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FIG. 5: Evolution of the initial state. Starting from the low scale µΛ, the incoming proton is described by the x-dependent
evolution of the PDFs, which redistributes the total momentum of the proton between its constituents. At the scale µB , the
proton is probed by measuring the radiation in the final state and breaks apart. This is the scale where the PDFs are evaluated
and the x-dependent evolution stops. Above µB , the proton has ceased to exist, and the initial state behaves like an incoming
jet, whose evolution is governed by the virtuality t of the off-shell spacelike parton that eventually enters the hard interaction
at the scale µH .

modified by virtual radiation and by the emission of real
radiation, which forms a jet. The evolution in this region
no longer depends on ξ, but instead on the virtuality t.
This evolution occurs with fixed x and fixed parton type
i, via the beam function RGE

µ
d

dµ
Bi(t, x, µ) =

∫
dt′ γB

i (t − t′, µ)Bi(t
′, x, µ) . (36)

This result for initial-state jet evolution has the same
structure as the evolution for final-state jets. In fact, the
anomalous dimension γB

q is identical to that for the quark
jet function to all orders in perturbation theory [50]. We
discuss this correspondence further in Sec. III.

The effect of initial-state real and virtual radiation is
described by the perturbatively calculable Wilson coef-
ficients Iij(t, x/ξ, µ) at the scale µ = µB. They encode
several physical effects. The virtual loop corrections con-
tribute to the Iii and modify the effective strength of the
various partons. If the radiation is real, it has physical
timelike momentum. Hence, it pushes the active parton
in the jet off shell with spacelike virtuality −t < 0 and
reduces its light-cone momentum fraction from ξ to x.

In addition, the real radiation can change the iden-
tity of the colliding parton, giving rise to the sum over
j in Eq. (34). For example, an incoming quark can ra-
diate an energetic gluon which enters the hard interac-
tion, while the quark itself goes into the final state. This
gives a contribution of the quark PDF to the gluon beam
function through Igq. Similarly, an incoming gluon can
pair-produce, with the quark participating in the hard
interaction and the antiquark going into the final state.
This gives a contribution of the gluon PDF to the quark
beam function through Iqg. There are also of course real
radiation contributions to the diagonal terms, Iqq and
Igg, where the parton in the PDF and the parton partic-
ipating in the hard interaction have the same identity.

At lowest order in perturbation theory, the parton

taken out of the proton directly enters the hard inter-
action without emitting radiation,

Itree
ij

(
t,

x

ξ
, µ

)
= δij δ(t) δ

(
1 −

x

ξ

)
. (37)

Thus at tree level, the beam function reduces to the PDF

Btree
i (t, x, µ) = δ(t) fi(x, µ) . (38)

Beyond tree level, Iij(t, x/ξ, µ) can be determined per-
turbatively as discussed in more detail in Sec. III, where
we give precise field-theoretic definitions of the beam
functions and quote the one-loop results for Iqq and Iqg.

Interestingly, in the threshold factorization theorem
Eq. (12), cross terms between quark and gluon PDFs
are power suppressed, so the gluon PDF does not con-
tribute at leading order. In the inclusive case Eq. (9),
such cross terms are leading order in the power counting.
For isolated Drell-Yan, there are no cross terms between
quark and gluon beam functions, but there are leading-
order cross terms between different PDFs, which appear
via the contributions of different PDFs to a given beam
function in Eq. (34). Thus, the isolated case is again
in-between the inclusive and threshold cases.

D. Comparison with Initial-State Parton Shower

The physical situation associated with the beam evo-
lution has an interesting correspondence with that of
initial-state parton showers. As pictured in the region
between µB and µH in Fig. 5, the parton in the beam
function evolves forward in time while emitting a shower
of radiation into the final state governed by the anoma-
lous dimension γB

i (t − t′, µ) in Eq. (36). This equation
has no parton mixing. Each emission by the radiating
parton increases the magnitude of its spacelike virtuality


