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Outline of talk

1) Derivation of LO and NLO DGLAP equations, showing
that an accurate parametrization of the proton structure
function F3”(z,Q?) yields the gluon distribution G(z,Q?),

directly.

“Analytic derivation of the leading-order gluon distribution
function G(x,Q2)=xg(x,Q2) from the proton structure
function F2p(x,Q2)”, M. M. Block, L. Durand and D. McKay,

Phys. Rev. D 77, 094003 (2008).
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2) Transformation of integral LO and NLO DGLAP evolu-

tion equations into algebraic equations using Laplace trans-

formations.

“Analytic treatment of leading-order parton evolution
equations: Theory and tests”, M. M. Block, L. Durand and D.

McKay, Phys. Rev. D 79, 04031 (2009).

3) Development of an algorithm for numerical inversion of
Laplace transforms, and testing it on the DGLAP equa-
tions in Laplace space, using LO CTEQ and NLO MSTW

parton distributions.
“A new numerical method for obtaining gluon distribution
functions G(x,Q2)=xg(x), from the proton structure

function”,
M. M. Block, Eur. Phys. J. C. 65, 1 (2010).
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4) A global fit in =z and Q2 of the ZEUS experimental
proton structure function data for F4¥, using a “Froissart
Bound-inspired” model.

“Small-x behavior of parton distributions from the

observed Froissart energy dependence of the deep-
inelastic-scattering cross sections”,

M. M. Block, Edmund L. Berger and Chung-l Tan,
Phys.Rev. Lett. 308 (2006).

5) Comparisons of LO CTEQ6L and NLO MSTW2008

gluon results with our new gluon distributions for the LHC.
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6) Conclusions and future plans
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F, is the proton structure function,

measured by ZEUS at HERA
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where
This talk concentrates

PP, , exclusively on
as = as(Q7), in NLO extracting an analytical
@r) = 2g(z) solution G(x,Q?) of the
DGLAP evolution
Fs(z) = = ) (qi(z. Q%) + qi(z)) .| equation involving F,
91,9 for LO or Fs for NLO
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et us define

Same F, as for DIS scheme, or LO MSbar

F3(z,Q%) = x5 €2 (ai(z, Q%) + 7;(z, Q?)).

The proton structure function, for NLO, is given, in the

MS scheme, by F,? and G are convoluted with NLO MSbar
coefficient functions C, and C

FiP(z,Q%) = F3(x,Q%) 4 §2x
[:17 = ‘;—gFg(: Q2
+ (ZQUQZ QZ) e fa} dZCTY 79

We solve this NLO convolution equation for F,%(x,Q?) directly by

means of Laplace transforms, so that we find F,%(x,Q?) as a function
of F,P(x,Q?).
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Finally, for ny = 4, we can solve for Fs in terms of FQO,

yielding

Fs(z,Q%) = 18F§(x Q?)
2z (u(z, Q?) — d(z, Q?) + u(x, Q?) — d(z, Q?)
+c(r Q?) — s(x,Q?) + &(z, Q%) — 5(x, Q%)) .
The quark terms in the above are very small for small x.

To good approximation,

Fs(z,Q?%) ~ 2FY(x,Q?).

This illustrates the case for n;= 4; depending on Q?, we
also use n;=3 and 5
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Thus, basically all that is needed to determine the NLO

gluon distribution is a good parameterization of the ZEUS

experimental data for F3¥(z,Q?), since | We also need o (Q?) |

FiP(z,Q%) — F3(z,Q%) — Fs(z,Q%)

OFJP(2,Q%)  0F2(x,Q%)  9Fy(2,Q2)
d1n Q2 . é)lr1(222 T T HIn Q2
Fs(x,Q?) and Os(@Q7) _, G(z, Q%))

91n Q2

via the For LO, it’s simpler: the proton structure function

F,(x,Q?) --> G(x,Q?) directly, with NO approximations

) g

— Fs® qu =GR qu
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The complete splitting functions are messy and lengthy,

and depend on Q2. They are: Simple for Loézfglzdon’t depend
qu(x,Qz) =
Pyy(z, Q%) =
Pyy(z, Q%) =
Pye(z,Q%) =

See R. K. Ellis, W. J. Stirling and B. R. Webber, “QCD and
Collider Physics”, Cambridge University Press, (2003)—
but BEWARE: eq. (4.110) for Pq(gl) has a serious misprint.
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The DGLAP equation for the singlet Fs(x, Q?) in = space

can be written compactly as

‘ Fs(z,Q%) = z [} d’ZG(z Q?) Pyg(z/z)

where we define

—1|/as\—1 OFD (x, 2
]:2(537@2) = (Zqz'ﬁz' egi) !(%) 3|2n((QCg))

5 Fy(2, Q) Pyq(a /)]
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We make the variable substitutions

Same general form of
v = In(1/z) equations for both
w = In(1/z) LO and NLO

in both the LO and NLO DGLAP evolus©On equations and
rewrite them generically as

F(0,Q%) = 3G (w)e” =) Pyy(v — w, Q?) dw
= [§G(w)Hge(v —w,Q?)dw, where
Hgg(u,Q?%) = e "“Pyg(u,Q?).

Suppressing the dependence on QQ, we rewrite

‘ Fv) = G H(v) \
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Taking the Laplace transform of both sides, we have the

algebraic equation

g(s) x h(s), or
f(s)/h(s),

f(s)
g(s)

where the Laplace transforms 4 The convolution theorem
for Laplace transforms

f(s) = E;fs(v); s]
g(s) = [,:G(v); s]
h(s) = L[H(v);s

since

LIGR H[v;s] = g(s) x h(s).
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We test the entire mathematical scheme of directly de-

termining G(z, Q?) from the structure function F3¥(z,Q?)
by using the MSTW2008 NLO quark distributions to form
the structure function and then use our mathematical ap-
paratus to obtain ¢g(s) = f(s)/h(s). We then invert g(s)
numerically to obtain G(v,Q?), and eventually, G(z, Q?),

using the new numerical inversion algorithm:

where wy,a, ¢ = 1,...,N are fixed (complex) coefficients

/

for a given N, independent of ¢g(s).

Not enough time for details of inversion algorithm: See
M. M. Block, Eur. Phys. J. C. 65, 1 (2010).
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LO G(v), using ZEUS data, from Laplace Numerical
Inversion of g(s), for Q2 = 5 GeV?, where v = In(1/x)
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- Blue Dots = Exact Analytic Solution
| Red Curve= numerical inversion
of Laplace transform.

- Derived from global fit to
- ZEUS F,(x,Q?),

: -F|g1 M. M. Block, EPJC. 65,.

-1 (2010).
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ng(xv QQ) = (1—=x) { + A(QQ) In [l’aga 11_—:;;3]
£BQ?)In? [";5 L=zl
A(Q?) = ap+a1InQ2+ayIn?2Q2,
B(Q2) = bg+ by INQ2 4 by In2Q2.

T he fits were performed using the “sieve’” algorithm, which

Mminimizes the squared Lorentzian

/\8(0; x) = 25.\;1 In {1 -+ 0-179AX;2(117-1'.; a)}, where

X2(a;x) =TI AXP(25;0), AXZ (25 a)

= ([yi(z;; @) — y;(x;)] /a.l;)z, a IS the parameter space vector,
and y;(x;; «) is the theoretical value of the measured y; at
x;, with measurement error o;, using a Ax_gmax cut of 6,
to exclude outliers.
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Results of an 8-parameter fit to ZEUS proton structure function
data for x<0.09. The renormalized x?/d.f. =1.1

Parameters Values
ap —T828 x 1072 £ 519x 107°
ai 2.248 x 1072 £ 1.47 x 107°
as 2.301 x 107° £ 4.88 x 10~*
bo 1.313 x 1072 £ 6.99 x 107¢
by 1.736 x 1073 £ 2,08 x 1074
ba 1.064 x 107° £ 3.88 x 107°
Tp 0.0494 < 0.0039
Fp 0.503 £+ 0.012
X2 103.19
R X Xoin 215.3
d.f. 196
R X Xoin/d.f. 1.10
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LO Gluon Distributions:
Gereas. COMpared to our ZEUS LO G(x), for Q% =5, 20 and 100 GeV?
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Why are there large differences where

there are F, data?
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Look at Proton structure functions, F,, compared to ZEUS data:
1) CTEQGL, constructed from LO quark distributions,
2) Our fit to ZEUS data, Q% = 4.5, 22 and 90 GeV?
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Proton structure functions, F,, compared to ZEUS data:
1) MSTW2008, constructed from NLO quark distributions,
2) Our fit to ZEUS data , Q% = 4.5, 22 and 90 GeV?
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NLO MSTW

MSTW2008 does much better than
CTEQGL, but still not a good fit
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NLO G(x) , constructed from a fit to ZEUS F, data, compared to
MSTW2008, for Q% = 100 and M.,? GeV?

200 rr] Note the different shapes for G -
. | derived from F, data compared to G -
| from evolution---a remnant of MSTW [[W
1501 lassuming parton distribution shapes 1

- |at Q2 = 1 GeV? Differences grow

ool larger as Q? increases!
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LO and NLO G(x) , from MSTW2008, for Q2 = 10, 30 and 100 GeV?
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LO and NLO G(x) , from F, fit to ZEUS, for Q% = 10, 30 and 100 GeV?

Or Dashed = NLO ]
sof Solid =LO :
w0l Again, very large
N differences between
S s0f ~ gluon distributions for
b == small x, for next order in
L “=.__| o4 ; what does LO gluon
10 f mean?
1072 107* 0.001 0.01 0.1
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Conclusions

1. We have shown that detailed knowledge of the proton
structure function F,(x,Q?) and o (Q?) determines G(x)
=xg(x); for LO, it is all that is necessary. For NLO,
addition of tiny terms involving NLO partons are
required for high accuracy.

2. No a priori theoretical knowledge or guessing of the
shape of the gluon distribution at Q,2---where
evolution starts--- is needed; experimental
measurements determine the shape!

3. Our gluon distributions at small x disagree with both
LO CTEQG6L and NLO MSTW2008, even in regions
where there are structure function F, data.
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4. We think that the discrepancies are due to both
CTEQ , MSTW assuming shape distributions at
Q,? that are wrong; remnants of the assumed
shape are retained at high Q2, through the
evolution process. This effect becomes
exacerbated at small x!

5. Message! Don’t trust “standard candles” at LHC.

PLEA! Make publicly available combined ZEUS and
H1 structure function data (with correlated errors)
so that we can make more accurate gluon
distributions using the combined HERA results.

Incorporate mass effects in splitting functions, to

avoid discontinuities near ¢ and b thresholds.
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