Dynamical generation of field mixing*

Massimo Blasone

Universita di Salerno and INFN, Salerno, Italy

*M.B., P.Jizba, N.E.Mavromatos and L. Smaldone, Chiral symmetry-breaking
schemes and dynamical generation of masses and field mizing, arXiv:1807.07616
[hep-thl;



Research program

e Quantum field theory of field mixing;
M.B. and G.Vitiello, Annals Phys. (1995)

e Field mixing for accelerated observer

M. B., G. Lambiase and G. Luciano, Phys. Rev D (2017)

e Neutrino mixing in accelerated proton decay
M. B., G. Lambiase, G. Luciano and L. Petruzziello, Phys. Rev D (2018)

G. Cozzella, S. A. Fulling, et al., Phys. Rev D (2018)

e Flavor-Energy uncertainty relations for neutrino oscillations

M. B., P. Jizba and L. Smaldone, arXiv:1810.01648

e Entanglement in neutrino oscillations



Summary
1. Prelude
2. Generator of fermion mixing
3. Currents and charges for mixed fermions
4. Dynamical generation of flavor mixing
5. Patterns of Dynamical Symmetry Breaking
6. Vacuum Structure in Mean-Field Approximation
7. Conclusions and Perspectives

8. Three flavor mixing; CP violation



Motivations

e CKM quark mixing, meson mixing, massive neutrino mixing (and
oscillations) play a crucial role in phenomenology;

e Theoretical interest: origin of mixing in the Standard Model,

e Bargmann superselection rulef: coherent superposition of states
with different masses is not allowed in non-relativistic QM;

e Necessity of a QFT treatment: problems in defining Hilbert space
for mixed particlest; oscillation formulas®;

fV.Bargmann, Ann. Math. (1954); D.M.Greenberger, Phys. Rev. Lett. (2001).
$C.W.Kim and A.Pevsner, Neutrinos in Physics and Astrophysics, (Harwood,
1993). C.Giunti, J. Phys. G (2007).

$M.Beuthe, Phys. Rep. (2003).



Prelude



Neutrino oscillations in QM *

Pontecorvo mixing relations
|ve) = cosOlvq) + sinf |vo)
|v,) = —siné |v1) + cosf |vo)
— Time evolution:

Ve (t)) = cos @ e 1t 1) + sin @ e~ 2 1)

— Flavor oscillations:

AE

P = ) = 15?20 sin? (554) = 1= P (0

— Flavor conservation:

[(Velve)* + [vulre®)* = 1

*S.M.Bilenky and B.Pontecorvo, Phys. Rep. (1978)



Mixing of neutrino fields

— Mixing relations for two Dirac fields
ve(z) = cosfuv(z) + sinf va(x)
v (x) = —sinfwvi(z) + cosb va(x)

V1, vy are fields with definite masses.

— Mixing transformations connect the two quadratic forms:

L = 1 (7 @—Tﬂ,l)Vl—FI;Q(?: ﬁ—m/g)llg
and
L = 0t @—me)ve+0, (0 D—mu)vy — Mep (DeVy + Duve)
with

2 .2 .2 2 . )
me = mq cos” 0 +masin® 6, m, = masin” 6 + ma cos” 0, me, = (M2 —ma) sin cos 6.



— v; are free Dirac field operators:
@ =3 T [kt ok + aea(0 87
vi(z) = — {uk’i U)oy ; + vy (1 B*kﬂl , =12
k,r \/V

— Anticommutation relations:

(v (@), () bz = 6% (x = ¥)0apdis; Aok, afl;} = {8l By} = 6° (k — @)6,:0

— Orthonormality and completeness relations:

—iwpat, T L 7 _ gt T _ [ 2
> U, Viei(t) = e o, s wr =/ k2 4+ m]

Srt s vt s ort s _ o rakx rTf rax rf _ <
Uy Ulei = Vy Vi = Ors 5 Uy Vg =0, E (uis wy; + 590" ) = dagp -
T

— Fock space for vy, vs:

H={al,. B, 0.}

— Vacuum state [0),, =[0); @ |0)s.



Rotation

— Pontecorvo mixing can be seen as arising by the application to the
vacuum state |0)q 2 of the rotated operators:

R(0) 71@{:1]%(9) = cosf a{jl + sin@ %:[27
R(O) 'l ,R(0) = cosfal, — sinf ocfjl,
and similar ones for /51';[7

— The generator R(0) is:

R(O) = exp {03 [(aff 0k + 81 Lz — (ahaokn + 825804 ) |

k,r

e The above unitary operator leaves the vacuum invariant:

R(0)|0)1,2 = [0)1,2



Consider the action of the rotation on the field vy for example:

R*I(G)yl(m)R(H) =
. d*k
+ sinf ET /(27r)3 >

e Problem in the last term in the r.h.s. which appears as the

cos O vy ()
ik-x r r rt r
e (ak,2 Ui 1 (1) + By Va1 (t)> )

expansion of the field in the “wrong” basis.



Bogoliubov transformation

— We can recover the wanted expression by means of a Bogoliubov
transformation:

dgz = cos Ok ; ozlr('2 — € sin O By 4
MZTkJ./ = cos Ok ; ﬁﬁkd + €" sin O ; oy ;, 1=1,2,
with a”L = B; (0, )uk[ 1(0;), ete..

7

— Generator

d3
B;(6;) exp{Z/ Okz {akzﬁrkzdﬁk:akl}}'



Let us see this for the field v;.

By '(©2) R™1(0) v1(x) R(0) B2(02) =

= cosOuvi(z) +sinf Z / /'k * 541;72 upe 1 (8) + By vV (t))

= cosOvi(x) + sinf Z / ,’k x 01;72 Uy 1 (1) + ﬂl'(TZ Y (t)) ,
where

ﬂ{;?l(t) = 08 O 2 uj 1 (1) + € sin O 2 vy 4 (1),

~r

0y 1(t) = cos Ok 0"y 1 (t) — € sin Oy uy 1 (2) -



For
ék’Q =cos! (ugz(t)uﬁl(t))
the above Bogoliubov transformation implements the mass shift
Am = mqg — my

such that @y | () = uy »(t) and 07y ;(t) = v7y 5(1).

e The action of By *(03) R~*(#) produces the desired transformation
(rotation) of the field vy.

— Similar reasoning for v5, using Bfl((:)l) R™Y(0).



Mixing generator



Neutrino mixing in QFT

e Mixing relations for two Dirac fields

cosf vy(x) 4 sinf vo(x)

X
4]
—~

=
~—

I

v, (x) = —sinfwvi(z) + cosb v(z)

vi(z) = Gy'(t) vi(z) Go(t)
vi(a) = Gy'(t) v(x) Golt)
— Mixing generator:

Gatt) =exp [0 [ x ((apato) - vi(oin ()

d2 a o . . « L« v o
For ve, we get Jo5 ve = —vg with ic. vg lg—o = V1, dgve {9:0 = 5.

TM.B. and G.Vitiello, Annals Phys. (1995)




e The vacuum |0), , is not invariant under the action of Gy(t):

1,2

0()) e = G5 () 0),

e Relation between |0), , and |0(t)). ,: orthogonality! (for V — oo)

1,2

d3k in2 212
lim l,2<0‘0(t)>87/4 - Vllm HVI (2m)3 ln(l sin” 0 |Vl ) =0

V—o0 —00

with

Vil = Z \ vfrk_’lu‘f(?g 240 for my #ms

TS




Quantum Field Theory vs. Quantum Mechanics

e Quantum Mechanics:
- finite f of degrees of freedom.

- unitary equivalence of the representations of the canonical

commutation relations (von Neumann theorem).

e Quantum Field Theory:
- infinite f of degrees of freedom.

- 0o many unitarily inequivalent representations of the field algebra <
many vacua .
- The mapping between interacting and free fields is “weak”, i.e.

representation dependent (LSZ formalism)*. Example: theories with

spontaneous symmetry breaking.

*F.Strocchi, Elements of Quantum Mechanics of Infinite Systems (W. Sc., 1985).

Mi nerator




e The “flavor vacuum” |0(¢)),, is a SU(2) generalized coherent state!:

0)e, = H {(1 —sin? 0 |Vi|?) — €"sin @ cos 6 |Vi| (afjl Do Ty frkfl)
k,r

+ €" sin? 0 | Vic| | U | (a:fl Tk,l — alrjg iTk_Q) + sin? 0 | Vg |? a6 T IT{TQ 110),,
e Condensation density:
en (Ol s0kal0t)ese = e {0) Bl BA0®) e = sin® 0 VA
vanishing for m; = mz and/or = 0 (in both cases no mixing).
— Condensate structure as in systems with SSB (e.g. superconductors)

— Exotic condensates: mixed pairs

— Note that [0)c, # |a)1 ® |b)2 = entanglement.

TA. Perelomov, Generalized Coherent States, (Springer V., 1986)




Condensation density for mixed fermions

10 100 1000

Loglk|
Solid line: mj = 1, mo = 100; Dashed line: mq = 10, mg = 100.
- Vk = 0 when m; = ms and/or 6 = 0.
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e Structure of the annihilation operators for [0(%))e,,:

O (1) = cos O, +sind (U () o p+e Vic(t) A )
g (1) = cosf oy 5 — sind (Uk(t) o 1 —€ Vic(t) BiTkJ)
By e(t) =cost By | +sinb (Uk( ) Bl =€ Vac(t) oy 2)

B (£) = 080 71— sin® (Vi) B+ Viclt) o)

e Mixing transformation = Rotation + Bogoliubov transformation .

— Bogoliubov coeflicients:

Uk(t) = “1?2“{(1 ellwr 2wt W (t) = €" u{:lvik,Q eilwh k)t

Ul® + Vil =




Decomposition of mixing generator *

Mixing generator function of my, mo, and 6. Try to disentangle the
mass dependence from the one by the mixing angle.

Let us define:

R(0) = exp {9 Z [(aijl Qo + »gf;j[lﬂli,z)@wk - (”gz‘yﬁl + /317;?2/317;,1>67Wk] }v
k,r

Bi(©;) = exp { Z O, € [a’l’;iﬁik,ieﬂw’“" - ﬂfklagzew’”} }, i=1,2
k,r

Since [By, Bo] = 0 we put

B(@l, (‘)2) = B1 (@1) BQ(@Q)

*M.B., M.V.Gargiulo and G.Vitiello, Phys. Lett. B (2017)
Iy



e We find:
Gy = B(01,05) R() B7'(01,0,)

which is realized when the ©y ; are chosen as:

. (Pp,1+9PK,2) .
Uk = e ¥ COS(@k_l — (‘)kyg) ; Ve =¢ 2 SlIl((‘)k,l — @kﬂg)

The B;(Ox;), i = 1,2 are Bogoliubov transformations implementing a
mass shift, and R(#) is a rotation.

— Their action on the vacuum is given by:

|6>1,2 =B (01,02)[0)12

H {COS Ok, + € sin Gk’iagiﬂﬁk,i} [0)1 2
k,r,

R7Y0)|0)12 = [0)12.




Bogoliubov vs Pontecorvo

Bogoliubov and Pontecorvo do not commute!

As a result, flavor vacuum gets a non-trivial term:
0)ee =Gy tl0)12 = [0)12 + [B(mi,ma), R7'(0)] [0)1

e Non-diagonal Bogoliubov transformation

T+ 9(1/(;1:){3 sz (aklﬂ k2+a )]|0>12,

T

(ma—mq)?
mima

with a =




Currents & Charges



Currents and charges for mixed fermions *

— Lagrangian in the mass basis:
L =0y, (7 D — Mg) v,

0
where v = (v1,15) and My = m

) 0 my
e [ invariant under global U(1) with conserved charge Q= total charge.

— Consider now the SU(2) transformation:

/I ilQiTy . .
Vy = €777 Uy 5 ] = 1,23

with 7; = 0;/2 and o; being the Pauli matrices.

*M. B., P. Jizba and G. Vitiello, Phys. Lett. B (2001);
E. Noether, Nachr. Gesellschaft. Wiss. Gottingen (1918).
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The associated currents are:

0L = Qo Uy 1), Mgl vy = —a 0, JE y
]#1 g Um 7“ Tj Vm
— The charges Q. j(t) = [ d®x J), ;(x), satisfy the su(2) algebra:

[Qm,j (t), Qm,k(t)} - Z'Ejkl Qm,l(t) .

— Casimir operator proportional to the total charge: C,, = %Q.

e (3 is conserved = charge conserved separately for v, and vs:

1

Q1 = 5@ + Qms = /d3x l/f(:r) v1(z)

Q2 = %Q - Qm,f& = / d*x V;(T) VQ(.T).

These are the flavor (Noether) charges in the absence of mixing.




The currents in the flavor basis

— Lagrangian in the flavor basis:

L= Df(i@—]w)l/f

where v{ = (v, v,) and M = ( Me  Mep )

Mey My
— Consider the SU(2) transformation:

/

vy = i vy ; j=123.

with 7; = 0;/2 and o; being the Pauli matrices.

— The charges Qf; = [ d*x J})v,j satisfy the su(2) algebra:

Qri (1), Qru(®)] = i€ Qra(l).

— Casimir operator proportional to the total charge Cy = C,, = %Q




e ()3 is not conserved = exchange of charge between v, and v,,.

Define the flavor charges as:

Qult) = 5@+ Qralt) = /d3x vl (@) ve()
_ 1 Y I .
Qi) = 5@ - Quald) = [Ex @) n
where Q.(t) + Qu(t) = Q.
— We have:
Qc(t) = cos’0Qy +sin’0 Qs+ Sin@cosﬁ/d:‘x |:l/1rl/2 + l/gl/l]

Qut) = sin® 0 Q1 + cos? 6 Qo — sin@cos@/d3x |:I/IV2 + ng]}




In conclusion:

— In presence of mixing, neutrino flavor charges are defined as

Q.(t) = /d3x vi(z)ve(z) Qu(t) E/d3X Z/;E(.Z‘) vu(x)

They are not conserved charges = flavor oscillations.

— They are still (at tree level) conserved in the vertex = define flavor

neutrinos as their eigenstates

e Problem: find the eigenstates of the above charges.




e Flavor charge operators are diagonal in the flavor ladder operators:

1Qu(t): = /d3X s vi(2) v () =

2 [ (a3l (ako6) = 57,05, 0) o= e
Here : ... = denotes normal ordering w.r.t. flavor vacuum:
“ A=A — 6;#<O|A|O>elu

e Define flavor neutrino states with definite momentum and helicity:
o) = i, (0)[0)c,u

— Such states are eigenstates of the flavor charges (at t=0):

“ QO' = "/17;,0'> = |Vl:o'>




Neutrino oscillation formula (QFT)

— We have, for an electron neutrino state:

Qolt) = Wiel = Qo(t) = 1)

= Hopom.of @} + {57, 0.0.)

e Neutrino oscillation formula (exact result)*:

Que(t) = 1 — |Uif? sin®(20) sin® (“E2 L ) 142 sin? (20) sin? (227251 )

O, (t) = |Uk|? sin?(26) sin <w t) + |Vi|? sin®(20) sin <M t)

2

- For k> /mimsz, |[Ui|? = 1 and |Vi|? — 0.

*M.B., P.Henning and G. Vltlello Phys. Lett. B (1999).




Lepton charge violation for Pontecorvo states’

— Pontecorvo states:
Vie)p = cosO |V ) + sind [ ,)

Vi e = —sinf |y ,) + cosd Vi) ,

are not eigenstates of the flavor charges.

= wiolation of lepton charge conservation in the production/detection

vertices, at tree level:
P{Vikel 1 Qe(0) : Vi )P = cos® @ + sin* 6 + 2|Uy| sin® @ cos?h < 1,

for any 6 # 0, k # 0 and for my # ma.

M. B., A. Capolupo, F. Terranova and G. Vitiello, Phys. Rev. D (2005)
C. C. Nishi, Phys. Rev. D (2008).

& Crk




Other results

Rigorous mathematical treatment for any number of flavors *

Three flavor fermion mixing: CP violation';

QFT spacetime dependent neutrino oscillation formulat;
e Boson mixing?;

e Majorana neutrinos¥;

*K. C. Hannabuss and D. C. Latimer, J. Phys. A (2000); J. Phys. A (2003);
fM.B., A.Capolupo and G.Vitiello, Phys. Rev. D (2002)

¥M.B., P. Pires Pachéco and H. Wan Chan Tseung, Phys. Rev. D, (2003).
§M.B., A.Capolupo, O.Romei and G.Vitiello, Phys. Rev. D(2001); M.Binger and
C.R.Ji. Phys. Rev. D(1999); C.R.Ji and Y.Mishchenko, Phys. Rev. D(2001);
Phys. Rev. D(2002).

IM.B. and J.Palmer, Phys. Rev. D (2004)
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e Flavor vacuum and cosmological constant*
e Flavor vacuum induced by condensation of D-particles.f

e Geometric phase for mixed particlest.

*M.B., A.Capolupo, S.Capozziello, S.Carloni and G.Vitiello Phys. Lett. A (2004);
TN.E.Mavromatos and S.Sarkar, New J. Phys. (2008); N.E.Mavromatos, S.Sarkar
and W.Tarantino, Phys. Rev. D (2008); Phys. Rev. D (2011).

¥M.B., P.Henning and G.Vitiello, Phys. Lett. B (1999)
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Dynamical generation of flavor

mixing



e The non trivial nature of flavor vacuum suggests a dynamical origin;

e We consider dynamical symmetry breaking in a toy model with two
flavors and quartic interaction term, as a generalization of Nambu and

Jona-Lasinio model*;

e The approach of Umezawa, Takahashi and Kamefuchi for describing
mass generation using inequivalent representations’ is suitable for our

purposes.

*M.B., P.Jizba, G.Lambiase and N.E.Mavromatos, J. Phys. Conf. Ser. (2014)
TH. Umezawa, Y. Takahashi and S. Kamefuchi, Ann. Phys. (1964)

Dynamical generation of flavor mixing




Dynamical mass generation and inequivalent reps.

Consider a free Dirac field (at finite volume V):

/ 1 r —ik-x T _ik-x T T
U_W%;{“k“ke 4 o blett } o ag]0) = by |0) =0

The same field operator can be expanded as

1 s r ik-x r Ty —ikx
Y = Ni% Z {“k(ﬁ-, p)og, e +up (9, 0) By e
k,r

with
. . S
ap = cosd ap, + sindy eFr b'jk
Bl = cosVp b, — sind e'¥r a{j
and
uR (¥, 9) = uy cosVy + vl e Prsindy,
ve(9,0) = v cosV — uy e"Prsindy .

Dynamical generation of flavor mixing




The above is a Bogoliubov transformation, inducing inequivalent
representations for different values of the parameters (9, ):

|09, @) = H [cos Oy, — ek sindy, all b7 |]0)
k,r

with of [0(0,0)) = B¢ ]0(9,¢)) = 0.

Dynamica eration of flavor mixing




V-limit for operator products

In the infinite volume limit, one has the following relations:
V-lim [ / i mmwﬁ(m)} = / @@ : pal@)a(a) : + / 2 iS55(0,¢),
Vet | [ @ o a)u e) i (2)is(0)| =
= iS,5(Y, ) / d’x : oy (x)hs(z) : + iSﬂﬁ;(ﬁ,w)/dSm o (x)hs ()
b iSu(0.0) [ d'e by @s(a)  + i850.0) [ d'e s dolaiao):
+/d3w > STW9)ST W, ).

contractions

S;‘Lﬁ (0, ) are free two-point Wightman functions evaluated in |0(0, ¢)):
73:3 (19, 99) = <0(197 @)'1/;0 (T)Q/)B (/I:)|0(197 (ID)>7

iSap(,0) = (000, )|y (@)¢s(2) |03, 0))

Dynamica eration of flavor mixing




We consider the following hamiltonian:

H = Hy+ Hiy

Hy = /d3xz/?(—i'7-V + m)y,

Hus = X [ [(00)° = (5°0)°]

In the lowest order in the Yang-Feldman eq. the V-limit of H gives:
V-lim [H] = Hy + ¢ — number.
with

Hy = Hy + 6Hy

SHo = [ & (100 + igiso)
where f, g depend on the set of parameters (9, ):

F=AC, g=AC,.

avor mixing




Cp = i Jim (000, )[6(@)3s(@) |00, )

2 .
= Ak sin 209 sin ¢
(2m)? v
)3,

C, = lim (000, @)ld(x)b () 00, o)

V—oo

2 . k
= —— /d3k ﬁCos 20y, — — sin 29y cos i | -
(271-)3 . Wk Wi

Dynamica eration of flavor mixing




We then require that H, has the form of a free Hamiltonian:
o= 3 / Pk B (g of+ B L) + Wo.
with
By = vVk2 + M2 Wy = 72/d3k Ek.

by fixing the Bogoliubov transformation parameters. One obtains:

1
cos29 = I {wk +le]
k k

k 1
cospk,r) = —f—

Yo VAT D
= (m+)*+9¢

avor mixing

M?




Two possibilities:

2\ d*k
Cp=0, M=m-— —=M | —,
P= N CE By’
2\ [ d%k
-0 1+ =2 [ 22 — 0.
m , + @n? | E 0

The second case is only allowed for A < 0.

avor mixing




Dynamical generation of flavor mixing

— We consider the following hamiltonian:

o = HO + H’i’n,t

H() = /dgl\If (7L"}/zal + A’f()) v

with U7 = (¢, 1,,) and My = diag(m,,m,,).

— The interaction Hamiltonian Hi,; can be assumed in the generic

form
111t - (¢F¢> (’J; F/ 1//’) ’
where I and I are some doublet spinor matrices.
— The V-limit renormalization term dHg has the following structure

(SHO = 5%6 + 6%8 + (SHmix

-fI /&le + f‘H IKZJIILZ]II + h/ (/&lel + QLIIII;/}I) ‘

Dynamical generation of flavor mixing




Generalized Bogoliubov transformation

— We consider the 4 x 4 canonical transformation

QA €O Par 50 Pan Co Ay S0 Aanr a;
O/B _ —S0Pp1  C0Ppu 50 >‘BI Co /\BH Ay
611 Co )\AI S0 /\Au Co P 4q 560 Pan bj
ﬂTB —S0 )\BI Co )\BII —S0Ps1  C0Pp1 bjl

where ¢y = cosf, sy =sinf and

Pab = COS % Aap = sin % . Xa=cot ! {

K ] a,b=1,1I, A, B.

Ma

Thus we have three parameters (6, m4, mp) to fix in terms of
(f,» fuu,h) in order to diagonalize the Hamiltonian.

Dynamical generation of flavor mixing




Partial diagonalization

A possible representation is obtained by a partial diagonalization of
Hy, leaving untouched §H iz

Ho = > Wo(—i7 'V + me) Vo + h(Wethy + Dutbe).

o=e,

Such a representation is obtained by setting
0 — 0,
ma — me = my+ f;,
mp — m, = my+ f.
The vacuum is denoted as

10(0 = 0,me,mp)) = [0)ep,

In this representation we have

o (O Ho|0)e, = —2 / Pl (VR T mE [kt m2).,

since 67M<0\57{mix|0>e# = 0.

Dynamica eration of flavor mixing




Complete diagonalization
Another possibility is to require that H, becomes fully diagonal in
two fermion fields, ¥ and 5, with masses m; and ms:

Ho = Z Vi (—ivy -V 4+ my) ;.

j=1,2

The condition for the complete diagonalization is found to be:

1 2h
0 — 0 = taun_l[h}7
my,

2 — M

1
My g — M2 = 2 <m/e +my F \/(m/u, - me)Q + 4h2) ,
where we introduced the notation m. = m; + f,, m, = m, + f,.
We set
|0(0,m1, m2))

[0)1,2,

The vev of the Hamiltonian in this representation has the form:

1_2<0|H()‘0>1_]2 = 72/d3k (\/kZ -+ ’m% + \/kz -+ mﬁ) .

Dynamica

eration of flavor mixing



Patterns of Dynamical
Symmetry Breaking



Chiral symmetry

Let us consider a Lagrangian £, invariant under the chiral-flavor
group SU(2)4 x SU(2)y x U(1)y. Consider a flavor fermion-doublet:

1/;1
o

The chiral transformations act on it as

P =

gy = exp {i(¢+w-%+w5-%%)}¢7

where o;,1 = 1,2,3 are the Pauli matrices, ¢ is a real number and w,

ws are vectors with real components.

Patterns of Dynam




Charges and Currents

e The vector and axial Noether currents are:

g

5 ¥

— — o —
JH = pytap; JH = 1/)7“51/); JE = PyFys

and the conserved Noether charges:

Q= [exviv Q- [ExviTu Q= [Exvi G

Patterns of Dynamical Symm




Explicit Symmetry Breaking

e Symmetry is explicitly broken by a mass term:

Ly = = Map
In fact
97" = 0,
0" = % [M,o] 9,
’ i
6MJé = 51/)75 {M7 O'} ¢

Patterns of Dynamica




e If the mass matrix is proportional to the identity

M = mol

the axial symmetry is explicitly broken:

9 J" = 90" = 0

Ot = imgpysp

The residual symmetry is H = U(2)y.

Patterns of Dynamic



e Adding a mass-shift:

M = mol + m3og

the isospin symmetry is broken to H = U(1)y x U(1)3,

.t = 9JY = 0; 9,J¢ #£ 0,
ma —

ottt = F o,
ma —

Oty = —Z oy

Patterns of Dynamical Symm




e Adding an off-diagonal component:

M = mol + msos + mio1 + moos

A residual phase symmetry H = U(1)y survives:

9. JF = 0,  9,J8 40,

o Ji = 1 (maos—mzoz) P
Oudy = —4 (mioz — mzo) ¢
dy = P (miog —maon) ¢

Conservation of the total flavor charge Q.

Patterns of Dynamic




Dynamical Generation of Fermion Mixing

e Dynamical generation of mixing occurs if*

SU(2)A X SU(2)V X U(l)v — U(l)v

at the ground state level. SSB is characterized by the existence of
some local operator(s) ¢ so that on the vacuum [2)

(Ni; p(0)) = (pi(0)) = v # 0,
where (...) = (Q]...|Q). Here v; are the order parameters and N;
represent group generators from G/H.

In our case N; will be given by Q and Q5 according to the chosen
SSB scheme.

*M.B., P.Jizba, N.E.Mavromatos and L. Smaldone, arXiv:1807.07616 [hep th.
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We introduce the fermion bilinears

P = Poryp, ) = oy, oo

Il
=

with k& = 0,1,2,3. For simplicity we now assume (®°) = 0.

— Order parameters:

Patterns of Dynamic




Dynamical Mass Generation

e Dynamical mass generation:

SU(2)a x SU2)y xU(l)y — SU2)y xU(1)v

Order parameters

(®o) = wo #0, (Pr) = 0, k=1,23.

By means of e-term L. = e9®g, Ward-Takahashi identities are
derived:

ivg = gigég/d‘*y (T [®(y) 2R(0)]), k=1,2,3.

The r.h.s. contains a pole at zero mass: Goldstone theorem

Patterns of Dynamical Symm




Proof of the above relation

We consider the identity:

_ /d4y (TI6L(y) $(0)]) ,

with dpop(z) = 1[Ny, o(2)].

In particular we will choose ¢ = §®, so that:

(2 (0) = e [dly (T 50)58(0).
If we take N = Q5 1, ® = @ and ¢ = 65 1, Po, we get
(63 x Do) = hms/d y (T [05xPo(y) 651 P0(0)]), &k =1,2,3.

From §5 ,®o = —i(IJZ and 5‘.%’,6(1)0 = —®, we obtain the above eq.

Patterns of Dynamical Symm




Dynamical Generation of Different Masses

e Dynamical generation of different masses:

SU12)4 x SUR)y xU(1)y — U xU(1)y

Order parameters
(@o) =vo # 0, (@3) =v3 #0.

With £. = e(®g + P3), W-T identities are derived:

ivy = —hms/dy< [®k(y) Pr(0)]), k=1,2

i(vs+v0) = lim e /dy y) + ®3()) (23(0) + 23(0))]).

Patterns of Dynamical Symm




Dynamical Generation of Mixing

e Dynamical generation of mixing:

SU(2) 4 x SU©2)y x U(1)y — U(1)y

Order parameters
<(I)k>:’l}k750., k = 0,1,2,3.

Necessary condition for dynamical generation of mixing is the
presence of exotic pairs in the vacuum

($i(2) ¥5(2)) # 0, P F g

e Mixing of fields requires mixing in the vacuum.

Patterns of Dynamic




WT identities and mixing generation

With L. = 52220 ®;. we obtain ( k=1,2,3 and j = 1,3):

(oot o) = T e [dy (TU@F) + B30))(@L0) + 25O,
~i(rtvy) = lme /d4y<T[<q>2<y>—<I>j<y>><<1>2<o>—<1>j<o>>1>,
Sifon+un) =l e Ay (TI(®1(0) ~ Ba))(@1(0) - Ba0))]),

NG modes associated with fields:

Dy — Oy, Dy — B3, Py — D, D]+ 5, PT+ D), D)+ D

The number of NG modes is thus 6 which coincides with dim(G/H).
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Vacuum Structure in
Mean-Field Approximation



Mass vacuum: Equal Masses

In mean field approximation, the mass vacuum, in terms of bare

vacuum |0), is

|0)m

H H(cos Ok — € sin @kd’l’jjélj)|o>

=12 k,r
1 k
= B(m)|0), O = ico‘c*1 (m|>
with €" = (—1)". Here m is the physical mass and

B(m) = Bi(m)Ba(m)



where:

Bj(m) = exp

Z /ddk O €” (dﬁngik,j - Ber,de:j>‘|

is the generator of a Bogoliubov transformation.

The order parameter is:

vg = 2 /dgk sin 20



Mass vacuum: Different Masses

The mass vacuum is:

[0)12 = H H cos Ok ; — € qm@kjakj er,j)‘O>
j=1,2 k,r
1 k
= B(my,m2)|0), Ok, = §cot*1 <m7|> ,7=1,2

B(my, mg) factorizes as the product of Bogoliubov transformations:
B(my,ma) = Bi(mq) Ba(ms)
The ladder operators of massive fields are:
ap; = B(m)ay ;B (m) = cosOy;dy ; + ¢ sin 91@3‘521,]-

5]

By, = DB(m) ﬁrT I B~ Y(m) = cos (—)k_jﬁik’j — € sin @k,j&gj



Flavor Vacuum

Consider the charge
@ = —5 [Ex (3@ dale) - 3l(o) ha (@)

/djk (dilldl;Q + ﬁﬂﬁﬁﬂ,g - 5‘1??254.1 - 51?2512,1)

l\)\@ DO | =

Exponentiating it, we obtain the generator of a rotation:

R(0) = exp(2i0Q2)

In terms of mass fields:

= Gy(0)

t=0

R(6) = exp [0 [a*x (4](0) (o) - (o) (o))

e This is the mixing generator at ¢t = 0.



Consider the charge

3 [& (3l(2) ir(2) - dl(@) dale))

= /dgk (541?1(}1(1 5?1/;11 akzak2+ﬁk25k2)

Qs

Exponentiating it, we obtain the generator of a phase transformation:
P#) = exp(i¢Q3)

The ground state takes the form

0)eu = P~ ()R™'(6)B(ma, m2)|0)



Flavor vacuum: order parameters

The order parameters are now:

Vo

U3

U1

V2

Z /dgk sin 20y ;

j=1,2

cos 20 (/d3k sin 20,1 — /d3k sin 2(“)1(,2)

cos 2¢ sin 26 (/d?’k Sin 20y 1 — /d3k sin 2@k72)

1 sin 2¢ sin 26 </d3k sin 20y 1 — /dgk sin 2@1(2)



Conclusions



Conclusions and Perspectives

e Mixing transformations are not trivial in Q.F.T. (not just a
rotation!) = inequivalent representations.

e The vacuum for mixed fields has the structure of a SU(N)
generalized coherent state (condensate of particle-antiparticle pairs).

e Condensate structure of the flavor vacuum =- dynamical origin of

mixing.

e Lorentz invariance violation (?)



Three flavor mixing; CP

violation



Three-flavor fermion mixing in QFTT

Mixing relations:

Uyp(z) = MU, (2)

where V1 = (ve, v, 1) , O = (11, 19,v,) and

—16
C12C13 §12C13 S13€
16 id
M = | —si2c23 — c12523813€ C12€23 — S12523513€ $23C13
3 0 0
§12823 — C12€23S513€ —C12823 — S12€23513€ C23C13

with Cjj = COS Hij, Sij = sin 0,-]-

TM.B., A.Capolupo and G.Vitiello, Phys. Rev. D (2002)



We have:
ve(z) = G ' (t) v () Go(t),

where (o,7) = (e, 1), (14, 2), (7, 3), and

Go(t) = Gay(t)G1,(t)Gr2(t)

Gralt) = o |fra [ x(0](@ale) ~ (i)
Gi3(t) = eaxp _913/.dSX(VI(JI)Vg(I)€7M—V;(Ji)l/1($)€m):|.,
Gaalt) = cop|0as [ dx(vb(epa(a) - u;I(w)uQ(w))} .,

Flavor vacuum:

0); = Gyt (t) [0



Flavor annihilation operators:

s r kx 7 ry;k arf —1i6 kx r ry/k ort
Qe = C12C13 Q1 T S12C13 <U12 ax o te Vis cﬁ_ka) +e 513 (Ulg oy 3te Vig ‘3_1{‘3) )

r 6 r 5 k r ry,k ort
ag,, = ((;12(;23 —e 812823813> Qy o — <S12(123 +e 612823813> <U12 ag—€ Vip [371(,1)

kx _r ry/k ort
+ s23C13 (Uza ag3te Vaz 571(.:;) )
” r i85 k r ry/;k a7t
Qg r = C23C13 O 3 — (612823 +e 812623813> (Uzs apa—€ Vaz 571(‘2)
i k r ry/k or
+ <312323 —€ 012023813> (Ulg Qg 1—€ Vi Bij)

and similar ones for antiparticles (6 — —0).



Condensation densities

= 16=0

Condensation densities N¥ for sample values of masses and mixings



Parameterizations of mixing matrix

1%

(e}
o

() = Gy ' (t) v (x) Go(1),

Define the more general generators:

GlQ

Gh,

GQS =

exp

exp

exp

6‘12/d3 (1/ vse —102 fygl/lemz)
0. /d3 (Vllj e s 71/11/161‘55>

0. /d‘ (I/QVP W6y _ VT

Vo ()157

)]

There are six different matrices obtained by permutations of the

above generators.

We can obtain all possible parameterizations of the matrix by setting

to zero two of the phases and permuting rows/columuns.



Currents and charges for 3-flavor fermion mixing

Lagrangian for three free Dirac fields with different masses

L(x) = V() (i @ — Mg) VU, (2)

where U1 = (v1,v9,v,) and M, = diag(my, ma, m,).

m

The SU(3) transformations:
W (2) = NP () o =18

with a; real constants, and A; the Gell-Mann matrices, give the
currents:

L 1 L
T (@) = ST (@)Y X U ()



The combinations:

Ql = %Cg + Qm.S + %an,&
1 1

QQ = §Q - Qm,S + ﬁQm,S
1 2

Qs = 3@~ 5Qns

Ql Z/d k O{k loékz - iTk_’i/Bik,i>7 1= 17273'

are the Noether charges for the fields v; with ). Q; = Q.

Flavor charges:
Qult) = 631 @i o) = 3 [ e (ol (D (1) = A, (00 1)



CP violation and SU(3)

Modified Gell-Mann matrices:

0 €92 0 0 —ie2
e 0 0 |, A= e 0 0 |, =
0 0 0 0 0 0
0 0 —ge ¥ 0 0 0
0 0 =] 0 0 €& | A=
ie'%s 0 0 e ™ 0
0 0 . 1 0 0
A3 = -1 0 Xs=-—1] 0 1 0
0 0 V3 00 -2




Dynamical generation of mixing — three flavors

Global chiral-flavor group G = SU(3)a x SU(3)y x U(1)y. Let the
fermion field be a flavor triplet

Y1
Y = |1
3

Under a chiral-group transformation g, we get

v —w = ewi(orw e g,

where A\;,j =1,...,8 are the Gell-Mann matrices



Noether’s currents and (conserved) charges

— A — A
=y, I = S, T = g,

Q@ = [Exuiv. Q= [exvifu. Qs = [Exvifus.

From these we recover the Lie algebra of the chiral-flavor group G, i.e.
[Qvﬁ,Q]’} = ifijlchv [QnQ&j] = ifiijS-,kv
[QS,i,QSJ] = ifiijkz ) [Qv QSJ] = [Qan] = 0,

where 4,7,k =1,...,8 and f; i are the structure constants of su(3).



Explicit breakdown of symmetry: add Ly, = —1 M 1) to L.
9 JP =0, 0,J" = %E M N, 0, = %%5 (M, A}

Introduce the following notation:

(I)k - E)\kwa (PLZ = E/\k%ﬂ/’, )\0

Il
=
™
I
o
o0

i) Let M = mgAo, then (1) reduces to
OpJt = 0, J" = 0, 9,JL = img®°,

i.e., the scalar and vector currents remain conserved and the
broken-phase symmetry is H = U(3)y.



ii) If M = mo Ao + msA3 + ms As, then the mass matrix assumes the form

Me 0 0
M = 0 my 0 s
0 0 M,
where
1 1
Mme = Mo +ms+ —=mg, My, = Mo— M3+ —=msg mr

2
. R = mop— —=ms.
NG 73 0 /3 8

The current divergences read

(()pLJH = aujét = aﬂ‘]g =0, au‘]]H = —m3Pa, 6#‘15 = m3®y,
ugi = Mk VBms o g mad VBms g
2 2
I/ L V/3ms Oy, 9 = — — V3ms D,
2 2
Audt £0

The residual symmetry is thus U(1)y x U(1)} x U(1)}.



iii) If M = S°5_, mx, we can write

o 6
Me Meye' o Mere'’cT
—is s
M = |[meye "Ocr my mye'nT
—is —is
Mere 2T myre 08T m-
iSep . i6er . i5pr .
Mepe = mi—1ima, Mere€ = ma—ims, my-e = mg—1imr.

The current divergences now read:

) 1 1

OuJt = gos + 3 (ga7 +g65) , OuJy =gs1 + 3 (946 + g57) »

A m 1 P> m 1

oJsy = g2 + 3 (ga5 + g76) ,  OuJi = 3 (971 + g62 + gs53 + ﬁgss) ,
1 1

ouJf = 3 (gw + g72 + g34 + \/ggs4> , OuJ = 3 (,051 + goa + V3grs + 937> ,
1 3

o Jt = 5 <g14 + ga5 + V3gs6 + 963> , o OuJE = % (gas + ge7)
OuJt #0, 9,J" =0

where gij = My @j — m; (137 s h” = my; (I)Js —+ m; @15 .

The residual symmetry is then H = U(1)y.
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Feld mixing is dynamically generated via the SSB scheme
SUB) A xSUB)y xU(l)y — U(1)y.
i) SSB sequence corresponding to a single mass generation is
SUB)a x SUB)y xU(l)y — SUB)y xU(l)y ~ U(3)v.
The order parameters are
(Po) = vo #0, (Pr) = 0, k=1,...,8.

Taking the e-term as L. = e®y, we obtain
2 - -
icvy = lime/d4y(T [@%(y) @2(0)]), k=1,...,8.
3 e—0

Note that we have eight NG fields which equals to dim(G/H).

Dynamical maps:

o) (z) = 1/Z¢290}2($)+---, k=1,...,8.
where @5 1, are the NG fields, ZW‘Z’- are the field renormalization constants
and the dots denote higher order terms in the Haag expansions.



ii) SSB sequence corresponding to dynamical generation of different

masses is
SUB)a x SUB)y xU(l)y — ULy x U1 x U(1),.
The order parameters are

(@g) = vo #0, (P3) = v3 #0 (Ps) = vs #0.

However, we can also restrict to the case vg = 0, as it clear from
Eqs.(?7)-(2). This assumption simplifies the formulas without
affecting the main reasoning.

The e-term is now
,65:5((1)04»@3) .



WT identities:

vy =~ lime [ay (T 20), k= 124,567,
i = lime [a'y(r 2l ek0)]), k=12,
i(Buotw) = e faty(r[(@30) + 0520) (230) + 22 0)).
i(w+3n) = e fayiriaio)oio]), k=15
i(Go-w) = e [ayiraio)sio), k=6,
iy Cu ) = lime [ay(r](230)+ J=aiw)) (210)+ Jz2i0)) ),



In the above relations we have put

2
— 2 1
oo = Zwk’yswk = g‘bo + —=%s.

We have 14 NG modes, which equals dim(G/H).

NG dynamical maps

Pr(x) = VZpor(z) + ...,

o) (z) = sz¢2(m)+..., k= 1,2,4,5,6,7,



iii) SSB sequence corresponding to dynamical mixing generation is
SUB)a x SUB)y xU(l)y — U(1)v .

The order parameters are
(Pr) = v #0, k=0,...,8.

implying that
() # (i) # 0,  i#7].

take a e-term of the form:

8
Cg‘ = ZE@k
k=0

The corresponding WT identities now assume a very long and not
illuminating form. Dynamical maps which contain NG fields:

1
¢2*q>3+§(‘1>4*<1>7+(b6*(b5) = Vi+VZip1r + ...,

etc (15 more) ..

We have 16 independent NG fields, in agreement with dim(G/H).
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