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Introduction

Methods used to extract resonance- (/partial wave-) content from data:
) Energy-dependent (ED) PWA:

— Currently accepted method to extract pole-parameters
— Very complicated models/codes; years of work to build a model;
dedicated groups of experts
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Introduction

Methods used to extract resonance- (/partial wave-) content from data:
«) Energy-dependent (ED) PWA:

g'g’
Kab=ZsJJ + fab(S).
J .I

— Currently accepted method to extract pole-parameters
— Very complicated models/codes; years of work to build a model;
dedicated groups of experts
) Energy-independent/single-energy (SE) PWA:

2€max Emax
oo(W, 0) :% > ap(W)Pa(cost),al> (W) = Y Aj(W)ChA(W).
n=0 £,k=0

— Simpler procedure; Can yield sensible results for partial waves, but
does not have to, because of:

— Ambiguities!!; Furthermore, for reactions with spin, this still takes
some coding...
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Introduction

) Energy-dependent (ED) PWA:

) Energy-independent/single-energy (SE) PWA:

2£max gmax
oo(W,0) = T az(W)Pa(cost), a2 (W) = > Ai(W)CRAKW)
n=0 £,k=0

) Is there an even simpler method to learn first lessons about newly
measured data?
— Yes: moment-analysis (we call this " {yax-fit”, in our group)

— lllustrate moment-analysis on the example of photoproduction of pions
vp — 7°p and eta mesons yp — np in the following ...
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From the multipole expansion to polynomial observables

) Photoproduction is described by 4 CGLN-amplitudes F;, with
expansions into electric (Ey+) and magnetic (Mp1) multipoles:

Fr(W,0) = > { 1Moy (W) + Eei (W)] Py (x)
+[(C+1) Mo (W) + B (W] PLLs (3) ],

[(£+ 1) Mes (W) + EM— (W)] P, (%),

Nk

F(W,0) =

h

Fs (W, 0) = 3 { [Eee (W) = Mo (W)] Pl ()
+[Eem (W) + Mo (W] P (%)},

Fo(W.0) = [Mer (W) — Evy (W) — My (W) — Er (W)] P, (x).
=2
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From the multipole expansion to polynomial observables

) Photoproduction is described by 4 CGLN-amplitudes F;, with
expansions into electric (Ey+) and magnetic (My1) multipoles:
golmax

AW,0)= {[éMH(W)—&-EH(W)] Pyt (x)
£=0
+[(£+1) Me— (W) + Ee- (W) Pis () |
#olmax
F(W,0)= > [(€+1) Mey (W) + M, (W)] P, (%),
=1
#olmax
F(W.0)= > {[E (W)~ M (W) PLis ()
=1

+[Eee (W) + Moo (W) Py (%)}
P lmax
Fo(W,0)= > [Mey (W) — Evy (W) = My (W) — Ec— (W)] P, (x).

— For a truncation at {y,,x, the polynomial-orders in cosf are:
Fi ~ (cos0)fmx, Fy ~ (cos@)bmax=1, F3 ~ (cos@)bmax=1, Fy ~ (cos @)bmax—2,
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From the multipole expansion to polynomial observables

%) The maximal cos§ powers in the CGLN amplitudes are:

F1 ~ (cos§)fmax, Fy ~ (cosf)imax—1 F3 ~ (cosf)imax—1 Fy ~ (cosf)max—2,
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From the multipole expansion to polynomial observables

%) The maximal cos§ powers in the CGLN amplitudes are:
F1 ~ (cos 9)2““‘*, F> ~ (cos Q)Ema"’l, F3 ~ (cos Q)Ema"’l, F4 ~ (cos Q)Ema"’z.

— Example: helicity asymmetry E = goE = o(1/2) — 5(3/2)

E= %Re \F1)? + |Fof? —2cosO Ff Fy +sin 0 { Fy Fy + F;F2}].
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From the multipole expansion to polynomial observables

%) The maximal cos§ powers in the CGLN amplitudes are:

Fi ~ (cosf)imax, Fy ~ (cosf)imax—1, F3 ~ (cos@)fmax—1 Fy ~ (cosf)fmax—2,
— Example: helicity asymmetry E = 0gE = 0(1/2) — 5(3/2)

E_*qRe{ R[> + |R)? —2cosf FiF
~—~—

Tk —~—
~ocos 020max  ~cos §20max —2 ~cos §2max —1
- 2 * *
+entg{ FAR + FER }
~cos? 6

~cos 02¢max —2 ~cos H2¢max —2

Therefore: E ~ (cos §)2/max
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From the multipole expansion to polynomial observables

%) The maximal cos§ powers in the CGLN amplitudes are:
F1 ~ (cos§)fmax, Fy ~ (cosf)imax—1 F3 ~ (cosf)imax—1 Fy ~ (cosf)max—2,

— Example: helicity asymmetry E = 0gE = 0(1/2) — 5(3/2)

E:gRe{ R[> + |R)? —2cosf FiF
k ~—~—

—~—
~cos 02¢max ~cos 02¢max —2 ~cos H2¢max —1
- 2 * *
+entg{ FAR + FER }
~cos? 6

~cos 02¢max —2 ~cos H2¢max —2

Therefore: E ~ (cos §)2/max
*) Multiple possible choices of bases for polynomial-expansion, for
instance:
(i) cosB-monomials: E(W,0) = 4 ZZE“‘”( max),,E(W) cos 6",
(i) (Assoc.) Legendre-poly.'s: E(W,0) = ¢ Z2€n‘a"( mx)E (W) Pp(cos6).

n
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Parametrizations for all polarization observables

%) 16 polarization-observables measurable in photoproduction:

Beam Target Recoil Target + Recoil
_ _ _ _ X/ y! 2! X/ ! 2! 2!
- x y z - - - X z X z
unpolarized <d—‘7) =0 T P T L T L
P ) o 0 x! X z/ z!
linear ¥ A P G| 0, T 0,
circular F E| Cy ¢,
Y. Wunderlich
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Parametrizations for all polarization observables

) 16 polarization-observables measurable in photoproduction:

Beam Target Recoil Target + Recoil
_ _ B B X! y/ 2! X! X/ 2! 2!
- x y z - - - X z X z
unpolarized <Z—§.’Z)O = oo T P T L T, L[,
linear ¥ A P G| O0s T 0O,
circular F E | Cy C,

) Helicity-asymmetry E from previous example is bilinear in the F;:

E:%R%Fﬁ%ﬂﬁffhm9ﬁ54ﬁm%{ﬁﬁﬂJ?5H

2 —2cos (0) 0 sin (6?)2 F

lgqg —2cos (0) 2 sin (49)2 0 F
-1 Fx* Fx Fx Fx*

2k[ TR R R 0 sin (9)? 0 0 F3

sin (0)2 0 0 0 Fa
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Parametrizations for all polarization observables

%) 16 polarization-observables measurable in photoproduction:

Beam Target Recoil Target + Recoil
_ _ _ _ X/ y/ Z/ X/ X/ Z/ Z/
- x y z - - - X z X z
unpolarized (Zqu) =op T P T L T, Ly
0
linear ¥ A P G| O0s T 0O,
circular F E| Cy C,
) The same is true for any other observable Q*(W, 6):
F1
o = L9 G g Fp Fi Ac :
= 5% sin® 0 [ F; 7] (cosb) :
Fa
lqg o
:5E5|n 0 (F| A%(cosf) |F), a=1,...,16,

with A% some hermitean 4 x 4-matrix.

Y. Wunderlich
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Parametrizations for all polarization observables

%) Observables are bilinear: Q* = %%sinﬁ‘l 0 (F| A*(cos ) |F).

) Similar counting as in the Y -example leads to Legendre-expansions for
all 16 observables, with orders varying as 2/,,.x:

2Umax+Ba+Ya

QW0 =T S (an.) (W) Pi(cosb).

k n
n=Fa

Type Q- Ba Ya_ || Type Qe Ba Yo
Q) 0 0 Oy 1 0

S Y 2 2| BR 0O, 2 -1
T 1 -1 Cyr 1 0

P 1 -1 C, 0 +1

E 0 0 T 2 -1

BT G 2 21| TR T, 1 0
H 1 -1 L 1 0

F 1 -1 L, 0 +1
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Legendre coefficients in terms of multipoles

Example: E (ag)g Po(cos§) + (az)lé P1(cos ) + (32)5 P5(cos 6)
+ (az)f P3(cos0) + (a2)5 Pa(cost) , i.e. lmax = 2;
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Legendre coefficients in terms of multipoles

Example: E (az)gPo(cos 0) + (az)f P1(cos ) + (32)5 P5(cos 6)
+ (az)f P3(cos ) + (ag)f Pa(cosf) , i.e. bmax = 2;

(22)5 = |Eor > + M1 > — E5_ (Ep— +3Mp_) +3M5_ (Mo — Ep_) + 3E{, (Evy + Myy)
+3My Ery + 6E5, (Eay +2May) + 12M5, Epy — My |* — 3| My |
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Legendre coefficients in terms of multipoles

Example: E (az)gPo(cos 0) + (az)f P1(cos ) + (32)5 P5(cos 6)
+ (32)3E P;(cos ) + (ag)f Pa(cosf) , i.e. bmax = 2;

(a2)5 = |Bor|* + M1 |* — E5_ (Eo— +3Mz_) +3M5_ (Mo — E>_) + 3Ef, (Ery + Myy)

+3M{, Evs + 65 (Eav + 2Moy) + 12M3, Ep — [Myy|? — 3| Moy |2

1/lo 0 o|lO0 o0 0 0 Eos
0[/3 3 0|0 0O 0 0 =

03 -1 0|0 O 0 0 My,

* " N 0|0 0 1|0 o0 0 o0 Mi_

=[ & & M ] ofo o o]l]6 0 12 0 Exy
0|0 o o0o|0 -1 0 -3 Er_

0|0 0 012 0 -3 0 My

0|0 0 0|0 -3 0 3 My_
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Legendre coefficients in terms of multipoles

Example: E (az)gPo(cos 0) + (az)f_ P1(cos ) +

+(22); P

(

(cos®) + (az)f Py(cos®) , i.e. bpax = 2;

32)5 P;(cos 9)

(22)5 = |Eos > + [Mi_|* — Ef_ (Ex— +3Mp_) +3M;_ (Mo — E5) + 3E{, (Evy + Miy)
+3M{, Evy + 655, (Eay + 2May ) + 12M5, Eoy — [Miy|? — 3| Moy |?

:[ Egy

*
E1+

= (M| C5 |My)

Generally: (ay

max)k

1/lo 0 o|lO0 o0 0 0
0[/3 3 0|0 0O 0 0
03 -1 0|0 O 0 0
N 0|0 0 1|0 o0 0 o0
M ] ofo o o]l]6 0 12 0
0|0 o o0o|0 -1 0 -3
0|0 0 012 0 -3 0
0|0 0 0|0 -3 0 3
=(S,S5) +(P,P)+(D,D)

Eoy
E1+
Myt
M —
Exy
E>_
Moy
Ms_

2% defined by matrices with ({1, (5)-interference blocks

Y. Wunderlich
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Colored ( “chessboard”-) plots for interference-blocks

Using the previous example of (ag)oé = (M| Cg |My) for lax = 2:

S
10 0o 0|0 0 0 0
03 3 0l0 0 0 0 r
0[3 -1 0l0o 0o o0 0O P
cE_|0J0 0 1]0o 0o o o |_
°o=|70[0 o 0]6 0 12 0 | ]
olo o o|lo -1 o -3
olo o o|l12 0 -3 o D
olo o olo -3 o 3

S P D

For every matrix-entry:

red = positive number vs. blue = negative number,
& strength of shading < magnitude of number.

— Use color-plots in order to depict block-structure of Legendre-moments.
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Two aspects of moment-analysis

l.) max-analysis

) Fit angular distribution using

go =9
k

2lmax+Batva

n=RBq

(2max)

as PPa(cos0),

n

for different /y.x.

%) Compare x2/ndf for different fits; if
unsatisfactory: increase /.

!

{

— “bumps”

Good fit — /,.¢-estimate

Plot x?/ndf vs. energy for all fits

Y. Wunderlich
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Two aspects of moment-analysis

1) £max-analysis

) Fit angular distribution using

q 2lmax+BatVa .
S D )
n=Bq

for different /..

%) Compare x?/ndf for different fits; if
unsatisfactory: increase /.

{

Good fit — /,,.c-estimate

Plot x2/ndf vs. energy for all fits
— “bumps”

{

[I.) Interpretation

[e3

) Compare fitted (agmax)g2 to

(At )T = (M| €2 M) |

with model-multipoles M.

) Calculate (ay,,,. ),
“switching on/off" certain
partial waves

< Get information on which
interferences are important

) In particular:
(agrnax)nn,]ax = <'€maX7 Emax>-
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Two aspects of moment-analysis

1) £max-analysis

) Fit angular distribution using

q 2lmax+BatVa .
S D )
n=Bq

for different /..

%) Compare x?/ndf for different fits; if
unsatisfactory: increase /.

{

Good fit — /,,.c-estimate

I

Plot x2/ndf vs. energy for all fits
— “bumps”

[I.) Interpretation

[e3

) Compare fitted (agmax)g2 to

(2t ) = (Mo €2 IMy)

with model-multipoles M.

) Calculate (ay,,,. ),
“switching on/off" certain
partial waves

< Get information on which
interferences are important

) In particular:
(aémax)nmax = <€maX7 Emax>-

Now: Consider examples of moment analyses for yp — 7%p and vp — np.
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Exro-data in vp — 7%p: lynax-analysis

E(W,0) = 0M/2) — o0/2) = 5780 (ay,,,..) 5 (W) Pa(cos )
E, Mev] [PhD thesis, F. Afzal (2019)]

W [MeV]

500 1000 12001300 1400 1500 1600 1700 1800 1900 2000 2100
= olpbl T T T T T T T
S 50— 0
E g P — TP
40—
10 30: A(1232) 3/2+

1800
W [MeV] V)
_ W=1680 MeV
B
R
Sl
QA
L
a4
-1 -05 0 05 1 -1 -05 0 05 1
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Exo-data in yp — 7%p: moments

x 2lmax E .
E(W,0) = 5526 (atmax ) (W) Pn(cos ), data: [PhD, F. Afzal (2019)]
1 'l
] g
=3
D we b (as)5 = (5, 9)
F 710:7 ‘\(\/b( + <G7 G>
= L 6\6\
r X
E 15 <
12‘00 14‘00 16b0 18‘00
W [MeV]
S = r
P 2 6: (\,bd
— =5 r ~
D e T4 & | @E=s.p)
, S A
_| : R N
o 7 S
S P D F G = 12‘00 14‘00 16‘ 0 1\%‘/OPMeV|

x) BnGa 2017.02: green = S + P waves, blue = S+ P 4+ D waves,
red =S+ P+ D+ F waves, black =S+ P+ D + F + G waves.
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Exo-data in yp — 7%p: moments

E(W,0) = 3320 (a5, )= (W) Py(cosf), data: [PhD, F. Afzal (2019)]
S =
30— ®
P s 0 &
] = [ <& .
0 vy & (as)f = (P, P) +(5,D)
G=" < 0 +(D,D) + (P, F)
F 10 +<F7F>+<D7G>
- g +(G, G)
- S P , D \ F . G \ . 12‘00 14‘00 16b0 1\%‘/0?Mev|
S = r
P s F
D LTy £ 2 =
;D S T e N | (a8)5 = (P.D) +(S,F)
Cf = £ % @\‘?#’ +(D. F) + (P, G)
F [ 2 Q
-1 O +<F7 G>
] 1; é\@ i"'ﬂ
G -2 ¢
- S P D F G = 12‘00 14‘00 16‘ 0 18‘00

W MeVl

x) BnGa 2017.02: green = S + P waves, blue = S+ P 4+ D waves,
red =S+ P+ D+ F waves, black =S+ P+ D + F + G waves.
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Exo-data in yp — 7%p: moments

E(W,0) = 3320 (a5, )= (W) Py(cosf), data: [PhD, F. Afzal (2019)]
s [ ] 1 1 E 2;
P g : .\(\aﬁ
D e &€ )
Cr = < e (a4)§ = (D, D) + (P, F)
] N +(F.F) +(S,6)
. ; Wﬁ;" +(D,G) + (G, G)
e
= S P D F G 12‘00 14‘00 16b0 1\%‘/0PMeV|
S L [ L _ Ai *
2 r N
- 5 . &
i Il L < éi*m \
¢ =1 € AW @f = (0. P+ (P, 6)
= g 5 El k]
F : w WW HIT =
= -0.5—
G F W
= S P D E G -1 1200 1400 1600 1\%‘/0?Mev‘

x) BnGa 2017.02: green = S + P waves, blue = S+ P 4+ D waves,
red =S+ P+ D+ F waves, black =S+ P+ D + F + G waves.
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Exo-data in yp — 7%p: moments

E(W,0) = 3320 (a5, )= (W) Py(cosf), data: [PhD, F. Afzal (2019)]
S 'l 1 _ -
P A £
g & !
D o 05T ‘ Q‘é\ . #ﬂ
ck = < o [Tg#:;?’”‘ o — (@) = (F.F) +(D.6)
F £ “ +(G,G)
— *0,5; + ++
G £
g
- S P D F G 1200 14‘00 16b0 l\%‘/OPMev‘
s | - ¥ .
- 2l &
P = l AT
cE= c < C; w #H‘}“ é‘ﬁ* w :(34)$:<F:G>
- —0.5:—
1y
G r
S P D E G - 1200 1400 1600 1\%‘/0?Mev‘

x) BnGa 2017.02: green = S + P waves, blue = S+ P 4+ D waves,
red =S+ P+ D+ F waves, black =S+ P+ D + F + G waves.
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Exo-data in yp — 7%p: moments

E(W,0) = 3320 (a5, )= (W) Py(cosf), data: [PhD, F. Afzal (2019)]
S | - I
P 3
= osf
. D = 14
CcE = o r [ ++++ IR 1 E_
T F T w.} AT AL (as)g = (G, G)
[ o
-0.5— \
G i ¢ +
= SP D = G ey 1400 1600 1\%‘/0%)Mev|

This was an example of a dataset which is quite well in agreement with

well-established parts of the N*-spectrum.

— Can we see more interesting things apart from 'bumps’ in the
Legendre-moments?

x) BnGa 2017.02: green = S + P waves, blue = S + P + D waves,
red =S+ P+ D+ F waves, black = S+ P+ D + F + G waves.
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Exo-data: 'kinks’ in selected Legendre moments

g L \ )
“,:: [ /%Y (34)52 <S~5>+<P~'D>
~ [ %, = +<D’D>+<FF>
7 '\<\’Z"A \./"M“”ﬁ_ + <67 G>
4 Q@\\“
14‘00 lgﬂTl 18‘00
W IMe]
= 1s5F
;é 1:— ‘((.\\le‘ M
ke S/ & (as); = (P,P) +(S, D)
< o " 4 DDy PR
2 HEA (D6
; o< +(G,G)
-0.5
“Td00 1600 Taog multipoles: BnGa 2017_02

x) Consider sudden changes in direction in fit results for (34)5 and (a4)§
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Exo-data: 'kinks’ in selected Legendre moments

g L \ )
“,:: [ /%Y (34)g:<5~5>+<P~P>
< 0 | 1 +(D, D) + (F, F)
7 '\(\’Z"A \‘/"M‘.’.ﬁ_ + <67 G>
4 Q@\\“
14‘00 lglf} 18‘00
W [Me]
= 1s5F
;é 15— ‘((.\\be‘ ~
s FONA (a1); = (P.P) + (S, D)
< o D J oDy (P
* 20+ R +(D,6)
o< +(G,G)
-0.5
“Td00 1600 Taog multipoles: BnGa 2017_02
P17

x) Effect occurs at energy of the pn-threshold

< 'Cusp’-effect known in ED models / S-Matrix Theory, here visible in a
Legendre-moment
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Exo-data: 'kinks’ in selected Legendre moments

2
=5
we (aa)g = (5,5) + (P, P)
< +(D, D) + (F,F)
+(G, G)
2 .
= '\6\\ E
g ¢ Q(‘S (34)2 = (P,P)+(S,D)
< o 1] DDy (PR
2 +(F.F)+(D.G)
T +(G,G)
-0.5
“Td00 1600 Taog multipoles: BnGa 2017_02

pn

x) Parametrization of energy-dependence due to cusps important for the correct
determination of resonance parameters

— Legendre-moments are quite sensitive to such effects, ideal for comparisons
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fCBELSA—data in yp —> np: {pax-analysis

<

M
<
>

) = o) — o) = & 5720mex (5, ) (W) P2(cos 0)

E, [MeV] [PhD thesis, F. Afzal (2019)]
1200 1400 1600
E T
* 15 “Lmecl
—Low=2
—Lma=3
L4
10

1

1800 1900

000
W [MeV]
W=1748 MeV W=1873 MeV.

£ [ubis]
% [ubis]

L L , L L L , L L L , L L
-1 -05 0 05 1 -1 -05 [ 0.5 1 -1 -05 0 0.5 1
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> cpELsa-data in yp — np: pn'-cusp

Consider the Leg.-moment (a4)Z: belonging to the modulation (a4)§ P? (cos 0):

D% Hb/s]

@)t

0.005]

r O
L $
[ '\\‘(\
k@

)

|

’i + + x
pn R (,-,4)§ =
E ¢ +
4 !
. +
: +
__.+_——— +<

1800

,
1900 2000
WMev]

(D,D) + (P, F)
(F.F) +(S,6)
(D, G) + (G, G)
(P.H) + (F, H)
H, H)

multipoles: BnGa 201402
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> cpELsa-data in yp — np: pn'-cusp

Consider the Leg.-moment (a4)Z: belonging to the modulation (a4)§ P? (cos 0):

g b & ) ¢ 4 .
2 oo &P ¢+ | (@) =(D.D)+(P.F)
& b ! +(F,F) +(S,6)
o Ca +(D,G) + (G, G)
= : +(P, H) + (F, H)
___f-——— +(H, H)
oo il .
/ 1800 1900 Amev; multipoles: BnGa 2014_02
W = 1781 MeV W = 1900 MeV W = 2018 MeV

0.20
0.3

St
e 0.15
02 e\\@\ +‘} 0.10,
0.1 } *+ Y 005
0.0

- \/ 000
-0.1

~0.05| -
-1.0 -05 0.0 0.5 1.0 -1.0 -05 0.0 0.5 1.0

cos(6) cos(6) cos(6)

Green: (34)2i P3 (cos®), Blue: (a4)3\i P2 (cos 0), Blue-dashed: (a4)§ P? (cos @),

Red: (34)§ P2 (cosf), Red-dashed: (a4)6z PZ (cosf), ...

Oo+Z[ub]
To+Z[pb]
Oo*Z[ub]
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> cpELsa-data in yp — np: pn'-cusp

Consider the Leg.-moment (a4)f for two different BnGa-solutions:

multipoles: BnGa 201402 multipoles: BnGa 2017_02
E E O /, O i ‘
5 oo ésq’ P te & om bt (as)y = (D, D) + (P, F)
= MRS : ¢ rE :
»;1\: r Q@ ; 'y : +(F,F)+ (S, G)
< 0.005} + ¢ +(D, G) + (G, G)
o 1 4 : +(P, H) + (F, H)
- ' +(H, H)
0,005 . . . . . .
1800 1900 2000 1800 1900 2000
W [MeV] W [MeV]

< pn'-cusp can become visible in a (small) Legendre-moment of the
polarization observable ¥ due to:

1. High statistics of this new dataset,
2. Coverage of the full solid angle with good angular resolution!
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Conclusions

*) Moment analysis is a simple but (quite) effective method to project
some information on partial wave contributions out of the data.

— Fit Legendre-coefficients (moments) af(W)

—— Get reliable estimate for the lower bound of ¢, out of the data
Careful: (i) high-low partial wave interferences
(i) systematic errors!

— Replace “bump-hunting” in the data itself by "“interference-
hunting” in the Legendre-coefficients, in combination with
comparisons to models

) In case data are precise enough, moment analysis can also be helpful
for the study of non-analyticities due to the opening of thresholds

("cusps’).
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Thank You!



