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Abstract. We present a brief overview of a three-Higgs-doublet Model CP-invariant with S3-
symmetry as a flavor symmetry. This model contains three Higgs SU(2) doublets as well as
three right handed neutrinos, besides the usual Standard Model particles. We discuss some
features of the Yukawa, Higgs and neutrino sectors of this model, and present some new results
on the trilinear couplings of the Higgs sector, plus a fit of all parameters in the neutrino one.

1. Introduction
The organization of the fermions into generations or families has helped to understand the
relations among the elementary particles and the nature of their interactions, but we still have
not fully understood why nature chose this structure. In addition, now with the well measured
neutrino mixing angles new puzzles arise, since the form of the VPMNS matrix differs considerably
from the VCKM one. Many efforts have been done towards unravelling the flavor symmetry of the
model, as well as on studying possible processes which may allow to understand the origin and
development of the flavor structure in order to reproduce the data we obtain from experiments.

Our interest and motivation in the S3 symmetry extension of the SM is that the difference
in masses between the third and first two generations, as well as the structure of the VCKM
mixing matrix suggest that the fermions belong to a 2 + 1 irreducible representation of a
flavour symmetry. The smallest non-Abelian flavour symmetry with such characteristics is the
permutation group of three objects, S3. This flavour symmetry has been proposed a long time
ago [1,2], and has been extensively studied in the last years (see for instance [3–15]) in different
settings, due to its simplicity and predictivity. We will concentrate on a low energy model
(S3− 3H), which we will try to keep minimal in the sense of not adding extra flavons, and not
breaking explicitly the flavour symmetry. Many other discrete symmetries have been proposed
at low and high energies, which are also interesting for different reasons (see for instance [16],
and references therein).

2. 3HDM with S3 symmetry
S3 is the smallest non-Abelian discrete group, and it corresponds to the permutations of three
objects or the symmetries (rotations and reflections) of an equilateral triangle. Its irreducible



representations (irrep) are a symmetric singlet 1, an anti-symmetric singlet 1A and one doublet
2 [3]. We will work here on the two-dimensional matrix representation, Di presented in [3].

The field content of the model consists of the usual SU(2) doublets and singlets for SM quarks
and leptons as well as three Higgs doublets and three right-handed neutrinos. We will assume
all fields to belong to a reducible 2 + 1 representation of S3, where all the fields in the first two
generations will be in a doublet, and the ones in the third generation in the symmetric singlet.
The same assignment follows for the three Higgs doublets and right-handed neutrinos. The S3
extension of the SM has been previously used to calculate neutrino masses and mixings with
interesting results [5], as well as lepton masses and flavour changing neutral currents [17, 18].
The scalar sector is also interesting since there is an economy of parameters compared to a more
generic 3HDM.

The S3 Higgs potential is constructed with three SU(2) complex Higgs doublets H1, H2, Hs

which can be written as

H1 =

(
φ1 + iφ4
φ7 + iφ10

)
, H2 =

(
φ2 + iφ5
φ8 + iφ11

)
, Hs =

(
φ3 + iφ6
φ9 + iφ12

)
. (1)

We introduce the following variables as in [19,20]

x1 = H†1H1, x4 = Re(H†1H2), x7 = Im(H†1H2),

x2 = H†2H2, x5 = Re(H†1Hs), x8 = Im(H†1Hs),

x3 = H†sHs, x6 = Re(H†2Hs), x9 = Im(H†2Hs).

(2)

3. Higgs potential and masses
We take all the possible terms in the potential which preserve the discrete S3 permutational
symmetry, as reported in [21, 22]. The most general Higgs potential invariant under SU(3)c ×
SU(2)L × U(1)Y × S3 in the symmetry adapted basis is given as

V = µ21
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H†1H1 +H†2H2

)
+ µ20

(
H†sHs

)
+
a

2

(
H†sHs

)2
+ b

(
H†sHs

)(
H†1H1 +H†2H2

)
+
c

2

(
H†1H1 +H†2H2

)2
+
d

2

(
H†1H2 −H†2H1

)2
+ efijk

((
H†sHi

)(
H†jHk

)
+ h.c.

)
+f
{(
H†sH1

)(
H†1Hs

)
+
(
H†sH2

)(
H†2Hs

)}
+
g

2

{(
H†1H1 −H†2H2

)2
+
(
H†1H2 +H†2H1

)2}
+
h

2

{(
H†sH1

)(
H†sH1

)
+
(
H†sH2

)(
H†sH2

)
+
(
H†1Hs

)(
H†1Hs

)
+
(
H†2Hs

)(
H†2Hs

)}
(3)

where f112 = f121 = f211 = −f222 = 1. This same potential has also been analyzed in
refs. [19, 20,23,24] without CP violation and in ref. [25] also with spontaneous CP violation.

We will rewrite the vevs in spherical coordinates

v1 = v cosϕ sin θ, v2 = v sinϕ sin θ v3 = v cos θ. (4)

The use of this spherical parametrization is helpful to visualize the relation within the vevs.
The angle θ gives the amount of mixing between the vev of the singlet and the vevs of the
doublets. We may obtain a relation between v1 and v2 and v3 as

tanϕ =
v2
v1
, tan θ =

v2
v3 sinϕ

(5)

Applying the minimization conditions of the potential there will lead to a relation between
v21 = 3v22, i.e. fixing also the value of ϕ = π/6.



In order to get the Higgs boson masses it is necessary to perform the usual form for the rotation
matrix Ri, to obtain the mass matrix and physical states [23, 24]. In our parameterization the
pseudoscalar and charged Higgs boson masses can be written as

m2
A1

= −2(d+ g)v2 sin2 θ − 5ev2 sin θ cos θ − 2hv2 cos2 θ, (6)

m2
A2

= −v2(e tan θ + 2h), (7)

m2
H±

1
= −

[
5ev2 sin θ cos θ + (f + h)v2 cos2 θ

]
− 2gv2 sin2 θ, (8)

m2
H±

2
= −v2 [e tan θ + (f + h)] . (9)

From these expressions it can be seen that when the value of tan θ is high some masses will be
naturally heavy.

In terms of the potential parameters, considering also the spherical parameterization we have

M2
a =

[
(c+ g)v2 sin2 θ +

3

2
ev2 sin θ cos θ

]
M2
b =

[
3ev2 sin2 θ + 2(b+ f + h)v2 sin θ cos θ

]
M2
c = av2 cos2 θ − ev2 tan θ sin2 θ

2
(10)

where the mixing angle of the neutral scalars α is

tan(2α) = −
M2
b

M2
a −M2

c

. (11)

This leads to the following expressions for the neutral scalar Higgs bosons masses as follows:

m2
h0 = −9ev2 sin θ cos θ, (12)

m2
H1,H2

= (M2
a +M2

c )±
√

(M2
a −M2

c )2 + (M2
b )2, (13)

Clearly, when the parameter e = 0 we find a massless Goldstone boson, corresponding to an
SO(2) symmetry, as first pointed out in [20]. But also, it is possible that either cos θ = 0 or
sin θ = 0, with e 6= 0, which also gives a massless boson, but now due to the fact that either both
v1,2 or v3 are zero.

We have calculated the trilinear self-coupling of the Higgs bosons in terms of their masses,
and we have reaffirmed the residual Z2 symmetry reported in ref. [24], where h0 is odd under
this symmetry. We present below particular trilinear self-couplings and the couplings with the
gauge boson, of the type HVV.

h0h0h0 = 0, (14)

H2H2H2 =
i

v sin θ cos θ

(
m2

h0

(
cos3(α− θ)

9 cos2 θ

)
+m2

H2

(
cos(α− θ)− sin 2α sin(α− θ)

2

))
, (15)

H1H1H1 = − i

v sin θ cos θ

(
m2
h0

(
sin3(α− θ)

9 cos2 θ

)
+m2

H1

(
sin(α+ θ)− sin 2α cos(α− θ)

2

))
,



The coupling with the vector bosons are the following

H1W
±W∓ = i

4M2
W cos(α− θ)gµν

v
(16)

H2W
±W∓ = i

4M2
W sin(α− θ)gµν

v
(17)

h0W
±W∓ = 0 (18)

H1ZZ =
i2M2

Z cos(α− θ)gµν

v
(19)

H2ZZ =
i2M2

Z sin(α− θ)gµν

v
(20)

4. 3HDM with S3 Yukawa Lagrangian
As with the scalar part of the Lagrangian, we look for a structure that preserve the discrete
S3 permutational symmetry for couplings within Higgs fields and fermions. Then, the general
structure of the Yukawa part of the Lagrangian is

LY = LYD + LYU + LYE + LYν , (21)

where U,D,E, ν correspond to the up and down quarks, leptons and neutrinos respectively. The
expressions for each term can be found in ref. [3].

There is also research done with the S3 symmetry without extending the Higgs sector
[21, 26, 27]. In this case it is necessary to break explicitly the symmetry to give appropriate
masses to the fermions and reproduce the mixing. Thus, it is natural to assume that there
should be a flavor structure also in the Higgs sector, leading to the necessity of its extension. A
rich flavor structure in the Yukawa sector could not only explain the different fermion masses,
but will also lead to FCNC processes. This flavour structure in the S3 symmetry Yukawa with
a 3HDM sector has been studied already in [3], where the following universal mass structure for
all fermions was found

M =

 m1 +m2 m2 m5

m2 m1 −m2 m5

m4 m4 m3

 . (22)

In the quark sector the S3−3H model gives rise to the Fritzsch and generalized Fritzsch textures,
as well as the NNI interactions [27–29]. It is also possible to reparameterize the VCKM mixing
matrix in terms of the quark masses, showing that it has good compatibility with the experimental
data [27].

In the interaction basis we can write the general Yukawa Lagrangian of S3 − 3H implying
that all three doublets will couple with all fermions, leading to

LYHfifj = Q̄iLH1Y1ijdjR + Q̄iLH2Y2ijdjR + Q̄iLH3Y3ijdjR , (23)

where we have the usual fermionic SU(2) doublets Q̄iL, the SU(2) singlet djR and i, j = 1, 2, 3
are flavor indexes. As for Hk, they are the three SU(2) doublets given in eq. (1). Thus we see
potentially a flavour violation structure in the Yukawa couplings, unless Yukawa matrices in the
flavour basis are set to be diagonal or nearly diagonal.



Figure 1. Right-handed neutrino masses in a χ2 analysis, where experimental results on neutrino
masses in the best fit are in 2σ agreement, see text.

5. Neutrino mixing and masses
In the leptonic sector the S3− 3H model shows also interesting features. As already mentioned,
there is a universal mass matrix structure, which also has interesting consequences for the
neutrino sector. It is assumed that the left-handed neutrino masses are generated through a
seesaw type I mechanism, and that there is an extra Z2 symmetry in the leptonic sector to
achieve a further reduction in the free parameters [3]. The charged lepton mass matrices and
neutrinos, as well as the VPMNS mixing matrix was obtained in [17], showing that is close to
the tri-bimaximal form if the right-handed neutrinos are assumed mass degenerate. This leads
to a non-vanishing reactor mixing angle θ13, albeit very small, and both the atmospheric and
solar angle within the experimental range. Some flavour lepton violating processes have been
calculated, showing that they are suppressed in the model [18] due to an interplay between the
mass hierarchy of the charged leptons and the S3×Z2 symmetry. If all the right-handed neutrinos
are assumed to have different masses then it is possible to obtain also the reactor mixing angle
in good agreement with the experimental value [30].

A new parameterization of the neutrino mass matrix leads to more interesting results in
this sector, showing that it is also possible to generate enough leptogenesis to get the observed
baryon asymmetry in the Universe [31]. Even more recently, in order to reduce free parameters
and constrain the model, we have used a form of Powell’s optimization in a multivariable space
to fit the experimental results of the differences of the neutrino masses and the neutrino mixing
parameters. With the χ2 square analysis we can ensure that there are regions in parameter space
where the S3− 3H model fits all the experimental constraints in the neutrino sector, and make
some predictions about leptogenesis, the heavy neutrino masses and a closed Dirac mass matrix.
We even have regions where we can overfit the values of the parameters to get a χ2 ∼ 0.1,
allowing for some freedom to search for leptogenesis or adjust forthcoming experimental results,
see figure. In the example shown, the left-handed neutrino masses are in the range

m1 = 1.116× 10−8 eV, m2 = 1.51810−8 eV, m3 = 1.02210−8 eV (24)

with an inverted hierarchy.



6. Conclusions
The S3− 3H model has proven to be very successful not only in accommodating the hierarchy
and structure of the quark and neutrino mixing matrices, but also in providing interesting results
in the Higgs and leptonic sectors. We have shown some known results on the quark, leptonic
and scalar sector of the model, plus some new results involving the trilinear self-couplings of
the Higgs bosons and some of their couplings to the vector bosons. In the neutrino sector a
new parameterization of the neutrino mass matrix allows to fix two of the right-handed neutrino
masses and search for viable leptogenesis. To continue studying the feasibility of the model more
detailed analysis in the scalar, quark and leptonic sectors are under way.
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