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Similarity of atomic and hadronic spectra
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Adapted from presentation by J. Ritman (2005)
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The similarities between hadrons and atoms suggest that
atomic perturbation theory is relevant for hadrons.
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 2The meaning of “non-perturbative”

Perturbative expansion diverges

Feynman diagrams lack essential features

αs ≫ 1Common view for soft QCD: Use lattice QCD (or models)⇒ 

αs(0)/π ≈ 0.14
Alternative possibility: Coupling freezes, 
remains perturbative

Divergence of perturbative expansion 
is due to low momentum transfers

This is the case for classical fields in QED

α(0) ≃ 1/137and for QED bound states

9. Quantum chromodynamics 39

They are well within the uncertainty of the overall world average quoted above. Note,
however, that the average excluding the lattice result is no longer as close to the value
obtained from lattice alone as was the case in the 2013 Review, but is now smaller by
almost one standard deviation of its assigned uncertainty.

Notwithstanding the many open issues still present within each of the sub-fields
summarised in this Review, the wealth of available results provides a rather precise and
reasonably stable world average value of αs(M2

Z), as well as a clear signature and proof of
the energy dependence of αs, in full agreement with the QCD prediction of Asymptotic
Freedom. This is demonstrated in Fig. 9.3, where results of αs(Q2) obtained at discrete
energy scales Q, now also including those based just on NLO QCD, are summarized.
Thanks to the results from the Tevatron and from the LHC, the energy scales at which
αs is determined now extend up to more than 1 TeV♦.

QCD αs(Mz) = 0.1181 ± 0.0011

pp –> jets
e.w. precision fits (N3LO)  
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Figure 9.3: Summary of measurements of αs as a function of the energy scale Q.
The respective degree of QCD perturbation theory used in the extraction of αs is
indicated in brackets (NLO: next-to-leading order; NNLO: next-to-next-to leading
order; res. NNLO: NNLO matched with resummed next-to-leading logs; N3LO:
next-to-NNLO).

♦ We note, however, that in many such studies, like those based on exclusive states of
jet multiplicities, the relevant energy scale of the measurement is not uniquely defined.
For instance, in studies of the ratio of 3- to 2-jet cross sections at the LHC, the relevant
scale was taken to be the average of the transverse momenta of the two leading jets [434],
but could alternatively have been chosen to be the transverse momentum of the 3rd jet.

June 5, 2018 19:47

αscrit ≈ 0.43      Gribov✭

V(r) = – α/r
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 3Principle of bound state perturbation theory

A generalization of QED bound state methods to QCD 
requires a derivation of the Schrödinger eq. from LQED.

Summing ladder diagrams is not the answer: E.g., for e+ e– → e+ e–

+ + + ...++ + + ...+ + + + ...+ = γ
e+e+

e–

e+e+

e–

But: The free in and out states of PQED lack overlap with Positronia.

QCD: Free quark states at t = ± ∞ are incompatible with confinement.

The divergence of the ladder sum gives rise to Positronium poles.

QED calculations postulate an O(α∞) (Schrödinger) wave function.

Beware of using Feynman diagrams, based on free propagators,
for bound states! Confinement may not be recovered.
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For QED lamb shift, need to calculate
e– propagator in the field of e+ e–

e+In an NR approximation, this can be
described by a fixed  –α/r potential.

In QCD, colored gluons interact
with relativistic quarks

Gluon and quark propagators depend
on the state  in which they propagate.

q

q̅

Lamb shift

Bound state constituents propagate in a field

Constituents propagate in
their instantaneous field,
forming eigenstates of H.

Cannot build bound states
with constituents that have
predetermined propagators.

⇒ 

QED

QCD



 5Fock state expansion for Positronium (at rest)

The |e+e–〉 Fock state is at O(α2) bound by
the classical field of the constituents, 

which is not suppressed by α.

Spin dependence arises at O(α4) from states 

with a transverse photon, |e+e–γ〉.

��e+e�
↵

<latexit sha1_base64="wdn8vG7+RhVlXVTjbR4aqSSbEEc="></latexit>

��e+e��
↵

<latexit sha1_base64="gfYubbcBiKhfI5eYlBtmrSkSvUU="></latexit>

��e+e��
↵

<latexit sha1_base64="gfYubbcBiKhfI5eYlBtmrSkSvUU="></latexit>

The Lamb shift also arises from |e+e–γ〉.

Perturbation theory for a bound state includes
the instantaneous field of its Fock constituents.

This can be implemented in a Hamiltonian approach.

AT

e–

e+

e–

e+

e–

e+

AT

AT exchange is suppressed by powers of α.
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 6

Canonical quantisation in temporal gauge: A0 = 0

Avoids problem due to the missing conjugate field for A0

Ei = F i0 = �@0A
i

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

conjugate to  –Ai (i = 1,2,3)

⇥
Ei(t,x), Aj(t,y)

⇤
= i�ij�(x� y)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�
 †
↵(t,x), �(t,y)

 
= �↵� �(x� y)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

G(x) ⌘ �S
�A0(x)

= @iE
i
L(x)� e † (x)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Gauss’ operator:

G(x) generates time-independent gauge transformations, consistent with A0 = 0

The gauge is fixed by constraining the physical states: G(x) |physi = 0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

This determines EL(x) for each state, imposing Gauss’ law.

H =

Z
dx

⇥
1
2E

2
L + 1

2E
2
T + 1

4F
ij
F

ij +  
†(�i↵

i
@i � e↵

i
A

i +m�
0) 

⇤
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

J. D. Bjorken, SLAC Summer Institute (1979)
G. Leibbrandt, Rev. Mod. Phys. 59, 1067 (1987)
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Schrödinger equation for Positronium

G(x) |physi = 0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⇒ 
@iE

i
L(t,x) |physi = e † (t,x) |physi

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Ei
L(t,x) |physi = �@xi

Z
dy

e

4⇡|x� y| 
† (t,y) |physi

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

For the component of Positronium with 
an electron at x1 and a positron at x2:

Ei
L

��e�(x1)e
+(x2)

↵
= �@x

i
e

4⇡

⇣ 1

|x� x1|
� 1

|x� x2|

⌘ ��e�(x1)e
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<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

The instantaneous Hamiltonian
gives the classical potential:

HV ⌘ 1
2

Z
dxEi

LE
i
L(x)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

HV

��e�(x1)e
+(x2)

↵
= � ↵

|x1 � x2|
��e�(x1)e

+(x2)
↵

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

The Schrödinger equation follows from

��e�(x1)e
+(x2)

↵
=  ̄↵(x1) �(x2) |0i

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

H
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= (2m+ Eb)
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↵
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A Fock state expansion for QCD

The Fock expansion is compatible with the quark model of hadrons:

• Valence quantum numbers of mesons and baryons (lowest Fock state)

• Transverse gluon constituents contribute perturbatively, at O(αs)

•  The EL field is instantaneous even for relativistic constituents

How can color confinement arise?

Gauss’ law has no ΛQCD scale 
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A crucial difference between QED and QCD

Global gauge invariance allows a classical gauge field for neutral atoms,
but not a color octet gluon field for color singlet hadrons.

However: 
The classical gluon field is non-vanishing 
for each color component C of the state

Positronium (QED) Proton (QCD)

Ei
L,a(x) = 0

<latexit sha1_base64="ilrGmTANC1ecX4SbLxmbNCmaHvc="></latexit>

Ei
L,a(x, C) 6= 0

<latexit sha1_base64="TAmNoMUncJMnnO3LBWV7VlPypQQ="></latexit>

X

C

Ei
L,a(x, C) = 0

<latexit sha1_base64="C7OEaKarWpA8yymniG4ylv/5roI="></latexit>

Ei
L(x) = � e

4⇡
@x
i

⇣ 1

x� x1
� 1

x� x2

⌘

<latexit sha1_base64="bC2+09bKXbeF1t6WDMsEL6leUxA="></latexit>

The blue quark feels the color field generated by the red and green quarks.

An external observer sees no field:
The gluon field generated by a color 
singlet state vanishes



 10Temporal gauge in QCD: Aa0 = 0

Gauss’ operator Ga(x) ⌘
�S

�A0
a(x)

= @iE
i
a(x) + gfabcA

i
bE

i
c � g †T a (x)
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generates time-independent gauge transformations, which keep A0
a = 0

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

The gauge is fully defined (in PT) by the constraint Ga(x) |physi = 0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

@iE
i
L,a(x) |physi = g

⇥
� fabcA

i
bE

i
c +  †T a (x)

⇤
|physi

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

In QED one solves for EL requiring  EL(x) → 0 for |x| → ∞

In QCD, for (globally) color singlet bound states:

For each color component C  there are homogeneous solutions 
of Gauss’ law for EL, which do not vanish at spatial infinity.

⇒ 

Translation invariance requires a constant field energy density (⇒ scale Λ) .

The solution is unique, up to the magnitude of the energy density (Λ).

X

C

Ei
L,a(x, C) = 0

<latexit sha1_base64="C7OEaKarWpA8yymniG4ylv/5roI="></latexit>



 11Including a homogeneous solution for 

Ei
L,a(x) |physi = �@x

i

Z
dy

h
x · y +

g

4⇡|x� y|

i
Ea(y) |physi

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

where Ea(y) = �fabcA
i
bE

i
c(y) +  †T a (y)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

The linear dependence on x makes EL independent of x, as required by
translation invariance: 
The field energy density is spatially constant.

The field energy ∝ volume of space is irrelevant only if it is universal.
This relates the normalisation κ of all Fock components, leaving an
overall scale Λ as the single parameter.

The EL contribution to the QCD Hamiltonian is

@iE
i(x) = 0

<latexit sha1_base64="Zvs4eV1DK1LbY42jytSyNkfR6o4="></latexit>

 6= (x,y)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ensures (a homogeneous solution)

Ei
L,a
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HV =

Z
dydz

n
y · z

h
1
2

2

Z
dx+ g

i
+ 1

2

↵s

|y � z|

o
Ea(y)Ea(z)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

“Bag model,
but no bag”
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 12Examples: Fock state potentials (I)

HV |q(x1)q̄(x2)i = Vqq̄ |q(x1)q̄(x2)i
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

qq̅ :

Vqq̄ = ⇤2|x1 � x2|� CF
↵s

|x1 � x2|
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

qgq̅ : V (0)
qgq (x1,xg,x2) =

⇤2

p
CF

dqgq(x1,xg,x2)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

dqgq(x1,xg,x2) ⌘
q

1
4 (N � 2/N)(x1 � x2)2 +N(xg � 1

2x1 � 1
2x2)2

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

V (1)
qgq (x1,xg,x2) =

1
2 ↵s

h 1

N

1

|x1 � x2|
�N

⇣ 1

|x1 � xg|
+

1

|x2 � xg|

⌘i

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

V (0)
qgq (x1 = xg,x2) = ⇤2|x1 � x2| = V (0)

qq̄
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

When q and g coincide:

V (1)
qgq (x1 = xg,x2) = V (1)

qq̄
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

“Cornell potential” also
for relativistic quarks

(universal Λ)
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 13Fock state potentials (II)

qqq :

Vqqq = ⇤2dqqq(x1,x2,x3)�
2

3
↵s

⇣ 1

|x1 � x2|
+

1

|x2 � x3|
+

1

|x3 � x1|

⌘

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

dqqq(x1,x2,x3) ⌘
1p
2

p
(x1 � x2)2 + (x2 � x3)2 + (x3 � x1)2

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

gg : Vgg =

r
N

CF
⇤2 |x1 � x2|�N

↵s

|x1 � x2|
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

This agrees with the qgq̅ potential where the quarks coincide:

Vgg(x,xg) = Vqgq̄(x,xg,x)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

It is straightforward to work out the instantaneous potential for any Fock state.
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 14Thus: A perturbative approach to soft QCD

• The instantaneous               field binds the lowest Fock statesO
�
↵0
s

�
<latexit sha1_base64="EJYYDAYq5X7uyUkGhfg27/h77+o="></latexit><latexit sha1_base64="EJYYDAYq5X7uyUkGhfg27/h77+o="></latexit><latexit sha1_base64="EJYYDAYq5X7uyUkGhfg27/h77+o="></latexit><latexit sha1_base64="EJYYDAYq5X7uyUkGhfg27/h77+o="></latexit>

• The higher Fock states given by the Hamiltonian HQCD are of

Poincaré symmetry
Unitarity
Confinement
Chiral Symmetry Breaking (CSB)
Reasonable mass spectrum
  .  .  .

For the approach to be viable the                 dynamics must have:O
�
↵0
s

�
<latexit sha1_base64="EJYYDAYq5X7uyUkGhfg27/h77+o="></latexit><latexit sha1_base64="EJYYDAYq5X7uyUkGhfg27/h77+o="></latexit><latexit sha1_base64="EJYYDAYq5X7uyUkGhfg27/h77+o="></latexit><latexit sha1_base64="EJYYDAYq5X7uyUkGhfg27/h77+o="></latexit>

Some of these have been 
demonstrated, and the 
prospects seem promising
(see extra slides, my home
page and 1807.05598v2).

O (↵s)
<latexit sha1_base64="OkBZHjqx88PbOgfV4JE9qpYc4Q0="></latexit><latexit sha1_base64="OkBZHjqx88PbOgfV4JE9qpYc4Q0="></latexit><latexit sha1_base64="OkBZHjqx88PbOgfV4JE9qpYc4Q0="></latexit><latexit sha1_base64="OkBZHjqx88PbOgfV4JE9qpYc4Q0="></latexit>

• Makes bound state calculations less of an art
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Extra slides
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|Mi =
X

A,B;↵,�

Z
dx1dx2  ̄

A
↵ (t = 0,x1)�

AB�↵�(x1 � x2) 
B
� (t = 0,x2) |0i

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

The bound state condition H |Mi = M |Mi
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

gives

⇥
i�0� ·

!
r+m�0

⇤
�(x) + �(x)

⇥
i�0� ·

 
r�m�0

⇤
=

⇥
M � V (|x|)

⇤
�(x)

where x ≡ x1 – x2 and V(| x |) = V´| x | = Λ2| x | .

In the non-relativistic limit (m ≫ Λ) this reduces to the Schrödinger equation,
and we may add the instantaneous gluon exchange potential.

The successful quarkonium phenomenology with the Cornell potential.⇒ 

    qq ̅bound statesO
�
↵0
s

�
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The               meson is a superposition of qq̅ Fock states with wave function Φ,O
�
↵0
s

�
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  Relativistic qq ̅bound states

Expanding the 4 × 4 wave function 
in a basis of 16 Dirac structures Γi(x) �(x) =

X

i

�i(x)Fi(r)Yj�(x̂)

we may use rotational, parity and charge conjugation invariance to determine
which Γi(x) may occur for a state of given jPC:

10

“trajectories”, identified by the J
PC quantum numbers of their j = 0 member5:

0�+ trajectory [s = 0, ` = j] : �⌘P = ⌘C = (�1)j �5, �
0
�5, �5 ↵ · x, �5 ↵ · x⇥L

0�� trajectory [s = 1, ` = j] : ⌘P = ⌘C = �(�1)j �
0
�5 ↵ · x, �

0
�5 ↵ · x⇥L, ↵ ·L, �

0 ↵ ·L

0++ trajectory [s = 1, ` = j ± 1] : ⌘P = ⌘C = +(�1)j 1, ↵ · x, �
0↵ · x, ↵ · x⇥L, �

0↵ · x⇥L, �
0
�5 ↵ ·L

0+� trajectory [exotic] : ⌘P = �⌘C = (�1)j �
0
, �5 ↵ ·L

(4.4)

The non-relativistic spin s and orbital angular momentum ` are indicated in brackets. Relativistic e↵ects mix the
` = j ± 1 states on the 0++ trajectory, resulting in a pair of coupled radial equations. The j = 0 state on the 0��

trajectory and the entire 0+� trajectory are incompatible with the s, ` assignments and thus exotic in the quark
model. They turn out to be missing also in the relativistic case. The bound state equation (3.8) has no solutions for
states on the 0+� trajectory (�i = �

0 or �5 ↵ ·L) since

ir ·
�
↵, �

0
 
= ir · {↵, �5 ↵ ·L} = m

⇥
�
0
, �

0
⇤
= m

⇥
�
0
, �5 ↵ ·L

⇤
= 0 (4.5)

B. Properties of the 0�+ trajectory: ⌘P = (�1)j+1, ⌘C = (�1)j

1. Wave function and radial equation

According to the classification (4.4) we expand the wave function ��+(x) of the 0�+ trajectory as

��+(x) =
h
F1(r) +↵ · xF2(r) +↵ · x⇥LF3(r) +m�

0
F4(r)

i
�5 Yj�(x̂) (4.6)

Using this in the bound state equation (3.8), noting that ir · x ⇥ L = L2 and equating terms with the same Dirac
structure we get the conditions:

�5 : i(3 + r@r)F2 + j(j + 1)F3 +m
2
F4 = 1

2 (M � V )F1

�5 ↵ · x :
i

r
@rF1 = 1

2 (M � V )F2

�5 ↵ · x⇥L :
1

r2
F1 = 1

2 (M � V )F3

�
0
�5 : F1 = 1

2 (M � V )F4 (4.7)

Expressing F2, F3 and F4 in terms of F1 we find the radial equation (denoting F
0
1 ⌘ @rF1)

F
00
1 +

⇣2
r
+

V
0

M � V

⌘
F
0
1 +

h
1
4 (M � V )2 �m

2 � j(j + 1)

r2

i
F1 = 0 (4.8)

in agreement with the corresponding result in Eq. (2.24) of [11].

The relations (4.7) allow to express the wave function (4.6) as

��+(x) =
h 2

M � V
(i↵ ·

!
r+m�

0) + 1
i
�5 F1(r)Yj�(x̂) = F1(r)Yj�(x̂) �5

h
(i↵ ·

 
r�m�

0)
2

M � V
+ 1

i
(4.9)

The radial equation (4.8) is readily found when the first (second) form is used in the first (second) term of the bound
state equation (3.9). Both terms have a spin-orbit interaction which cancels in their sum. The contribution from the
quark term is, taking into account the radial equation,

h 2

M � V
(i↵ ·

!
r+m�

0)� 1
i
��+(x) =

4V 0

r(M � V )3
(2S ·L� im� · x)�5 F1(r)Yj�(x̂) (4.10)

where the spin S = 1
2�5↵. This contribution is cancelled by the antiquark (second) term of (3.9), ensuring that the

bound state is stationary in time.

5 The first three trajectories were named ⇡, A1 and ⇢ in [11].

There are no solutions for quantum numbers that would be exotic 
in the quark model (despite the relativistic dynamics)

⇒ 

ir ·
�
�0�,�(x)

 
+m

⇥
�0,�(x)

⇤
=
⇥
M � V (x)

⇤
�(x)
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  Example: 0–+ trajectory wf’s

��+(x) =
h 2

M � V
(i↵ ·

!
r+m�0) + 1

i
�5 F1(r)Yj�(x̂)

Radial equation: F 00
1 +

⇣2
r
+

V 0

M � V

⌘
F 0
1 +

h
1
4 (M � V )2 �m2 � j(j + 1)

r2

i
F1 = 0

ηP = (–1)j+1

ηC = (–1)j

Spectrum similar to
dual models

/V´

Linear Regge
trajectories 

with daughters

• • • • • • • • • •
• • • • • • • • • •
• • • • • • • • • •
• • • • • • • • • •
• • • • • • • • • •

5 10 15 20

1

2

3

4

5

6

M2

j
Mass spectrum:

m = 0

Local normalizability at r = 0 and at V(r) = M determines the discrete M
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   Sea quark contributions

This effect is manifest in the behavior
of the wave function Φ for large V = V´|x| : lim

x!1
|�(x)|2 = const.
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The asymptotically constant norm reflects, via duality,
pair production as the linear potential V(| x |) increases.

These sea quarks show up in the parton distribution measured in DIS.

t →
Quark states in a strong field have E<0 components

Bogoliubov transformation, cf. Dirac states.

In time-ordered PT, these correspond to Z-diagrams, 
and interpreted as contributions from qq̅ pairs. 



 20Parton distributions have a sea component

In D=1+1 dimensions the sea component is prominent at low m/e :

0.2 0.4 0.6 0.8 1.0
xBj

2

4

6

8

10
xBjf xBj( )

xBj
2
4
6
8
10
12
14
xBjf xBj( )

0.10.050.010.001

(a) (b)

The red curve is an analytic approximation, valid in the xBj  → 0 limit.

m/e = 0.1

(log scale in xBj)

Note: Enhancement at low x is due to bd (sea), not to b†d† (valence) component.

D. D. Dietrich, PH, M. Järvinen
arXiv 1212.4747

To be calculated in D=3+1 (and in various frames!)
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39

(ii) It has been known since 1932 [28] that the normalization integral
R
d
3x| (x)|2 of the Dirac wave function diverges

for all polynomial potentials V (|x|) and that the energy spectrum is continuous17. There is little awareness and
understanding of this property of the Dirac bound states (see [30] for a recent discussion). With retarded boundary
conditions  †

 is the number operator of positive and negative energy fermions, and its expectation value in the
Dirac state is | (x)|2. Fig. 14 supports the interpretation of | (x)|2 as an inclusive particle density.

δ1

δ2
A

B

C

FIG. 19: The dual diagram for meson
splitting A ! B + C, given by (7.1).
The qq̄ pair is created at distance �1

from the quark and �2 from the anti-
quark of meson A.

The ff̄ bound states that we studied in Section V also need to be built on
a vacuum that is an eigenstate of the Hamiltonian. This suggests an analogy
to the in and out states used as asymptotic states of the perturbative S-
matrix, which are eigenstates of the free Hamiltonian H0. States defined at
asymptotic times are on-shell and thus independent of the i" prescription in
their propagator. The ff̄ states discussed here may be used as asymptotic
states of the S-matrix, as in the electromagnetic form factor (5.48).

The time development from t = ±1 to the (finite) scattering time is deter-
mined by the full Hamiltonian. The asymptotic states therefore develop into
eigenstates of H by the time of scattering. In addition to contributions from
higher orders in ↵s, the bound states can split and merge as illustrated in
the dual meson diagram of Fig. 19. The amplitude hB,C|Ai can be evaluated
directly from the definition (6.12) of the meson states, using anticommutation
relations for the quark fields according to Fig. 19. Suppressing Dirac and color
indices,

hB,C|Ai =
1p
NC

Z h Y

k=A,B,C

dxk
1dx

k
2

i
e
i(xA

1 +xA
2 )·PA/2�i(xB

1 +xB
2 )·PB/2�i(xC

1 +xC
2 )·PC/2

⇥ h0|
⇥
 
†(xB

2 )�
†
B�

0
 (xB

1 )
⇤⇥
 
†(xC

2 )�
†
C�

0
 (xC

1 )
⇤⇥
 
†(xA

1 )�
0(xA

1 )�A (x
A
2 )

⇤
|0i

= � (2⇡)3p
NC

�
3(PA � PB � PC)

Z
d�1d�2 e

i�1·PC/2�i�2·PB/2Tr
⇥
�
0�†

B(�1)�A(�1 + �2)�
†
C(�2)

⇤
(7.1)

If the A ! B + C amplitude is combined with B + C ! A we get a hadron loop correction to the propagation of A.
The loop also induces mixing between hadrons, A ! B + C ! D. Thus the orthogonal basis of wave functions �(x)
which satisfy the bound state equation (6.10) needs to be rediagonalized when hadron loop corrections are considered.
Similarly to the Dirac wave functions (see remark (ii) above) the original basis functions are not normalizable, as
their norm �†(x)�(x) approaches a constant at large |x|. The mixing will likely redistribute the large |x| components
of low-lying states onto higher-lying states (which then decay into on-shell pairs, much like the pions produced in
phenomenological string breaking). The states of the rediagonalized basis may thus become normalizable. The
importance of the loop corrections for physical quantities depends on how sensitive measurables are to the large |x|
components of the wave functions. In D = 1+ 1 both the parton distributions and duality relations were determined
by low values of x, and should therefore be fairly insensitive to the mixing e↵ects.

There is an essential di↵erence between the Dirac wave functions and the ff̄ solutions of (6.10). The ff̄ wave functions
�(x) are (in the rest frame) generally singular at M = V (|x|) [42]. Regular (locally normalizable) solutions exist
only for discrete bound state masses. The Dirac wave functions have no singularities, implying a continuous mass
spectrum [28, 29].

The bound state equation (6.10) appears to have a hidden boost invariance, which ensures the correct frame depen-

dence for the energy eigenvalues, E =
p

M2 + P 2. We investigated this in some detail in D = 1 + 1 dimensions,
where the P -dependence of the wave function is given by (5.16). In D = 3+ 1 a similar relation holds when x||P , in
which case the bound state equation can be cast in the covariant form (6.32). Whether the frame dependence of the
wave function can be expressed analytically for general x is an open question.

The Poincaré covariance makes it possible to consider dynamical processes involving bound states. We studied
electromagnetic form factors and parton-hadron duality in D = 1+ 1. Many more processes are of interest, including
hadron-hadron scattering. The outcome of such studies, including the loop corrections mentioned above, will determine
whether considering the O

�
g
0
�
homogeneous solution (6.11) of Gauss’ law is physically viable.

17 The sole exception is the V (r) ⇠ 1/r potential in D = 3 + 1 dimensions, which is often found in textbooks.
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�(x) are (in the rest frame) generally singular at M = V (|x|) [42]. Regular (locally normalizable) solutions exist
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When squared, this gives a 1/NC hadron loop unitarity correction:

The bound state equation determines zero-width states.

Decays and hadron loops

There is an O

⇣
1/
p

NC

⌘ coupling between the 
states: string breaking

Unitarity should be satisfied at hadron level at each order of 1/NC .
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 22Bound states in motion

The instantaneous potential is P-independent, V (x) = V 0|x|

The solution for Φ(P)(x) is not simply Lorentz contracting in x.

An              qq̅ bound state with CM momentum P may be expressed as

|M,P i =
Z

dx1 dx2  ̄(t = 0, x1) e
iP ·(x1+x2)/2 �(P )(x1 � x2) (t = 0, x2) |0i
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ir ·
�
↵,�(P )(x)

 
� 1

2P ·
⇥
↵,�(P )(x)

⇤
+m

⇥
�0,�(P )(x)

⇤
=
⇥
E � V (x)

⇤
�(P )(x)
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,  hence the BSE:

• P-dependence of angular momentum (P → ∞ frame).
• EM form factors (gauge invariance has been verified)
• Parton distributions
• Hadron scattering
• . . .

O
�
↵0
s

�
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States with general P are needed for:
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 23States with M = 0

For M = 0 the two points coincide. Regular, massless solutions are found.

P̂µ |�i = 0 State has vanishing four-momentum in any frame.
It may mix with the perturbative vacuum.
This spontaneously breaks chiral invariance.

The massless 
0++ meson “σ”

��(x) = N�

h
J0(

1
4r

2) +↵ · x i

r
J1(

1
4r

2)
i

|�i =
Z

dx1 dx2  ̄(x1)��(x1 � x2) (x2) |0i ⌘ �̂ |0i

For m = 0 and V´ = 1 :

J0 and J1 are Bessel functions.

We required the wave function to be normalizable at r = 0 and V´r = M

PRELIMINARY



Paul Hoyer LC 2019

 24A chiral condensate (m = 0)

Since | σ 〉 has vacuum quantum numbers and zero momentum it can mix
with the perturbative vacuum without violating Poincaré invariance

|�i = exp(�̂) |0iConsider: for which h�| ̄ |�i = 4N�

An infinitesimal chiral rotation of the condensate generates a pion

U�(�) |�i = (1� 2i� ⇡̂ |�i

�⇡ = �5��where π̂  is the massless 0–+ state with wave function

U�(�) = exp
⇥
i�

Z
dx †(x)�5 (x)

⇤

PRELIMINARY

This seems to provide an explicit example of chiral condensate.
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 25Small quark mass: m > 0

When m ≠ 0 the massless (Mσ = 0) sigma 0++ state has wave function

��(x) = f1(r) + i↵ · x f2(r) + i� · x g2(r)

An Mπ > 0 pion 0–+ state has rest frame wave function

�⇡(x) =
⇥
F1(r) + i↵ · xF2(r) + �0 F4(r)

⇤
�5

F 00
1 +

⇣2
r
+

1

M � r

⌘
F 0
1 +

⇥
1
4 (M � r)2 �m2

⇤
F1 = 0

F4(0) =
2m

M
F1(0)

h�|jµ5 (x)⇡̂ |�i = iPµf⇡ e
�iP ·x

h�| ̄(x)�5 (x) ⇡̂ |�i = �i
M2

2m
f⇡ e

�iP ·x

F4(0) =
1
4 iM⇡f⇡

F1(0) = i
M2

8m
f⇡

⇒ 

⇒ 

CSB relations are satisfied for any P.

Radial functions
are Laguerre fn’s

PRELIMINARY


