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IceCube 
• Gigaton neutrino detector located at the south pole. 
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IceCube 
• Muon neutrinos interact with the surrounding ice/rock and 

produce muons that travel through the detector. 
•  Produces Cherenkov light as it travels. 

• Cherenkov light is scattered and absorbed 
•  Effects the angular and energy resolution. 
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Example by Dmitry Chirkin 



Motivation 
•  Currently, IceCube uses ray tracing to propagate light in the ice. 
•  However, most rays never reach a DOM. 

•  Ray tracers can be run backwards in time, but then most rays 
will never reach a light source. 
•  Ray tracers can’t constrain both the starting and ending location of the 

rays. 

•  The fundamental problem is that the interesting paths are 
highly constrained. 
•  Is there another way to approach this? 
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Path integration 
•  The start and end locations of the ray can be constrained 

if the problem is specified in terms of a classical path 
integral. 

• Eg: 

Z

f2⌦
e�S[f ]Df

Probability of path ‘f’ 
Space of all paths 

f = {(0, 0, 0), (x1, y1, z1), (x2, y2, z2), . . . , (0, 0, 120)}
<latexit sha1_base64="FyUcm3i3HdSyFbbSjJTnr9zXpmo="></latexit><latexit sha1_base64="FyUcm3i3HdSyFbbSjJTnr9zXpmo="></latexit><latexit sha1_base64="FyUcm3i3HdSyFbbSjJTnr9zXpmo="></latexit><latexit sha1_base64="FyUcm3i3HdSyFbbSjJTnr9zXpmo="></latexit>

(0, 0, 0)
<latexit sha1_base64="Rc78R0mEVYMnbumQ8Wtyvwx7Azg=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBItQQcpMEXRZdOOygn1IO5RMmmlDk8yQZIQy9CvcuFDErZ/jzr8x085CWw8JHM65l3vvCWLOtHHdb6ewtr6xuVXcLu3s7u0flA+P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek9vM7zxRpVkkH8w0pr7AI8lCRrCx0mPVvUDZOx+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10vvAMnVlliMJI2S8Nmqu/O1IstJ6KwFYKbMZ62cvE/7xeYsJrP2UyTgyVZDEoTDgyEcquR0OmKDF8agkmitldERljhYmxGZVsCN7yyaukXa95bs27v6w0bvI4inACp1AFD66gAXfQhBYQEPAMr/DmKOfFeXc+FqUFJ+85hj9wPn8AmS6OTQ==</latexit><latexit sha1_base64="Rc78R0mEVYMnbumQ8Wtyvwx7Azg=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBItQQcpMEXRZdOOygn1IO5RMmmlDk8yQZIQy9CvcuFDErZ/jzr8x085CWw8JHM65l3vvCWLOtHHdb6ewtr6xuVXcLu3s7u0flA+P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek9vM7zxRpVkkH8w0pr7AI8lCRrCx0mPVvUDZOx+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10vvAMnVlliMJI2S8Nmqu/O1IstJ6KwFYKbMZ62cvE/7xeYsJrP2UyTgyVZDEoTDgyEcquR0OmKDF8agkmitldERljhYmxGZVsCN7yyaukXa95bs27v6w0bvI4inACp1AFD66gAXfQhBYQEPAMr/DmKOfFeXc+FqUFJ+85hj9wPn8AmS6OTQ==</latexit><latexit sha1_base64="Rc78R0mEVYMnbumQ8Wtyvwx7Azg=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBItQQcpMEXRZdOOygn1IO5RMmmlDk8yQZIQy9CvcuFDErZ/jzr8x085CWw8JHM65l3vvCWLOtHHdb6ewtr6xuVXcLu3s7u0flA+P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek9vM7zxRpVkkH8w0pr7AI8lCRrCx0mPVvUDZOx+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10vvAMnVlliMJI2S8Nmqu/O1IstJ6KwFYKbMZ62cvE/7xeYsJrP2UyTgyVZDEoTDgyEcquR0OmKDF8agkmitldERljhYmxGZVsCN7yyaukXa95bs27v6w0bvI4inACp1AFD66gAXfQhBYQEPAMr/DmKOfFeXc+FqUFJ+85hj9wPn8AmS6OTQ==</latexit><latexit sha1_base64="Rc78R0mEVYMnbumQ8Wtyvwx7Azg=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBItQQcpMEXRZdOOygn1IO5RMmmlDk8yQZIQy9CvcuFDErZ/jzr8x085CWw8JHM65l3vvCWLOtHHdb6ewtr6xuVXcLu3s7u0flA+P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek9vM7zxRpVkkH8w0pr7AI8lCRrCx0mPVvUDZOx+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10vvAMnVlliMJI2S8Nmqu/O1IstJ6KwFYKbMZ62cvE/7xeYsJrP2UyTgyVZDEoTDgyEcquR0OmKDF8agkmitldERljhYmxGZVsCN7yyaukXa95bs27v6w0bvI4inACp1AFD66gAXfQhBYQEPAMr/DmKOfFeXc+FqUFJ+85hj9wPn8AmS6OTQ==</latexit>

(x1, y1, z1)
<latexit sha1_base64="hXzTTNANmbNeBVog/BXYkfeETeE=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyxCBSkTEXRZdOOygn1AOwyZNNOGZjJDkhGnQ7/EjQtF3Pop7vwbM+0stPXAvRzOuZfcHD/mTGnH+bZKa+sbm1vl7crO7t5+1T447KgokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn9zmfveRSsUi8aDTmLohHgkWMIK1kTy7Wn/y0DlM8zb10Jln15yGMwdcJaggNVCg5dlfg2FEkpAKTThWqo+cWLsZlpoRTmeVQaJojMkEj2jfUIFDqtxsfvgMnhplCINImhIaztXfGxkOlUpD30yGWI/VspeL/3n9RAfXbsZEnGgqyOKhIOFQRzBPAQ6ZpETz1BBMJDO3QjLGEhNtsqqYENDyl1dJ56KBnAa6v6w1b4o4yuAYnIA6QOAKNMEdaIE2ICABz+AVvFlT68V6tz4WoyWr2DkCf2B9/gDgs5FF</latexit><latexit sha1_base64="hXzTTNANmbNeBVog/BXYkfeETeE=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyxCBSkTEXRZdOOygn1AOwyZNNOGZjJDkhGnQ7/EjQtF3Pop7vwbM+0stPXAvRzOuZfcHD/mTGnH+bZKa+sbm1vl7crO7t5+1T447KgokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn9zmfveRSsUi8aDTmLohHgkWMIK1kTy7Wn/y0DlM8zb10Jln15yGMwdcJaggNVCg5dlfg2FEkpAKTThWqo+cWLsZlpoRTmeVQaJojMkEj2jfUIFDqtxsfvgMnhplCINImhIaztXfGxkOlUpD30yGWI/VspeL/3n9RAfXbsZEnGgqyOKhIOFQRzBPAQ6ZpETz1BBMJDO3QjLGEhNtsqqYENDyl1dJ56KBnAa6v6w1b4o4yuAYnIA6QOAKNMEdaIE2ICABz+AVvFlT68V6tz4WoyWr2DkCf2B9/gDgs5FF</latexit><latexit sha1_base64="hXzTTNANmbNeBVog/BXYkfeETeE=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyxCBSkTEXRZdOOygn1AOwyZNNOGZjJDkhGnQ7/EjQtF3Pop7vwbM+0stPXAvRzOuZfcHD/mTGnH+bZKa+sbm1vl7crO7t5+1T447KgokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn9zmfveRSsUi8aDTmLohHgkWMIK1kTy7Wn/y0DlM8zb10Jln15yGMwdcJaggNVCg5dlfg2FEkpAKTThWqo+cWLsZlpoRTmeVQaJojMkEj2jfUIFDqtxsfvgMnhplCINImhIaztXfGxkOlUpD30yGWI/VspeL/3n9RAfXbsZEnGgqyOKhIOFQRzBPAQ6ZpETz1BBMJDO3QjLGEhNtsqqYENDyl1dJ56KBnAa6v6w1b4o4yuAYnIA6QOAKNMEdaIE2ICABz+AVvFlT68V6tz4WoyWr2DkCf2B9/gDgs5FF</latexit><latexit sha1_base64="hXzTTNANmbNeBVog/BXYkfeETeE=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyxCBSkTEXRZdOOygn1AOwyZNNOGZjJDkhGnQ7/EjQtF3Pop7vwbM+0stPXAvRzOuZfcHD/mTGnH+bZKa+sbm1vl7crO7t5+1T447KgokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn9zmfveRSsUi8aDTmLohHgkWMIK1kTy7Wn/y0DlM8zb10Jln15yGMwdcJaggNVCg5dlfg2FEkpAKTThWqo+cWLsZlpoRTmeVQaJojMkEj2jfUIFDqtxsfvgMnhplCINImhIaztXfGxkOlUpD30yGWI/VspeL/3n9RAfXbsZEnGgqyOKhIOFQRzBPAQ6ZpETz1BBMJDO3QjLGEhNtsqqYENDyl1dJ56KBnAa6v6w1b4o4yuAYnIA6QOAKNMEdaIE2ICABz+AVvFlT68V6tz4WoyWr2DkCf2B9/gDgs5FF</latexit>

(x2, y2, z2)
<latexit sha1_base64="kSFVephRZmaO6nqwsh4b9tCnPcI=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQQUpSBF0W3bisYB/QhjCZTtqhkwczEzEN/RI3LhRx66e482+ctFlo64F7OZxzL3PneDFnUlnWt7G2vrG5tV3aKe/u7R9UzMOjjowSQWibRDwSPQ9LyllI24opTnuxoDjwOO16k9vc7z5SIVkUPqg0pk6ARyHzGcFKS65ZqT25jQuU5m3qNs5ds2rVrTnQKrELUoUCLdf8GgwjkgQ0VIRjKfu2FSsnw0IxwumsPEgkjTGZ4BHtaxrigEonmx8+Q2daGSI/ErpChebq740MB1KmgacnA6zGctnLxf+8fqL8aydjYZwoGpLFQ37CkYpQngIaMkGJ4qkmmAimb0VkjAUmSmdV1iHYy19eJZ1G3bbq9v1ltXlTxFGCEziFGthwBU24gxa0gUACz/AKb8bUeDHejY/F6JpR7BzDHxifP+VRkUg=</latexit><latexit sha1_base64="kSFVephRZmaO6nqwsh4b9tCnPcI=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQQUpSBF0W3bisYB/QhjCZTtqhkwczEzEN/RI3LhRx66e482+ctFlo64F7OZxzL3PneDFnUlnWt7G2vrG5tV3aKe/u7R9UzMOjjowSQWibRDwSPQ9LyllI24opTnuxoDjwOO16k9vc7z5SIVkUPqg0pk6ARyHzGcFKS65ZqT25jQuU5m3qNs5ds2rVrTnQKrELUoUCLdf8GgwjkgQ0VIRjKfu2FSsnw0IxwumsPEgkjTGZ4BHtaxrigEonmx8+Q2daGSI/ErpChebq740MB1KmgacnA6zGctnLxf+8fqL8aydjYZwoGpLFQ37CkYpQngIaMkGJ4qkmmAimb0VkjAUmSmdV1iHYy19eJZ1G3bbq9v1ltXlTxFGCEziFGthwBU24gxa0gUACz/AKb8bUeDHejY/F6JpR7BzDHxifP+VRkUg=</latexit><latexit sha1_base64="kSFVephRZmaO6nqwsh4b9tCnPcI=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQQUpSBF0W3bisYB/QhjCZTtqhkwczEzEN/RI3LhRx66e482+ctFlo64F7OZxzL3PneDFnUlnWt7G2vrG5tV3aKe/u7R9UzMOjjowSQWibRDwSPQ9LyllI24opTnuxoDjwOO16k9vc7z5SIVkUPqg0pk6ARyHzGcFKS65ZqT25jQuU5m3qNs5ds2rVrTnQKrELUoUCLdf8GgwjkgQ0VIRjKfu2FSsnw0IxwumsPEgkjTGZ4BHtaxrigEonmx8+Q2daGSI/ErpChebq740MB1KmgacnA6zGctnLxf+8fqL8aydjYZwoGpLFQ37CkYpQngIaMkGJ4qkmmAimb0VkjAUmSmdV1iHYy19eJZ1G3bbq9v1ltXlTxFGCEziFGthwBU24gxa0gUACz/AKb8bUeDHejY/F6JpR7BzDHxifP+VRkUg=</latexit><latexit sha1_base64="kSFVephRZmaO6nqwsh4b9tCnPcI=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQQUpSBF0W3bisYB/QhjCZTtqhkwczEzEN/RI3LhRx66e482+ctFlo64F7OZxzL3PneDFnUlnWt7G2vrG5tV3aKe/u7R9UzMOjjowSQWibRDwSPQ9LyllI24opTnuxoDjwOO16k9vc7z5SIVkUPqg0pk6ARyHzGcFKS65ZqT25jQuU5m3qNs5ds2rVrTnQKrELUoUCLdf8GgwjkgQ0VIRjKfu2FSsnw0IxwumsPEgkjTGZ4BHtaxrigEonmx8+Q2daGSI/ErpChebq740MB1KmgacnA6zGctnLxf+8fqL8aydjYZwoGpLFQ37CkYpQngIaMkGJ4qkmmAimb0VkjAUmSmdV1iHYy19eJZ1G3bbq9v1ltXlTxFGCEziFGthwBU24gxa0gUACz/AKb8bUeDHejY/F6JpR7BzDHxifP+VRkUg=</latexit>

(x3, y3, z3)
<latexit sha1_base64="xlCSETT3ym5RO7QJLum7a+TZ7T4=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISK+iy6MZlBfuANoTJdNIOnTyYmYhp6Ze4caGIWz/FnX/jpM1CWw/cy+Gce5k7x4s5k8qyvo3C2vrG5lZxu7Szu7dfNg8O2zJKBKEtEvFIdD0sKWchbSmmOO3GguLA47TjjW8zv/NIhWRR+KDSmDoBHobMZwQrLblmufrk1s9RmrWJWz9zzYpVs+ZAq8TOSQVyNF3zqz+ISBLQUBGOpezZVqycKRaKEU5npX4iaYzJGA9pT9MQB1Q60/nhM3SqlQHyI6ErVGiu/t6Y4kDKNPD0ZIDVSC57mfif10uUf+1MWRgnioZk8ZCfcKQilKWABkxQoniqCSaC6VsRGWGBidJZlXQI9vKXV0n7omZbNfv+stK4yeMowjGcQBVsuIIG3EETWkAggWd4hTdjYrwY78bHYrRg5DtH8AfG5w/p75FL</latexit><latexit sha1_base64="xlCSETT3ym5RO7QJLum7a+TZ7T4=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISK+iy6MZlBfuANoTJdNIOnTyYmYhp6Ze4caGIWz/FnX/jpM1CWw/cy+Gce5k7x4s5k8qyvo3C2vrG5lZxu7Szu7dfNg8O2zJKBKEtEvFIdD0sKWchbSmmOO3GguLA47TjjW8zv/NIhWRR+KDSmDoBHobMZwQrLblmufrk1s9RmrWJWz9zzYpVs+ZAq8TOSQVyNF3zqz+ISBLQUBGOpezZVqycKRaKEU5npX4iaYzJGA9pT9MQB1Q60/nhM3SqlQHyI6ErVGiu/t6Y4kDKNPD0ZIDVSC57mfif10uUf+1MWRgnioZk8ZCfcKQilKWABkxQoniqCSaC6VsRGWGBidJZlXQI9vKXV0n7omZbNfv+stK4yeMowjGcQBVsuIIG3EETWkAggWd4hTdjYrwY78bHYrRg5DtH8AfG5w/p75FL</latexit><latexit sha1_base64="xlCSETT3ym5RO7QJLum7a+TZ7T4=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISK+iy6MZlBfuANoTJdNIOnTyYmYhp6Ze4caGIWz/FnX/jpM1CWw/cy+Gce5k7x4s5k8qyvo3C2vrG5lZxu7Szu7dfNg8O2zJKBKEtEvFIdD0sKWchbSmmOO3GguLA47TjjW8zv/NIhWRR+KDSmDoBHobMZwQrLblmufrk1s9RmrWJWz9zzYpVs+ZAq8TOSQVyNF3zqz+ISBLQUBGOpezZVqycKRaKEU5npX4iaYzJGA9pT9MQB1Q60/nhM3SqlQHyI6ErVGiu/t6Y4kDKNPD0ZIDVSC57mfif10uUf+1MWRgnioZk8ZCfcKQilKWABkxQoniqCSaC6VsRGWGBidJZlXQI9vKXV0n7omZbNfv+stK4yeMowjGcQBVsuIIG3EETWkAggWd4hTdjYrwY78bHYrRg5DtH8AfG5w/p75FL</latexit><latexit sha1_base64="xlCSETT3ym5RO7QJLum7a+TZ7T4=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISK+iy6MZlBfuANoTJdNIOnTyYmYhp6Ze4caGIWz/FnX/jpM1CWw/cy+Gce5k7x4s5k8qyvo3C2vrG5lZxu7Szu7dfNg8O2zJKBKEtEvFIdD0sKWchbSmmOO3GguLA47TjjW8zv/NIhWRR+KDSmDoBHobMZwQrLblmufrk1s9RmrWJWz9zzYpVs+ZAq8TOSQVyNF3zqz+ISBLQUBGOpezZVqycKRaKEU5npX4iaYzJGA9pT9MQB1Q60/nhM3SqlQHyI6ErVGiu/t6Y4kDKNPD0ZIDVSC57mfif10uUf+1MWRgnioZk8ZCfcKQilKWABkxQoniqCSaC6VsRGWGBidJZlXQI9vKXV0n7omZbNfv+stK4yeMowjGcQBVsuIIG3EETWkAggWd4hTdjYrwY78bHYrRg5DtH8AfG5w/p75FL</latexit>

(0, 0, 120)
<latexit sha1_base64="uLJuCQFhfb/xx5V5FcaaVAACnc4=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBEqSMkUQZdFNy4r2AdMh5JJM21oJhmSjFBKP8ONC0Xc+jXu/BvTdhbaekjgcM693HtPlApuLMbf3tr6xubWdmGnuLu3f3BYOjpuGZVpyppUCaU7ETFMcMmallvBOqlmJIkEa0eju5nffmLacCUf7ThlYUIGksecEuukoIIvkXt+DV/0SmVcxXOgVeLnpAw5Gr3SV7evaJYwaakgxgQ+Tm04IdpyKti02M0MSwkdkQELHJUkYSaczFeeonOn9FGstPvSorn6u2NCEmPGSeQqE2KHZtmbif95QWbjm3DCZZpZJuliUJwJZBWa3Y/6XDNqxdgRQjV3uyI6JJpQ61IquhD85ZNXSatW9XHVf7gq12/zOApwCmdQAR+uoQ730IAmUFDwDK/w5lnvxXv3Phala17ecwJ/4H3+AHxqjsQ=</latexit><latexit sha1_base64="uLJuCQFhfb/xx5V5FcaaVAACnc4=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBEqSMkUQZdFNy4r2AdMh5JJM21oJhmSjFBKP8ONC0Xc+jXu/BvTdhbaekjgcM693HtPlApuLMbf3tr6xubWdmGnuLu3f3BYOjpuGZVpyppUCaU7ETFMcMmallvBOqlmJIkEa0eju5nffmLacCUf7ThlYUIGksecEuukoIIvkXt+DV/0SmVcxXOgVeLnpAw5Gr3SV7evaJYwaakgxgQ+Tm04IdpyKti02M0MSwkdkQELHJUkYSaczFeeonOn9FGstPvSorn6u2NCEmPGSeQqE2KHZtmbif95QWbjm3DCZZpZJuliUJwJZBWa3Y/6XDNqxdgRQjV3uyI6JJpQ61IquhD85ZNXSatW9XHVf7gq12/zOApwCmdQAR+uoQ730IAmUFDwDK/w5lnvxXv3Phala17ecwJ/4H3+AHxqjsQ=</latexit><latexit sha1_base64="uLJuCQFhfb/xx5V5FcaaVAACnc4=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBEqSMkUQZdFNy4r2AdMh5JJM21oJhmSjFBKP8ONC0Xc+jXu/BvTdhbaekjgcM693HtPlApuLMbf3tr6xubWdmGnuLu3f3BYOjpuGZVpyppUCaU7ETFMcMmallvBOqlmJIkEa0eju5nffmLacCUf7ThlYUIGksecEuukoIIvkXt+DV/0SmVcxXOgVeLnpAw5Gr3SV7evaJYwaakgxgQ+Tm04IdpyKti02M0MSwkdkQELHJUkYSaczFeeonOn9FGstPvSorn6u2NCEmPGSeQqE2KHZtmbif95QWbjm3DCZZpZJuliUJwJZBWa3Y/6XDNqxdgRQjV3uyI6JJpQ61IquhD85ZNXSatW9XHVf7gq12/zOApwCmdQAR+uoQ730IAmUFDwDK/w5lnvxXv3Phala17ecwJ/4H3+AHxqjsQ=</latexit><latexit sha1_base64="uLJuCQFhfb/xx5V5FcaaVAACnc4=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBEqSMkUQZdFNy4r2AdMh5JJM21oJhmSjFBKP8ONC0Xc+jXu/BvTdhbaekjgcM693HtPlApuLMbf3tr6xubWdmGnuLu3f3BYOjpuGZVpyppUCaU7ETFMcMmallvBOqlmJIkEa0eju5nffmLacCUf7ThlYUIGksecEuukoIIvkXt+DV/0SmVcxXOgVeLnpAw5Gr3SV7evaJYwaakgxgQ+Tm04IdpyKti02M0MSwkdkQELHJUkYSaczFeeonOn9FGstPvSorn6u2NCEmPGSeQqE2KHZtmbif95QWbjm3DCZZpZJuliUJwJZBWa3Y/6XDNqxdgRQjV3uyI6JJpQ61IquhD85ZNXSatW9XHVf7gq12/zOApwCmdQAR+uoQ730IAmUFDwDK/w5lnvxXv3Phala17ecwJ/4H3+AHxqjsQ=</latexit>
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Evaluation of the integral 
•  Information can be extracted about the light propagation 

by framing the integrand as a probability distribution: 

•  This distribution can be sampled with an MCMC. 
• More details on the construction of p[f] in the paper: 

e�S[f ] ! p[f ] = p(x1, y1, z1, x2, y2, z2, . . .)
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Industry use 
•  This idea inspired by a CGI rendering technique called Metropolis 

light transport. 
•  Computer animation often runs into a similar problem to us, where only a small 

fraction of light paths are detectable. 
•  Canonical example is a light source in another room that shines through a door 

that is only slightly cracked open. 

•  CGI industry mainly renders scenes that are dominated by reflections. 
•  In IceCube, light transport is entirely scattering. 

Slightly 
open door 

Left: Rendering 
algorithm similar to 
Metropolis light 
transport. 
Right: Standard 
path tracing 
algorithm. 

http://raytracey.blogspot.com.es/2010/12/real-time-metropolis-light-transport-on.html 
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Reversible jump MCMC 
•  The number of places where light scatters is not fixed. 

•  Thus the dimensionality of the probability distribution is variable. 

• Reversible Jump Markov Chain Monte Carlo can change 
the number of dimensions in a probability distribution. 
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Reversible jump MCMC 
•  The acceptance probability is based on the following ratio: 

•  q can be marginalised out later for free. 

Jacobian of proposal function. 
Proposal rates 
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Reversible jump for light propagation 
• A path with N vertices exists in 

•  We wish to propose a new path with N+1 vertices. 
•  Requires a q with 3 parameters, and a choice of g. 

•  g selects a pair of vertices. 

•  Then inserts a new vertex between them. 
•  Position of new vertex based on three random 

values from q 

R3N
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Path length distribution 
•  From the samples created by the MCMC, the probability 

distribution for path length can be easily extracted. 
•  IceCube measures photon arrival time, which is directly related to 

path length. 
•  P(L < X) = fraction of samples where the length of the path is less 

than X. 
 
•  To validate the method, the length distribution produced 

by the path sampler can be compared to one created 
using a ray tracer. 

• An MCMC usually requires a burn-in period, however this 
can be partially avoided by seeding the MCMC with the 
ray-tracer. 
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Synthetic test case 
• One light source, with two detectors 

a = 0.01 m-1, b = 0.3 m-1 

a = 0.01 m-1, b = 0.1, 0.2, 0.3, 0.4, 0.5 m-1 

Light source 

120 m 

120 m 

Detector A 

Detector B 

0.6 m 
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Path length distribution 
• Solid: path sampler. Dashed: reference ray tracer 

•  Ray tracer was run until 5000 samples collected. 
•  Path sampler was run until results matched the path sampler. 

Detector A 
 
Acceptance rate 
~20% 
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Performance 
• Ray tracer is also CPU based to allow a performance 

comparison. 

• Performance improvement of 300 to 1000 times faster. 
•  The b = 0.3 to 0.5 m-1 cases are probably most comparable to 

conditions in IceCube. 

b Ray tracer Path sampler 
0.1 m-1 ~46000 s ~23 s 
0.2 m-1 ~78000 s ~74 s 
0.3 m-1 ~99000 s ~232 s 
0.4 m-1 ~122000 s ~373 s 
0.5 m-1 ~156000 s ~416 s 
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Other applications 
•  This approach to simulation is useful when initial and final 

states are highly constrained. 

•  Litmus test: 
•  Are you throwing out the vast majority of your events (99.9%+) due 

to them not meeting one of these constraints? 

• Constraints do not have to just be in position. 
•  Eg: initial and final angle for light passing through a planetary 

atmosphere. 
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Other applications 
• Path does not just have to describe light. 

•  Eg: Simulation of transport of neutrons. 

• Constraints could be discrete parameters. 
•  Eg: Simulation of atmospheric showers. 

•  Initial condition: particle must be a nucleus. 
•  Final condition: shower products must reach underground detector. 

• May also be possible to incorporate selection cuts into the 
constraint. 
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Conclusion 
• Simulation of light can be posed as a path integral from 

which samples can be drawn. 

• Reproduces the timing distribution of light incident on a 
detector. 
•  Up to 1000x faster than a ray tracer in synthetic test case. 

• Method is generally applicable to a wide range of 
problems. 
•  When initial and final states are highly constrained. 
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BACKUP 



Probability distribution 
•  The probability distribution has three main parts: 

•  A factor for the initial direction (probability of emission). 

•  A factor for each segment in the path (except the last). 

•  A factor for the last segment, including the probability of detection. 
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Probability distribution 
•  The first factor: 

•  Determined by the light source. 
•  Here the light source is assumed to be a point. 
•  Can be extended to line or spherical sources. 

•  Here, probability distribution chosen to be a von Mises-Fisher 
distribution: 
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Probability distribution 
•  The second factor: 

•  Repeated for each segment (except the last). 

•  Is the probability of: 
•  Light scattering at xi after traveling along the line segment, and 
•  Light changing direction according to the next segment. 
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⌧i =

Z
[a(x(s)) + b(x(s))] ds
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Exponential distribution for scattering Angular scattering distribution 

Optical depth: 



Probability distribution 
•  The third factor: 

•  Is the probability of: 
•  Light traveling along the last segment without scattering, and 
•  The detection efficiency where the light ends on the sphere. 

•  The constraint that the final vertex of the path must lie on a 2D 
spherical surface introduces an extra factor of cos(θ). 
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Exponential CDF for the 
survival of light 

2D constraint term Detection efficiency 



Probability distribution 
•  The total probability is the product of these factors: 
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Choice of coordinates 
•  The method of proposing new coordinates has a large 

impact on the efficiency of the sampler. 

• As the angular probability distribution for scattering in ice 
is very forward focused, the coordinates are highly 
correlated with each other. 

•  In addition, the length scales of the probability distribution 
is a function of the distance between vertices. 
•  A simple normal distribution based proposal function results in very 

poor performance. 

• One solution is to de-correlate through a good choice of 
coordinates. 
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Tree based coordinates 
• System is defined in a nested form like a tree. 

σ1, τ1, θ1 

σ1, τ1, θ1 

⌧ = ln
d1
d2

<latexit sha1_base64="bU4IglRFH55dfPv7NogZTx9dmHM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRF0I1QdOOygn1AE8pkOmmHTiZh5kYoIQs3/oobF4q49SPc+TdO2yy09cC9HM65l5l7gkRwDY7zbZXW1jc2t8rblZ3dvf0D+/Coo+NUUdamsYhVLyCaCS5ZGzgI1ksUI1EgWDeY3Mz87gNTmsfyHqYJ8yMykjzklICRBnbVA5LiK+wJmXmhIjQbDtzctEaeD+yaU3fmwKvELUgNFWgN7C9vGNM0YhKoIFr3XScBPyMKOBUsr3ipZgmhEzJifUMliZj2s/kROT41yhCHsTIlAc/V3xsZibSeRoGZjAiM9bI3E//z+imEl37GZZICk3TxUJgKDDGeJYKHXDEKYmoIoYqbv2I6JiYKMLlVTAju8smrpNOou07dvTuvNa+LOMqoik7QGXLRBWqiW9RCbUTRI3pGr+jNerJerHfrYzFasoqdY/QH1ucPRu2X2w==</latexit><latexit sha1_base64="bU4IglRFH55dfPv7NogZTx9dmHM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRF0I1QdOOygn1AE8pkOmmHTiZh5kYoIQs3/oobF4q49SPc+TdO2yy09cC9HM65l5l7gkRwDY7zbZXW1jc2t8rblZ3dvf0D+/Coo+NUUdamsYhVLyCaCS5ZGzgI1ksUI1EgWDeY3Mz87gNTmsfyHqYJ8yMykjzklICRBnbVA5LiK+wJmXmhIjQbDtzctEaeD+yaU3fmwKvELUgNFWgN7C9vGNM0YhKoIFr3XScBPyMKOBUsr3ipZgmhEzJifUMliZj2s/kROT41yhCHsTIlAc/V3xsZibSeRoGZjAiM9bI3E//z+imEl37GZZICk3TxUJgKDDGeJYKHXDEKYmoIoYqbv2I6JiYKMLlVTAju8smrpNOou07dvTuvNa+LOMqoik7QGXLRBWqiW9RCbUTRI3pGr+jNerJerHfrYzFasoqdY/QH1ucPRu2X2w==</latexit><latexit sha1_base64="bU4IglRFH55dfPv7NogZTx9dmHM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRF0I1QdOOygn1AE8pkOmmHTiZh5kYoIQs3/oobF4q49SPc+TdO2yy09cC9HM65l5l7gkRwDY7zbZXW1jc2t8rblZ3dvf0D+/Coo+NUUdamsYhVLyCaCS5ZGzgI1ksUI1EgWDeY3Mz87gNTmsfyHqYJ8yMykjzklICRBnbVA5LiK+wJmXmhIjQbDtzctEaeD+yaU3fmwKvELUgNFWgN7C9vGNM0YhKoIFr3XScBPyMKOBUsr3ipZgmhEzJifUMliZj2s/kROT41yhCHsTIlAc/V3xsZibSeRoGZjAiM9bI3E//z+imEl37GZZICk3TxUJgKDDGeJYKHXDEKYmoIoYqbv2I6JiYKMLlVTAju8smrpNOou07dvTuvNa+LOMqoik7QGXLRBWqiW9RCbUTRI3pGr+jNerJerHfrYzFasoqdY/QH1ucPRu2X2w==</latexit><latexit sha1_base64="bU4IglRFH55dfPv7NogZTx9dmHM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRF0I1QdOOygn1AE8pkOmmHTiZh5kYoIQs3/oobF4q49SPc+TdO2yy09cC9HM65l5l7gkRwDY7zbZXW1jc2t8rblZ3dvf0D+/Coo+NUUdamsYhVLyCaCS5ZGzgI1ksUI1EgWDeY3Mz87gNTmsfyHqYJ8yMykjzklICRBnbVA5LiK+wJmXmhIjQbDtzctEaeD+yaU3fmwKvELUgNFWgN7C9vGNM0YhKoIFr3XScBPyMKOBUsr3ipZgmhEzJifUMliZj2s/kROT41yhCHsTIlAc/V3xsZibSeRoGZjAiM9bI3E//z+imEl37GZZICk3TxUJgKDDGeJYKHXDEKYmoIoYqbv2I6JiYKMLlVTAju8smrpNOou07dvTuvNa+LOMqoik7QGXLRBWqiW9RCbUTRI3pGr+jNerJerHfrYzFasoqdY/QH1ucPRu2X2w==</latexit>
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Tree based coordinates 
• System is defined in a nested form like a tree. 

σ2, τ2, θ2 

σ1, τ1, θ1 

⌧ = ln
d1
d2

<latexit sha1_base64="bU4IglRFH55dfPv7NogZTx9dmHM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRF0I1QdOOygn1AE8pkOmmHTiZh5kYoIQs3/oobF4q49SPc+TdO2yy09cC9HM65l5l7gkRwDY7zbZXW1jc2t8rblZ3dvf0D+/Coo+NUUdamsYhVLyCaCS5ZGzgI1ksUI1EgWDeY3Mz87gNTmsfyHqYJ8yMykjzklICRBnbVA5LiK+wJmXmhIjQbDtzctEaeD+yaU3fmwKvELUgNFWgN7C9vGNM0YhKoIFr3XScBPyMKOBUsr3ipZgmhEzJifUMliZj2s/kROT41yhCHsTIlAc/V3xsZibSeRoGZjAiM9bI3E//z+imEl37GZZICk3TxUJgKDDGeJYKHXDEKYmoIoYqbv2I6JiYKMLlVTAju8smrpNOou07dvTuvNa+LOMqoik7QGXLRBWqiW9RCbUTRI3pGr+jNerJerHfrYzFasoqdY/QH1ucPRu2X2w==</latexit><latexit sha1_base64="bU4IglRFH55dfPv7NogZTx9dmHM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRF0I1QdOOygn1AE8pkOmmHTiZh5kYoIQs3/oobF4q49SPc+TdO2yy09cC9HM65l5l7gkRwDY7zbZXW1jc2t8rblZ3dvf0D+/Coo+NUUdamsYhVLyCaCS5ZGzgI1ksUI1EgWDeY3Mz87gNTmsfyHqYJ8yMykjzklICRBnbVA5LiK+wJmXmhIjQbDtzctEaeD+yaU3fmwKvELUgNFWgN7C9vGNM0YhKoIFr3XScBPyMKOBUsr3ipZgmhEzJifUMliZj2s/kROT41yhCHsTIlAc/V3xsZibSeRoGZjAiM9bI3E//z+imEl37GZZICk3TxUJgKDDGeJYKHXDEKYmoIoYqbv2I6JiYKMLlVTAju8smrpNOou07dvTuvNa+LOMqoik7QGXLRBWqiW9RCbUTRI3pGr+jNerJerHfrYzFasoqdY/QH1ucPRu2X2w==</latexit><latexit sha1_base64="bU4IglRFH55dfPv7NogZTx9dmHM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRF0I1QdOOygn1AE8pkOmmHTiZh5kYoIQs3/oobF4q49SPc+TdO2yy09cC9HM65l5l7gkRwDY7zbZXW1jc2t8rblZ3dvf0D+/Coo+NUUdamsYhVLyCaCS5ZGzgI1ksUI1EgWDeY3Mz87gNTmsfyHqYJ8yMykjzklICRBnbVA5LiK+wJmXmhIjQbDtzctEaeD+yaU3fmwKvELUgNFWgN7C9vGNM0YhKoIFr3XScBPyMKOBUsr3ipZgmhEzJifUMliZj2s/kROT41yhCHsTIlAc/V3xsZibSeRoGZjAiM9bI3E//z+imEl37GZZICk3TxUJgKDDGeJYKHXDEKYmoIoYqbv2I6JiYKMLlVTAju8smrpNOou07dvTuvNa+LOMqoik7QGXLRBWqiW9RCbUTRI3pGr+jNerJerHfrYzFasoqdY/QH1ucPRu2X2w==</latexit><latexit sha1_base64="bU4IglRFH55dfPv7NogZTx9dmHM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRF0I1QdOOygn1AE8pkOmmHTiZh5kYoIQs3/oobF4q49SPc+TdO2yy09cC9HM65l5l7gkRwDY7zbZXW1jc2t8rblZ3dvf0D+/Coo+NUUdamsYhVLyCaCS5ZGzgI1ksUI1EgWDeY3Mz87gNTmsfyHqYJ8yMykjzklICRBnbVA5LiK+wJmXmhIjQbDtzctEaeD+yaU3fmwKvELUgNFWgN7C9vGNM0YhKoIFr3XScBPyMKOBUsr3ipZgmhEzJifUMliZj2s/kROT41yhCHsTIlAc/V3xsZibSeRoGZjAiM9bI3E//z+imEl37GZZICk3TxUJgKDDGeJYKHXDEKYmoIoYqbv2I6JiYKMLlVTAju8smrpNOou07dvTuvNa+LOMqoik7QGXLRBWqiW9RCbUTRI3pGr+jNerJerHfrYzFasoqdY/QH1ucPRu2X2w==</latexit>

σ3, τ3, θ3 

σ2, τ2, θ2 σ3, τ3, θ3 
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Tree based coordinates 
• System is defined in a nested form like a tree. 

σ4, τ4, θ4 

σ1, τ1, θ1 

⌧ = ln
d1
d2

<latexit sha1_base64="bU4IglRFH55dfPv7NogZTx9dmHM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRF0I1QdOOygn1AE8pkOmmHTiZh5kYoIQs3/oobF4q49SPc+TdO2yy09cC9HM65l5l7gkRwDY7zbZXW1jc2t8rblZ3dvf0D+/Coo+NUUdamsYhVLyCaCS5ZGzgI1ksUI1EgWDeY3Mz87gNTmsfyHqYJ8yMykjzklICRBnbVA5LiK+wJmXmhIjQbDtzctEaeD+yaU3fmwKvELUgNFWgN7C9vGNM0YhKoIFr3XScBPyMKOBUsr3ipZgmhEzJifUMliZj2s/kROT41yhCHsTIlAc/V3xsZibSeRoGZjAiM9bI3E//z+imEl37GZZICk3TxUJgKDDGeJYKHXDEKYmoIoYqbv2I6JiYKMLlVTAju8smrpNOou07dvTuvNa+LOMqoik7QGXLRBWqiW9RCbUTRI3pGr+jNerJerHfrYzFasoqdY/QH1ucPRu2X2w==</latexit><latexit sha1_base64="bU4IglRFH55dfPv7NogZTx9dmHM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRF0I1QdOOygn1AE8pkOmmHTiZh5kYoIQs3/oobF4q49SPc+TdO2yy09cC9HM65l5l7gkRwDY7zbZXW1jc2t8rblZ3dvf0D+/Coo+NUUdamsYhVLyCaCS5ZGzgI1ksUI1EgWDeY3Mz87gNTmsfyHqYJ8yMykjzklICRBnbVA5LiK+wJmXmhIjQbDtzctEaeD+yaU3fmwKvELUgNFWgN7C9vGNM0YhKoIFr3XScBPyMKOBUsr3ipZgmhEzJifUMliZj2s/kROT41yhCHsTIlAc/V3xsZibSeRoGZjAiM9bI3E//z+imEl37GZZICk3TxUJgKDDGeJYKHXDEKYmoIoYqbv2I6JiYKMLlVTAju8smrpNOou07dvTuvNa+LOMqoik7QGXLRBWqiW9RCbUTRI3pGr+jNerJerHfrYzFasoqdY/QH1ucPRu2X2w==</latexit><latexit sha1_base64="bU4IglRFH55dfPv7NogZTx9dmHM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRF0I1QdOOygn1AE8pkOmmHTiZh5kYoIQs3/oobF4q49SPc+TdO2yy09cC9HM65l5l7gkRwDY7zbZXW1jc2t8rblZ3dvf0D+/Coo+NUUdamsYhVLyCaCS5ZGzgI1ksUI1EgWDeY3Mz87gNTmsfyHqYJ8yMykjzklICRBnbVA5LiK+wJmXmhIjQbDtzctEaeD+yaU3fmwKvELUgNFWgN7C9vGNM0YhKoIFr3XScBPyMKOBUsr3ipZgmhEzJifUMliZj2s/kROT41yhCHsTIlAc/V3xsZibSeRoGZjAiM9bI3E//z+imEl37GZZICk3TxUJgKDDGeJYKHXDEKYmoIoYqbv2I6JiYKMLlVTAju8smrpNOou07dvTuvNa+LOMqoik7QGXLRBWqiW9RCbUTRI3pGr+jNerJerHfrYzFasoqdY/QH1ucPRu2X2w==</latexit><latexit sha1_base64="bU4IglRFH55dfPv7NogZTx9dmHM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRF0I1QdOOygn1AE8pkOmmHTiZh5kYoIQs3/oobF4q49SPc+TdO2yy09cC9HM65l5l7gkRwDY7zbZXW1jc2t8rblZ3dvf0D+/Coo+NUUdamsYhVLyCaCS5ZGzgI1ksUI1EgWDeY3Mz87gNTmsfyHqYJ8yMykjzklICRBnbVA5LiK+wJmXmhIjQbDtzctEaeD+yaU3fmwKvELUgNFWgN7C9vGNM0YhKoIFr3XScBPyMKOBUsr3ipZgmhEzJifUMliZj2s/kROT41yhCHsTIlAc/V3xsZibSeRoGZjAiM9bI3E//z+imEl37GZZICk3TxUJgKDDGeJYKHXDEKYmoIoYqbv2I6JiYKMLlVTAju8smrpNOou07dvTuvNa+LOMqoik7QGXLRBWqiW9RCbUTRI3pGr+jNerJerHfrYzFasoqdY/QH1ucPRu2X2w==</latexit>

σ6, τ6, θ6 

σ2, τ2, θ2 σ3, τ3, θ3 

σ5, τ5, θ5 

σ7, τ7, θ7 

σ4, τ4, θ4 σ6, τ6, θ6 σ5, τ5, θ5 σ7, τ7, θ7 

27 



Tree based coordinates 
• Specified in terms of only dimensionless quantities, this 

system has a natural length scale independence. 

• Also has a nice side-effect of correlated movements in the 
vertices. 

• Sampling happens in this coordinate space, so an 
appropriate Jacobian factor is also needed. 
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Path length distribution 
• Acceptance rate ~ 20% 

b = 0.1 m-1 

b = 0.2 m-1 

b = 0.3 m-1 

b = 0.4 m-1 

b = 0.5 m-1 

Detector B 
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Ray tracing 
•  IceCube uses ray tracing to simulate light. 

•  Equivalent to solving the equations of motion for photons. 

•  Light ray is propagated a random distance 
•  Direction is changed by a random amount according to the 

angular scattering distribution: p(cos θ) 
•  Ray thrown out (or re-weighted) according to the absorption 

probability:  e-a x  

 

•  IceCube generates millions of rays for each one that finds its 
way to a DOM. 
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θ Length of propagation 
drawn from 

p(x) = be�bx
<latexit sha1_base64="yeelaqALoVCegBXKnvo0w2TEERA=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0WoB0sigl6EohePFewHtLFstpt26WYTdjfaEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+baWlldW19ZzG/nNre2dXbuwV1dRIgmtkYhHsuljRTkTtKaZ5rQZS4pDn9OGP7ie+I0HKhWLxJ0exdQLcU+wgBGsjdSxC3FpeIwukY/ofXrio+G4YxedsjMFWiRuRoqQodqxv9rdiCQhFZpwrFTLdWLtpVhqRjgd59uJojEmA9yjLUMFDqny0unpY3RklC4KImlKaDRVf0+kOFRqFPqmM8S6r+a9ifif10p0cOGlTMSJpoLMFgUJRzpCkxxQl0lKNB8Zgolk5lZE+lhiok1aeROCO//yIqmfll2n7N6eFStXWRw5OIBDKIEL51CBG6hCDQg8wjO8wpv1ZL1Y79bHrHXJymb24Q+szx/ZOJJv</latexit><latexit sha1_base64="yeelaqALoVCegBXKnvo0w2TEERA=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0WoB0sigl6EohePFewHtLFstpt26WYTdjfaEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+baWlldW19ZzG/nNre2dXbuwV1dRIgmtkYhHsuljRTkTtKaZ5rQZS4pDn9OGP7ie+I0HKhWLxJ0exdQLcU+wgBGsjdSxC3FpeIwukY/ofXrio+G4YxedsjMFWiRuRoqQodqxv9rdiCQhFZpwrFTLdWLtpVhqRjgd59uJojEmA9yjLUMFDqny0unpY3RklC4KImlKaDRVf0+kOFRqFPqmM8S6r+a9ifif10p0cOGlTMSJpoLMFgUJRzpCkxxQl0lKNB8Zgolk5lZE+lhiok1aeROCO//yIqmfll2n7N6eFStXWRw5OIBDKIEL51CBG6hCDQg8wjO8wpv1ZL1Y79bHrHXJymb24Q+szx/ZOJJv</latexit><latexit sha1_base64="yeelaqALoVCegBXKnvo0w2TEERA=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0WoB0sigl6EohePFewHtLFstpt26WYTdjfaEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+baWlldW19ZzG/nNre2dXbuwV1dRIgmtkYhHsuljRTkTtKaZ5rQZS4pDn9OGP7ie+I0HKhWLxJ0exdQLcU+wgBGsjdSxC3FpeIwukY/ofXrio+G4YxedsjMFWiRuRoqQodqxv9rdiCQhFZpwrFTLdWLtpVhqRjgd59uJojEmA9yjLUMFDqny0unpY3RklC4KImlKaDRVf0+kOFRqFPqmM8S6r+a9ifif10p0cOGlTMSJpoLMFgUJRzpCkxxQl0lKNB8Zgolk5lZE+lhiok1aeROCO//yIqmfll2n7N6eFStXWRw5OIBDKIEL51CBG6hCDQg8wjO8wpv1ZL1Y79bHrHXJymb24Q+szx/ZOJJv</latexit><latexit sha1_base64="yeelaqALoVCegBXKnvo0w2TEERA=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0WoB0sigl6EohePFewHtLFstpt26WYTdjfaEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+baWlldW19ZzG/nNre2dXbuwV1dRIgmtkYhHsuljRTkTtKaZ5rQZS4pDn9OGP7ie+I0HKhWLxJ0exdQLcU+wgBGsjdSxC3FpeIwukY/ofXrio+G4YxedsjMFWiRuRoqQodqxv9rdiCQhFZpwrFTLdWLtpVhqRjgd59uJojEmA9yjLUMFDqny0unpY3RklC4KImlKaDRVf0+kOFRqFPqmM8S6r+a9ifif10p0cOGlTMSJpoLMFgUJRzpCkxxQl0lKNB8Zgolk5lZE+lhiok1aeROCO//yIqmfll2n7N6eFStXWRw5OIBDKIEL51CBG6hCDQg8wjO8wpv1ZL1Y79bHrHXJymb24Q+szx/ZOJJv</latexit>


