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so B+
a has a tighter constraint than B+

b , as desired. If we

simply replace B̂ by B+
a /ωb + B+

b /ωa, the soft function
analogous to SB in Eq. (26) will depend on the combina-
tion (ωak+

a + ωbk
+
b )/Q2.

However, we should also adjust the hemispheres them-
selves to take into account the significant boost of the
partonic center-of-mass frame. We therefore define a
generalized hemisphere a as y > Y and hemisphere b
as y < Y , as shown in Fig. 4. The corresponding total
hemisphere momenta are denoted as B+

a,b(Y ) and the soft

hemisphere momenta as k+
a,b(Y ). The original definitions

in Fig. 3 correspond to B+
a,b(0) ≡ B+

a,b and k+
a,b(0) ≡ k+

a,b.

The generalization of B̂ is given by the boost-invariant
combination

τB =
ωaB+

a (Y ) + ωbB
+
b (Y )

q2
. (28)

With the generalized definition of the hemispheres,
B+

a,b(Y ) and ωa,b transform under a boost by y in the
na direction as

B+
a (Y ) → B+′

a (Y + y) = e−yB+
a (Y ) ,

B+
b (Y ) → B+′

b (Y + y) = eyB+
b (Y ) ,

ωa → ω′
a = eyωa ,

ωb → ω′
b = e−yωb . (29)

Thus, boosting by y = −Y from the hadronic to the
partonic center-of-mass frame gives

τB =
ω′

aB+′
a (0) + ω′

bB
+′
b (0)

q2
=

B+′
a (0) + B+′

b (0)

Q
. (30)

In the partonic center-of-mass frame we have ω′
a = ω′

b =
Q, so there is no hierarchy. Correspondingly, the gener-
alized hemispheres in this frame are again perpendicular
to the beam axis, so Eq. (30) has the same form as B̂.

Note that for e+e− → jets, one can use the thrust
axis to define two hemispheres with na,b analogous to our
case. In the 2-jet limit, thrust is then given by 1 − T =
(Q na ·pXa

+ Q nb ·pXb
)/2Q2. Hence, we can think of τB

as the analog of thrust for incoming jets. For this reason
we will call τB the “beam thrust”.

In analogy to Eqs. (17) and (27), we define the cutoff
on τB by

τB ≤ e−2ycut
B . (31)

For τB → 0 or equivalently ycut
B → ∞ the jets along the

beam axes become pencil-like, while for generic ycut
B we

allow energetic particles up to rapidities y ! ycut
B (with

y measured in the partonic center-of-mass frame).
The beam functions are boost-invariant along the

beam axis, so the different hemisphere definitions
do not affect them. The soft function is boost-
invariant up to the hemisphere definition, which de-
fines its arguments k+

a,b. Hence, boosting by −Y

we have Sihemi[eY k+
a , e−Y k+

b ; Y ] = Sihemi[k+
a , k+

b ; 0] =

Sihemi(k+
a , k+

b ), where the third argument denotes the
definition of the hemispheres. This implies that the soft
function for τB is the same as in Eq. (26). The factoriza-
tion theorem for τB following from Eq. (19) is

1

σ0

dσ

dq2dY dτB
=

∑

ij

Hij(q
2, µ)

∫
dta dtb

× Bi(ta, xa, µ)Bj(tb, xb, µ)

× Q SB

(
Q τB −

ta + tb
Q

, µ
)

. (32)

Integrating over 0 ≤ τB ≤ exp(−2ycut
B ) we obtain

dσ

dq2dY
(ycut

B ) =

∫ exp(−2ycut
B

)

0
dτB

dσ

dq2dY dτB
. (33)

We will use Eqs. (32) and (33) to show plots of our results
in Sec. V.

C. Relating Beam Functions and PDFs

The beam functions can be related to the PDFs by per-
forming an operator product expansion, because ta,b '
Λ2

QCD. This yields the factorization formula

Bi(t, x, µ) =
∑

j

∫ 1

x

dξ

ξ
Iij

(
t,

x

ξ
, µ

)
fj(ξ, µ)

×
[
1 + O

(Λ2
QCD

t

)]
, (34)

where we sum over partons j = {g, u, ū, d, . . .}, Iij are
perturbatively calculable Wilson coefficients, and fj is
the standard PDF for parton j. The O(Λ2

QCD/t) power
corrections in Eq. (34) involve proton structure functions
at subleading twist. Further mathematical details on
Eq. (34) are discussed in Sec. III, whereas here we fo-
cus on the physical ramifications.

The interpretation of Eq. (34) is illustrated in Fig. 5.
At a hadronic scale µΛ ∼ 1 GeV, the initial conditions for
the PDFs fj can be specified, and one has the standard
DGLAP evolution up to the scale µB,

µ
d

dµ
fj(ξ, µ) =

∑

j′

∫
dξ′

ξ′
Pjj′

( ξ

ξ′
, µ

)
fj′(ξ

′, µ) . (35)

The anomalous dimensions Pjj′ are the standard QCD
splitting functions for quarks, antiquarks, and gluons (in-
cluding the color factors and coupling constant). Equa-
tion (34) applies at the scale µ = µB, since this is the
scale at which a measurement on the proton is performed
by observing the soft and collinear radiation contribut-
ing to B+

a,b. At this scale, a parton j with momentum
fraction ξ is taken out of the incoming proton according
to the probability distribution fj(ξ, µ). As the parton
continues to propagate and evolve with µ > µB, it is


