
We now substitute for the cusp angles entering the soft anomalous-dimension matrix the
expression on the right-hand side of (45). This yields Γs({s}, {L}, µ) as a function of the
variables sij and Li. The dependence on the collinear scales must cancel when we combine
the soft and collinear contributions to the total anomalous-dimension matrix. We thus obtain
the relation

∂Γs({s}, {L}, µ)

∂Li
= Γi

cusp(αs) , (48)

where the expression on the right-hand side is a unit matrix in color space. This relation
provides an important constraint on the momentum and color structures that can appear in the
soft anomalous-dimension matrix. A corresponding relation has been derived independently
in [29].

Because the kinematical invariants sij can be assumed to be linearly independent, relation
(48) implies that Γs depends only linearly on the cusp angles βij , see (45). The only exception
would be a more complicated dependence on combinations of cusp angles, in which the collinear
logarithms cancel. The simplest such combination is

βijkl = βij + βkl − βik − βjl = ln
(−sij)(−skl)

(−sik)(−sjl)
, (49)

which coincides with the logarithm of the conformal cross ratio ρijkl defined in [29]. For
simplicity, we will use the term “conformal cross ratio” in the following also when referring to
βijkl. This quantity obeys the symmetry properties

βijkl = βjilk = −βikjl = −βljki = βklij . (50)

It is easy to show that any combination of cusp angles that is independent of collinear loga-
rithms can be expressed via such cross ratios. Moreover, given four parton momenta, there
exist two linearly independent conformal cross ratios, since

βijkl + βiklj + βiljk = 0 , (51)

and all other index permutations can be obtained using the symmetry properties in (50).
Our strategy in Section 6 will be to analyze the structure of the soft anomalous-dimension

matrix first, since it is constrained by the non-abelian exponentiation theorem and the con-
straint (48). The universality of soft gluon interactions implies that the soft contributions only
probe the momentum directions and color charges of the external partons, but not their po-
larization states. Dependence on the parton identities thus only enters via the cusp variables
βij and non-trivial color-conserving structures built out of Ti generators. If our conjecture (7)
is correct, then (47) implies that the soft anomalous-dimension matrix should be given by

Γs({β}, µ) = −
∑

(i,j)

Ti · Tj

2
γcusp(αs) βij +

∑

i

γi
s(αs) , (52)

where
γi(αs) = γi

c(αs) + γi
s(αs) . (53)
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