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Overview
● Introduction
● Multi-Regge-Kinematic Limit
● Comparison with LO QCD
● High Energy Jets 
● Application
● Goals and summary
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Historical Context

Regge, Il Nuovo Cimento 14, 1959.
Gell-Mann, Goldberger, Phys. Rev. Lett. 9, 1962.
Lipatov, Sov. J. Nucl. Phys. 23,  1976. 

● Regge first considered the use of complex angular momentum to study quantum 
mechanical scattering at asymptotically high energies.

where α(t) known as the Regge trajectory. t) known as the Regge trajectory. 
● Gell-Mann and Goldberger first asked if perturbative field theory reproduced this 

asymptotic behaviour.
● We will sketch the method used by Fadin, Kuraev and Lipatov to show the 

‘Reggeization’of the gluon in QCD to LL accuracy.  
● We first look at the kinematic region where large logarithms of s appear at all orders 

in  perturbation theory.



4

The Multi-Regge-Kinematic (t) known as the Regge trajectory. MRK) Limit
It is useful to work in terms of rapidity, and light-cone coordinates:

The Regge limit is the condition at finite momentum transfer. 

Mandelstam variables become:

We note that in the Regge limit:

The analogous Multi-Regge-Kinematic (MRK) limit of 2→n scattering:
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LO qQ→qQ Scattering in the MRK Limit
As the simplest example, we study the 2→2 scattering of distinguishable 
quarks. 

The leading order result is

Squaring the amplitude gives

Taking the MRK limit of the amplitude results in

while squaring this amplitude results in 
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NLO qQ→qQ Scattering in the MRK Limit
At NLO only two diagrams contribute in the high energy limit:

The approach of Fadin, Kuraev and Lipatov was to use the optical theorem to calculate the 
imaginary part of the NLO amplitude from the  LO amplitude. 

With knowledge of the singularity structure of the amplitude, Cauchy’s integral formula can then 
be used to  reconstruct the full amplitude. The result is; 
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LO qQ→qgQ Scattering in the MRK Limit
In order to use the cutting technique to find the MRK limit of the NNLO we first need as input the 
MRK limit of the LO contribution to the qQ→qgQ process. 
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LO qQ→qgQ Scattering in the MRK Limit
We can combine all five diagrams into an effective vertex we call the Lipatov vertex.

Squaring the above amplitude leads to a simple expression for the MRK limit of one additional 
real emission.
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NNLO qQ-qQ Scattering in the MRK Limit
Using the LO qQ→qgQ result, the MRK limit of the NNLO contribution can be computed:

Based on the NLO and NNLO results we might expect that to all orders, the MRK result will be

This is known as the Lipatov ansatz, or gluon reggeization

Proven to LL and NLL accuracy, and verified by the NNLO QCD result
 (see e.g. Del Duca  arXiv:hep-ph/0109028 and references within). 

As a byproduct the MRK limit of LO real emissions is found to be:
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Comparison of LO MRK to LO QCD

Andersen, Smillie     arXiv:0908.2786
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The Approach of High Energy Jets (t) known as the Regge trajectory. HEJ)
How can we give a better description at lower rapidity?

We may  replace the MRK limit of the contracted spinor currents with the full Born level result.

We can symmetrise the Lipatov vertex with respect to the external momenta, and also restore 4-
momenta in place of transverse momenta. 

The approximation for multiple gluon emissions becomes



12

The Approach of High Energy Jets (t) known as the Regge trajectory. HEJ)

Andersen, Smillie     arXiv:0908.2786
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t-channel factoristation
What about other processes? Consider the case of qg→qg scattering: 

For q- g+ → q- g+ the above amplitudes are:

Summing these gives 

informing us that we should not take CA as the simple replacement factor but

Andersen, Smillie  
arXiv:0910.5113
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Virtual Corrections within HEJ
Recall the Lipatov ansatz for the all order virtual corrections:

Including these virtual corrections we obtain

In the limit that the i’th gluon becomes soft:

Integration over the soft region of phase space gives:
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Virtual Corrections within HEJ
The hard matrix element        contains the factor

At first order  this is  

Compare this with what we found previously for a single soft emission:

Expanding in ε we find the single soft pole cancels:

IR regulated result:
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An Application of HEJ: 

Andersen, Cockburn, Heil, Maier, Smillie     arXiv:1812.08072
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Summary and Goals
● At large rapidity separation between final state particles, resummation becomes 

important.
● HEJ is a framework that incorporates these effects to LL accuracy, and currently 

allows matching to LO fixed-order calculations.
● The aim of my research is to improve the description of the virtual corrections by 

including more of the NLO process in the exponential.
● Any modification of the pole structure of the exponent must be compensated for by a 

corresponding alteration of the description of real emissions.

● Thanks for your attention!
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