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How to find the positive root of 

(x = 0.75488) 



Match powers of ε	



The perturbation series… 

Radius of convergence of series: 5/44/5 = 1.64938… 

Sixth-order result: x(1) = 0.75434 
 
           Exact answer: x = 0.75488 
 
                                  (0.07% error) 

Sum the series at ε = 1 

) 



The usual way to insert ε	

Insert ε :   ε x5 + x = 1 

Perturbation series: 
 
x(ε) = 1 – ε + 5ε2 – 35ε3 + 285ε4  – 2530ε5 +  23751ε6 – … 

Sum the series at ε = 1 

Radius of convergence of this series: 44/55 = 0.08192 

Result: x(1) = 21476 ) 

(weak coupling) 

But (3,3)-Padé gives 0.7% accuracy (not bad) 



Yet another way to insert ε à δ	

Perturbation series (called the delta expansion): 

We must sum the series at δ = 4 

Radius of convergence of this series = 1 

But (3,3)-Padé gives 0.5% accuracy – better than weak coupling! 



Thomas-Fermi equation (nuclear structure) 

Third-order calculation with (2,1)-Padé approximant 
 gives 1.1% accuracy! 

Delta expansion: 



Blasius Equation (fluid mechanics) 

 (1,1)-Padé approximant gives 8.7% accuracy! 
Second-order calculation with 



Lane-Emdon equation (stellar structure) 

Korteweg-de Vries equation (nonlinear waves) 



 
THE MESSAGE OF THIS TALK: 
 
The δ expansion can be applied in quantum mechanics --- 
and it can be extended to quantum field theory!! 
 



What about quantum mechanics? 

H = p2 + x4  

H = p2 + x2 (x2)δ  

Replace 

with 
 
and expand in powers of  δ, but note that we want to 
raise a positive quantity to the power δ to avoid complex 
numbers  appearing as an artefact of the procedure. 
 
This suggests an interesting idea: 
 
 
This Hamiltonian is not Hermitian but is PT symmetric. 

H = p2 + x2 (ix)ε  



PT reflection – a simultaneous reflection of space and time 

PT-symmetric quantum mechanics: 
Extending quantum mechanics into the complex domain… 
 
If you respect PT symmetry, the eigenvalues can remain real and 
unitarity can be preserved even though the Hamiltonian is not Hermitian 



0
0
0
0 

Space-time reflection 



One-parameter family of PT-symmetric Hamiltonians  
obtained by complex deformation of the harmonic oscillator 

Special cases: 

Look! H is not 
Hermitian but 
its eigenvalues 
are all real! 

Quartic: H = p2 - x4  
Cubic: H = p2 + ix3  

Sextic: H = p2 + x6  

P. Dorey, C. Dunning, and R. Tateo 
J. Phys. A 34, 5679 (2001) 
 
P. Dorey, C. Dunning, and R. Tateo 
J. Phys. A 40, R205 (2007) 



PT-symmetric Hamiltonians are 
complex deformations of Hermitian 

Hamiltonians 
You begin with a Hermitian Hamiltonian 
and introduce a deformation parameter… 

Complex deformed parrot Complex deformed frog Complex deformed squirrel 



Simple example: Complex deformed harmonic oscillator 

H = p2 + x2 + iεx  







(ε = 1) Classical trajectories in 
the complex-x plane 
 

H = p2 + ix3  

Classical PT symmetry: 

Average location of the classical particle is a pure negative imaginary 
number. In quantum mechanics <x> is also be negative and imaginary. 
In quantum field theory the one-point Green’s function, say for a –φ4 

field theory (ε = 2), should also be negative and imaginary. 



Theoretical applications: renormalizing makes 
a Hamiltonian non-Hermitian, but it still is PT symmetric 

•  Lee model is unitary (there are no ghosts!) 
•  Pais-Uhlenbeck model (no ghosts!)         [Mannheim] 
•  Self-force on the electron (runaway modes) 
•  Double-scaling limit in QFT 
•  Stability of the Higgs vacuum               [Mavromatos] 
•  Asymptotic behavior of the Painlevé  transcendents 
•  Application to the Riemann hypothesis           [Brody] 
           …and many many many many more! 

Experimental Studies of PT symmetry: 
•  PT-symmetric wave guides 
•  PT-symmetric lasers 
•  PT-symmetric electronic and mechanical systems 
•  Unidirectional transmission of light 
•  PT-symmetric atomic diffusion 
•  PT-symmetric superconducting wires 
•  PT-symmetric optical graphene 
•  PT-symmetric topological insulators 
           …and many many many many more! 



PT–symmetric systems are being 
observed experimentally! 

First observation of PT transition using 
optical wave guides: 

“Observation of PT-symmetry breaking in complex optical 
potentials,” A. Guo, G. Salamo, D. Duchesne, R. Morandotti, M. 
Volatier-Ravat, V. Aimez, G. Siviloglou, and D. Christodoulides, 
Physical Review Letters 103, 093902 (2009) 





PT-symmetric photonic crystals – Stanford 



PT-symmetric wireless power transfer – Stanford 



Talks on PT symmetry in the meeting 

(1)  Stone – PT-symmetric lasers and unidirectional invisibility 
(2) Millington – PT-symmetric fermionic field theory 
(3) Dorey – proof of spectral reality 
(4) Wunner – PT-symmetric BECs 
(5) Christodoulides – PT-symmetric optics and photonics 
(6) Brody – PT symmetry and the Riemann hypothesis 
(7) Rotter – PT-symmetric optical and acoustical systems 
(8) Mannheim – PT symmetry, conformal gravity, quantum field theory 
(9) Makris – PT symmetry and enhanced sensitivity 
(10)  Guenther – PT symmetry and scaling 
(11)  Huber – PT-symmetric networks  



D-dimensional Euclidean-space quantum field theory 
with a pseudoscalar field 

To avoid renormalization infinities assume D < 2. 
Objective: Calculate the vacuum energy density, the 
renormalized mass, and the Green’s functions such as 

as series in powers of  

PT-symmetric quantum field theory 
   (with S. P. Klevansky, N. Hassanpour, and S. Sarkar) 



If we expand in     we get logarithmic terms in the Lagrangian:  

The unperturbed Lagrangian is the usual free theory: 

But how do we interpret the logarithm term              ??  



The imaginary term is odd in     and the real term is even 
in     --- this is how to ensure PT symmetry!   



Free propagator in momentum space 
 
 
 
 
and in coordinate space 



The partition function: 

Note: Imaginary part is odd and real part is even 



Replica trick of Parisi: 
 
 
We do something simpler:   

Note: Replica trick is not rigorous as it involves a continuous 
limit. Validity has not been proved but when one can compare 
with known results (in low dimension) it has always worked.  





Final result: 



(keeping terms that are odd in the field) 



The second line is 2n+3 points at y and one point at a:  

This is negative and imaginary! 



This generalizes to higher order in 
and to all Green’s functions… 

Check: 



n-point Green’s function for n = 1, 3, 4, 5, … 



2-point Green’s function 



Renormalized mass 



Comments on renormalization… 



for coming to my talk! 


