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Twist-2 pdf Measurement Operator

f1 Spin average γ+

g1 Helicity difference γ+γ5

h1 Helicity flip iσ┴+γ5

Scalar  diquark model Quark  target  model

Model calculations of  PDFs

Twist-3 pdf Measurement Operator

e Spin average 1

hL Helicity difference iσ+-γ5

gT Helicity flip γ┴γ5

Not good to 

calculate twist-3



Twist-3 PDF SDM QTM

e ✓ ✓

hL ✓ ✓

gT (g2) ✓ 

✓: There is a δ(x)    &  : There is no δ(x)

Burkardt, Koike, Violation of sum rules for Twist-3 

parton distributions in QCD, 2001.

Aslan, Burkardt,  Singularities in Twist-3 Quark  

Distributions, 2018. 

At twist-3 there is something that does not exist in twist-2: There are delta functions. 

Twist-2 PDF SDM QTM

f1  

g1  

h1  

Singularities in twist-3 quark distributions

We identify these delta functions with momentum components in the nucleon state 

that do not scale as the nucleon is boosted to the infinite momentum.



➢ The delta functions contribute both to the mass and the qgq correlation term.

Burkardt & Koike, Violation of Sum Rules for  

Twist 3 Parton Distributions in QCD, 2001

➢ Sum rules are violated if they are not taken into account.

➢ They do not go away with regularization.

Burkardt & Koike, Violation of Sum Rules for  

Twist 3 Parton Distributions in QCD, 2001

Aslan, Burkardt, Lorentz invariance of 

twist-3 quark distributions, in prep.

Singularities in twist-3 quark distributions
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ZERO MODES

The origin of δ(x): The zero modes



Issues with the LF approach

❑ Do any conflicts arise with causality on the LF ?

❑ How to keep the IR singularities under control with a “box” ?

LF time!

x- x+



Continuum limit: L → ∞

ε-COORDINATES

Provide a controlled and well-defined approach to the LF

Lenz, Thies, Yazaki and Levit

Hamiltonian formulation of two-dimensional gauge theories on the light cone (1991).
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1st operation 2nd  operation Results in

LF limit 

(ε→0, L fixed)

Continuum Limit

(L→∞, ε/L fixed)

Divergent contribution 

from the zero mode

Continuum Limit

(L→∞, ε/L fixed)

LF limit 

(ε→0, L fixed)

Infinitely many  zero

modes contribute

Order of operations and Infinitely many zero modes

Example: Simple tadpole with a mass insertion in 1+1 dimensions.

Order of operations reveal that there is not only one zero mode but infinitely many.
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𝑃𝑧 = 𝑃+ = 25 𝑔2 𝒙 , 𝑔2
𝑞𝑢𝑎𝑠𝑖 𝒙

Aslan, Burkardt-Singularities in Twist-3 
Quark Distributions

quasi-pdfs shows that the zero modes spread out as we go away from the light-cone.
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𝑃𝑧 = 𝑃+ = 20 𝑔2 𝒙 , 𝑔2
𝑞𝑢𝑎𝑠𝑖 𝒙

Aslan, Burkardt-Singularities in Twist-3 
Quark Distributions

quasi-pdfs shows that the zero modes spread out as we go away from the light-cone.
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𝑃𝑧 = 𝑃+ = 15 𝑔2 𝒙 , 𝑔2
𝑞𝑢𝑎𝑠𝑖 𝒙

Aslan, Burkardt-Singularities in Twist-3 
Quark Distributions

quasi-pdfs shows that the zero modes spread out as we go away from the light-cone.
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𝑃𝑧 = 𝑃+ = 10 𝑔2 𝒙 , 𝑔2
𝑞𝑢𝑎𝑠𝑖 𝒙

Aslan, Burkardt-Singularities in Twist-3 
Quark Distributions

quasi-pdfs shows that the zero modes spread out as we go away from the light-cone.
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𝑔2 𝒙 , 𝑔2
𝑞𝑢𝑎𝑠𝑖 𝒙𝑃𝑧 = 𝑃+ = 5

Aslan, Burkardt-Singularities in Twist-3 
Quark Distributions

quasi-pdfs shows that the zero modes spread out as we go away from the light-cone.
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The parameterization

The model

Aslan, Burkardt- Lorentz Invariance of 
Twist-3 Quark Distributions

The discontinuities in GPDs 
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What happens in different models ?

The ERBL region 
becomes a 
representation  of  δ(x)



There are singularities at x=0 in higher twist quark distributions.

These singularities are related to the zero modes (vacuum)

Twist-2 PDF SDM QTM

f1  

g1  

h1  

Twist-3 PDF SDM QTM

e ✓ ✓

hL ✓ ✓

gT (g2) ✓ 

CONCLUSIONS



➢ Using ε-coordinates in LF formalism and the order of taking the continuum and LF 

limits show that the singularities do not arise from a single zero mode at k+=0 but 

infinitely many zero modes in the vicinity of k+=0.

Calculating quasi-pdfs shows that: the zero modes spread out as we go 

away from the light-cone.

CONCLUSIONS

1st operation 2nd  operation Results in

Continuum Limit

(L→∞, ε/L fixed)

LF limit 

(ε→0, L fixed)

Infinitely many modes contribute



➢ In the non-forward case, these singularities and the spread of the infinitely zero modes 

manifest themselves in the ERBL region.

As  ξ→0 the ERBL region becomes a representation of a Delta function.

CONCLUSIONS




