cient! The Debye screen-

ing parameter obtains the following contributions from the three diagrams (a-c) of

Fig.15.2 plus that of the fermionic loop

2

D = g2T 2(
1

2
+ 0 +

1

2
+

Nf

6
) (15.16)

Note that the unusual diagram (b), with a transverse-Coulomb loop responsible for

the unexpected sign and the asymptotic freedom, does not contribute at all!

The relation between this parameter and plasma oscillation frequency and ef-

fective on-shell gluon mass are the same as above, at T = 0. Very importantly,

perturbatively there is no static magnetic screening again, as in QED.

15.4 Cold quark matter and the perturbation theory

In zeroth order in coupling cold quark matter is just the relativistic Fermi gas of

quarks. I omit expressions for it as trivial.

In the order g2 there are the same two diagrams as for the electron gas and

the nuclear matter, named the “dumbbell” and the “sunset”. Recall that in the

electron gas the former did not contribute because it was cancelled by “jellium”, a

compensating positive charge. In the quark matter this contribution is also zero,

but for di↵erent reason: including all three quark colors makes the matter colorless.

Technically, each loop of the “dumbbell” contains the color matrix t̂a, a = 1..8 in

in the Coulomb gauge no ghosts are needed
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spatial components only.

Thus, re-summing the Coulomb field of a charge via sequence of polarization

operators, one finds

(1/~q2) + (1/~q2)⇧
00

(1/~q2) + ... = (15.10)

(1/~q2)(1/(1 +
g2

⇡2

log(~q2/⇤2)[(Nf/3) + (1/2) � 6]) (15.11)

which agrees with the asymptotic freedom formula by Gross, Politzer and Wilczek.

This derivation is in fact much simpler than theirs, done in covariant gauge, and is

due to Khriplovich [124], as early as 19681.

1Khriplovich was a good friend and for few years even a roommate of mine: so I had full 5 years

before Gross, Politzer and Wilczek to connect this sign to the parton model and weakness of

strong interaction at small distances, known since the famous SLAC experiment of 1969. I can
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surprisingly, they lead to the polarization tensor being the same function of !,~k as

the cold quark matter: the di↵erence was only the coe�cient! The Debye screen-

ing parameter obtains the following contributions from the three diagrams (a-c) of

Fig.15.2 plus that of the fermionic loop

2

D = g2T 2(
1

2
+ 0 +

1

2
+

Nf

6
) (15.16)

Note that the unusual diagram (b), with a transverse-Coulomb loop responsible for

the unexpected sign and the asymptotic freedom, does not contribute at all!

The relation between this parameter and plasma oscillation frequency and ef-

fective on-shell gluon mass are the same as above, at T = 0. Very importantly,

perturbatively there is no static magnetic screening again, as in QED.

15.4 Cold quark matter and the perturbation theory

In zeroth order in coupling cold quark matter is just the relativistic Fermi gas of

quarks. I omit expressions for it as trivial.

In the order g2 there are the same two diagrams as for the electron gas and

the nuclear matter, named the “dumbbell” and the “sunset”. Recall that in the

electron gas the former did not contribute because it was cancelled by “jellium”, a

compensating positive charge. In the quark matter this contribution is also zero,

but for di↵erent reason: including all three quark colors makes the matter colorless.

Technically, each loop of the “dumbbell” contains the color matrix t̂a, a = 1..8 in

Therefore “plasma”! 
q and g are quasiparticles 

with effective mass

in the Coulomb gauge no ghosts are needed
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Figure 8. The continuum extrapolations of the screening masses and the ratio of the screening
masses. For the ratio mE/mM we also included di↵erent estimates from the literature: Lattice
results from Ref. [31], dimensionally reduced 3D e↵ective field theory results from Ref. [41], and
results from N = 4 SYM plasma with AdS/CFT from Ref. [42].
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We note, that our results are closest to the results from dimensionally reduced e↵ective

field theory.
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In pQCD it should be small, 
But, according to lattice, 

It is NOT at all small!!! 
(I am not sure the errors 
Here are correct, but the  

conclusion is qualitatively the 
same 

 from other lattice data as 
well)
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1,2

Csaba Török

3

1University of Wuppertal, Department of Physics, Wuppertal D-42097, Germany
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where the perturbative series for the free energy are convergent. The first pertur-

bative corrections O(g2), calculated by myself in 1970s, was an order of magnitude

smaller than the zeroth order, so the beginning of perturbative series looked promis-

ing. The next corrections of the series p/T 4 =
P

n Cngn normalized to the first one

C
2

, are shown in Fig.15.4. The reader can see that the convergence happens at

couplings g < 0.8, ↵s = g2/4⇡ < 1/20 or so, smaller than the values we need to

compare to experiment, such as g ⇠ 2, ↵s ⇠ 1/3. So, like in many other real world

problems, the perturbation theory for weakly coupled QGP serves as a qualitative

rather than a quantitative tool.

Fig. 15.4 Ratio of subsequent perturbative corrections to the first one O(g2): g3, g4log(g), g4,

g5, g6log(g) are shown versus g by the black thick, blue dashed thick, red dotted, blue thin and

brown dashed curves, respectively.
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1

Zoltán Fodor,

1,2,3

Sándor D. Katz,

3,4

Attila Pásztor,

3,4
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1,2

Csaba Török

3

1University of Wuppertal, Department of Physics, Wuppertal D-42097, Germany
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couplings g < 0.8, ↵s = g2/4⇡ < 1/20 or so, smaller than the values we need to

compare to experiment, such as g ⇠ 2, ↵s ⇠ 1/3. So, like in many other real world

problems, the perturbation theory for weakly coupled QGP serves as a qualitative

rather than a quantitative tool.

Fig. 15.4 Ratio of subsequent perturbative corrections to the first one O(g2): g3, g4log(g), g4,
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Ratio of subsequent perturbative corrections 
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• J/psi will be partially absorbed  by the medium (ES, 1978).

•  jet quenching (Bjorken, 1982) 

•  subsequent melting of charmonium and bottonium states (Matsui and Satz, 1986) 

I dont have the time to speak of photon and deletion data,  heroically obtained, 
but mention only two puzzles 

large v2,  implying that 
we do not really  

understand the rates  
in hadronic matter

the initial chemical equilibration of qgp: 
when and how quarks appear? 
pQCD processes not enough  

=> hot glue scenario? 
most likely due to the sphaleron explosions  

ES,Zahed, Venugopalan, Mace



Radial and elliptic flows at RHIC confirmed hydro calculations with  QGP!

March 14, 2018 9:34 WSPC/Book Trim Size for 9.75in x 6.5in hi˙book

104 Description of the Little Bang

tion of this edge, at which the collective velocity is directed toward the observer, so
that the spectrum is “blue shifted”.

The consequence of such “splash” geometry is the v
2

⇠ p? prediction. The
observed dependence of the elliptic flow parameter v

2

for pions and protons on the
particle transverse momentum is shown in Fig.6.10 also taken from the PHENIX
white paper [Adcox et al., 2005].

(Note also that our calculations done before the data, thus predictions – the
red lines online and onscreen – for RHIC were quite accurate, while most of our
competition, shown by the blue lines, overshoot the data points.)

Fig. 6.9 The elliptic flow parameter v2, the experimental data versus the hydrodynamical pre-
dictions, for pions (left plot) and protons (right plot).

Note, that while the agreement is quite good through the whole kinematic region
shown in this plot, theoretical curves stop at p? = 2 GeV . Why were the calcula-
tions stopped there ? In fact even the bravest theorists at the time had not dared to
venture beyond it, since it was commonly expected that above such p? one would
enter a jet-dominated regime. We were expecting hydro to work for “majority of
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From historic  
PHENIX 

 white paper 2004

A Hydrodynamic description of heavy ion collisions at the SPS and RHIC  
D. Teaney, J. Lauret , E.S nucl-th/0110037

Flow at the SPS and RHIC as a quark gluon 
plasma signature  

D. Teaney, J. Lauret, E.Shuryak 
(  Phys.Rev.Lett86 (2001) 4783-4786

Note that theory lines only go to pt= 2 GeV. Can it be used further? 

⇡ P

http://inspirehep.net/record/564374
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The freezeout condition is not T=const, but 
coll.rate=expansion rate:    

Note that theory lines only go to pt= 2 GeV. Can it be used further? 

Thermal spectra describe data till masses of He4, 4 GeV
Exponential spectra turn to power-like at pt>5-6 GeV
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I. INTRODUCTION

It is by now well established that high energy
heavy ion collisions, and even high multiplcity
pA and pp collisions, can be rather well
described by the relativistic hydrodynamics,
for reviews see [1–4]. These hydrodynamical
descriptions of spectra are typically followed
for several decades, from small up to transverse
momenta p? ⇠ 2 GeV . The reasons given for
this upper value di↵er from paper to paper,
and can be summarized as follows:
(i) the afterburner cascade runs out of statis-
tics;
(ii) the viscous corrections to thermal distribu-
tion in the hydro cell may become large [5]
(iii) above p? > 2 � 3 GeV the azimuthal
harmonic flows v

n

(p?) no longer follow the
characteristic hydro-based linear regime
v

n

(p?) ⇠ p?;

As we will show, the spectra change and
produce evidences for hard collisions and jet-
related phenomena several orders lower, at
pmax

? ⇠ 5 � 6 GeV . No generally agreed expla-
nation of the origin of secondaries in the inter-
mediate region of transverse momenta 2GeV <
p? < pmax

? exists at present.

(The only attempt to explain it, by a coales-
cence of jet-related and hydro-related quarks
[6], predicted certain “quark scaling” of ellip-
tic flow. Not going into ints criticism, let us
just note that our proposal is completely di↵er-
ent. In particular, we discuss secondaries com-
ing from the freezeout surface at proper time
⌧ ⇠ 20 fm/c, while all jets leave the fireball
much earlier, at ⌧ < 6 fm/c, and no coales-
cence is possible.)

Standard application of (by now, rather so-
phisticated) hydrodynamics is usually supple-

mented by very crude treatment of the final
stage of the process, known as freezeout. The
spectra are calculated by Cooper-Fry integral
over certain surface, which in practice is taken
to be an isotherm with a particular tempera-
ture T

f

.

One of the improvement we try to develop in
this work is to substitute the isotherm by an-
other surface, prescribed by a more meaningful
freezeout condition, relating the expansion rate
of matter to corresponding reaction rates.

As we will show below, the freezeout sur-
face (FOS for short) consists basically of two
distinct parts. One of them, to be called a
“lid”, is time-like surface from which most of
final particles emerge. It is characterized by a
Hubble-like flow, with transverse rapidity ap-
proximately linear with distance from the cen-
ter. This is the one which is reasonably well
reproduced by “blast wave” parameterizations
often used by experimentalists to fit the spec-
tra. As we will see, at this part of the sur-
face the temperature T and the expansion rate
@

µ

uµ are both constant, so our improved con-
dition basically leave it unchanged. Therefore,
all spectra at p? < pmax

? remain unchanged.

The second part of the freezeout surface is
the space-like “outer edge”. We will show that
at large p? > pmax

? its contribution dominates
the spectra. Furthermore, as they are very sen-
sitive to the maximal value of transverse collec-
tive flow, the precise location of the freezeout
surface becomes important. We will work out
some analytic solution, approximating this re-
gion, based on Riemann rarefaction solution.
We will further show, that while T and uµ in
this region are directly related to each other, it
is not so for T and @

µ

uµ. Therefore, the cor-
rect surface is not an isotherm, and that it in
fact includes a bit larger collective flow. With
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flow

@
µ

uµ =
1p

(1 � c2
s

)(t2 � x2)
(17)

which is, as expected, Lorentz invariant.

V. THE “CONICAL CUP” MODEL

After critical discussion of the Gubser solu-
tion, we would like to introduce a simple model
which has properties much closer to what real-
istic hydrodynamical explosion predicts.

initial state

“the side”

time “the lid”

FIG. 4: default

The schematic shape, we call the “conical
cup”, is shown in Fig.5. It consists of the
“top” part, taken to be at constant (longitudi-
nal) proper time ⌧ = ⌧

f

, and the “outer edge”,
taken to be of conical shape, with radius lin-
early interpolating between the initial and final
radii, R

i

and R
f

. The bottom part is where the
initial conditions are to be defined: it is under-
stood to be at small but finite proper time ⌧

i

where one can start hydrodynamical descrip-
tion. We will not discuss the bottom part in
this paper anymore, and the time ⌧

i

, typically
a fraction of fm/c, is simply neglected com-
pared to ⌧

f

⇠ 17 fm/c. For justification of the
model and realistic values of its parameters the
reader should wait for later sections.

We further assume that at the top part of the
surface the transverse rapidity dependence on
r is linear, up to its maximal value

(r) = 
max

r

R
f

, (r < R
f

) (18)

Note that because ⌧ = const on the top part,
the second term in the preceding expression
vanishes.

On the outer edge we assume that the trans-
verse rapidity take the same value on the whole
wall,  = 

wall

. (Justification to fallow later.)
If so, the Bessels decouples from the integral
over the wall, up to the volume factor

V
wall

=

Z
⌧f

0
d⌧⇡R2

⌧

= (19)

As we will show later, only a part of the wall
actually corresponds to the solution with the
constant (the highest)  = 

max

, so we intro-
duce additional factor P

wall

to the outer edge
contribution. Note also, that in this case the
two terms with di↵erent Bessel functions com-
pete.

The resulting spectra for this model are shown in Fig.5, for the pions and protons. The pre-
vious studies focused on the “lid” contribution, shown by dashdotted lines, which provides good
description of the shape of the distribution up to p? ⇠ 3 GeV . Note further, that the excess seen
in the data at small p? is due to the so called “feed-down” contribution, that of the decay of mul-
tiple mesonic and baryonic resonances. It is well known and calculated in statistical hadronization
models such as [7].

The new contribution of the “outer edge” we introduced now, shown by the solid lines, is small
in the integral, of the order of a percent. However it becomes dominant at higher transverse
momenta, improving agreement for pions for p? = 2 � 5 GeV and for protons for p? = 3 � 6 GeV .
It significantly extends the description of the spectra in terms of absolute probability, by 2-3 orders
of magnitude. This is important, because it now extends right up to the momenta p? > 5�6 GeV
where the contribution from hard partonic reactions, eliminating the “nobody’s land” region in
between.
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FIG. 5: The transverse momentum spectrum dN/dydp2
?
�
(GeV )�2

�
for pions (left plot) and protons (right

plot). The points correspond to ALICE 0-5% centrality data, the dash-dotted lines show the “lid” contri-
bution, and the solid lines show that of the “outer edge”, with additional factor Pwall = 1/4.

VI. THE ISOTHERM SURFACES IN
NUMERICAL HYDRODYNAMICS

As input, we use an ensemble of hydro solu-
tions generated from Glauber-based initial con-
ditions, by MUSIC hydro code [15]. We use
smooth (Glauber-based) initial conditions and
take small impact parameter, corresponding to
0-5% centrality bin, the same as in the ALICE
data [16] to which we will be comparing them.

In Fig. 7 we show location of the points at
the isotherm T = T

f

= 100 MeV , on the r � ⌧
plane. Their distribution clearly display two
parts of the f.o. surface: (i) the “lid”; and
(ii) the “outer wall”, now connected by a rela-
tively smooth transition. Note that the former
is closer to the constant proper time surface, at
proper time ⌧

f.o.

⇡ 27 fm/c, as compared to
Gubser solution. A near-simultaneously emis-
sion of many secondaries, in a time range �⌧ ⌧
⌧
f.o.

is a phenomenon well known from the fem-
toscopy studies. Note further than the “outer
walls” have very small vertical (that is, no flow)

part at ⌧ < 3 fm/c, and then extends linearly,
from the initial edge of the nuclei at r ⇡ 7 fm
to about r ⇡ 20 fm. The slope of the edge
tells us that it moves outward with the veloc-
ity v

edge

⇡ 1/3 (not to be confused with the
collective flow velocity at the edge).

In Fig. 6(a) we show the distribution of
freezeout points in the r �  variable. Note
that it consists of a linear rise , corresponding
to the “lid” part of the surface, and the upper
“loop”, generated at the “walls”. This plot is
to be contrasted with

we show the distribution of the rapidity of
the flow y?. The light histogram correspond
to the “lid” (⌧ > 17 fm/c), and the dark one
to the “outer edge”. While the former shows a
remarkably flat distribution, in the range y? 2
[0.1, 1.1], the latter has a clear peak at y? ⇡ 1.2.
The existence of this peak is the consequence
of near-Riemann nature of the hydro solution
at the edge, according to which the values of
the temperature and rapidity must be strongly
correlated.
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VII. THE FREEZEOUT CONDITION

For high energy collisions, the idea of freeze-
out [17] directly predated even the first applica-
tion of relativistic hydrodynamics by Landau.
It is also widely used in Big Bang cosmology.
Schematically, the condition reads

collision rate = expansion rate

More precise form used in [18] is, for the particle
of type i

ẇ
i

= h
X

j

n
j

�
ij

v
ij

i ⇡ @
µ

uµ (20)

where in the l.h.s. the sum is take over all par-
ticle types j, with mutual scattering cross sec-
tion and relative velocity. Note that the col-
lision rates in the l.h.s. depend on i: so the
freezeout surface is not the same for di↵erent
particle types. For example, the nucleons have
large �

⇡N

⇡ 200 mb at the � peak, and thus
they are expected to decouple later than the
pions. Strange particles such as � have smaller
cross section, and thus should decouple earlier
than the pions, etc.

Although these considerations and the colli-
sion rates in hadronic gas are well known, we
have not seen them being much used, since the
early paper [18].

FIG. 7: (upper plot) The transverse flow rapidity 
versus r(fm), dots are cells at the freezeout surface.
(lower plot) The histogram of the transverse flow
rapidity  distribution over the freezeout surface.
The lighter part corresponds to the “lid” region,
defined as ⌧ > 27, fm/c, the darker part shows the
contribution of the “outer edge”, at ⌧ < 27, fm/c

The rates generally grow rapidly with the
temperature T , and can be conveniently param-
eterized by some power

ẇ
i

= C
i

TPi (21)

For example, in cool gas of pions described by
Weinberg chiral Lagrangian ẇ

⇡

⇠ T 5/f4
⇡

. Us-
ing such parameterization, one can take the
root of the power P and rewrite the freezeout
condition in the following convenient form

T (x) =
⇥@

µ

uµ(x)

C
i

⇤1/Pi (22)

⌧

r
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r

y?y? ⇡ 1.4

Tf = 100MeV

In the outer edge there is analytic solution: 
The Riemann rarefaction fan

y? < 1.2



Higher flow harmonics are just deformed sounds
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Figure 2: The steps involved in the extraction of the vn for 2-3 GeV fixed-pT correlation: a) the two-
dimensional correlation function (shown for |��| < 4.75 to reduce the fluctuations near the edge), b)
the one-dimensional �� correlation function for 2 < |��| < 5 (re-binned into 100 bins), overlaid with
contributions from individual Fourier components as well as the sum, c) Fourier coe�cient vn,n vs n,
and d) vn vs n. The bottom two panels show the full dependence of vn,n and vn on ��. The v1 is not
shown since it breaks the factorization from vn,n to vn of Eq. 13. The shaded bands in c)-f) indicate the
systematic uncertainties. The range 2 < pa

T
, pb
T
< 3 GeV is chosen, since collective flow is expected to

be large in this range while the pair statistics are still high.
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Fig. 16.3 (a) Calculated two-pion distribution as a function of azimuthal angle di↵erence ��, for

viscosity-to-entropy ratios ⌘/s = 0.134, Experimental data for ultra-central collisions from LHC

collaboration ATLAS and ALICE are shown in (b) and (c)

ripheral, has been done in Ref. [199] from which we borrow Fig.16.4. The Fig.16.4

(a) shows the well known centrality dependence of the elliptic and triangular flows.

v
2

is small for central collisions due to smallness of ✏
2

, and also small at very pe-

ripheral bin because viscosity is large at small systems. Fig.16.4 (b) shows the

ln(vn/✏n), which according to the formula is the exponent. As a function of the

inverse system’s size 1/R both elliptic and triangular flows show perfectly linear
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Fig. 16.2 The perturbation is shown by small blue circle at point O: its time evolution to points

x and y is described by the Green function of linearized hydrodynamics shown by two lines.

Perturbed region – shown by grey circle – is inside the sound horizon. The sound wave e↵ect is

maximal at the intersection points of this area with the fireball boundary: �� angle is the value

at which the peak in two-body correlation function is to be found. Shifting the location of the

perturbation, from (a) to (b), result in a rather small shift in ��.

at zero �� = 0: it is generated if both observed particles come from the same

intersection point. When two observed particles come from di↵erent points, one

finds two peaks, at �� = ±2 rads. This calculation has been presented at the first

day of Annecy Quark Matter before the experimental data to be shown next were

reported: these data from from LHC collaborations ATLAS and ALICE are shown

in Fig. 16.3(b) and (c). The agreement of the shape of the angular correlation

is quite stunning, taking into account that it is just a single perturbation from a

point source, and that in order to make calculation analytic certain approximation

– conformal QGP equation of state and a bit unrealistic nuclear shape – has to be

made.

Extensive comparison of this expression with the AA data, from central to pe-

The Fate of the Initial State Fluctuations in Heavy Ion Collisions. III The Second Act of Hydrodynamics  
Pilar Staig, Edward Shuryak, Phys.Rev. C84 (2011) 044912  arXiv:1105.0676

Z
d⌧cs(⌧) ⇡ R

so the “sound circle” 
has the same size as a fireball
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the process, strictly speaking there are multiple freezeout
surfaces. One usually separates “chemical” and “kinetic”
freezeouts, in which inelastic and elastic scattering rates
are involved. Since di↵erent secondaries (pions, K, nu-
cleons, ... J/ ) in fact have quite di↵erent elastic cross
sections, the “kinetic” surfaces should in fact be di↵erent
for each species.

We are not going to discuss all those complications in
this work, and think of only one type of secondaries, the
pions. Furthermore, we will use a drastic simplification
often used, assuming that the freezeout surface is the
isotherm T (t, x) = TFO. If so, the surface can be de-
termined from hydrodynamical output, for example its
time-like part can be written as

⌃µ = (⌧fo(x, y), x, y, ⌘) (4.6)

where ⌧fo is the time at which the fireball reaches the
freeze-out temperature. The Cooper-Fry formula con-
tains the vector normal to the surface which is then

d⌃µ = �
p
�g✏µ⌫�⇢

@⌃⌫

@x

@⌃�

@y

@⌃⇢

@⌘
dxdyd⌘ (4.7)

=

✓
�1,

@⌧fo
@x

,
@⌧fo
@y

, 0

◆
⌧fodxdyd⌘ (4.8)

Here g is the determinant of the metric and ✏µ⌫�⇢ is the
Levi-Civita symbol.

The perturbations a↵ect the spectra in two ways.
First, the flow velocity in the exponent is corrected by the
extra terms of the first order due to sound. The second
e↵ect, related with the first order temperature perturba-
tions (1+ �), are more subtle. Hotter matter (positive �)
in the event with a “hot spot” and perturbation from it
imply a production of extra entropy density (increases by
(1 + �)3) as compared to the zeroth order fireball. This
means there would be extra secondaries produced, as this
entropy is “hadronized”. By assumption, it happens lo-
cally, delaying a bit the freezeout according to condition

T
0

(t, x) [1 + �(x, t)] = TFO (4.9)

Thus delay is absolutely necessary, it provides extra vol-
ume for the extra matter produced, as compared to the
zeroth order explosion, since by assumption the freeze-
out temperature and thus the matter density at the FO
surface are held constant. The deformation of the FO
surface not only increases the volume, giving place for
the extra particles just discussed, but it also prolongs
hydro evolution, providing a bit larger flow.

Let us now discuss another issue: at what part of the
particle spectra we should focus, in order to see best the
e↵ect of the perturbation. The Cooper-Fry formula has
pt of the particle in the exponent, so it is tempting to
take it as large as possible. And indeed, all hydro e↵ects
(such as e.g. the elliptic or radial flow) are enhanced by
the increase in the particle momentum pt. There are two
practical limits to an increase in pt, however:
(i) One can be understood inside the hydrodynamics it-
self. The viscous term has an extra gradient, relative to

the ideal part of the stress tensor. This means that the
relative role of viscous corrections will grow with pt, till
at some point it will no longer be small as compared to
ideal term. Obviously at such pt hydrodynamics should
be substituted by some other tool, e.g. some kinetic the-
ory description.
(ii) In real collisions some secondaries originate from hard
scattering and subsequent jets. In spite of significant jet
quenching, at large enough pt the hard component of the
spectra supersedes the hydrodynamical spectra. Obvi-
ously, beyond this point one looses ability to follow the
hydrodynamical component.
The transition between the hydrodynamic part of the

spectrum and the hard QCD tail has been determined
to be between 4-5 GeV [23, 24] so, a bit conservatively,
we will consider pt = 1GeV , as a region well inside the
hydrodynamical domain. Even at this pt, its ratio to the
kinetic FO temperature is a large number pt/Tf = O(10),
which can be treated as a large parameter of the problem,
residing in the exponent.
Let us work out the first-order corrections appearing

from the perturbation. There are two e↵ects, one from
the extra matter T = Tf +�T and one from extra motion
of the matter in the sound wave. The latter contribution
comes simply from adding the perturbation to the veloc-
ity,

uµ ! uµ + �uµ (4.10)

�uµ is the perturbation, written in (3.38) as û
1

times ⌧ .
The e↵ect due to the extra matter is included when

calculating the freeze-out surface:

Tfo = Tb(⌧, r) + �T (⌧, r,�) (4.11)

where �T = T̂
1

/⌧ , with T̂
1

from (3.37).The equation
(4.11) is solved for ⌧(r,�), and the result for the inviscid
case is presented in Fig.5. Since the contribution from the

FIG. 5: (Color online) Freeze-out surface ⌧(x, y) for the in-
viscid case.

perturbation is small, we write ⌧(r,�) = ⌧b(r) + �⌧(r,�)
and consider terms up to first order in �⌧(r,�). By this
we mean that the exponent will be approximated by

pµuµ(⌧b + �⌧)
Tf

⇡ pµub µ(⌧b)
Tf

+
1
Tf

d(pµub µ(⌧b + �⌧))
d(�⌧)

|�⌧=0

�⌧

+
pµ�uµ(⌧b)

Tf
(4.12)
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The acoustic damping formula works well, even for nonlinear terms 

Acoustic scaling of linear and mode-coupled anisotropic flow; implications for precision extraction of the specific shear viscosity  
Peifeng Liu, Roy A. Lacey  Phys.Rev. C98 (2018) no.2, 021902 arXiv:1802.06595 
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pressed as [10, 18]:

χmc
4,(2,2) =

Re⟨V4(V ∗
2 )

2⟩
⟨v42⟩

, χmc
5,(2,3) =

Re⟨V5V ∗
2 V

∗
3 ⟩

⟨v22v23⟩
,

χmc
6,(3,3) =

Re⟨V6(V ∗
3 )

2⟩
⟨v43⟩

, χmc
6,(2,2,2) =

Re⟨V6(V ∗
2 )

3⟩
⟨v62⟩

,

χmc
7,(2,2,3) =

Re⟨V7(V ∗
2 )

2V ∗
3 ⟩

⟨v42v23⟩
. (7)

For a given pT and centrality selection, the magnitudes
of the mode-coupled flow vectors can also be expressed
in terms of the correlations of Vn with Ψ2 and Ψ3 to give
[18, 30]:

vmc
4,(2,2) =

⟨v4v22 cos(4Ψ4 − 4Ψ2)⟩
!

⟨v42⟩
≈ ⟨v4 cos(4Ψ4 − 4Ψ2)⟩,

vmc
5,(3,2) =

⟨v5v3v2 cos(5Ψ5 − 3Ψ3 − 2Ψ2)⟩
!

⟨v23 v22⟩
≈ ⟨v5 cos(5Ψ5 − 3Ψ3 − 2Ψ2)⟩,

vmc
6,(2,2,2) =

⟨v6 v32 cos(6Ψ6 − 6Ψ2)⟩
!

⟨v62⟩
≈ ⟨v6 cos(6Ψ6 − 6Ψ2)⟩,

vmc
6,(3,3) =

⟨v6v23 cos(6Ψ6 − 6Ψ3)⟩
!

⟨v43⟩
≈ ⟨v6 cos(6Ψ6 − 6Ψ3)⟩,

where the average in the numerator is an average over
particles for a given pT selection, for all the events in the
chosen centrality range, and the average in the denomina-
tor is an average over events for the centrality selection.
These expressions point to the important role of event-
plane correlations for mode-coupling. It is also straight
forward to use Eqs. 3 - 7 to evaluate the magnitude of
the higher-order linear harmonic response:

vL4 =
"

v 2
4 − v 2

4,(2,2), vL5 =
"

v 2
5 − v 2

5,(3,2). (8)

Analogous to anisotropic flow, the complex eccentricity
coefficients defined in Eq. 2, can be used to determine the
higher-order mixed-mode eccentricities:

εn =

#

$

|En|2
%

, εmc
4,(2,2) =

"

⟨ϵ42⟩,

εmc
5,(2,3) =

"

⟨ϵ22ϵ23⟩, εmc
6,(3,3) =

"

⟨ϵ43⟩,

εmc
6,(2,2,2) =

"

⟨ϵ62⟩, εmc
7,(2,2,3) =

"

⟨ϵ42ϵ23⟩. (9)

Recently, it has been argued that the linear response con-
tribution to higher-order flow, should be linearly propor-
tional to the cumulant-defined eccentricities E ′

n instead
of En [10]:

E ′

2 ≡ ϵ2e
i2Φ2 = E2, E ′

3 ≡ ϵ3e
i3Φ3 = E3,

E ′
4 ≡ ϵ′4e
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E2
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5 ≡ ϵ′5e
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⟨z5⟩ − 10⟨z2⟩⟨z3⟩

⟨r5⟩
= E5 +

10⟨r2⟩⟨r3⟩
⟨r5⟩

E2E3,

(10)

where z ≡ x+ iy = reiφ. An important advantage of this
definition, is that it allows the subtraction of contribu-
tions from lower order z correlations.
In analogy to elliptic and triangular flow, vLn ∝ ε

′

n,
vmc
n,(i,j) ∝ εmc

n,(i,j) and vmc
n,(i,i,j) ∝ εmc

n,(i,i,j). The specific

shear viscosity also attenuates vLn/ε
′

n, v
mc
n,(i,j)/ε

mc
n,(i,j) and

vmc
n,(i,i,j)/ε

mc
n,(i,i,j). For measurements at a given mean

transverse momentum ⟨pT⟩, and centrality cent, this vis-
cous damping can be expressed via an acoustic ansatz
[24, 31–33] as:
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∝ exp

&

−n2β
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, (11)
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−(2i2 + j2)β
1

RT

'

, (12)

where β ∝ η/s, T is the temperature and R characterizes
the geometric size of the collision zone. For a given cen-

trality selection, the dimensionless size RT ∝ N1/3
ch , where

Nch is the charged particle multiplicity density in one unit
of pseudorapidity [34].
Equations 11 and 12 suggest characteristic lin-

ear dependencies for ln(vLn/ε
′

n), ln(vmc
n,(i,j)/ε

mc
n,(i,j)) and

ln(vmc
n,(i,i,j)/ε

mc
n,(i,i,j)) on ⟨Nch⟩−1/3 (respectively), with

slopes that reflect specific quadratic viscous attenu-
ation prefactors for β; these combined features are
termed acoustic scaling. The prefactors, reflected in
the slopes of ln(vLn/ε

′

n) vs. (Nch)−1/3, are not only ex-
pected to increase as n2, but should be approximately
2-3 times larger than those for ln(vmc

n,(i,j)/ε
mc
n,(i,j)) and

ln(vmc
n,(i,i,j)/ε

mc
n,(i,i,j)) vs. (Nch)−1/3 (respectively) since

(i2 + j2) < n2.
Independent estimates of β, involving very differ-

ent eccentricities, can also be obtained from the lin-
ear and mode-coupled harmonics. For example, the
slope of the double ratio ln[(vmc

5,(2,3)/ε
mc
5,(2,3))/(v2/ε2)] vs.

(Nch)−1/3, is expected to be similar to that for ln(v3/ε3)
vs. (Nch)−1/3 for a given ⟨pT⟩. Thus, the validation
of simultaneous acoustic scaling of the linear and mode-
coupled harmonics to give a single estimate of β ∝ η/s,
could provide a powerful constraint for initial-state ec-
centricity models and precision extraction of η/s.
In this letter, we use recent measurements of the lin-

ear and mode-coupled harmonics in Pb+Pb collisions at√
sNN = 2.76 TeV, to explore validation tests for si-

multaneous acoustic scaling of vLn/ε
′

n, v
mc
n,(i,j)/ε

mc
n,(i,j) and

vmc
n,(i,i,j)/ε

mc
n,(i,i,j), with an eye towards the development of

new experimental constraints which could significantly
reduce the large eccentricity-driven uncertainties associ-
ated with current extractions of η/s.
The data employed in this work are taken from the

published flow measurements for Pb+Pb collisions at
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For a given pT and centrality selection, the magnitudes
of the mode-coupled flow vectors can also be expressed
in terms of the correlations of Vn with Ψ2 and Ψ3 to give
[18, 30]:
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where the average in the numerator is an average over
particles for a given pT selection, for all the events in the
chosen centrality range, and the average in the denomina-
tor is an average over events for the centrality selection.
These expressions point to the important role of event-
plane correlations for mode-coupling. It is also straight
forward to use Eqs. 3 - 7 to evaluate the magnitude of
the higher-order linear harmonic response:

vL4 =
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4,(2,2), vL5 =
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5,(3,2). (8)

Analogous to anisotropic flow, the complex eccentricity
coefficients defined in Eq. 2, can be used to determine the
higher-order mixed-mode eccentricities:
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Recently, it has been argued that the linear response con-
tribution to higher-order flow, should be linearly propor-
tional to the cumulant-defined eccentricities E ′

n instead
of En [10]:
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where z ≡ x+ iy = reiφ. An important advantage of this
definition, is that it allows the subtraction of contribu-
tions from lower order z correlations.
In analogy to elliptic and triangular flow, vLn ∝ ε

′

n,
vmc
n,(i,j) ∝ εmc

n,(i,j) and vmc
n,(i,i,j) ∝ εmc

n,(i,i,j). The specific

shear viscosity also attenuates vLn/ε
′
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n,(i,j)/ε
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n,(i,j) and

vmc
n,(i,i,j)/ε
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n,(i,i,j). For measurements at a given mean

transverse momentum ⟨pT⟩, and centrality cent, this vis-
cous damping can be expressed via an acoustic ansatz
[24, 31–33] as:
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where β ∝ η/s, T is the temperature and R characterizes
the geometric size of the collision zone. For a given cen-

trality selection, the dimensionless size RT ∝ N1/3
ch , where

Nch is the charged particle multiplicity density in one unit
of pseudorapidity [34].
Equations 11 and 12 suggest characteristic lin-

ear dependencies for ln(vLn/ε
′

n), ln(vmc
n,(i,j)/ε

mc
n,(i,j)) and

ln(vmc
n,(i,i,j)/ε

mc
n,(i,i,j)) on ⟨Nch⟩−1/3 (respectively), with

slopes that reflect specific quadratic viscous attenu-
ation prefactors for β; these combined features are
termed acoustic scaling. The prefactors, reflected in
the slopes of ln(vLn/ε

′

n) vs. (Nch)−1/3, are not only ex-
pected to increase as n2, but should be approximately
2-3 times larger than those for ln(vmc

n,(i,j)/ε
mc
n,(i,j)) and

ln(vmc
n,(i,i,j)/ε

mc
n,(i,i,j)) vs. (Nch)−1/3 (respectively) since

(i2 + j2) < n2.
Independent estimates of β, involving very differ-

ent eccentricities, can also be obtained from the lin-
ear and mode-coupled harmonics. For example, the
slope of the double ratio ln[(vmc

5,(2,3)/ε
mc
5,(2,3))/(v2/ε2)] vs.

(Nch)−1/3, is expected to be similar to that for ln(v3/ε3)
vs. (Nch)−1/3 for a given ⟨pT⟩. Thus, the validation
of simultaneous acoustic scaling of the linear and mode-
coupled harmonics to give a single estimate of β ∝ η/s,
could provide a powerful constraint for initial-state ec-
centricity models and precision extraction of η/s.
In this letter, we use recent measurements of the lin-

ear and mode-coupled harmonics in Pb+Pb collisions at√
sNN = 2.76 TeV, to explore validation tests for si-

multaneous acoustic scaling of vLn/ε
′

n, v
mc
n,(i,j)/ε

mc
n,(i,j) and

vmc
n,(i,i,j)/ε

mc
n,(i,i,j), with an eye towards the development of

new experimental constraints which could significantly
reduce the large eccentricity-driven uncertainties associ-
ated with current extractions of η/s.
The data employed in this work are taken from the

published flow measurements for Pb+Pb collisions at

3

FIG. 1. Comparison of (vL
n/ε

′

n) vs. (Nch)
−1/3 for the linear

harmonics (left panel), and vmc
n,(i,j)/ε

mc
n,(i,j) and vmc

n,(i,i,j)/ε
mc
n,(i,i,j)

vs. (Nch)
−1/3 (respectively) for the nonlinear mode-coupled

harmonics, for Pb+Pb collisions at at
√
sNN = 2.76 TeV.

The lines represent a simultaneous exponential fit to the data,
following Eqs. 11 and 12. The ALICE data are taken from
Refs. [35, 36].

√
sNN = 2.76 TeV by the ALICE [35, 36] and ATLAS

[22] collaborations. The ALICE centrality dependent pT-
integrated measurements were performed for the harmon-
ics n = 2, 3, 4, 5, 6, for charged particles with pseudora-
pidity difference |∆η| < 0.8 and 0.2 < pT < 5.0 GeV/c.
Both the linear and mode-coupled flow coefficients were
obtained directly via a two sub-events multiparticle cor-
relation method. The corresponding ATLAS measure-
ments were performed for n = 2, 3, 4, 5 for particles with
2 < |∆η| < 5 and for several pT selections spanning the
range 0.5 < pT < 4.0 GeV/c, with the two-particle corre-
lation method supplemented with event-shape selection
[22]. The systematic uncertainties, which are included in
our scaling analyses, are reported in Refs. [22, 35, 36] for
both sets of measurements.

The requisite cumulant-defined eccentricities were cal-
culated following the procedure outlined in Eqs. 2, 9
and 10 with the aid of a Monte Carlo quark-Glauber
model (MC-qGlauber) with fluctuating initial conditions
[37]. The model, which is based on the commonly used
MC-Glauber model [38], was used to compute the num-
ber of quark participants Nqpart(cent), and ε

′

n(cent) and
εmc
n (cent) from the two-dimensional profile of the den-
sity of sources in the transverse plane ρs(r⊥) [10, 14, 37].
The model takes account of the finite size of the nucleon,
the wounding profile of the nucleon, the distribution of
quarks inside the nucleon and quark cross sections which
reproduce the NN inelastic cross section at

√
sNN = 2.76

TeV. A systematic uncertainty of 2-5% was estimated for
the eccentricities from variations of the model parame-
ters.

The centrality dependent multiplicity densities used

FIG. 2. Same as Fig. 1 but for ATLAS data [22]; the β-
prefactors n2 and (i2 + j2) are indicated in the figure.

to evaluate the dimensionless size RT ∝ N1/3
ch , are ob-

tained from ALICE [39] and ATLAS [40] multiplicity
density measurements. Validation tests for acoustic scal-
ing were performed by plotting vLn/ε

′

n, v
mc
n,(i,j)/ε

mc
n,(i,j) and

vmc
n,(i,i,j)/ε

mc
n,(i,i,j) vs. ⟨Nch⟩−1/3 respectively, to test for

the expected patterns of exponential viscous attenuation,
and the relative viscous attenuation β-prefactors indi-
cated in Eqs. 11 and 12.
Figures 1 and 2 show the plots for vLn/ε

′

n, v
mc
n,(i,j)/ε

mc
n,(i,j)

and vmc
n,(i,i,j)/ε

mc
n,(i,i,j) vs. (Nch)−1/3 (respectively), for the

ALICE (Fig. 1) and ATLAS (Fig. 2) data sets. They
indicate the telltale acoustic scaling patterns of a charac-
teristic linear dependence of ln(vLn/ε

′

n), ln(v
mc
n,(i,j)/ε

mc
n,(i,j))

and ln(vmc
n,(i,i,j)/ε

mc
n,(i,i,j)) on (Nch)−1/3 (respectively), with

slope factors which strongly depend on the harmonic
number n and the values of the mode-coupled harmonics
i, j and i, i, j. Note that the slopes for the linear harmon-
ics (left panel in each figure) show a much steeper de-
pendence on (Nch)−1/3 than those for the mode-coupled
harmonics (right panel in each figure), as expected from
Eqs. 11 and 12. The expected slope hierarchy for both
the linear and mode-coupled results are also apparent in
both figures. The qualitative similarities between the re-
sults shown in Figs. 1 and 2 suggest that the respective
methods employed by ATLAS and ALICE for extraction
of the flow coefficients, are complementary.
The lines shown in Figs. 1 and 2 represent the results

from fits to the data following Eqs. 11 and 12. They
indicate that, within an uncertainty of ∼ 2 − 12%, a
single slope value β, can account for the wealth of the
linear and mode-coupled measurements in each data set.
That is, they confirm the quadratic β prefactors of 4, 9,
16 and 25 for vLn (n=2,3,4 and 5) and 8, 13, 18 and 12
for vmc

4,(2,2), v
mc
5,(2,3), v

mc
6,(3,3) and vmc

6,(2,2,2) respectively. To
estimate the fit uncertainty for each data set, the slope
for the fit to v2/ε2 was first obtained, and then used
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behavior. Further issues – the n2 dependence as well as linear dependences of

the log(vm/✏m) on viscosity value – are also very well reproduced, see Fig.16.4.

Note that this expression works all the way to rather peripheral AA collisions with

R ⇠ 1 fm and multiplicities comparable to those in the highest pA binds. It also

seem to work till the largest n so far measured.

So, the acoustic damping provides correct systematics of the harmonic strength.

This increases our confidence that – in spite of somewhat di↵erent geometry – the

perturbations observed are actually just a form of a sound waves.

the observed hadrons (like microwave cosmic photons) are seen at the moment of

their last interaction, or as we call it technical, at their freeze-out stage. The next

comparison I would like to make here deals with the issue of fluctuations. Very

4

FIG. 3. (a) v2,3 vs. Npart for pT = 1 � 2 GeV/c: (b) ln(vn/�n) vs. 1/R̄ for the data shown in (a): (c - e) centrality dependence
of the �n/�2 ratios extracted from fits to (vn(pT )/v2(pT ))n�3 with Eq. 6; �n/�2 ratios for the MC-Glauber [33, 37] and MC-KLN
[34] models are also shown: (f) extracted values of � vs. centrality: (g) extracted values of � vs. centrality (see text).

FIG. 4. (a) ln(vn/�n) vs. n2 from viscous hydrodynamical calculations for three values of specific shear viscosity as indicated.
(b) ln(vn/�n) vs. n2 for Pb+Pb data. The pT -integrated vn results in (a) and (b) are for 0.1% central Pb+Pb collisions at�

sNN = 2.76 TeV [38]; the curves are linear fits. (c) � vs. 4��/s extracted from the curves shown in (a) and (b).

within errors, the full data set for vn(pT , cent) can be un-187

derstood in terms of the eccentricity moments coupled to188

a single (average) value for ↵ and � (respectively). This189

observation is compatible with recent viscous hydrody-190

namical calculations which have been successful in repro-191

ducing vn(pT , cent) measurements with a single �f(p̃T )192

ansatz and an average value of ⌘/s [26, 27]. Therefore,193

these values of ↵ and � should provide an important set194

of constraints for detailed model calculations.195

To demonstrate their utility, we have used the results196

from recent viscous hydrodynamical calculations [38] to197

calibrate � and make an estimate of ⌘/s. This is illus-198

trated in Fig. 4. The pT -integrated vn results from vis-199

cous hydrodynamical calculations for three separate ⌘/s200

values, for 0.1% central Pb+Pb collisions are shown in201

Fig. 4(a). They indicate the expected linear dependence202

Fig. 16.4 (a) Atlas data for angular harmonics represented by ln(vn/✏n) vs. harmonic number

squared n2 from viscous hydrodynamical calculations for three values of specific shear viscosity

as indicated. (b) ln(vn/✏n) vs. n2 for Pb+Pb data. The p? -integrated vn results in (a) and (b)

are from ATLAS 0.1% central Pb+Pb collisions at sNN = 2.76 TeV; the curves are linear fits. (c)

exponent vs. viscosity-to-entropy ratio 4⇡/s for curves shown in (a) and (b).
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Magnetic objects and their 
dynamics: classics 

•  Dirac explained how magnetic charges may coexists with 
quantum mechanics (1934) 

•  �t Hooft and Polyakov discovered monopoles in Non-Abelian 
gauge theories (1974) 

•  �t Hooft and Mandelstamm suggested �dual superconductor� 
mechanism for confinement (1982) 

•  Seiberg and Witten shown how it works, in the N=2 Super -
Yang-Mills theory (1994) 

   Particle -  monopoles

   
 (1976)



Moving into stronger coupling: 
Magnetic monopoles appear in QGP as  T cools down toward Tc. 

Are they important?

Dual plasmas made of electric and magnetic charges  
has unusual kinetics => very small transport
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FIG. 3. ⇢(T )/T 3 as a function of T/Tc. Data have been obtained on a 483 ⇥ Lt lattice, with
variable Lt and at � = 2.75 (first 9 points), and variable � at Lt = 4 (last 10 points).
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FIG. 4.
p

(⇢(T )/T 3 versus log(T/Tc). The data are the same reported in Fig. 3. The linear
dependence is manifest.

14

Fig. 2.6 The normalized monopole density ⇢/T 3 for the SU(2) pure gauge theory as a function

of the temperature, in units of the critical temperature T/T
c

, above the deconfinement transition.

and D’Elia [D’Alessandro and D’Elia, 2008]. Positive correlation for monopole-
antimonopole correspond to attraction, and negative ones for monopole-monopole
pair to repulsion. The shape of the correlator is exactly what one expects in a
Coulomb plasma of charges. The dashed lines are fits to the part of the correlators
where the e↵ect is small and can be treated by a linearized Debye theory: such fits
produce values of the e↵ective magnetic coupling g2/4⇡ = ↵m.

In Fig.2.7(right) from [Liao and Shuryak, 2008b] the fitted couplings are plotted
versus the temperature. As one can see, they indeed run opposite to the asymptotic
freedom, becoming stronger at high T . Furthermore, its reflection (the bottom of the
plot) is in qualitative agreement with the perturbative asymptotic freedom formula.

As one can also realize from these plots, by T = Tc magnetic coupling decreases
only to become ↵m ⇡ 1, not yet small. This means that the magnetic component
of sQGP is also a liquid – the title of [Liao and Shuryak, 2008b]. If it would be
otherwise, monopoles would have large mean free paths, in contradiction to heavy
ion data!

D’Alessandro, A. and D’Elia, M. (2008).  
Magnetic monopoles in the high temperature  

phase of Yang-Mills theories. 
 Nucl. Phys., B799:241–254. 0711.1266.  

g grows 
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Role of QCD monopoles in jet quenching  
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Appendix A 2. One should keep in mind that the plotted
density is normalized to T3. Such a normalization is
appropriate at high T, dominated by quarks and gluons,
but not necessarily at small T.
In this work, we will use two versions of the monopole

density, both obtained from lattice data, but in different
ways. The spread of the results is expected to represent the
uncertainty existing at the moment. The (blue) solid curve,
with a peak at Tc, in Fig. 1 shows the “directly observed”
monopole density, from Eq. (A3), which was measured on
the lattice [12].
The (red) dashed curve for the density of monopoles,

which peaks at about T ≈ 1.5Tc rather than at Tc, was
derived thermodynamically. It is the monopole density
needed to reproduce the correct pressure (entropy, energy)
of QCD as measured on the lattice [26]; in the window of
temperatures from 1 − 2Tc, the energy density, pressure,
and entropy density produced by electric quasiparticle
degrees of freedom is insufficient.
We have discussed this thermodynamic estimate in our

previous work [13]. As we will show below, a monopole
density with a peak around Tc seems to be crucial for
reproduction of the jet quenching data.

IV. CORRECTION DUE TO CORRELATIONS
OF MONOPOLES

Since the magnetic and electric couplings are compa-
rable, the ensemble of magnetic monopoles constitute a
strongly coupled plasma in the region of temperatures
above Tc. In such plasmas, there exist strong correlations
between positive and negative charges, which cancel out
their fields in some parts of space, reducing their impact on
jet quenching.

As expected by the renormalization group flow and
Dirac condition, it was directly shown on the lattice
(c.f. Refs. [12,27]) that monopoles become more correlated
as temperature is increased [16]. We have evaluated
corrections to the monopole contribution to jet quenching
using configurations from our previous path-integral
Monte Carlo simulations [13]. In that work, we reproduced
the lattice correlation functions and the critical condensa-
tion of the monopoles, in a two-component Coulomb Bose
gas with varying coupling. In the process of doing these
studies, we created quantum ensembles of monopole paths,
which we can now use to test what effect these correlations
have on the transverse momentum acquired by a jet.
In order to determine the magnitude of this effect, we

calculate the net force along a line going through an
uncorrelated configuration (random distribution of monop-
oles and antimonopoles), and then through a random sample
of the configurations created in the study of Ref. [13].
The correlations in the plasma are not extremely strong

(there is no crystal like structure, etc.) but are indeed
present—the maximal deviation from 1 of the radial
distribution function is 0.2 at 1.1Tc and 0.4 at 3.8Tc;
see Refs. [12,13,27] for detailed plots of the radial
distribution functions.
Figure 2 shows the ratio of the average momentum

transfer squared per unit length for the correlated and
uncorrelated cases. From Tc to 4Tc, the ratio is approx-
imately 0.85, meaning that the correlations reduce the q̂ by
15%. Intuitively, the reduction of transferred momentum
was expected, since the force on a jet fromþ and − charges
will increasingly cancel the more correlated they are.

V. THE EVOLUTION OF THE AMBIENT MATTER
AT RHIC AND LHC ENERGIES

Before we embark on the evaluation of the jet quenching
parameters, we need to define the fireball temperature,

FIG. 1. Electric and magnetic quasiparticle densities used. The
(blue) solid line shows the magnetic monopole density as directly
observed on the lattice. The (red) long dashed line is the
monopole density extracted from the thermodynamics (pressure),
along with the densities of quarks (purple, short dashed) and
gluons (green, dot dashed).

FIG. 2. Ratio of correlated to uncorrelated average momentum
transfer square per mean free path as a function of the temperature.
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needed to reproduce the correct pressure (entropy, energy)
of QCD as measured on the lattice [26]; in the window of
temperatures from 1 − 2Tc, the energy density, pressure,
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density with a peak around Tc seems to be crucial for
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above Tc. In such plasmas, there exist strong correlations
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their fields in some parts of space, reducing their impact on
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As expected by the renormalization group flow and
Dirac condition, it was directly shown on the lattice
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Monte Carlo simulations [13]. In that work, we reproduced
the lattice correlation functions and the critical condensa-
tion of the monopoles, in a two-component Coulomb Bose
gas with varying coupling. In the process of doing these
studies, we created quantum ensembles of monopole paths,
which we can now use to test what effect these correlations
have on the transverse momentum acquired by a jet.
In order to determine the magnitude of this effect, we

calculate the net force along a line going through an
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a monopole and a charge: 
classical motion 

E M

Observation by J.J.Thompson:

even static charge+monopole
lead to rotating electromagnetic field

A.Poincare:
angular momentum of the particle 

plus that of the field is conserved =>
motion on a cone, not plane as usual

E B

Pointing vector rotates H. Poincare ́, C. R. Acad. Sci. Ser. B. 123, 530 (1896).  

~S = [ ~E ⇥ ~B]

~S

hints from  
the 19-th cent.



 two charges play ping-pong 
with a monopole  without 

even moving!  
Dual to Budker’s  
 magnetic bottle  

Indeed, collisions are much 
 more frequent than in cascades 

+ -

M
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 two charges play ping-pong 
with a monopole  without 

even moving!  
Dual to Budker’s  
 magnetic bottle  

Indeed, collisions are much 
 more frequent than in cascades 

classical kinetics of the “dual plasma”, with E and M charges
was simulated by molecular dynamics, 

diffusion coefficient and viscosity calculated

like a proverbial drunkard cannot go home 
colliding with few lamp posts 

+ -

M



Quantum-mechanical problem of a charge-monopole scattering 
(should belong to QM textbooks but is not there)

e · g ⌘ n integer is the only parameter 
It is dimesionless  

so the scattering phase 
 cannot depend on momenta

j0(j0 + 1) = j(j + 1)� n2

�j = ⇡j0

Both j (total orbital mom.)  
and n (that of the field) are integers 
but j’ is not!!!!! Thus complicated  

angular distribution

Unlike in a standard scattering problem 
Ylm angular functions cannot be used: 

At large l,m>>1 those describe a scattering plane 
But we know in classical limit it is the Poincare cone

 D. G. Boulware, L. S. Brown, R. N. Cahn, S. D. Ellis, and C. k. Lee,  
Phys. Rev. D 14, 2708 (1976).  

J. S. Schwinger, K. A. Milton, W. Y. Tsai, L. L. DeRaad, and D. C. Clark,  
Ann. Phys. (N.Y.) 101, 451 (1976).



gluon-monopole scattering explains small viscosity!
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Not surprising, large correction to transport 

•  RHIC: T/Tc<2, LHC T/Tc<4: we predict 
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Figure 14: Left panel: gluon-monopole and gluon-gluon scattering rate. Right panel:
gluon-monopole and gluon-gluon viscosity over entropy ratio, ⇥/s.

with the prime marking the secondary gluons. If the gluon mass is small (high T )
those corrections are small: their magnitude is ⇧f⌃ ⇥ (T/m) ⇥ 1/e(T ) ⇤ 1. In the
experimentally relevant region, when m/T = O(1), the e�ect is not enhanced and
is additionally suppressed by the expectation values of the Polyakov lines11 ⇥ ⇧L⌃2.

As we have already mentioned in the introduction, Xu, C. Greiner and Stöcker
[8] have suggested an alternative explanation for small QGP viscosity, namely the
next-order radiative processes, gg ⌅ ggg. Using perturbative matrix elements and
�s = 0.3..0.6, they were able to obtain ⇥/s, suppressed by a significant factor (as
compared to what comes out from the gg ⌅ gg process): their numbers are close to
what we get from the gm process. Obviously, both mechanisms, albeit having such
di�erent origin, would thus be su⇥cient to explain the well-known hydrodynamic
results for radial and elliptic flow at RHIC.

It will require more work to see how these results will change, when further
refinements are introduced. Let us mention few of those:
(i) Xu et al used near-massless perturbative gluons: bet in the RHIC domain lattice
quasiparticle masses are ⇥ 800MeV , much larger than T , and thus emission of extra
gluon gets suppressed.
(ii) include the suppression by the Polyakov VEV ¡L¿
(iii) look at even higher order corrections to see if perturbative series have any
converegence. As discussed by one of us years ago in [45], naively the processes
gg� > ng with n = 4, ... have even larger rates for coupling as large as �s = 0.3..0.6
used.

Acknowledgements We thank Jinfeng Liao for multiple useful discussions, as

11We do not agree with Hidaka and Pisarski [46] in their conclusion that ⇧L⌃ < 1 makes viscosity
� smaller by ⇧L⌃2.
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Role of monopoles in a gluon plasma
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We study the role of magnetic monopoles at high enough temperature T > 2Tc, when they can be

considered heavy, rare objects embedded into matter consisting mostly of the usual ‘‘electric’’ quasi-

particles, quarks, and gluons. We review available lattice results on monopoles at finite temperatures.

Then we proceed to classical and quantum charge-monopole scattering, solving the problem of gluon-

monopole scattering for the first time. The explicit calculations are performed in the framework of the

Georgi-Glashow model; the results that we obtain are nevertheless quite general. Connections to QCD are

carefully discussed. We find that, while the gluon-monopole scattering hardly influences thermodynamic

quantities, it does produce a large transport cross section, significantly exceeding that for pQCD gluon-

gluon scattering up to quite high T. Thus, in spite of their relatively small density at high T, monopoles are

extremely important for quark-gluon plasma transport properties, keeping viscosity small enough for

hydrodynamics to work at the LHC.

DOI: 10.1103/PhysRevD.80.034004 PACS numbers: 12.38.Mh, 12.39.!x

I. INTRODUCTION

A. Overview

As it is known from the 1970s, QCD at high temperature
T is weakly coupled [1] and provides perturbative screen-
ing of the charge [2], thus being called quark-gluon plasma
(QGP). Creating and studying this phase of matter in the
laboratory has been the goal of experiments at CERN
Super Proton Synchroton and recently at the Relativistic
Heavy Ion Collider (RHIC) facility in Brookhaven
National Laboratory, soon to be continued by the ALICE
Collaboration at the Large Hadron Collider (LHC). RHIC
experiments have revealed robust collective phenomena in
the form of radial and elliptic flows, which turned out to be
quite accurately described by near-ideal hydrodynamics.
QGP thus seems to be the most perfect liquid known, with
the smallest viscosity-to-entropy ratio !=s.

The theory of QGP has shifted from the perturbative-
based one, appropriate for a weakly coupled (gas) regime,
to the nonperturbative methods needed to address the
strongly coupled QGP (sQGP for short) regime. This
‘‘paradigm shift,’’ documented in Refs. [3,4], is still pro-
foundly affecting the developments. The methods address-
ing strongly coupled gauge theories include, in particular,
the so-called AdS/CFT correspondence, relating strongly
coupled gauge theory to weakly coupled string theory in a
particular setting. We will not discuss it in this paper; for a
recent review, see e.g. [5]. On pure phenomenological
grounds, it has been argued that, since many substances
exhibit a minimum of the viscosity at some phase transi-
tions, perhaps QGP is the ‘‘best liquid’’ at the QCD phase
transition as well, namely, at T ¼ Tc [6].

Another duality which has been used to explain unusual
properties of the sQGP is the electric-magnetic duality.
Liao and one of us have proposed the so-called ‘‘magnetic
scenario’’ [7], according to which the near-Tc region is
dominated by magnetic monopoles. This is not surprising,
if the deconfinement phase transition is basically inter-
preted as their Bose condensation. Based on molecular
dynamics of classical plasmas with both electric and mag-
netic quasiparticles, it has been further argued in that work
that the minimal viscosity/entropy ratio (the best liquid)
does not correspond to the phase transition point T ¼ Tc,
but rather to the ‘‘electric-magnetic equilibrium,’’ at T #
1:4Tc, where both components of QGP contribute about
equally to transport coefficients. We will review more
recent works on the subject in a later section.
One of the central questions is how sQGP with ‘‘near-

perfect fluidity’’ will change into a weakly coupled wQGP
with increasing T. In view of the next round of heavy-ion
experiments at LHC, a quite urgent question is what trans-
port properties are expected to be observed there, at tem-
peratures reaching about twice those reached at RHIC. In
order to answer this question, one of course has to under-
stand where the ‘‘perfect fluidity’’ property of QGP comes
from. As an important example of a perturbative point of
view, we mention the work by Xu, Greiner, and Stöcker [8]
who argued that the QGP is only moderately coupled, with
"s ¼ 0:3 $ $ $ 0:6, explaining the small viscosity by inclu-
sion of the next-order radiative processes, gg $ ggg. We
will discuss this issue partially in the next section, dealing
with parametric dependences of densities and scattering
rates, and also at the end of the paper in the Discussion
section. Here we only notice that, if this should be the
explanation, one would expect a very slow transition to
weakly coupled QGP, induced by the logarithmic running
of the coupling.*shuryak@tonic.physics.sunysb.edu
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A relatively recent story: the angular distribution of jet quenching and monopoles
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A jet in shorter x direction suffers less quenching by matter
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BDMPS theory gave reasonably good description of quenching itself 
But experiment stubbornly gave v2 about twice larger than  

all theories predicted

An explanation proposed: in these theories  
the quenching is proportional to the density.  

And the most dense region (shown by the dark red) 
is much “more round” than less dense (pink) region. 
Perhaps quenching peaks at intermediate density?

High pt jets

Angular Dependence of Jet Quenching Indicates Its Strong Enhancement Near the QCD Phase Transition  
Jinfeng Liao, Edward Shuryak Phys.Rev.Lett. 102 (2009) 202302 

The Azimuthal asymmetry at large p(t) seem to be too large for a `jet quenching'  
E.V. Shuryak (SUNY, Stony Brook). Dec 2001. 3 pp.  
Published in Phys.Rev. C66 (2002) 027902
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this reproduces  
the azimuthal distribution of jet quenching. 
BUT WHY  ? => scattering on monopoles
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peak of the density of monopoles at Tc 
explains not only a dip in viscosity (m.f.p.)

but also other things such as jet quenching

Xu, J., J. Liao, and M. Gyulassy (2015),  
arXiv:1508.00552 



Our MD for 50-50 MQP/EQP 

I would not bother you with this plot 
If not for one observation: 

The correlation increases with T
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FIG. 12. Spatial correlations from our simulations (red circles) matched via scaling to lattice correlations (blue triangles) from
[7] at various temperatures.

theories with an increasing Nf have found that deconfine-
ment transition corresponds to stronger coupling g2(Tc),
smaller monopole mass and therefore higher monopole
density.

All dimensional quantities are defined following stan-
dard lattice convention for units: the vacuum string ten-
sion for all theories is declared to be the same in MeV.
With such units, the critical temperature for SU(2) and
SU(3) is di↵erent, ⇠ 300 MeV for SU(2) and ⇠ 260 MeV

for SU(3), but the densities of each of the SU(2) and
SU(3) monopoles are about the same [9]. If T

c

is lower,
the overall density of monopoles grows, so the density of
each separate species of monopole becomes large enough
to form a Bose-Einstein condensate. Recall that, as was
found in [9], we observed that the inclusion of an addi-
tional interacting component to a Bose Coulomb system
did not alter the critical temperature behavior, provided
the density of each component was not altered.

Fig. 3.19 Spatial correlations of particles in quantum Coulomb Bose gas, from PIMC simulations

(red circles) compared to lattice data for monopoles.

Quantum phenomena, including BEC, in ensemble of 
monopoles recently studied by Path Integral Monte Carlo
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64 Monopole ensembles

of low-density hard spheres: the critical temperature for the BEC phase transition
grows with the coupling. Yet if the coupling becomes large enough, Tc rapidly drops
below the critical temperature for an ideal Bose gas. Eventually, as the particles
are “too repulsive,” the BEC phenomenon becomes impossible since it becomes
essentially too costly (in terms of the action) to permute them and BEC goes away
completely.

5

FIG. 2. The exponential suppression of k-cycles as a func-
tion of temperature for the 4He system. The vanishing of
the e↵ective chemical potential µ̂ indicates the BEC critical
temperature Tc.

As a first step in making an e↵ective model for a
quantum two-component Coulomb Bose gas, we seek to
find the dependence of T

c

on the Coulomb interaction
strength; i.e., by varying ↵ in

V
int

(rij) = ↵
qiqj

rij
. (23)

In our numerical study, the magnitude of charges, q; the
masses, m; ~; Boltzmann’s constant, kb; and the density,
n, are all scaled to 1. This leaves as variables only the
temperature, T , entering via the period of the Euclidean
time ⌧ 2 [0, 1/T ], the magnitude of the Coulomb cou-
pling, ↵, and the signs of the charges. In these units, the
critical temperature for the ideal Bose gas is

T
0

= 2⇡

 
1

�
�

3

2

�
! 2

3

= 3.3125 . (24)

and this value will be indicated by a horizontal dashed
line in the plots to follow. More details of the numerical
simulations explained hereafter, including system sizes
and parameters, are given in Appendix B.

1. One-component Bose gas with varied Coulomb coupling
parameter

For the one-component Coulomb Bose gas, with com-
pensating distributed charge commonly known as jel-
lium, we seek to investigate the dependence of T

c

on the
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FIG. 3. The critical temperature for the BEC phase transi-
tion as a function of the coupling, �. The red circles are the
results of the finite-size scaling superfluid fraction calculation
for systems of 8, 16, and 32 particles; and the blue trian-
gles are the results of the permutation-cycle calculation for a
system with 32 particles. The black dashed line denotes the
Einstein ideal Bose gas critical temperature, T0.

strength of the Coulomb coupling parameter, and com-
pare, qualitatively, it to the relation in the hard-sphere
case.

The results of our simulations are shown in Fig. 3.
The first thing to note is that the two methods used pro-
duce results consistent within the statistical errors. Note
further that we find the same behavior at small values of
the coupling as in the case of low-density hard spheres
[29]; the critical temperature for the BEC phase transi-
tion grows. Yet if the coupling becomes large enough, T

c

rapidly drops below the critical temperature for an ideal
Bose gas. Eventually, as the particles are “too repul-
sive,” the BEC phenomenon becomes impossible since it
becomes essentially “too costly” (in terms of the action,
as compared to Feynman value) to permute them.

Let us also note that, while the permutation-cycle
method agrees well with the older finite-size scaling
method, the requirements for the system size to yield
comparable results are di↵erent. The finite-size scaling
method can give decent results even using two systems,
of only 8 and 16 particles, while the permutation cy-
cle method required many runs of at least 32 particles.
Therefore, at least in the case of long-range forces, which
take a large amount of CPU time to compute, the finite-
size scaling method may be more practical. If one, how-
ever, is looking at other quantities that require larger
system sizes to begin with – such as the superfluid frac-

Fig. 3.18 The critical temperature for the BEC phase transiion as a function of the coupling, ↵.
The red circles are the results of the finite-size scaling superfluid fraction calculation for systems

of 8, 16, and 32 particles; the blue triangles are the results of the permutation-cycle calculation

for a system with 32 particles. The black dashed line denotes the Einstein ideal Bose gas critical
temperature.

We have discussed at the end of the previous chapter the lattice data on the spa-
tial monopole-monopole and monopole-antimonopole correlations. In Fig.3.19 these
data are compared with PIMC simulation for a Coulomb Bose Gas [Ramamurti and
Shuryak, 2017]. The comparison shows very good agreement, increasing the confi-
dence that a quantum ensemble of monopoles is described by this model well. It
also allowed us to fix the e↵ective magnetic coupling rather accurate, without any
reliance on the Debye fits.

Ramamurti, A. and Shuryak, E. (2017). Effective Model of QCD Magnetic Monopoles 

From Numerical Study of One- and Two-Component Coulomb Quantum Bose Gases.

 Phys. Rev., D95(7):076019. 



 =>electric/magnetic couplings (e/g) 
 must run in the opposite directions!    

Old good Dirac 
condition  

the  �equilibrium line� 

αs(el)= αs(mag) =1 
needs to be in the 
plasma phase 

  monopoles should be dense  enough and 
sufficiently weakly coupled before 
deconfinement to get BEC 

 =>αs(mag) < αs(el): how small 

can αs(mag)  be?  

αs(electric)  αs(magnetic)=1 
``magnetic scenario�: Liao,ES hep-ph/0611131,Chernodub+Zakharov  

αs(el) 

αs(mag) 
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Summary
• sQGP has unusual kinetic, with
• s/eta and q-hat peaked near Tc
• This is because it is a dual plasma, with both 

electrically and magnetically charged 
quasiparticles. Lorentz force leads to much more 

collisions than geometry suggests
• As T cools, and electric coupling increases, 

the magnetic coupling decreases
• therefore the monopoles get lighter, their 

density grows=> qgp kinetics  
• eventually the BEC transition happens
• this means electric confinement:  electric 

fields are expelled from vacuum into flux tubes






