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Basis Light-Front Quantization (BLFQ) Vay et. al. PRC 81 (2010)

Solve many-body bound state problems in quantum field theories

P−|β〉 = P−β |β〉

P− : light-front Hamiltonian

|β〉 mass eigenstates

P−β eigenvalue (light-front
energy) for eigenstate |β〉
first-principles / effective
Hamiltonian as input

Evaluate observables

O ∼ 〈β|Ô|β〉

direct access to wave
function of bound states

GOAL
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General Procedure for BLFQ
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Applications of BLFQ

QCD systems

Heavy mesons: spectrum, decay constant, elastic form factor,
radii, radiative transitions, distribution amplitude, GPDs

—Y Li, G Chen, X Zhao, P Maris, J Vary, L Adhikari, M Li, S. Tang, A El-Hady (2016 - 2019)

Light mesons: spectrum, decay constant, elastic form factor,
radii, distribution amplitude, PDFs and scale evolution

—S Jia, J Vary, J Lan, CM, X. Zhao (2018 - 2019)

QED systems

Electron: anomalous magnetic moments, GPDs

positronium wave function, spectroscopy, FFs, GPDs

—Zhao, Wiecki, Li, Honkanen, Chakrabarti, Maris, Vary, Brodsky (2013 - 2018)

Talks on BLFQ: Zhao (16:55), Maris (19/9- 11:00), Vary (19/9- 11:55), Meijian ( 20/9-11:55)
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Example: Light Mesons S. Jia and J. Vary, PRC (2019)

Light front effective Hamiltonian, Heff :

~k2
⊥ + m2

q

x
+
~k2
⊥ + m2

q̄

1− x︸ ︷︷ ︸
LF Kinetic energy

+κ4x(1− x)~r 2
⊥︸ ︷︷ ︸

Transverse

− κ4

(mq + mq̄)2
∂x
(
x(1− x)∂x

)
︸ ︷︷ ︸

Longitudinal

+Heff
NJL

quark masses: [mu/d , ms ] = [337, 445] MeV
Confining strength: [κπ/ρ, κK/K∗ ] = [227, 276] MeV
Coupling constants: [Gπ/ρ, GK/K∗ ] = [18.5, 13.6] GeV−2

Mass BLFQ-NJL PDG

mπ+ 139.57 MeV 139.57 MeV
mρ+ 775.23± 0.04 MeV 775.26± 0.25 MeV

mK+ 493.68 MeV 493.68± 0.02 MeV
mK∗+ 891.82± 0.06 MeV 891.76± 0.25 MeV
mK∗+

0
858.35 MeV 824± 30 MeV
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Elastic Form Factor S. Jia and J. Vary, PRC (2019)

Drell & Yan (PRL, 70); West (PRL, 70)

The elastic form factors of
the pseudoscalar states:

FP(Q2) = I0,0(Q2).

ImJ ,mJ′
(Q2) =

〈
Ψ(P′

,m′
J )
∣∣∣ J+(0)

2P+

∣∣∣Ψ(P,mJ )〉

with q = P ′ − P and Q2 = −q2.

The charge radius:

〈r2
c 〉 = −6 lim

Q2→0

d

dQ2
FP(Q2).

Pion charge radius:
√
〈r2
c 〉|π+

BLFQ: 0.68± 0.05 fm

PDG: 0.672± 0.008 fm
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Parton Distribution Amplitude in preparation, CM et al.

Lepage & Brodsky, PRD (1980)

Distribution amplitude

φP(x ;µ) =
2
√

2Nc

fP

1

4π
√
x(1− x)

×
∫

d2k⊥
(2π)2

1√
2

[
ψ↑↓(x , k⊥)− ψ↓↑(x , k⊥)

]
Fitting function for pion PDA at
µ0 = 442 MeV

φ(x) =
xa(1− x)b

B(a + 1, b + 1)
,

extrapolation: a = b = 0.60

Decay constant:

BLFQ: 142.9 MeV
PDG: 130.2± 1.7 MeV
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Asymptotic

E791 di-jet data

without QCD evolution: N
max

=32

without QCD evolution: N
max

=

with QCD evolution: =1 GeV

with QCD evolution: =10 GeV

DA evolution: Gegenbauer
basis Ruiz, et. al. PRD 66, (2002)

Our evolved DA ≈
Asymptotic DA

8 / 25



Basis Light-Front Quantization (BLFQ) Application to light mesons Application to nucleon Conclusions & Outlook

π→γ(γ∗) Transition Form Factor in preparation, CM et al.

Lepage & Brodsky, PRD (1980)

π→γ∗γ TFF:

Fπγ(Q2) =

√
2

3
fP

∫ 1

0
dx
φπ(x , xQ)

Q2x

TFF data prefer QCD
evolution of DA

π→γ∗γ∗ TFF: Fπγ∗(Q
2)

≈
√

2

3
fP

∫ 1

0
dx

φπ(x)

Q2
1x + Q2

2 (1− x)

LFQM: Choi, Ryu, Ji, PRD 99 (2019)
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Light Meson PDFs Lan, CM, Jia, Zhao, Vary: PRL 122 (2019)

f (x) = xa(1− x)b/B(a + 1, b + 1),

a = b = 0.5961 for pion, while a = 0.6337 and b = 0.8546 for kaon
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LF wavefunctions I eigenvectors of effective Hamiltonian.
PDFs evolution I based on the NNLO DGLAP equations.
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Moments of Pion PDF Lan, CM, Jia, Zhao, Vary: arXiv: 1907.01509

Moments of the valence quark PDF

〈xn〉 =

∫ 1

0
dx xnf πv (x , µ2), n = 1, 2, 3, 4.
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The robustness of our results motivates the application of
analogous effective Hamiltonians to the baryons.
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Effective Light-front Hamiltonian for Nucleon
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Basis Construction

Fock’s space expansion:

|N 〉baryon = a| qqq 〉+ b| qqqg 〉+ c | qqqqq̄ 〉+ · · · .

For each Fock particle:

For the first Fock sector:

| qqq 〉 = |nq1 ,mq1 , kq1 , λq1 〉⊗ |nq2 ,mq2 , kq2 , λq2 〉⊗ |nq3 ,mq3 , kq3 , λq3 〉.
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Basis Truncation Scheme
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Nucleon Form Factors In preparation, CM, Siqi Xu, et. al.

EM form factors in light-front

〈P ′; ↑ |J
+(0)

2P+
|P; ↑〉 = F1(q2)

〈P ′; ↑ |J
+(0)

2P+
|P; ↓〉 = −(q1−iq2)

F2(q2)

2M

Drell & Yan (PRL, 70); West (PRL, 70)
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Nucleon Form Factors In preparation, CM, Siqi Xu, et. al.

Only valence quarks
contributions

Missing meson-cloud effects

|qqqqq̄〉 has a significant
effect on Pauli FF: 30% in
proton; 40% in neutron

Sufian et. al. PRD 95 (2017)

Magnetic moments (µN):

Proton: 2.51 (Exp. : 2.79)
Neutron: -1.45 (Exp. : -1.91)
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Nucleon Sach’s Form Factors In preparation, CM, Siqi Xu, et. al.
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Axial Form Factor In preparation, CM, Siqi Xu, et. al.

〈N(p)|Aµ|N(p′)〉 = ū(p′)

[
γµGA(t) +

(p′ − p)µ

2m
Gp(t)

]
γ5u(p)

Axial vector current:
Aµ = q̄γµγ5q

Axial form factor can be
measured by ordinary muon
capture (OMC)

µ−(l)+p(r)→ νµ(l ′)+n(r ′)

Provide information on
spin-isospin distributions
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Unpolarized PDFs In preparation, CM, Siqi Xu, et. al.

Unpolarized PDF is defined as (Γ ≡ γ+):

ΦΓ(ν)(x) =
1

2

∫
dz−

2(2π)
e ip

+z−/2〈P; S |ψ̄(ν)(0)Γψ(ν)(z−)|P;S〉
∣∣∣∣
z+=zT =0

.

x
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x 
f(

x)
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Helicity PDFs In preparation, CM, Siqi Xu, et. al.

Helicity PDF is defined as (Γ ≡ γ+γ5):

ΦΓ(ν)(x) =
1

2

∫
dz−

2(2π)
e ip

+z−/2〈P; S |ψ̄(ν)(0)Γψ(ν)(z−)|P;S〉
∣∣∣∣
z+=zT =0

.
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model1 & model2: meson-cloud models Kofler & Pasquini, PRD 95 (2017)
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Transversity PDFs In preparation, CM, Siqi Xu, et. al.

Transversity PDF is defined as (Γ ≡ iσj+γ5):

ΦΓ(ν)(x) =
1

2

∫
dz−

2(2π)
e ip

+z−/2〈P; S |ψ̄(ν)(0)Γψ(ν)(z−)|P;S〉
∣∣∣∣
z+=zT =0

.
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Qualitative behavior of BLFQ results are in more or less agreement
with other calculations.

Anselmino, et al. Nucl.Phys.Proc.Suppl. 191 (2009); Maji & Chakrabarti, PRD 94 (2016)
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Tensor Charge In preparation, CM, Siqi Xu, et. al.

The tensor charge is defined as

gq
T (µ2) =

∫ 1

0
dx hq1(x , µ2).
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BLFQ results are consistent with other calculations.
Lattice QCD: gu

T = 0.3(2) and gd
T = −0.7(2) at µ2 = 2 GeV2

Lin et. al. PRL, 120 (2018)
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GPDs
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Proton unpolarized GPDs in BLFQ In preparation, CM, Siqi Xu, et. al.
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Conclusions & Outlook

We discussed the structure of pion and proton from the
eigenstates of light front effective Hamiltonian
Consider the leading Fock sectors (|qq̄〉 for pion, |qqq〉 for
proton).
BLFQ provides a good description of the experimental data &
Global fits for various observables.

Outlook:

Other distribution functions : spin asymmetries ,GTMD,
DPD. . .
Study meson-cloud effects and gluon content by including
higher Fock sectors.
Mechanical properties, spin structure of proton, mass
decomposition.

Thank You
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