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FLAG4  [formally preliminary, this will not be repeated]

This review is organized as follows. In the remainder of Sec. 1 we summarize the compo-313

sition and rules of FLAG and discuss general issues that arise in modern lattice calculations.314

In Sec. 2, we explain our general methodology for evaluating the robustness of lattice results.315

We also describe the procedures followed for combining results from di↵erent collaborations316

in a single average or estimate (see Sec. 2.2 for our definition of these terms). The rest of the317

paper consists of sections, each dedicated to a set of closely connected physical quantities.318

Each of these sections is accompanied by an Appendix with explicatory notes.2319

1.1 FLAG composition, guidelines and rules320

FLAG strives to be representative of the lattice community, both in terms of the geographical321

location of its members and the lattice collaborations to which they belong. We aspire to322

provide the particle-physics community with a single source of reliable information on lattice323

results.324

In order to work reliably and e�ciently, we have adopted a formal structure and a set of325

rules by which all FLAG members abide. The collaboration presently consists of an Advisory326

Board (AB), an Editorial Board (EB), and eight Working Groups (WG). The rôle of the327

Advisory Board is to provide oversight of the content, procedures, schedule and membership328

of FLAG, to help resolve disputes, to serve as a source of advice to the EB and to FLAG329

as a whole, and to provide a critical assessment of drafts. They also give their approval of330

the final version of the preprint before it is rendered public. The Editorial Board coordinates331

the activities of FLAG, sets priorities and intermediate deadlines, organizes votes on FLAG332

procedures, writes the introductory sections, and takes care of the editorial work needed to333

amalgamate the sections written by the individual working groups into a uniform and coherent334

review. The working groups concentrate on writing the review of the physical quantities for335

which they are responsible, which is subsequently circulated to the whole collaboration for336

critical evaluation.337

The current list of FLAG members and their Working Group assignments is:338

• Advisory Board (AB): S. Aoki, M. Golterman, R. Van De Water, and A. Vladikas339

• Editorial Board (EB): G. Colangelo, A. Jüttner, S. Hashimoto, S.R. Sharpe,340

and U. Wenger341

• Working Groups (coordinator listed first):342

– Quark masses T. Blum, A. Portelli, and A. Ramos343

– Vus, Vud S. Simula, T. Kaneko, and J. N. Simone344

– LEC S. Dürr, H. Fukaya, and U.M. Heller345

– BK P. Dimopoulos, G. Herdoiza, and R. Mawhinney346

– fB(s)
, fD(s)

, BB D. Lin, Y. Aoki, and M. Della Morte347

– B(s), D semileptonic and radiative decays E. Lunghi, D. Becirevic, S. Gottlieb,348

and C. Pena349

– ↵s R. Sommer, R. Horsley, and T. Onogi350

– NME R. Gupta, S. Collins, A. Nicholson, and H. Wittig351

The most important FLAG guidelines and rules are the following:352

2In some cases, in order to keep the length of this review within reasonable bounds, we have dropped these
notes for older data, since they can be found in previous FLAG reviews.
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Abstract10

We review lattice results related to pion, kaon, D-meson, B-meson, and nucleon physics with11

the aim of making them easily accessible to the nuclear and particle physics communities. More12

specifically, we report on the determination of the light-quark masses, the form factor f+(0) arising13

in the semileptonic K ! ⇡ transition at zero momentum transfer, as well as the decay constant ratio14

fK/f⇡ and its consequences for the CKM matrix elements Vus and Vud. Furthermore, we describe15

the results obtained on the lattice for some of the low-energy constants of SU(2)L ⇥ SU(2)R and16

SU(3)L ⇥ SU(3)R Chiral Perturbation Theory. We review the determination of the BK parameter17

of neutral kaon mixing as well as the additional four B parameters that arise in theories of physics18

beyond the Standard Model. For the heavy-quark sector, we provide results for mc and mb as well19

as those for D- and B-meson decay constants, form factors, and mixing parameters. These are the20

heavy-quark quantities most relevant for the determination of CKM matrix elements and the global21

CKM unitarity-triangle fit. We review the status of lattice determinations of the strong coupling22

constant ↵s. Finally, in this review we have added a new section reviewing results for nucleon matrix23

elements of the axial, scalar and tensor bilinears, both isovector and flavor diagonal.24

1



Rainer Sommer | Trento | February 2019

Lattice dominates



Rainer Sommer | Trento | February 2019

FLAG review
Eur. Phys. J. C (2017) 77:112
DOI 10.1140/epjc/s10052-016-4509-7

Review

Review of lattice results concerning low-energy particle physics
Flavour Lattice Averaging Group (FLAG)
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Abstract We review lattice results related to pion, kaon,
D- and B-meson physics with the aim of making them easily
accessible to the particle-physics community. More specif-
ically, we report on the determination of the light-quark
masses, the form factor f+(0), arising in the semileptonic
K → π transition at zero momentum transfer, as well as

a e-mail: juettner@soton.ac.uk

the decay constant ratio fK / fπ and its consequences for
the CKM matrix elements Vus and Vud. Furthermore, we
describe the results obtained on the lattice for some of the
low-energy constants of SU (2)L × SU (2)R and SU (3)L ×
SU (3)R Chiral Perturbation Theory. We review the determi-
nation of the BK parameter of neutral kaon mixing as well
as the additional four B parameters that arise in theories of
physics beyond the Standard Model. The latter quantities are
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Q = c1αs + c2α
2
s + · · · + cnαn

s +O(αn+1
s )

+O(exp(−γ /αs)). (232)

For small αs , the exp(−γ /αs) is negligible. Similarly the
perturbative estimate for the magnitude of relative errors
in Eq. (232) is small; as an illustration for n = 3 and
αs = 0.2 the relative error is ∼0.8% (assuming coefficients
|cn+1/c1| ∼ 1).

For larger values ofαs nonperturbative effects can become
significant in Eq. (232). An instructive example comes from
the values obtained from τ decays, for which αs ≈ 0.3. Here,
different applications of perturbation theory (fixed order,
FOPT, and contour improved, CIPT) each look reasonably
asymptotically convergent but the difference does not seem
to decrease much with the order (see, e.g., the contribution of
Pich in Ref. [560]). In addition nonperturbative terms in the
spectral function may be nonnegligible even after the integra-
tion up to mτ (see, e.g., Ref. [567], Golterman in Ref. [560]).
All of this is because αs is not really small.

Since the size of the nonperturbative effects is very hard
to estimate one should try to avoid such regions of the cou-
pling. In a fully controlled computation one would like to
verify the perturbative behaviour by changing αs over a sig-
nificant range instead of estimating the errors as ∼αn+1

s .
Some computations try to take nonperturbative power ‘cor-
rections’ to the perturbative series into account by including
such terms in a fit to the µ dependence. We note that this is
a delicate procedure, both because the separation of nonper-
turbative and perturbative is theoretically not well defined
and because in practice a term like, e.g., αs(µ)3 is hard to
distinguish from a 1/µ2 term when the µ-range is restricted
and statistical and systematic errors are present. We consider
it safer to restrict the fit range to the region where the power
corrections are negligible compared to the estimated pertur-
bative error.

The above considerations lead us to the following special
criteria for the determination of αs .

• Renormalization scale

⋆ all points relevant in the analysis have αeff < 0.2
◦ all points have αeff < 0.4 and at least one αeff ≤ 0.25
! otherwise

• Perturbative behaviour

⋆ verified over a range of a factor 4 change in α
nl
eff with-

out power corrections or alternatively α
nl
eff = 0.01 is

reached
◦ agreement with perturbation theory over a range of a

factor 2.25 in α
nl
eff possibly fitting with power correc-

tions or alternatively α
nl
eff = 0.02 is reached

! otherwise

Here nl is the loop order to which the connection of αeff
to the MS scheme is known. The β-function of αeff is
then known to nl + 1 loop order.63

• Continuum extrapolation
At a reference point of αeff = 0.3 (or less) we require

⋆ three lattice spacings with µa < 1/2 and full O(a)
improvement, or three lattice spacings withµa ≤ 1/4
and 2-loop O(a) improvement, or µa ≤ 1/8 and 1-
loop O(a) improvement

◦ three lattice spacings with µa < 1.5 reaching down
toµa = 1 and fullO(a) improvement, or three lattice
spacings withµa ≤ 1/4 and one-loop O(a) improve-
ment

! otherwise

• Finite-size effects
These are a less serious issue for the determination of
αs since one looks at short-distance observables where
such effects are expected to be suppressed. We therefore
have no special criterion in our tables, but do check that
volumes are not too small and in particular the scale is
determined in large enough volume.64 Remarks are added
in the text when appropriate.

• Topology sampling
In principle a good way to improve the quality of deter-
minations of αs is to push to very small lattice spacings
thus enabling large µ. It is known that the sampling of
field space becomes very difficult for the HMC algorithm
when the lattice spacing is small and one has the standard
periodic boundary conditions. In practice, for all known
discretizations the topological charge slows down dra-
matically for a ≈ 0.05 fm and smaller [68,71– 75,351].
Open boundary conditions solve the problem [76] but
are rarely used. Since the effect of the freezing is gen-
erally not known, we also do need to pay attention to
this issue. Remarks are added in the text when appropri-
ate.

63 Once one is in the perturbative region withαeff , the error in extracting
the % parameter due to the truncation of perturbation theory scales
like α

nl
eff , as seen e.g. in Eq. (218). In order to well detect/control such

corrections, one needs to change the correction term significantly; we
require a factor of four for a ⋆ and a factor 2.25 for a ◦. In comparison
to FLAG 13, where nl = 2 was taken as the default, we have made the
nl dependence explicit and list it in Tables 157, 158, 159 and 160. An
exception to the above is the situation where the correction terms are
small anyway, i.e. αnl

eff ≈ 0.02 is reached.
64 Note also that the determination of the scale does not need to be very
precise, since using the lowest-order β-function shows that a 3% error
in the scale determination corresponds to a ∼0.5% error in αs(MZ ). So
as long as systematic errors from chiral-extrapolation and finite-volume
effects are below 3% we do not need to be concerned about those. This
covers most cases.

123

Eur. Phys. J. C (2017) 77 :112 Page 117 of 228 112

Q = c1αs + c2α
2
s + · · · + cnαn

s +O(αn+1
s )

+O(exp(−γ /αs)). (232)

For small αs , the exp(−γ /αs) is negligible. Similarly the
perturbative estimate for the magnitude of relative errors
in Eq. (232) is small; as an illustration for n = 3 and
αs = 0.2 the relative error is ∼0.8% (assuming coefficients
|cn+1/c1| ∼ 1).

For larger values ofαs nonperturbative effects can become
significant in Eq. (232). An instructive example comes from
the values obtained from τ decays, for which αs ≈ 0.3. Here,
different applications of perturbation theory (fixed order,
FOPT, and contour improved, CIPT) each look reasonably
asymptotically convergent but the difference does not seem
to decrease much with the order (see, e.g., the contribution of
Pich in Ref. [560]). In addition nonperturbative terms in the
spectral function may be nonnegligible even after the integra-
tion up to mτ (see, e.g., Ref. [567], Golterman in Ref. [560]).
All of this is because αs is not really small.

Since the size of the nonperturbative effects is very hard
to estimate one should try to avoid such regions of the cou-
pling. In a fully controlled computation one would like to
verify the perturbative behaviour by changing αs over a sig-
nificant range instead of estimating the errors as ∼αn+1

s .
Some computations try to take nonperturbative power ‘cor-
rections’ to the perturbative series into account by including
such terms in a fit to the µ dependence. We note that this is
a delicate procedure, both because the separation of nonper-
turbative and perturbative is theoretically not well defined
and because in practice a term like, e.g., αs(µ)3 is hard to
distinguish from a 1/µ2 term when the µ-range is restricted
and statistical and systematic errors are present. We consider
it safer to restrict the fit range to the region where the power
corrections are negligible compared to the estimated pertur-
bative error.

The above considerations lead us to the following special
criteria for the determination of αs .

• Renormalization scale

⋆ all points relevant in the analysis have αeff < 0.2
◦ all points have αeff < 0.4 and at least one αeff ≤ 0.25
! otherwise

• Perturbative behaviour

⋆ verified over a range of a factor 4 change in α
nl
eff with-

out power corrections or alternatively α
nl
eff = 0.01 is

reached
◦ agreement with perturbation theory over a range of a

factor 2.25 in α
nl
eff possibly fitting with power correc-

tions or alternatively α
nl
eff = 0.02 is reached

! otherwise

Here nl is the loop order to which the connection of αeff
to the MS scheme is known. The β-function of αeff is
then known to nl + 1 loop order.63

• Continuum extrapolation
At a reference point of αeff = 0.3 (or less) we require

⋆ three lattice spacings with µa < 1/2 and full O(a)
improvement, or three lattice spacings withµa ≤ 1/4
and 2-loop O(a) improvement, or µa ≤ 1/8 and 1-
loop O(a) improvement

◦ three lattice spacings with µa < 1.5 reaching down
toµa = 1 and fullO(a) improvement, or three lattice
spacings withµa ≤ 1/4 and one-loop O(a) improve-
ment

! otherwise

• Finite-size effects
These are a less serious issue for the determination of
αs since one looks at short-distance observables where
such effects are expected to be suppressed. We therefore
have no special criterion in our tables, but do check that
volumes are not too small and in particular the scale is
determined in large enough volume.64 Remarks are added
in the text when appropriate.

• Topology sampling
In principle a good way to improve the quality of deter-
minations of αs is to push to very small lattice spacings
thus enabling large µ. It is known that the sampling of
field space becomes very difficult for the HMC algorithm
when the lattice spacing is small and one has the standard
periodic boundary conditions. In practice, for all known
discretizations the topological charge slows down dra-
matically for a ≈ 0.05 fm and smaller [68,71– 75,351].
Open boundary conditions solve the problem [76] but
are rarely used. Since the effect of the freezing is gen-
erally not known, we also do need to pay attention to
this issue. Remarks are added in the text when appropri-
ate.

63 Once one is in the perturbative region withαeff , the error in extracting
the % parameter due to the truncation of perturbation theory scales
like α

nl
eff , as seen e.g. in Eq. (218). In order to well detect/control such

corrections, one needs to change the correction term significantly; we
require a factor of four for a ⋆ and a factor 2.25 for a ◦. In comparison
to FLAG 13, where nl = 2 was taken as the default, we have made the
nl dependence explicit and list it in Tables 157, 158, 159 and 160. An
exception to the above is the situation where the correction terms are
small anyway, i.e. αnl

eff ≈ 0.02 is reached.
64 Note also that the determination of the scale does not need to be very
precise, since using the lowest-order β-function shows that a 3% error
in the scale determination corresponds to a ∼0.5% error in αs(MZ ). So
as long as systematic errors from chiral-extrapolation and finite-volume
effects are below 3% we do not need to be concerned about those. This
covers most cases.
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Definition + determination of QCD coupling  (example)
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(non-perturbatively)

defined
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perturbatively defined  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There are many definitions.
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General strategy

‣ discretized finite world (torus): finite L, finite a

‣ NP path integral expectation values by MC

‣ fix  
     bare quark masses and  
     lattice spacing (↔ bare coupling) through  
tuning of pion, kaon, … masses and (e.g.) f𝝅

‣ compute 𝜶qq (or other) at short distance → 𝜶MS

‣ take continuum limit (different a, extrapolation)



Rainer Sommer | Trento | February 2019

Challenge and quality criteria

Eur. Phys. J. C (2017) 77 :112 Page 117 of 228 112

Q = c1αs + c2α
2
s + · · · + cnαn

s +O(αn+1
s )

+O(exp(−γ /αs)). (232)

For small αs , the exp(−γ /αs) is negligible. Similarly the
perturbative estimate for the magnitude of relative errors
in Eq. (232) is small; as an illustration for n = 3 and
αs = 0.2 the relative error is ∼0.8% (assuming coefficients
|cn+1/c1| ∼ 1).

For larger values ofαs nonperturbative effects can become
significant in Eq. (232). An instructive example comes from
the values obtained from τ decays, for which αs ≈ 0.3. Here,
different applications of perturbation theory (fixed order,
FOPT, and contour improved, CIPT) each look reasonably
asymptotically convergent but the difference does not seem
to decrease much with the order (see, e.g., the contribution of
Pich in Ref. [560]). In addition nonperturbative terms in the
spectral function may be nonnegligible even after the integra-
tion up to mτ (see, e.g., Ref. [567], Golterman in Ref. [560]).
All of this is because αs is not really small.

Since the size of the nonperturbative effects is very hard
to estimate one should try to avoid such regions of the cou-
pling. In a fully controlled computation one would like to
verify the perturbative behaviour by changing αs over a sig-
nificant range instead of estimating the errors as ∼αn+1

s .
Some computations try to take nonperturbative power ‘cor-
rections’ to the perturbative series into account by including
such terms in a fit to the µ dependence. We note that this is
a delicate procedure, both because the separation of nonper-
turbative and perturbative is theoretically not well defined
and because in practice a term like, e.g., αs(µ)3 is hard to
distinguish from a 1/µ2 term when the µ-range is restricted
and statistical and systematic errors are present. We consider
it safer to restrict the fit range to the region where the power
corrections are negligible compared to the estimated pertur-
bative error.

The above considerations lead us to the following special
criteria for the determination of αs .

• Renormalization scale

⋆ all points relevant in the analysis have αeff < 0.2
◦ all points have αeff < 0.4 and at least one αeff ≤ 0.25
! otherwise

• Perturbative behaviour

⋆ verified over a range of a factor 4 change in α
nl
eff with-

out power corrections or alternatively α
nl
eff = 0.01 is

reached
◦ agreement with perturbation theory over a range of a

factor 2.25 in α
nl
eff possibly fitting with power correc-

tions or alternatively α
nl
eff = 0.02 is reached

! otherwise

Here nl is the loop order to which the connection of αeff
to the MS scheme is known. The β-function of αeff is
then known to nl + 1 loop order.63

• Continuum extrapolation
At a reference point of αeff = 0.3 (or less) we require

⋆ three lattice spacings with µa < 1/2 and full O(a)
improvement, or three lattice spacings withµa ≤ 1/4
and 2-loop O(a) improvement, or µa ≤ 1/8 and 1-
loop O(a) improvement

◦ three lattice spacings with µa < 1.5 reaching down
toµa = 1 and fullO(a) improvement, or three lattice
spacings withµa ≤ 1/4 and one-loop O(a) improve-
ment

! otherwise

• Finite-size effects
These are a less serious issue for the determination of
αs since one looks at short-distance observables where
such effects are expected to be suppressed. We therefore
have no special criterion in our tables, but do check that
volumes are not too small and in particular the scale is
determined in large enough volume.64 Remarks are added
in the text when appropriate.

• Topology sampling
In principle a good way to improve the quality of deter-
minations of αs is to push to very small lattice spacings
thus enabling large µ. It is known that the sampling of
field space becomes very difficult for the HMC algorithm
when the lattice spacing is small and one has the standard
periodic boundary conditions. In practice, for all known
discretizations the topological charge slows down dra-
matically for a ≈ 0.05 fm and smaller [68,71– 75,351].
Open boundary conditions solve the problem [76] but
are rarely used. Since the effect of the freezing is gen-
erally not known, we also do need to pay attention to
this issue. Remarks are added in the text when appropri-
ate.

63 Once one is in the perturbative region withαeff , the error in extracting
the % parameter due to the truncation of perturbation theory scales
like α

nl
eff , as seen e.g. in Eq. (218). In order to well detect/control such

corrections, one needs to change the correction term significantly; we
require a factor of four for a ⋆ and a factor 2.25 for a ◦. In comparison
to FLAG 13, where nl = 2 was taken as the default, we have made the
nl dependence explicit and list it in Tables 157, 158, 159 and 160. An
exception to the above is the situation where the correction terms are
small anyway, i.e. αnl

eff ≈ 0.02 is reached.
64 Note also that the determination of the scale does not need to be very
precise, since using the lowest-order β-function shows that a 3% error
in the scale determination corresponds to a ∼0.5% error in αs(MZ ). So
as long as systematic errors from chiral-extrapolation and finite-volume
effects are below 3% we do not need to be concerned about those. This
covers most cases.
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Q = c1αs + c2α
2
s + · · · + cnαn

s +O(αn+1
s )

+O(exp(−γ /αs)). (232)

For small αs , the exp(−γ /αs) is negligible. Similarly the
perturbative estimate for the magnitude of relative errors
in Eq. (232) is small; as an illustration for n = 3 and
αs = 0.2 the relative error is ∼0.8% (assuming coefficients
|cn+1/c1| ∼ 1).

For larger values ofαs nonperturbative effects can become
significant in Eq. (232). An instructive example comes from
the values obtained from τ decays, for which αs ≈ 0.3. Here,
different applications of perturbation theory (fixed order,
FOPT, and contour improved, CIPT) each look reasonably
asymptotically convergent but the difference does not seem
to decrease much with the order (see, e.g., the contribution of
Pich in Ref. [560]). In addition nonperturbative terms in the
spectral function may be nonnegligible even after the integra-
tion up to mτ (see, e.g., Ref. [567], Golterman in Ref. [560]).
All of this is because αs is not really small.

Since the size of the nonperturbative effects is very hard
to estimate one should try to avoid such regions of the cou-
pling. In a fully controlled computation one would like to
verify the perturbative behaviour by changing αs over a sig-
nificant range instead of estimating the errors as ∼αn+1

s .
Some computations try to take nonperturbative power ‘cor-
rections’ to the perturbative series into account by including
such terms in a fit to the µ dependence. We note that this is
a delicate procedure, both because the separation of nonper-
turbative and perturbative is theoretically not well defined
and because in practice a term like, e.g., αs(µ)3 is hard to
distinguish from a 1/µ2 term when the µ-range is restricted
and statistical and systematic errors are present. We consider
it safer to restrict the fit range to the region where the power
corrections are negligible compared to the estimated pertur-
bative error.

The above considerations lead us to the following special
criteria for the determination of αs .

• Renormalization scale

⋆ all points relevant in the analysis have αeff < 0.2
◦ all points have αeff < 0.4 and at least one αeff ≤ 0.25
! otherwise

• Perturbative behaviour

⋆ verified over a range of a factor 4 change in α
nl
eff with-

out power corrections or alternatively α
nl
eff = 0.01 is

reached
◦ agreement with perturbation theory over a range of a

factor 2.25 in α
nl
eff possibly fitting with power correc-

tions or alternatively α
nl
eff = 0.02 is reached

! otherwise

Here nl is the loop order to which the connection of αeff
to the MS scheme is known. The β-function of αeff is
then known to nl + 1 loop order.63

• Continuum extrapolation
At a reference point of αeff = 0.3 (or less) we require

⋆ three lattice spacings with µa < 1/2 and full O(a)
improvement, or three lattice spacings withµa ≤ 1/4
and 2-loop O(a) improvement, or µa ≤ 1/8 and 1-
loop O(a) improvement

◦ three lattice spacings with µa < 1.5 reaching down
toµa = 1 and fullO(a) improvement, or three lattice
spacings withµa ≤ 1/4 and one-loop O(a) improve-
ment

! otherwise

• Finite-size effects
These are a less serious issue for the determination of
αs since one looks at short-distance observables where
such effects are expected to be suppressed. We therefore
have no special criterion in our tables, but do check that
volumes are not too small and in particular the scale is
determined in large enough volume.64 Remarks are added
in the text when appropriate.

• Topology sampling
In principle a good way to improve the quality of deter-
minations of αs is to push to very small lattice spacings
thus enabling large µ. It is known that the sampling of
field space becomes very difficult for the HMC algorithm
when the lattice spacing is small and one has the standard
periodic boundary conditions. In practice, for all known
discretizations the topological charge slows down dra-
matically for a ≈ 0.05 fm and smaller [68,71– 75,351].
Open boundary conditions solve the problem [76] but
are rarely used. Since the effect of the freezing is gen-
erally not known, we also do need to pay attention to
this issue. Remarks are added in the text when appropri-
ate.

63 Once one is in the perturbative region withαeff , the error in extracting
the % parameter due to the truncation of perturbation theory scales
like α

nl
eff , as seen e.g. in Eq. (218). In order to well detect/control such

corrections, one needs to change the correction term significantly; we
require a factor of four for a ⋆ and a factor 2.25 for a ◦. In comparison
to FLAG 13, where nl = 2 was taken as the default, we have made the
nl dependence explicit and list it in Tables 157, 158, 159 and 160. An
exception to the above is the situation where the correction terms are
small anyway, i.e. αnl

eff ≈ 0.02 is reached.
64 Note also that the determination of the scale does not need to be very
precise, since using the lowest-order β-function shows that a 3% error
in the scale determination corresponds to a ∼0.5% error in αs(MZ ). So
as long as systematic errors from chiral-extrapolation and finite-volume
effects are below 3% we do not need to be concerned about those. This
covers most cases.
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Q = c1αs + c2α
2
s + · · · + cnαn

s +O(αn+1
s )

+O(exp(−γ /αs)). (232)

For small αs , the exp(−γ /αs) is negligible. Similarly the
perturbative estimate for the magnitude of relative errors
in Eq. (232) is small; as an illustration for n = 3 and
αs = 0.2 the relative error is ∼0.8% (assuming coefficients
|cn+1/c1| ∼ 1).

For larger values ofαs nonperturbative effects can become
significant in Eq. (232). An instructive example comes from
the values obtained from τ decays, for which αs ≈ 0.3. Here,
different applications of perturbation theory (fixed order,
FOPT, and contour improved, CIPT) each look reasonably
asymptotically convergent but the difference does not seem
to decrease much with the order (see, e.g., the contribution of
Pich in Ref. [560]). In addition nonperturbative terms in the
spectral function may be nonnegligible even after the integra-
tion up to mτ (see, e.g., Ref. [567], Golterman in Ref. [560]).
All of this is because αs is not really small.

Since the size of the nonperturbative effects is very hard
to estimate one should try to avoid such regions of the cou-
pling. In a fully controlled computation one would like to
verify the perturbative behaviour by changing αs over a sig-
nificant range instead of estimating the errors as ∼αn+1

s .
Some computations try to take nonperturbative power ‘cor-
rections’ to the perturbative series into account by including
such terms in a fit to the µ dependence. We note that this is
a delicate procedure, both because the separation of nonper-
turbative and perturbative is theoretically not well defined
and because in practice a term like, e.g., αs(µ)3 is hard to
distinguish from a 1/µ2 term when the µ-range is restricted
and statistical and systematic errors are present. We consider
it safer to restrict the fit range to the region where the power
corrections are negligible compared to the estimated pertur-
bative error.

The above considerations lead us to the following special
criteria for the determination of αs .

• Renormalization scale

⋆ all points relevant in the analysis have αeff < 0.2
◦ all points have αeff < 0.4 and at least one αeff ≤ 0.25
! otherwise

• Perturbative behaviour

⋆ verified over a range of a factor 4 change in α
nl
eff with-

out power corrections or alternatively α
nl
eff = 0.01 is

reached
◦ agreement with perturbation theory over a range of a

factor 2.25 in α
nl
eff possibly fitting with power correc-

tions or alternatively α
nl
eff = 0.02 is reached

! otherwise

Here nl is the loop order to which the connection of αeff
to the MS scheme is known. The β-function of αeff is
then known to nl + 1 loop order.63

• Continuum extrapolation
At a reference point of αeff = 0.3 (or less) we require

⋆ three lattice spacings with µa < 1/2 and full O(a)
improvement, or three lattice spacings withµa ≤ 1/4
and 2-loop O(a) improvement, or µa ≤ 1/8 and 1-
loop O(a) improvement

◦ three lattice spacings with µa < 1.5 reaching down
toµa = 1 and fullO(a) improvement, or three lattice
spacings withµa ≤ 1/4 and one-loop O(a) improve-
ment

! otherwise

• Finite-size effects
These are a less serious issue for the determination of
αs since one looks at short-distance observables where
such effects are expected to be suppressed. We therefore
have no special criterion in our tables, but do check that
volumes are not too small and in particular the scale is
determined in large enough volume.64 Remarks are added
in the text when appropriate.

• Topology sampling
In principle a good way to improve the quality of deter-
minations of αs is to push to very small lattice spacings
thus enabling large µ. It is known that the sampling of
field space becomes very difficult for the HMC algorithm
when the lattice spacing is small and one has the standard
periodic boundary conditions. In practice, for all known
discretizations the topological charge slows down dra-
matically for a ≈ 0.05 fm and smaller [68,71– 75,351].
Open boundary conditions solve the problem [76] but
are rarely used. Since the effect of the freezing is gen-
erally not known, we also do need to pay attention to
this issue. Remarks are added in the text when appropri-
ate.

63 Once one is in the perturbative region withαeff , the error in extracting
the % parameter due to the truncation of perturbation theory scales
like α

nl
eff , as seen e.g. in Eq. (218). In order to well detect/control such

corrections, one needs to change the correction term significantly; we
require a factor of four for a ⋆ and a factor 2.25 for a ◦. In comparison
to FLAG 13, where nl = 2 was taken as the default, we have made the
nl dependence explicit and list it in Tables 157, 158, 159 and 160. An
exception to the above is the situation where the correction terms are
small anyway, i.e. αnl

eff ≈ 0.02 is reached.
64 Note also that the determination of the scale does not need to be very
precise, since using the lowest-order β-function shows that a 3% error
in the scale determination corresponds to a ∼0.5% error in αs(MZ ). So
as long as systematic errors from chiral-extrapolation and finite-volume
effects are below 3% we do not need to be concerned about those. This
covers most cases.
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Q = c1αs + c2α
2
s + · · · + cnαn

s +O(αn+1
s )

+O(exp(−γ /αs)). (232)

For small αs , the exp(−γ /αs) is negligible. Similarly the
perturbative estimate for the magnitude of relative errors
in Eq. (232) is small; as an illustration for n = 3 and
αs = 0.2 the relative error is ∼0.8% (assuming coefficients
|cn+1/c1| ∼ 1).

For larger values ofαs nonperturbative effects can become
significant in Eq. (232). An instructive example comes from
the values obtained from τ decays, for which αs ≈ 0.3. Here,
different applications of perturbation theory (fixed order,
FOPT, and contour improved, CIPT) each look reasonably
asymptotically convergent but the difference does not seem
to decrease much with the order (see, e.g., the contribution of
Pich in Ref. [560]). In addition nonperturbative terms in the
spectral function may be nonnegligible even after the integra-
tion up to mτ (see, e.g., Ref. [567], Golterman in Ref. [560]).
All of this is because αs is not really small.

Since the size of the nonperturbative effects is very hard
to estimate one should try to avoid such regions of the cou-
pling. In a fully controlled computation one would like to
verify the perturbative behaviour by changing αs over a sig-
nificant range instead of estimating the errors as ∼αn+1

s .
Some computations try to take nonperturbative power ‘cor-
rections’ to the perturbative series into account by including
such terms in a fit to the µ dependence. We note that this is
a delicate procedure, both because the separation of nonper-
turbative and perturbative is theoretically not well defined
and because in practice a term like, e.g., αs(µ)3 is hard to
distinguish from a 1/µ2 term when the µ-range is restricted
and statistical and systematic errors are present. We consider
it safer to restrict the fit range to the region where the power
corrections are negligible compared to the estimated pertur-
bative error.

The above considerations lead us to the following special
criteria for the determination of αs .

• Renormalization scale

⋆ all points relevant in the analysis have αeff < 0.2
◦ all points have αeff < 0.4 and at least one αeff ≤ 0.25
! otherwise

• Perturbative behaviour

⋆ verified over a range of a factor 4 change in α
nl
eff with-

out power corrections or alternatively α
nl
eff = 0.01 is

reached
◦ agreement with perturbation theory over a range of a

factor 2.25 in α
nl
eff possibly fitting with power correc-

tions or alternatively α
nl
eff = 0.02 is reached

! otherwise

Here nl is the loop order to which the connection of αeff
to the MS scheme is known. The β-function of αeff is
then known to nl + 1 loop order.63

• Continuum extrapolation
At a reference point of αeff = 0.3 (or less) we require

⋆ three lattice spacings with µa < 1/2 and full O(a)
improvement, or three lattice spacings withµa ≤ 1/4
and 2-loop O(a) improvement, or µa ≤ 1/8 and 1-
loop O(a) improvement

◦ three lattice spacings with µa < 1.5 reaching down
toµa = 1 and fullO(a) improvement, or three lattice
spacings withµa ≤ 1/4 and one-loop O(a) improve-
ment

! otherwise

• Finite-size effects
These are a less serious issue for the determination of
αs since one looks at short-distance observables where
such effects are expected to be suppressed. We therefore
have no special criterion in our tables, but do check that
volumes are not too small and in particular the scale is
determined in large enough volume.64 Remarks are added
in the text when appropriate.

• Topology sampling
In principle a good way to improve the quality of deter-
minations of αs is to push to very small lattice spacings
thus enabling large µ. It is known that the sampling of
field space becomes very difficult for the HMC algorithm
when the lattice spacing is small and one has the standard
periodic boundary conditions. In practice, for all known
discretizations the topological charge slows down dra-
matically for a ≈ 0.05 fm and smaller [68,71– 75,351].
Open boundary conditions solve the problem [76] but
are rarely used. Since the effect of the freezing is gen-
erally not known, we also do need to pay attention to
this issue. Remarks are added in the text when appropri-
ate.

63 Once one is in the perturbative region withαeff , the error in extracting
the % parameter due to the truncation of perturbation theory scales
like α

nl
eff , as seen e.g. in Eq. (218). In order to well detect/control such

corrections, one needs to change the correction term significantly; we
require a factor of four for a ⋆ and a factor 2.25 for a ◦. In comparison
to FLAG 13, where nl = 2 was taken as the default, we have made the
nl dependence explicit and list it in Tables 157, 158, 159 and 160. An
exception to the above is the situation where the correction terms are
small anyway, i.e. αnl

eff ≈ 0.02 is reached.
64 Note also that the determination of the scale does not need to be very
precise, since using the lowest-order β-function shows that a 3% error
in the scale determination corresponds to a ∼0.5% error in αs(MZ ). So
as long as systematic errors from chiral-extrapolation and finite-volume
effects are below 3% we do not need to be concerned about those. This
covers most cases.

123

r = 1/µ small, ↵s small
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Quality criteria continued

Still, we do have some general ideas concerning the size of nonperturbative e↵ects. The
known ones such as instantons or renormalons decay for large µ like inverse powers of µ and
are thus roughly of the form

exp(��/↵s) , (20)

with some positive constant �. Thus we have, loosely speaking,

Q = c1↵s + c2↵
2

s + . . .+ cn↵
n
s +O(↵n+1

s ) +O(exp(��/↵s)) . (21)

For small ↵s, the exp(��/↵s) is negligible. Similarly the perturbative estimate for the mag-
nitude of relative errors in Eq. (21) is small; as an illustration for n = 3 and ↵s = 0.2 the
relative error is ⇠ 0.8% (assuming coe�cients |cn+1/c1| ⇠ 1).

For larger values of ↵s nonperturbative e↵ects can become significant in Eq. (21). An
instructive example comes from the values obtained from ⌧ decays, for which ↵s ⇡ 0.3. Here,
di↵erent applications of perturbation theory (fixed order and contour improved) each look
reasonably asymptotically convergent but the di↵erence does not seem to decrease much with
the order (see, e.g., the contribution of Pich in Ref. [44]). In addition nonperturbative terms
in the spectral function may be nonnegligible even after the integration up to m⌧ (see, e.g.,
Refs. [45], [46]). All of this is because ↵s is not really small.

Since the size of the nonperturbative e↵ects is very hard to estimate one should try to
avoid such regions of the coupling. In a fully controlled computation one would like to verify
the perturbative behaviour by changing ↵s over a significant range instead of estimating the
errors as ⇠ ↵n+1

s . Some computations try to take nonperturbative power ‘corrections’ to the
perturbative series into account by including such terms in a fit to the µ dependence. We
note that this is a delicate procedure, both because the separation of nonperturbative and
perturbative is theoretically not well defined and because in practice a term like, e.g., ↵s(µ)3

is hard to distinguish from a 1/µ2 term when the µ-range is restricted and statistical and
systematic errors are present. We consider it safer to restrict the fit range to the region where
the power corrections are negligible compared to the estimated perturbative error.

The above considerations lead us to the following special criteria for the determination of
↵s:

• Renormalization scale

F all points relevant in the analysis have ↵e↵ < 0.2

� all points have ↵e↵ < 0.4 and at least one ↵e↵  0.25

⌅ otherwise

• Perturbative behaviour

F verified over a range of a factor 4 change in ↵nl

e↵
without power corrections or alter-

natively ↵nl

e↵


1

2
�↵e↵/(8⇡b0↵2

e↵
) is reached

� agreement with perturbation theory over a range of a factor (3/2)2 in ↵nl

e↵
possibly

fitting with power corrections or alternatively ↵nl

e↵
 �↵e↵/(8⇡b0↵2

e↵
) is reached

⌅ otherwise

Here �↵e↵ is the accuracy cited for the determination of ↵e↵ and nl is the loop order to
which the connection of ↵e↵ to the MS scheme is known. Recall the discussion around

10
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the power corrections are negligible compared to the estimated perturbative error.

The above considerations lead us to the following special criteria for the determination of
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computation can check perturbative behavior
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Quality criteria continued
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10

The change in the coupling from one scheme, S, to another (taken here to be the MS
scheme) is perturbative,

g2
MS

(µ) = g2S(µ)(1 + c(1)g g2S(µ) + . . .) , (7)

where c(i)g , i � 1 are finite renormalization coe�cients. The scale µmust be taken high enough
for the error in keeping only the first few terms in the expansion to be small. On the other
hand, the conversion to the ⇤ parameter in the MS scheme is given exactly by

⇤
MS

= ⇤S exp
h
c(1)g /(2b0)

i
. (8)

The fact that ⇤
MS

can be obtained exactly from ⇤S in any scheme S where c(1)g is known
together with the high order knowledge (five-loop by now) of �

MS
means that the errors in

↵
MS

(mZ) are dominantly due to the errors of ⇤S . We will therefore mostly discuss them
in that way. Starting from Eq. (4), we have to consider (i) the error of ḡ2S(µ)(denoted as�
�⇤

⇤

�
�↵S

) and (ii) the truncation error in �S (denoted as
�
�⇤

⇤

�
trunc

). Concerning (ii), note

that knowledge of c(nl)

g for the scheme S means that �S is known to nl + 1 loop order; bnl

is known. We thus see that in the region where perturbation theory can be applied, the
following errors of ⇤S (or consequently ⇤

MS
) have to be considered

✓
�⇤

⇤

◆

�↵S

=
�↵S(µ)

8⇡b0↵2

S(µ)
⇥ [1 + O(↵S(µ))] (9)

✓
�⇤

⇤

◆

trunc

= k↵nl

S (µ) + O(↵nl+1

S (µ)) , (10)

where k is proportional to bnl+1 and in typical good schemes such as MS it is numerically
of order one. Statistical and systematic errors such as discretization e↵ects contribute to
�↵S(µ). In the above we dropped a scheme subscript for the ⇤-parameters because of Eq. (8).

By convention ↵
MS

is usually quoted at a scale µ = MZ where the appropriate e↵ective

coupling is the one in the 5-flavour theory: ↵(5)

MS
(MZ). In order to obtain it from a result with

fewer flavours, one connects e↵ective theories with di↵erent number of flavours as discussed
by Bernreuther and Wetzel [12]. For example one considers the MS scheme, matches the
3-flavour theory to the 4-flavour theory at a scale given by the charm-quark mass [13–15],
runs with the 5-loop �-function [16–20] of the 4-flavour theory to a scale given by the b-quark
mass, and there matches to the 5-flavour theory, after which one runs up to µ = MZ with
the 5-loop � function. For the matching relation at a given quark threshold we use the mass
m? which satisfies m? = m

MS
(m?), where m is the running mass (analogous to the running

coupling). Then

ḡ2Nf�1(m?) = ḡ2Nf
(m?)⇥ [1 + 0⇥ ḡ2Nf

(m?) +
X

n�2

tn ḡ
2n
Nf

(m?)] (11)

with [13, 15, 21]

t2 =
1

(4⇡2)2
11

72
(12)

t3 =
1

(4⇡2)3


�
82043

27648
⇣3 +

564731

124416
�

2633

31104
(Nf � 1)

�
(13)

t4 =
1

(4⇡2)4
⇥
5.170347� 1.009932(Nf � 1)� 0.021978 (Nf � 1)2

⇤
(14)

6

computation can check perturbative behavior

(cited accuracy)
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Quality criteria continued

‣                     chosen by the observable itself, e.g. 

‣        needs to be chosen (well) for the criterion on 
discretization effects  
— depends on the quantity, e.g.

‣ Quality criteria are relevant

• consider an example:   
    Current 2-point functions of heavy quarks

↵ ! ↵e↵

µ

↵qq : µ = 2/r

↵qq
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Current 2-point functions of heavy quarks

‣ consider a pair of heavy quarks, h,h’          [HPQCD 08b, …]  
— mass of charm or heavier 
— 2-point function (Euclidean space) 
 
 

‣ moments

J(x) = imh h(x)�5 h0(x)G(x0) = a3
X

~x

hJ†(x)J(0)i

Gn = a

T/2�aX

t=�(T/2�a)

tn G(t) ⇡
Z T/2

�T/2
tn G(t) dt



Current 2-point functions of heavy quarks

‣ consider a pair of heavy quarks, h,h’          [HPQCD 08b, …]  
— mass of charm or heavier 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‣ moments
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X

~x

hJ†(x)J(0)i

Gn = a

T/2�aX

t=�(T/2�a)

tn G(t) ⇡
Z T/2

�T/2
tn G(t) dt

dominated by 
t=O(mh-1)



Current 2-point functions of heavy quarks

‣ consider a pair of heavy quarks, h,h’          [HPQCD 08b, …]  
— mass of charm or heavier 
— 2-point function (Euclidean space) 
 
 

R4 ⌘ G4/G
(0)
4 = 1 + r4,1↵s + r4,2↵

2
s + r4,3↵

3
s + . . . , ↵s = ↵s(µ = 2mh)

‣ moments

‣ have a perturbative expansion, e.g.

J(x) = imh h(x)�5 h0(x)G(x0) = a3
X

~x

hJ†(x)J(0)i

Gn = a

T/2�aX

t=�(T/2�a)

tn G(t) ⇡
Z T/2

�T/2
tn G(t) dt

↵s = ↵s(µ = 2mh)

dominated by 
t=O(mh-1)



Relevance of discretization errors

‣ Continuum limit: universal curves

‣ Vertical displacements are discretization effects

‣ green circles: pass criteria

‣ a very good understanding of discretization errors is 
needed to extract precise continuum numbers

↵e↵ ↵e↵R4 R6/R8

𝜇 [physical units] 𝜇 [physical units]



Relevance of discretization errors

‣ Continuum limit: universal curves

‣ Vertical displacements are discretization effects
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‣ a very good understanding of discretization errors is 
needed to extract precise continuum numbers
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step scaling

Eur. Phys. J. C (2017) 77 :112 Page 117 of 228 112

Q = c1αs + c2α
2
s + · · · + cnαn

s +O(αn+1
s )

+O(exp(−γ /αs)). (232)

For small αs , the exp(−γ /αs) is negligible. Similarly the
perturbative estimate for the magnitude of relative errors
in Eq. (232) is small; as an illustration for n = 3 and
αs = 0.2 the relative error is ∼0.8% (assuming coefficients
|cn+1/c1| ∼ 1).

For larger values ofαs nonperturbative effects can become
significant in Eq. (232). An instructive example comes from
the values obtained from τ decays, for which αs ≈ 0.3. Here,
different applications of perturbation theory (fixed order,
FOPT, and contour improved, CIPT) each look reasonably
asymptotically convergent but the difference does not seem
to decrease much with the order (see, e.g., the contribution of
Pich in Ref. [560]). In addition nonperturbative terms in the
spectral function may be nonnegligible even after the integra-
tion up to mτ (see, e.g., Ref. [567], Golterman in Ref. [560]).
All of this is because αs is not really small.

Since the size of the nonperturbative effects is very hard
to estimate one should try to avoid such regions of the cou-
pling. In a fully controlled computation one would like to
verify the perturbative behaviour by changing αs over a sig-
nificant range instead of estimating the errors as ∼αn+1

s .
Some computations try to take nonperturbative power ‘cor-
rections’ to the perturbative series into account by including
such terms in a fit to the µ dependence. We note that this is
a delicate procedure, both because the separation of nonper-
turbative and perturbative is theoretically not well defined
and because in practice a term like, e.g., αs(µ)3 is hard to
distinguish from a 1/µ2 term when the µ-range is restricted
and statistical and systematic errors are present. We consider
it safer to restrict the fit range to the region where the power
corrections are negligible compared to the estimated pertur-
bative error.

The above considerations lead us to the following special
criteria for the determination of αs .

• Renormalization scale

⋆ all points relevant in the analysis have αeff < 0.2
◦ all points have αeff < 0.4 and at least one αeff ≤ 0.25
! otherwise

• Perturbative behaviour

⋆ verified over a range of a factor 4 change in α
nl
eff with-

out power corrections or alternatively α
nl
eff = 0.01 is

reached
◦ agreement with perturbation theory over a range of a

factor 2.25 in α
nl
eff possibly fitting with power correc-

tions or alternatively α
nl
eff = 0.02 is reached

! otherwise

Here nl is the loop order to which the connection of αeff
to the MS scheme is known. The β-function of αeff is
then known to nl + 1 loop order.63

• Continuum extrapolation
At a reference point of αeff = 0.3 (or less) we require

⋆ three lattice spacings with µa < 1/2 and full O(a)
improvement, or three lattice spacings withµa ≤ 1/4
and 2-loop O(a) improvement, or µa ≤ 1/8 and 1-
loop O(a) improvement

◦ three lattice spacings with µa < 1.5 reaching down
toµa = 1 and fullO(a) improvement, or three lattice
spacings withµa ≤ 1/4 and one-loop O(a) improve-
ment

! otherwise

• Finite-size effects
These are a less serious issue for the determination of
αs since one looks at short-distance observables where
such effects are expected to be suppressed. We therefore
have no special criterion in our tables, but do check that
volumes are not too small and in particular the scale is
determined in large enough volume.64 Remarks are added
in the text when appropriate.

• Topology sampling
In principle a good way to improve the quality of deter-
minations of αs is to push to very small lattice spacings
thus enabling large µ. It is known that the sampling of
field space becomes very difficult for the HMC algorithm
when the lattice spacing is small and one has the standard
periodic boundary conditions. In practice, for all known
discretizations the topological charge slows down dra-
matically for a ≈ 0.05 fm and smaller [68,71– 75,351].
Open boundary conditions solve the problem [76] but
are rarely used. Since the effect of the freezing is gen-
erally not known, we also do need to pay attention to
this issue. Remarks are added in the text when appropri-
ate.

63 Once one is in the perturbative region withαeff , the error in extracting
the % parameter due to the truncation of perturbation theory scales
like α

nl
eff , as seen e.g. in Eq. (218). In order to well detect/control such

corrections, one needs to change the correction term significantly; we
require a factor of four for a ⋆ and a factor 2.25 for a ◦. In comparison
to FLAG 13, where nl = 2 was taken as the default, we have made the
nl dependence explicit and list it in Tables 157, 158, 159 and 160. An
exception to the above is the situation where the correction terms are
small anyway, i.e. αnl

eff ≈ 0.02 is reached.
64 Note also that the determination of the scale does not need to be very
precise, since using the lowest-order β-function shows that a 3% error
in the scale determination corresponds to a ∼0.5% error in αs(MZ ). So
as long as systematic errors from chiral-extrapolation and finite-volume
effects are below 3% we do not need to be concerned about those. This
covers most cases.
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asymptotically convergent but the difference does not seem
to decrease much with the order (see, e.g., the contribution of
Pich in Ref. [560]). In addition nonperturbative terms in the
spectral function may be nonnegligible even after the integra-
tion up to mτ (see, e.g., Ref. [567], Golterman in Ref. [560]).
All of this is because αs is not really small.

Since the size of the nonperturbative effects is very hard
to estimate one should try to avoid such regions of the cou-
pling. In a fully controlled computation one would like to
verify the perturbative behaviour by changing αs over a sig-
nificant range instead of estimating the errors as ∼αn+1

s .
Some computations try to take nonperturbative power ‘cor-
rections’ to the perturbative series into account by including
such terms in a fit to the µ dependence. We note that this is
a delicate procedure, both because the separation of nonper-
turbative and perturbative is theoretically not well defined
and because in practice a term like, e.g., αs(µ)3 is hard to
distinguish from a 1/µ2 term when the µ-range is restricted
and statistical and systematic errors are present. We consider
it safer to restrict the fit range to the region where the power
corrections are negligible compared to the estimated pertur-
bative error.

The above considerations lead us to the following special
criteria for the determination of αs .

• Renormalization scale

⋆ all points relevant in the analysis have αeff < 0.2
◦ all points have αeff < 0.4 and at least one αeff ≤ 0.25
! otherwise

• Perturbative behaviour

⋆ verified over a range of a factor 4 change in α
nl
eff with-

out power corrections or alternatively α
nl
eff = 0.01 is

reached
◦ agreement with perturbation theory over a range of a

factor 2.25 in α
nl
eff possibly fitting with power correc-

tions or alternatively α
nl
eff = 0.02 is reached

! otherwise

Here nl is the loop order to which the connection of αeff
to the MS scheme is known. The β-function of αeff is
then known to nl + 1 loop order.63

• Continuum extrapolation
At a reference point of αeff = 0.3 (or less) we require

⋆ three lattice spacings with µa < 1/2 and full O(a)
improvement, or three lattice spacings withµa ≤ 1/4
and 2-loop O(a) improvement, or µa ≤ 1/8 and 1-
loop O(a) improvement

◦ three lattice spacings with µa < 1.5 reaching down
toµa = 1 and fullO(a) improvement, or three lattice
spacings withµa ≤ 1/4 and one-loop O(a) improve-
ment

! otherwise

• Finite-size effects
These are a less serious issue for the determination of
αs since one looks at short-distance observables where
such effects are expected to be suppressed. We therefore
have no special criterion in our tables, but do check that
volumes are not too small and in particular the scale is
determined in large enough volume.64 Remarks are added
in the text when appropriate.

• Topology sampling
In principle a good way to improve the quality of deter-
minations of αs is to push to very small lattice spacings
thus enabling large µ. It is known that the sampling of
field space becomes very difficult for the HMC algorithm
when the lattice spacing is small and one has the standard
periodic boundary conditions. In practice, for all known
discretizations the topological charge slows down dra-
matically for a ≈ 0.05 fm and smaller [68,71– 75,351].
Open boundary conditions solve the problem [76] but
are rarely used. Since the effect of the freezing is gen-
erally not known, we also do need to pay attention to
this issue. Remarks are added in the text when appropri-
ate.

63 Once one is in the perturbative region withαeff , the error in extracting
the % parameter due to the truncation of perturbation theory scales
like α

nl
eff , as seen e.g. in Eq. (218). In order to well detect/control such

corrections, one needs to change the correction term significantly; we
require a factor of four for a ⋆ and a factor 2.25 for a ◦. In comparison
to FLAG 13, where nl = 2 was taken as the default, we have made the
nl dependence explicit and list it in Tables 157, 158, 159 and 160. An
exception to the above is the situation where the correction terms are
small anyway, i.e. αnl

eff ≈ 0.02 is reached.
64 Note also that the determination of the scale does not need to be very
precise, since using the lowest-order β-function shows that a 3% error
in the scale determination corresponds to a ∼0.5% error in αs(MZ ). So
as long as systematic errors from chiral-extrapolation and finite-volume
effects are below 3% we do not need to be concerned about those. This
covers most cases.

123

r = 1/µ small, ↵s small
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nl = loop order: high
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lattice spacing small:

a ⌧ r , aµ ⌧ 1
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Finite volume couplings and step scaling  
(see S.S., M. DB)

     no compromise is necessaryChallenge is met by finite volume couplings

a2µ2

↵MS(µ)

take continuum limit
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large volume
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take continuum limit

? weg

but continuum extrapolations 
remain the biggest headaches



Rainer Sommer | Trento | February 2019

Different categories (methods) 

‣ Step scaling:  finite volume couplings, PT at O(100 GeV) 
                      see S. Sint, M. Dalla Brida @Trento                          𝜇 = 1/L                   2

‣ Potential: from QQ-potential, see H. Takaura  @Trento                𝜇 = 2/r                   3

‣ Vacuum polarization:  
   light quark <J J> correlator, large Q^2                                       𝜇 = 1/Q                 4

‣ Wilson loops: RxT Wilson loops, (R,T)=(a,a), (a,2a) small.          𝜇 = 1/a=Λcut         2

‣ Current 2-pt functions:, see P. Petretzky @Trento  
   moments of heavy quark <J J> correlators                                𝜇 = 2 M                 3

‣ Vertex: ghost-gluon vertex etc., fixed gauge                                 𝜇 = 1/Q                 3

‣ Eigenvalue distribution: eigenvalue density of Dirac operator for 
    large eigenvalues                                                                      𝜇 = λ                      2  

Reviewed in detail in the FLAG reports                                                            nl



Requirements in summary

1. The determination of ↵s is based on a comparison of a short distance
quantity O at scale µ with a well–defined continuum limit without UV
and IR divergences to a perturbative expansion formula

2. The scale µ is large enough so that the perturbative expansion is precise,
i.e. it has good asymptotic convergence.

3. If O is defined by physical quantities in infinite volume, one needs to
satisfy

Non-universal quantities need a separate discussion

O = c1↵s + c2↵
2
s + . . .

L/a o µ/⇤QCD
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1. The determination of ↵s is based on a comparison of a short distance
quantity O at scale µ with a well–defined continuum limit without UV
and IR divergences to a perturbative expansion formula

2. The scale µ is large enough so that the perturbative expansion is precise,
i.e. it has good asymptotic convergence.

3. If O is defined by physical quantities in infinite volume, one needs to
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Non-universal quantities need a separate discussion

O = c1↵s + c2↵
2
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Requirements in summary

‣                                                                               . 

‣ two tricks to be discussed still: 
- O in finite volume                             see following talks 
- O at the cutoff 

1. The determination of ↵s is based on a comparison of a short distance
quantity O at scale µ with a well–defined continuum limit without UV
and IR divergences to a perturbative expansion formula

2. The scale µ is large enough so that the perturbative expansion is precise,
i.e. it has good asymptotic convergence.

3. If O is defined by physical quantities in infinite volume, one needs to
satisfy

Non-universal quantities need a separate discussion

O = c1↵s + c2↵
2
s + . . .

L/a o µ/⇤QCD

L/a � 1



Observables at the cutoff for theoreticians

‣ example: n x m Wilson loop

‣ continuum limit requires  
 
 
 

‣ here instead  

‣ possible through consideration of bare (un-renormalised) 
perturbation theory

n , m fixed

n,m ! 1
a ! 0

shape n/m fixed

size namp fixed

[Parisi; Lepage, Mackenzie; HPQCD]



       Bare PT          vs.     Renormalized PT 

action, lattice spacing renormal. coupling, energy scale 

ḡ2s(µ) , µ
1

g20
trF 2 , a

asymptotic scaling renormalization group running 
a@ag0 = b0g

3
0 + b1g

5
0 + . . . �µ@µḡs = b0ḡ

3
s + b1ḡ

5
s + . . .

a⇤lat = exp{�1/(2b0g
2
0)} · · · ⇤s/µ = exp{�1/(2b0gs(µ)

2)} · · ·

g20 = g2s(µ = 1/a) + c1g
4
s(µ = 1/a) + . . .

combine 



Observables at the cutoff for theoreticians

‣ now the n x m Wilson loop Wmn ⌘ hW (ma, na)i

ln (Wmn) = c1↵V0(q⇤) + c2↵
2
V0(q⇤) + c3↵

3
V0(q⇤) + · · ·

q⇤ ⇡ 2/a
g20/4⇡

originally

[HPQCD 10]



Observables at the cutoff for theoreticians

‣ now the n x m Wilson loop Wmn ⌘ hW (ma, na)i

‣ most relevant uncertainty: perturbative corrections 

3

TABLE I. Perturbative scale and coe�cients for several small Wilson loops Wij , Creutz ratios, tadpole-improved Wilson loops,
and the tadpole-improved bare coupling ↵lat/W11. Parameters d and ci are defined in Eq. (1). Coe�cients c1, c2, c3 are from
lattice perturbation theory; coe�cients c4, c5 are from the fits to results from multiple lattice spacings described in this paper.
These results are for the a2-improved gluon action used by the MILC collaboration, with the ASQTAD action for vacuum
polarization from nf = 3 massless quarks. Similar types of short-distance quantity are grouped.

d c1 c2/c1 c3/c1 c4/c1 c5/c1
� logW11 3.325 3.06840 �1.0683 (2) 1.70 (4) �4 (2) �0 (4)
� logW12 2.998 5.55120 �0.8585 (4) 1.72 (4) �4 (2) �1 (4)
� logWBR 3.221 4.83425 �0.8547 (3) 1.80 (4) �4 (2) �1 (4)
� logWCC 3.047 5.29758 �0.7941 (3) 1.86 (4) �4 (2) �1 (5)
� logW13 2.934 7.87656 �0.7437 (8) 1.75 (5) �4 (2) �1 (4)
� logW14 2.895 10.17158 �0.6870 (8) 1.70 (6) �4 (2) �1 (4)
� logW22 2.582 9.19970 �0.6923 (10) 1.86 (5) �4 (2) �1 (4)
� logW23 2.481 12.34282 �0.5995 (13) 2.00 (6) �4 (2) �1 (5)

� logW13/W22 2.397 �1.32313 0.5969 (84) 1.11 (21) �2 (2) �1 (3)
� logW11W22/W

2
12 2.169 1.16569 0.7361 (86) 1.21 (22) �2 (2) �1 (3)

� logWCCWBR/W
3
11 2.728 0.92665 2.2825 (19) 0.78 (9) �4 (4) �2 (6)

� logWCC/WBR 2.730 0.46333 0.5103 (35) 1.16 (12) �2 (2) �1 (3)
� logW14/W23 2.066 �2.17124 0.5838 (84) 1.83 (29) �3 (3) �1 (4)

� logW11W23/W12W13 1.970 1.98345 0.7062 (88) 1.64 (27) �3 (3) �1 (4)

� logW12/u
6
0 2.470 0.94861 0.6011 (19) 0.05 (8) �3 (2) �1 (2)

� logWBR/u
6
0 2.720 0.23166 4.0516 (41) 0.36 (16) �8 (6) �3 (10)

� logWCC/u
6
0 2.730 0.69499 1.6925 (20) 0.91 (8) �3 (3) �1 (4)

� logW13/u
8
0 1.888 1.73977 0.4019 (34) �0.44 (10) �2 (1) �1 (2)

� logW14/u
10
0 1.892 2.50059 0.4817 (33) �0.68 (15) �2 (1) �1 (2)

� logW22/u
8
0 2.290 3.06291 0.6149 (30) 0.44 (9) �2 (2) �1 (2)

� logW23/u
10
0 2.030 4.67183 0.5714 (35) 0.55 (11) �2 (2) �1 (2)

↵lat/W11 3.325 1.00000 �0.4212 (2) 0.72 (4) �4 (1) �1 (2)

The input parameters for a QCD simulation are the
bare coupling constant and bare quark masses. The cou-
pling constant is specified through the � parameter, listed
in Table II, where

↵lat ⌘
5

2⇡�
. (7)

The bare quark masses, m0`(a) for u/d quarks and
m0s(a) for s quarks, used in the simulations are also
listed, in units of the lattice spacing and, following MILC
conventions, multiplied by u0 (Eq. (4)). The bare masses
corresponding to fixed physical masses (of, for example,
pions) vary with the lattice spacing. To facilitate com-
parisons between lattice spacings, we use first-order per-
turbation theory to evolve all of our masses to a common
value for the lattice spacing, which we take to be the
smallest lattice spacing in our analysis:

mq ⌘ m0q(amin) (8)

The s-quark masses here are approximately correct. The
u/d masses are generally too large, but small enough to
allow accurate extrapolations to the correct values.

The lattice spacing is not an input to QCD simula-
tions. Rather it is extracted from calculations of physical
quantities in the simulation. Here we use MILC’s deter-
minations of r1/a for this purpose, where r1 is defined in

terms of the static-quark potential [11]. The values for
each configuration set are listed in Table II. To obtain
the lattice spacing, we need to know r1. We use the value,
r1 = 0.321 (5) fm, determined from simulation results for
the ⌥0–⌥ mass splitting [12]. The uncertainties quoted
for r1/a in Table II are predominantly statistical; they
do not include potential errors due to the finite lattice
spacing or mistuned light-quark masses, which we will
discuss later.
The lattices we use here have lattice spacings that

range from 0.18 fm to 0.045 fm. The spatial volumes are
2.4 fm across or larger in each case.
Our simulation results for the vacuum expectations of

our 8 di↵erent Wilson loops, each for each of our 12 dif-
ferent configuration sets, are presented in Table III. The
uncertainties quoted are statistical. Step-size errors, due
to the algorithm used to generate gluon configurations,
are no larger than the statistical errors [13] and therefore,
like statistical errors, are negligible; we will ignore them
here.

IV. SYSTEMATIC ERRORS

The goal of our analysis is to determine ↵0 ⌘

↵V (7.5GeV). The only relevant systematic errors, other

�↵ ⇡
����
c4
c1

����↵
4 ⇡ 4↵4

ln (Wmn) = c1↵V0(q⇤) + c2↵
2
V0(q⇤) + c3↵

3
V0(q⇤) + · · ·

q⇤ ⇡ 2/a
g20/4⇡

originally

[HPQCD 10]



Observables at the cutoff for theoreticians

‣ now the n x m Wilson loop Wmn ⌘ hW (ma, na)i

‣ most relevant uncertainty: perturbative corrections 

3

TABLE I. Perturbative scale and coe�cients for several small Wilson loops Wij , Creutz ratios, tadpole-improved Wilson loops,
and the tadpole-improved bare coupling ↵lat/W11. Parameters d and ci are defined in Eq. (1). Coe�cients c1, c2, c3 are from
lattice perturbation theory; coe�cients c4, c5 are from the fits to results from multiple lattice spacings described in this paper.
These results are for the a2-improved gluon action used by the MILC collaboration, with the ASQTAD action for vacuum
polarization from nf = 3 massless quarks. Similar types of short-distance quantity are grouped.

d c1 c2/c1 c3/c1 c4/c1 c5/c1
� logW11 3.325 3.06840 �1.0683 (2) 1.70 (4) �4 (2) �0 (4)
� logW12 2.998 5.55120 �0.8585 (4) 1.72 (4) �4 (2) �1 (4)
� logWBR 3.221 4.83425 �0.8547 (3) 1.80 (4) �4 (2) �1 (4)
� logWCC 3.047 5.29758 �0.7941 (3) 1.86 (4) �4 (2) �1 (5)
� logW13 2.934 7.87656 �0.7437 (8) 1.75 (5) �4 (2) �1 (4)
� logW14 2.895 10.17158 �0.6870 (8) 1.70 (6) �4 (2) �1 (4)
� logW22 2.582 9.19970 �0.6923 (10) 1.86 (5) �4 (2) �1 (4)
� logW23 2.481 12.34282 �0.5995 (13) 2.00 (6) �4 (2) �1 (5)

� logW13/W22 2.397 �1.32313 0.5969 (84) 1.11 (21) �2 (2) �1 (3)
� logW11W22/W

2
12 2.169 1.16569 0.7361 (86) 1.21 (22) �2 (2) �1 (3)

� logWCCWBR/W
3
11 2.728 0.92665 2.2825 (19) 0.78 (9) �4 (4) �2 (6)

� logWCC/WBR 2.730 0.46333 0.5103 (35) 1.16 (12) �2 (2) �1 (3)
� logW14/W23 2.066 �2.17124 0.5838 (84) 1.83 (29) �3 (3) �1 (4)

� logW11W23/W12W13 1.970 1.98345 0.7062 (88) 1.64 (27) �3 (3) �1 (4)

� logW12/u
6
0 2.470 0.94861 0.6011 (19) 0.05 (8) �3 (2) �1 (2)

� logWBR/u
6
0 2.720 0.23166 4.0516 (41) 0.36 (16) �8 (6) �3 (10)

� logWCC/u
6
0 2.730 0.69499 1.6925 (20) 0.91 (8) �3 (3) �1 (4)

� logW13/u
8
0 1.888 1.73977 0.4019 (34) �0.44 (10) �2 (1) �1 (2)

� logW14/u
10
0 1.892 2.50059 0.4817 (33) �0.68 (15) �2 (1) �1 (2)

� logW22/u
8
0 2.290 3.06291 0.6149 (30) 0.44 (9) �2 (2) �1 (2)

� logW23/u
10
0 2.030 4.67183 0.5714 (35) 0.55 (11) �2 (2) �1 (2)

↵lat/W11 3.325 1.00000 �0.4212 (2) 0.72 (4) �4 (1) �1 (2)

The input parameters for a QCD simulation are the
bare coupling constant and bare quark masses. The cou-
pling constant is specified through the � parameter, listed
in Table II, where

↵lat ⌘
5

2⇡�
. (7)

The bare quark masses, m0`(a) for u/d quarks and
m0s(a) for s quarks, used in the simulations are also
listed, in units of the lattice spacing and, following MILC
conventions, multiplied by u0 (Eq. (4)). The bare masses
corresponding to fixed physical masses (of, for example,
pions) vary with the lattice spacing. To facilitate com-
parisons between lattice spacings, we use first-order per-
turbation theory to evolve all of our masses to a common
value for the lattice spacing, which we take to be the
smallest lattice spacing in our analysis:

mq ⌘ m0q(amin) (8)

The s-quark masses here are approximately correct. The
u/d masses are generally too large, but small enough to
allow accurate extrapolations to the correct values.

The lattice spacing is not an input to QCD simula-
tions. Rather it is extracted from calculations of physical
quantities in the simulation. Here we use MILC’s deter-
minations of r1/a for this purpose, where r1 is defined in

terms of the static-quark potential [11]. The values for
each configuration set are listed in Table II. To obtain
the lattice spacing, we need to know r1. We use the value,
r1 = 0.321 (5) fm, determined from simulation results for
the ⌥0–⌥ mass splitting [12]. The uncertainties quoted
for r1/a in Table II are predominantly statistical; they
do not include potential errors due to the finite lattice
spacing or mistuned light-quark masses, which we will
discuss later.
The lattices we use here have lattice spacings that

range from 0.18 fm to 0.045 fm. The spatial volumes are
2.4 fm across or larger in each case.
Our simulation results for the vacuum expectations of

our 8 di↵erent Wilson loops, each for each of our 12 dif-
ferent configuration sets, are presented in Table III. The
uncertainties quoted are statistical. Step-size errors, due
to the algorithm used to generate gluon configurations,
are no larger than the statistical errors [13] and therefore,
like statistical errors, are negligible; we will ignore them
here.

IV. SYSTEMATIC ERRORS

The goal of our analysis is to determine ↵0 ⌘

↵V (7.5GeV). The only relevant systematic errors, other

�↵ ⇡
����
c4
c1

����↵
4 ⇡ 4↵4

ln (Wmn) = c1↵V0(q⇤) + c2↵
2
V0(q⇤) + c3↵

3
V0(q⇤) + · · ·

q⇤ ⇡ 2/a

‣ larger uncertainty estimate than e.g.  
the one of HPQCD 10, where a global fit is performed  
(c4,c5 and a2 terms are fitted)

g20/4⇡
originally

[HPQCD 10]



Observables at the cutoff: discussion

‣ limit a→0  uninteresting 
(g0=0)

‣ lattice perturbation 
theory for each action  
(discretization) 
—low order 

‣ non-universal behavior 

‣ discretization errors as 
power corrections 

‣ high scale a-1

‣ limit a→0 by 
extrapolation

‣ continuum perturbation 
theory  
 
—high order 
 
 
 
 

‣ smaller scale 𝜇  (𝜇≪ a-1)

Obs. at cutoff ren. obs. at physical scale



Methods used on the lattice

‣ finite L, step scaling (Schrödinger Functional) ✓

‣ potential at short distances ✓

‣ vacuum polarisation at short distances

‣ observables at the lattice spacing scale ✓

‣ current two-point functions ✓

‣ QCD vertices

‣ Dirac operator eigenvalues



requires the implementation of a non-perturbative renormalisation condition and the fixing
of the gauge. For the study of non-perturbative gauge fixing and the associated Gribov
ambiguity, we refer to [523–525] and references therein. Practically the Landau gauge is used
and the renormalisation constants are defined by requiring that the vertex is equal to the
tree level value at a certain momentum configuration. The resulting renormalisation schemes

are called ‘MOM’ scheme (symmetric momentum configuration) or ‘!MOM’ (one momentum
vanishes), which are then converted perturbatively to the MS scheme.

A pioneering work to determine the three gluon vertex in the Nf = 0 theory is Alles 96 [526]
(which was followed by [527] for two flavour QCD) a more recent Nf = 0 computation was
[528] in which the three gluon vertex as well as the ghost-ghost-gluon vertex was also con-
sidered. (This requires in general a computation of the propagator of the Faddeev–Popov
propagator on the lattice.) The latter paper concluded that the resulting ΛMS depended
strongly on the scheme used, the order of perturbation theory used in the matching and also
on non-perturbative corrections, [529].

Subsequently in [530, 531] a specific !MOM scheme with zero ghost momentum for the
ghost-ghost-gluon vertex was used. In this scheme, dubbed the ‘MM’ (Minimal MOM) or
‘Taylor’ (T) scheme, the vertex is not renormalised, and so the renormalised coupling reduces
to

αT(µ) = Dghost
lat (µ, a)Dgluon

lat (µ, a)2
g2
0(a)

4π
, (201)

where Dghost
lat and Dgluon

lat are the (bare lattice) dressed ghost and gluon ‘form factors’ of these
propagator functions in the Landau gauge,

Dab(p) = −δab Dghost(p)

p2
, Dab

µν(p) = δab

!
δµν −

pµpν

p2

"
Dgluon(p)

p2
, (202)

and we have written the formula in the continuum with Dghost/gluon(p) = Dghost/gluon
lat (p, 0).

Thus there is now no need to compute the ghost-ghost-gluon vertex, just the ghost and gluon
propagators.

9.8.2 Discussion of computations

For the calculations considered here, to match to perturbative scaling, it was first necessary
to reduce lattice artifacts by an H(4) extrapolation procedure (adressing O(4) rotational
invariance), e.g. ETM 10F [536] or lattice perturbation theory, e.g. Sternbeck 12 [534]. To
match to perturbation theory, collaborations vary in their approach. In ETM 10F [536]it was
necessary to include the operator A2 in the OPE of the ghost and gluon propagators, while
in Sternbeck 12 [534] very large momenta are used and a2p2 and a4p4 terms are included in
their fit to the momentum dependence. A further later refinement was the introduction of an
ad hoc 1/q6 power correction in ETM 11D[533], ETM 12C[532]. The update ETM 13D [546]
investigates this point in more detail.

In all calculations except for Sternbeck 10 [535], Sternbeck 12 [534] , the matching with the
perturbative formula is performed including power corrections in the form of condensates, in
particular ⟨A2⟩. Three lattice spacings are present in almost all calculations with Nf = 0, 2,
but the scales ap are rather large. This mostly results in a ! on the continuum extrapolation
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[498], using the force where no renormalon contributes, it is claimed that for a matching to
perturbation theory, far finer lattices are needed than are presently accessible for dynamical
fermion simulations. Further work is needed to clarify this point. For this reason and the
small lattice used in ETM 11C [495] the error estimates of these computations can not be
taken at face value when determining our ranges for ΛMS and ΛMSr0.

9.5 αs from the vacuum polarisation at short distances

9.5.1 General considerations

The vacuum polarisation function for the flavour non-singlet currents Ja
µ (a = 1, 2, 3) in the

momentum representation is parameterised as

⟨Ja
µJb

ν⟩ = δab[(δµνQ
2 − QµQν)Π

(1)(Q) − QµQνΠ
(0)(Q)] , (184)

where Qµ is a space like momentum and Jµ ≡ Vµ for a vector current and Jµ ≡ Aµ for an

axial-vector current. Defining ΠJ(Q) ≡ Π(0)
J (Q) + Π(1)

J (Q), the operator product expansion
(OPE) of the vacuum polarisation function ΠV +A(Q) = ΠV (Q) + ΠA(Q) is given by

ΠV +A|OPE(Q2, αs)

= c + C0(Q
2) + CV +A

m (Q2) m̄2(Q)
Q2 +

!

q=u,d,s

CV +A
q̄q (Q2)

⟨mQq̄q⟩
Q4

+CGG(Q2) ⟨αsGG⟩
Q4 + O(Q−6) , (185)

for large Q2. CV +A
X (Q2) =

"
i≥0

#
CV +A

X

$(i)
αi(Q2) are the perturbative coefficient functions

for the operators X (X = 0, q̄q, GG). C0 is known up to four- loop order in a continuum
renormalisation scheme such as the MS scheme [499, 500]. Non-perturbatively, there are
terms in CX which do not have a series expansion in αs, as an example for the unit operator
see [501]. The term c is Q–independent and divergent in the limit of infinite ultraviolet cutoff.
However the Adler function defined as

D(Q2) ≡ −Q2 dΠ(Q2)

dQ2
, (186)

is a scheme independent finite quantity. Therefore one can determine the running coupling
constant in the MS scheme from the vacuum polarisation function computed by a lattice
QCD simulation. In more detail, the lattice data of the vacuum polarization is fitted with
the perturbative formula (185) with fit parameter ΛMS parameterising the running coupling
αMS(Q

2).
While there is no problem in discussing the OPE at the non-perturbative level, the ‘con-

densates’ such as ⟨αsGG⟩ are ambiguous, since they mix with lower dimensional operators
including the unity operator. Therefore one should work in the high Q2 regime where power
corrections are negligible within the given accuracy. Thus setting the renormalisation scale
as µ ≡

%
Q2, one should seek the window ΛQCD ≪ µ ≪ a−1 as we discussed above.

9.5.2 Discussion of computations

In Table 34 we list the results for Nf = 2, JLQCD/TWQCD 08C [502] and for Nf = 2 + 1,
JLQCD 10 [503] for lattice QCD with an overlap fermion. Only one lattice spacing a ∼

153
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Detailed tables, e.g. 𝜶 from static potential

Collaboration Ref. Nf pu
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scale ⇤
MS

[MeV] r0⇤MS

Takaura 18 [668, 669] 2+1 P ⌅ � � p
t0 = 0.1465(25)fm, a 334(10)(+20

�18
)b 0.799(51)+

Bazavov 14 [74] 2+1 A � F � r1 = 0.3106(17) fmc 315(+18

�12
)d 0.746(+42

�27
)

Bazavov 12 [726] 2+1 A �† � �#
r0 = 0.468 fm 295(30) ? 0.70(7)??

Karbstein 18 [667] 2 A � � � r0 = 0.420(14) fme 302(16) 0.643(34)
Karbstein 14 [662] 2 A � � � r0 = 0.42 fm 331(21) 0.692(31)
ETM 11C [727] 2 A � � � r0 = 0.42 fm 315(30)§ 0.658(55)

Husung 17 [666] 0 C � F F r0 = 0.50 fm 232(6) 0.590(16)
Brambilla 10 [728] 0 A � F �†† 266(13)+ 0.637(+32

�30
)††

UKQCD 92 [716] 0 A F �++ ⌅
p
� = 0.44 GeV 256(20) 0.686(54)

Bali 92 [729] 0 A F �++ ⌅
p
� = 0.44 GeV 247(10) 0.661(27)

a Scale determined from t0 in Ref. [252].

b
↵
(5)

MS
(MZ) = 0.1179(7)(+13

�12
).

c Determination on lattices with m⇡L = 2.2� 2.6. Scale from r1 [381] as determined from f⇡ in Ref. [37].
d

↵
(3)

MS
(1.5GeV) = 0.336(+12

�8
), ↵(5)

MS
(MZ) = 0.1166(+12

�8
).

e Scale determined from f⇡, see [49].
† Since values of ↵e↵ within our designated range are used, we assign a � despite values of ↵e↵ up to

↵e↵ = 0.5 being used.
# Since values of 2a/r within our designated range are used, we assign a � although only values of

2a/r � 1.14 are used at ↵e↵ = 0.3.
? Using results from Ref. [680].

??
↵
(3)

MS
(1.5GeV) = 0.326(19), ↵(5)

MS
(MZ) = 0.1156(+21

�22
).

§ Both potential and r0/a are determined on a small (L = 3.2r0) lattice.
†† Uses lattice results of Ref. [681], some of which have very small lattice spacings where according to

more recent investigations a bias due to the freezing of topology may be present.
+ Our conversion using r0 = 0.472 fm.

++ We give a � because only a NLO formula is used and the error bars are very large; our criterion does
not apply well to these very early calculations.

Table 52: Short-distance potential results.

perturbative expansion of Ṽ (p) in terms of ↵MS(p). Of course, the Fourier transform requires5463

some modelling of the r-dependence of V (r) at short and at large distances. The authors5464

fit a linearly rising potential at large distances together with string-like corrections of order5465

r�n and define the potential at large distances by this fit.71 Recall that for observables in5466

momentum space we take the renormalization scale entering our criteria as µ = q, Eq. (300).5467

The analysis (as in ETM 11C [727]) is dominated by the data at the smallest lattice spacing,5468

71Note that at large distances, where string breaking is known to occur, this is not any more the ground
state potential defined by Eq. (314).

209



Rainer Sommer | Trento | February 2019

   -parameter for various Nf⇤

enter 
ranges /averages

do not enter 
(e.g. superseded by 
new computation)

do not enter 
(do not satisfy  
quality criteria)

reference scale  
computed in most  
computations

r0 ⇡ 0.5 fm



Rainer Sommer | Trento | February 2019

𝜶(MZ) pre-ranges

‣ decided to  
perform pre-ranges,  
category by category

‣ similar to PDG



Rainer Sommer | Trento | February 2019

𝜶(MZ) pre-ranges
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category by category
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Collaboration Ref. Nf pu
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pe
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ba
ti
ve

be
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ou
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co
nt
in
uu
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ex
tr
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at
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n

↵
MS

(MZ) Remark Tab.

ALPHA 17 [664] 2+1 A F F F 0.11852( 84) step-scaling 51
PACS-CS 09A [75] 2+1 A F F � 0.11800(300) step-scaling 51

pre-range (average) 0.11848( 81)

Takaura 18 [668, 669] 2+1 P ⌅ � � 0.11790(70)(+130

�120
) Q-Q̄ potential 52

Bazavov 14 [74] 2+1 A � F � 0.11660(100) Q-Q̄ potential 52

Bazavov 12 [726] 2+1 A � � � 0.11560(+210

�220
) Q-Q̄ potential 52

pre-range with estimated pert. error 0.11660(160)

Hudspith 18 [670] 2+1 P � F ⌅ 0.11810(270)( +80

�220
) vacuum polarization 53

JLQCD 10 [737] 2+1 A ⌅ � ⌅ 0.11180(30)(+160

�170
) vacuum polarization 53

HPQCD 10 [13] 2+1 A � F F 0.11840( 60) Wilson loops 54
Maltman 08 [76] 2+1 A � � F 0.11920(110) Wilson loops 54

pre-range with estimated pert. error 0.11858(120)

JLQCD 16 [24] 2+1 A � � � 0.11770(260) current two points 55
Maezawa 16 [16] 2+1 A � ⌅ � 0.11622( 84) current two points 55
HPQCD 14A [15] 2+1+1 A � F � 0.11822( 74) current two points 55
HPQCD 10 [13] 2+1 A � F � 0.11830( 70) current two points 55
HPQCD 08B [151] 2+1 A ⌅ ⌅ ⌅ 0.11740(120) current two points 55

pre-range with estimated pert. error 0.11824(150)

ETM 13D [773] 2+1+1 A � � ⌅ 0.11960(40)(80)(60) gluon-ghost vertex 57
ETM 12C [774] 2+1+1 A � � ⌅ 0.12000(140) gluon-ghost vertex 57
ETM 11D [775] 2+1+1 A � � ⌅ 0.11980(90)(50)( +0

�50
) gluon-ghost vertex 57

Nakayama 18 [672] 2+1 A F � ⌅ 0.12260(360) Dirac eigenvalues 58

Table 59: Results for ↵MS(MZ). Di↵erent methods are listed separately and they are combined
to a pre-range when computations are available without any ⌅ . A weighted average of the pre-
ranges gives 0.11823(57), using the smallest pre-range uncertainty gives 0.11823(81) while the
average uncertainty of the ranges used as an error gives 0.11823(128). We note that Bazavov
12 is superseded by Bazavov 14.

Nf = 2+1 and Nf = 2+1+1 simulations. The conversion from Nf = 3 or Nf = 4 to Nf = 55975

is made by matching the coupling constant at the charm and bottom quark thresholds and5976

using the scale as determined or used by the authors.5977
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‣ Systematic errors (mostly from perturbation theory)  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‣ Try to remain conservative
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• HQ current two-point functions

• Static quark potential 

• Wilson loops 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‣ HQ current two-point functions 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Figure 35: Renormalization-scale (µ) dependence of ↵(m⇤) extracted from R4. We have
evaluated this dependence for the case where the same renormalization scale is used for the
quark mass and for ↵s.

Figure 36: Ratios from Tab. 56. Note that constants have been subtracted from R4, R6 and
R10, to be able to plot all results in a similar range.

using 2 + 1 flavours). In Fig 36 we plot the various results based on the numbers collated in5835

Tab. 56. These results are in quite good agreement with each other. For future studies it is of5836

course interesting to check agreement of these numbers before turning to the more involved5837
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correlation functions of heavy valence quarks are used to construct short-distance quan-6037

tities. Due to the large quark masses needed to reach the region of small coupling,6038

considerable discretization errors are present, see Fig. 30 of FLAG 16. These are treated6039

by fits to the perturbative running (a 5-loop running ↵MS with a fitted 5-loop coe�-6040

cient in the �-function is used) with high-order terms in a double expansion in a2⇤2 and6041

a2m2
h supplemented by priors which limit the size of the coe�cients. The priors play an6042

especially important role in these fits given the much larger number of fit parameters6043

than data points. We note, however, that the size of the coe�cients does not prevent6044

high-order terms from contributing significantly, since the data includes values of amc6045

that are rather close to 1.6046

More recent calculations use the same method but just at the charm quark mass, where6047

discretization errors are considerably smaller. Here the dominating uncertainty is the6048

perturbative error. JLQCD 16 [24] estimates it at �↵s = 0.0011 from independent6049

changes of the renormalisation scales of coupling and mass, µ↵, µm. Fig. 35 for the6050

residual scale dependence of ↵s from R4 yields 0.0017 from scale change 1  s  36051

and 0.0025 for 2  s  4. For the figure we set µ↵ = µm. Independent changes of6052

µ↵, µm would yield a larger estimate of the uncertainty [763]. We note also that there6053

are small di↵erences in the continuum-extrapolated results in the moments themselves,6054

cf. Tab. 56. The relative di↵erence in R6/R8 � 1 ⇠ k↵s between Maezawa 16 [16],6055

and JLQCD 16 [24], is about 4.5(2.5)%, which translates into a di↵erence of 0.0023(13)6056

in ↵s at the Z-mass, close to the total cited uncertainty of JLQCD 16 [24]. A further6057

estimate of the uncertainty is the di↵erence of the JLQCD 16 [24] and Maezawa 16 [16]6058

final numbers,75 which is �↵MS(MZ) = 0.00156059

We settle for an intermediate value of �↵s = 0.0015 together with the central value from6060

the weighted average of HPQCD 10 [13], HPQCD 14A [15], and JLQCD 16 [24], and6061

obtain ↵MS = 0.11824(150).6062

• Other methods6063

Computations using other methods do not qualify for an average yet, predominantly due6064

to a lacking � in the continuum extrapolation.6065

As a central value for our range of ↵(5)

MS
(MZ) we determine the weighted average of the6066

five pre-ranges listed in Tab. 59. Given that apart from one of them the dominating errors are6067

systematic, we do not consider it safe to use the error, 0.00058, of the weighted average. It is6068

significantly below the errors of the individual methods. Alternatives are to use the smallest6069

range, 0.00081, or the mean of the ranges 0.00132.6070

We settle on the in-between choice which is the smallest range. Thus our result is6071

↵(5)

MS
(MZ) = 0.11823(81) . (346)

While this is not a particularly conservative choice, it is reassuring to see that almost all6072

central values that qualify for averaging are within the so-determined range. Furthermore all6073

pre-ranges have significant overlap with our final range. The biggest di↵erence of an individual6074

computation which qualifies for the average is 0.11660(100)–0.11823(81) = �0.0016(13), so6075

not very large.6076

75One may wonder why we consider Maezawa 16 which has a ⌅ in the perturbative behaviour. This rating
is, however, due to the overall estimated uncertainty, not to the rest of the data and analysis, which we use
here.
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𝜶(MZ) pre-ranges

‣ static quark potential  
 
 
 
 
 
 
 
 
 
 
estimate pert. uncertainty 
starting from the  
minimum 𝜶 reached  
  

one would ideally like to be significantly below that. Accordingly we choose to not simply5992

perform weighted averages with the individual errors estimated by each group. We try to5993

estimate our error ranges in a somewhat conservative manner.5994

In the following we repeat aspects of the methods and calculations that are relevant for5995

our ranges for the di↵erent methods as summarized in Tab. 59.5996

• Step-scaling5997

The step-scaling computations of PACS-CS 09A [75] and ALPHA 17 [664] reach energies5998

around the Z-mass where perturbative uncertainties in the three-flavour theory are neg-5999

ligible. Perturbative errors do enter in the conversion of the ⇤-parameters from three to6000

five flavours, but successive order contributions decrease rapidly and can be neglected.6001

We form a weighted average of the two results and obtain ↵MS = 0.11848(81).6002

• Potential computations6003

Brambilla 10 [728], ETM 11C [727] and Bazavov 12 [726] give evidence that they have6004

reached distances where perturbation theory can be used. However, in addition to ⇤,6005

a scale is introduced into the perturbative prediction by the process of subtracting the6006

renormalon contribution. This subtraction is avoided in Bazavov 14 [74] by using the6007

force and again agreement with perturbative running is reported. Husung 17 [666]6008

(unpublished) studies the reliability of perturbation theory in the pure gauge theory with6009

lattice spacings down to 0.015 fm and finds that at weak coupling there is a downwards6010

trend in the ⇤-parameter with a slope �⇤/⇤ ⇡ 9↵3
s. While it is not very satisfactory6011

to use just Husung 17 to estimate the perturbative error, we do not have additional6012

information at present. Further studies are needed to better understand the errors of ↵s6013

determinations from the potential.6014

Only Bazavov 14 [74] enters the pre-average with central value ↵MS = 0.1166. Given the6015

findings of [666] we estimate a perturbative error of �⇤/⇤ = 9(↵min
s )3 with ↵min

s ⇡ 0.196016

the smallest value reached in [74]. This translates into �↵MS(MZ) = 0.0014. A di↵erent6017

way to estimate the e↵ect is to take the actual di↵erence of the ⇤-parameters estimated6018

in Nf = 0 by Brambilla 10 [728] and Husung 17 [666]: �⇤/⇤ ⇡ (0.637� 0.590)/0.637 =6019

0.074 or �↵MS(MZ) = 0.0018. We use the mean of these two error estimates together6020

with the central value of Bazavov 14 and obtain ↵MS = 0.1166(16).6021

• Small Wilson loops6022

Here the situation is unchanged as compared to FLAG 16. In the determination of6023

↵s from observables at the lattice spacing scale, there is an interplay of higher-order6024

perturbative terms and lattice artefacts. In HPQCD 05A [740], HPQCD 08A [741] and6025

Maltman 08 [76] both lattice artifacts (which are power corrections in this approach)6026

and higher-order perturbative terms are fitted. We note that Maltman 08 [76] and6027

HPQCD 08A [741] analyze largely the same data set but use di↵erent versions of the6028

perturbative expansion and treatments of nonperturbative terms. After adjusting for the6029

slightly di↵erent lattice scales used, the values of ↵MS(MZ) di↵er by 0.0004 to 0.0008 for6030

the three quantities considered. In fact the largest of these di↵erences (0.0008) comes6031

from a tadpole-improved loop, which is expected to be best behaved perturbatively. We6032

therefore use the weighted average of [76] and [13] together with our estimate of the6033

perturbative uncertainty Eq. (329), i.e., ↵MS = 0.11858(120).6034

• Heavy quark current two-point functions6035

Other computations with small errors are HPQCD 10 [13] and HPQCD 14A [15], where6036
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Figure 5: The running of the coupling and the ⇤-parameter.

close to the continuum. The two di↵erent extrapolations can be seen in fig. 4. The five di↵erent pairs
of black solid and red dotted lines in fig. 4 show the fit of ⌃(s, u, a/r) scaled by 1/u. The uppermost
pair corresponds to the continuum extrapolation of the last iteration. Comparing the results for ⇢ = 0
and ⇢ , 0, indicates that cut o↵ e↵ects are under good control. We use the ones with larger errors
(⇢ , 0) for further analysis.

In the small distance regime the step scaling strategy is beneficial in comparison to the traditional
continuum limit, in which one would have to compute the coupling up to r � r0. With step scaling the
essential measurements on fine lattices involve only short distance quantities, where self-averaging
works very well. This reduces computational requirements, less statistics is needed.

The continuum extrapolated non-perturbative values of �(s, u) can be compared to the prediction
of perturbation theory. The latter are obtained by inserting the perturbative �-function into

ln(s) = �

p
�(s,u)Z

p
u

1
�qq(g)

d g (15)

and solving for �(s, u). The comparison in fig. 5a shows surprisingly clear deviations from pertur-
bation theory. The non-perturbative �(s, u) crosses the 4-loop prediction at around u = 3.5 and is
significantly lower for u = 2.4 .

5 The ⇤-parameter

The ⇤ parameter was calculated from lattice data

⇤qq = '(gqq(r))/r , '(gqq(r)) = (b0g
2
qq)
� b1

2b2
0 e
� 1

2b0g
2
qq ⇥ exp

2
66666666664
�
gqqZ

0

dx
0
BBBB@

1
�qq(x)

+
1

b0x3 �
b1

b2
0x

1
CCCCA

3
77777777775

(16)

using the perturbative �-function at 4-loop order. As a Renormalization Group Invariant the ⇤-
parameter should not change as we vary g2

qq(r). Of course this only holds true in a regime where
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𝜶(MZ) pre-ranges

‣ Wilson loops 
 
 
 
 
 
as discussed
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𝜶(MZ) average of pre-ranges

‣ mean: weighted average of preranges

‣ error:  
 
error of weighted average:                               0.00058  
other options 
     smallest error of individual ranges               0.00081  
 
     mean of errors of individual ranges             0.00132

More recent calculations use the same method but just at the charm quark mass, where6042

discretization errors are considerably smaller. Here the dominating uncertainty is the6043

perturbative error. JLQCD 16 [24] estimates it at ∆αs = 0.0011 from independent6044

changes of the renormalization scales of coupling and mass, µα, µm. Fig. 35 for the6045

residual scale dependence of αs from R4 yields 0.0017 from scale change 1 ≤ s ≤ 36046

and 0.0025 for 2 ≤ s ≤ 4. For the figure we set µα = µm. Independent changes of6047

µα, µm would yield a larger estimate of the uncertainty [771]. We note also that there6048

are small differences in the continuum-extrapolated results in the moments themselves,6049

cf. Tab. 58. The relative difference in R6/R8 − 1 ∼ kαs between Maezawa 16 [16],6050

and JLQCD 16 [24], is about 4.5(2.5)%, which translates into a difference of 0.0023(13)6051

in αs at the Z-mass, close to the total cited uncertainty of JLQCD 16 [24]. A further6052

estimate of the uncertainty is the difference of the JLQCD 16 [24] and Maezawa 16 [16]6053

final numbers,74 which is ∆αMS(MZ) = 0.00156054

We settle for an intermediate value of ∆αs = 0.0015 together with the central value from6055

the weighted average of HPQCD 10 [13], HPQCD 14A [15], and JLQCD 16 [24], and6056

obtain αMS = 0.11824(150).6057

• Other methods6058

Computations using other methods do not qualify for an average yet, predominantly due6059

to a lacking ◦ in the continuum extrapolation.6060

As a central value for our range of α(5)

MS
(MZ) we determine the weighted average of the6061

five pre-ranges listed in Tab. 61. Given that apart from one of them the dominating errors are6062

systematic, we do not consider it safe to use the error, 0.00058, of the weighted average. It is6063

significantly below the errors of the individual methods. Alternatives are to use the smallest6064

range, 0.00081, or the mean of the ranges 0.00132.6065

We settle on the in-between choice which is the smallest range. Thus our result is6066

α(5)

MS
(MZ) = 0.11823(81) . (346)

While this is not a particularly conservative choice, it is reassuring to see that almost all6067

central values that qualify for averaging are within the so-determined range. Furthermore all6068

pre-ranges have significant overlap with our final range. The biggest difference of an individual6069

computation which qualifies for the average is 0.11660(100)–0.11823(81) = −0.0016(13), so6070

not very large.6071

The range for α(5)

MS
(MZ) presented here is based on results with rather different systematics6072

(apart from the matching across the charm threshold). We therefore believe that the true6073

value is very likely to lie within this range.6074

All computations which enter this range, with the exception of HPQCD 14A [15], rely on a6075

perturbative inclusion of the charm and bottom quarks. Perturbation theory for the matching6076

of ḡ2Nf
and ḡ2Nf−1 looks very well behaved even at the mass of the charm. Worries that still6077

there may be purely non-perturbative effects at this rather low scale have been removed by6078

non-perturbative studies of the accuracy of perturbation theory. While the original study6079

in Ref. [122] was not precise enough, the extended one in Ref. [123] estimates effects in the6080

Λ-parameter to be significantly below 1% and thus negligible for the present and near future6081

accuracy.6082

74One may wonder why we consider Maezawa 16 which has a ! in the perturbative behaviour. This rating
is, however, due to the overall estimated uncertainty, not to the rest of the data and analysis, which we use
here.
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𝜶(MZ) average of pre-ranges

‣ mean: weighted average of preranges

‣ error:  
 
error of weighted average:                               0.00058  
other options 
     smallest error of individual ranges               0.00081  
 
     mean of errors of individual ranges             0.00132

More recent calculations use the same method but just at the charm quark mass, where6042

discretization errors are considerably smaller. Here the dominating uncertainty is the6043

perturbative error. JLQCD 16 [24] estimates it at ∆αs = 0.0011 from independent6044

changes of the renormalization scales of coupling and mass, µα, µm. Fig. 35 for the6045

residual scale dependence of αs from R4 yields 0.0017 from scale change 1 ≤ s ≤ 36046

and 0.0025 for 2 ≤ s ≤ 4. For the figure we set µα = µm. Independent changes of6047

µα, µm would yield a larger estimate of the uncertainty [771]. We note also that there6048

are small differences in the continuum-extrapolated results in the moments themselves,6049

cf. Tab. 58. The relative difference in R6/R8 − 1 ∼ kαs between Maezawa 16 [16],6050

and JLQCD 16 [24], is about 4.5(2.5)%, which translates into a difference of 0.0023(13)6051

in αs at the Z-mass, close to the total cited uncertainty of JLQCD 16 [24]. A further6052

estimate of the uncertainty is the difference of the JLQCD 16 [24] and Maezawa 16 [16]6053

final numbers,74 which is ∆αMS(MZ) = 0.00156054

We settle for an intermediate value of ∆αs = 0.0015 together with the central value from6055

the weighted average of HPQCD 10 [13], HPQCD 14A [15], and JLQCD 16 [24], and6056

obtain αMS = 0.11824(150).6057

• Other methods6058

Computations using other methods do not qualify for an average yet, predominantly due6059

to a lacking ◦ in the continuum extrapolation.6060

As a central value for our range of α(5)

MS
(MZ) we determine the weighted average of the6061

five pre-ranges listed in Tab. 61. Given that apart from one of them the dominating errors are6062

systematic, we do not consider it safe to use the error, 0.00058, of the weighted average. It is6063

significantly below the errors of the individual methods. Alternatives are to use the smallest6064

range, 0.00081, or the mean of the ranges 0.00132.6065

We settle on the in-between choice which is the smallest range. Thus our result is6066

α(5)

MS
(MZ) = 0.11823(81) . (346)

While this is not a particularly conservative choice, it is reassuring to see that almost all6067

central values that qualify for averaging are within the so-determined range. Furthermore all6068

pre-ranges have significant overlap with our final range. The biggest difference of an individual6069

computation which qualifies for the average is 0.11660(100)–0.11823(81) = −0.0016(13), so6070

not very large.6071

The range for α(5)

MS
(MZ) presented here is based on results with rather different systematics6072

(apart from the matching across the charm threshold). We therefore believe that the true6073

value is very likely to lie within this range.6074

All computations which enter this range, with the exception of HPQCD 14A [15], rely on a6075

perturbative inclusion of the charm and bottom quarks. Perturbation theory for the matching6076

of ḡ2Nf
and ḡ2Nf−1 looks very well behaved even at the mass of the charm. Worries that still6077

there may be purely non-perturbative effects at this rather low scale have been removed by6078

non-perturbative studies of the accuracy of perturbation theory. While the original study6079

in Ref. [122] was not precise enough, the extended one in Ref. [123] estimates effects in the6080

Λ-parameter to be significantly below 1% and thus negligible for the present and near future6081

accuracy.6082

74One may wonder why we consider Maezawa 16 which has a ! in the perturbative behaviour. This rating
is, however, due to the overall estimated uncertainty, not to the rest of the data and analysis, which we use
here.
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especially important role in these fits given the much larger number of fit parameters
than data points. We note, however, that the size of the coe�cients does not prevent
high-order terms from contributing significantly, since the data includes values of amc

that are rather close to 1.

More recent calculations use the same method but just at the charm quark mass, where
discretization errors are considerably smaller. Here the dominating uncertainty is the
perturbative error. JLQCD 16 [36], estimates it at �↵s = 0.0011 from independent
changes of the renormalisation scales of coupling and mass, µ↵, µm. Figure 1 for the
residual scale dependence of ↵s from R4 yields 0.0017 from scale change 1  s  3 and
0.0025 for 2  s  4. For the figure we set µ↵ = µm. Independent changes of µ↵, µm

would yield a larger estimate of the uncertainty [153]. We note also that there are small
di↵erences in the continuum-extrapolated results in the moments themselves, cf. Tab. 6.
The relative di↵erence in R6/R8 � 1 ⇠ k↵s between Maezawa 16 [37], and JLQCD 16
[36], is about 4.5(2.5)%, which translates into a di↵erence of 0.0023(13) in ↵s at the
Z-mass, close to the total cited uncertainty of JLQCD 16 [36]. A further estimate of the
uncertainty is the di↵erence of the JLQCD 16 [36] and Maezawa 16 [37] final numbers8

which is �↵
MS

(MZ) = 0.0015

We settle for an intermediate value of �↵s = 0.0015 together with the central value from
the weighted average of HPQCD 10 [128], HPQCD 14A [27], and JLQCD 16 [36], and
obtain ↵

MS
= 0.11824(150).

• Other methods
Computations using other methods do not qualify for an average yet, predominantly due
to a lacking � in the continuum extrapolation.

As a central value for our range of ↵(5)

MS
(MZ) we determine the weighted average of the

five pre-ranges listed in Tab. 9. Given that apart from one of them the dominating errors are
systematic, we do not consider it safe to use the error, 0.00058, of the weighted average. It is
significantly below the errors of the individual methods. Alternatives are to use the smallest
range, 0.00081, or the mean of the ranges 0.00132.

We settle on the in-between choice which is the smallest range. Thus our result is

↵(5)

MS
(MZ) = 0.11823(81) . (68)

While this is not a particularly conservative choice, it is reassuring to see that almost all
central values that qualify for averaging are within the so-determined range. Furthermore all
pre-ranges have significant overlap with our final range. The biggest di↵erence of an individual
computation which qualifies for the average is 0.11660(100)� 0.11823(81) = �0.0016(13), so
not very large.

The range for ↵(5)

MS
(MZ) presented here is based on results with rather di↵erent systematics

(apart from the matching across the charm threshold). We therefore believe that the true
value is very likely to lie within this range.

All computations which enter this range, with the exception of HPQCD 14A [27], rely on a
perturbative inclusion of the charm and bottom quarks. Perturbation theory for the matching
of ḡ2Nf

and ḡ2Nf�1
looks very well behaved even at the mass of the charm. Worries that still

8One may wonder why we consider Maezawa 16 which has a ⌅ in the perturbative behaviour. This rating
is, however, due to the overall estimated uncertainty, not to the rest of the data and analysis, which we use
here.
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FLAG 2019 final results
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limited by

statistics, continuum 
extrapolation

compromise

PT, lattice      
      effects *

compromise

*  Small Wloops are special 
     perturbation theory at  
     a𝜇=1 (non-universal)
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        Continuum vs. Lattice

‣ Difficult to get to Euclidean  
like quantities  
(inclusive, smeared)

‣ Hadronization corrections 
PDF-fits

‣ experimental errors for  
 
 
grow with 𝜇

‣ Euclidean correlators  
from the start 

‣  Nf < 5  

‣ Discretisation errors grow  
with 𝜇.  
(except for finite volume  
step scaling method)
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6 50. Plots of cross sections and related quantities

R in Light-Flavor, Charm, and Beauty Threshold Regions
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Figure 50.6: R in the light-flavor, charm, and beauty threshold regions. Data errors are total below 2 GeV and statistical above 2 GeV.
The curves are the same as in Fig. 50.5. Note: CLEO data above Υ(4S) were not fully corrected for radiative effects, and we retain
them on the plot only for illustrative purposes with a normalization factor of 0.8. The full list of references to the original data and
the details of the R ratio extraction from them can be found in [arXiv:hep-ph/0312114]. The computer-readable data are available at
http://pdg.lbl.gov/current/xsect/. (Courtesy of the COMPAS (Protvino) and HEPDATA (Durham) Groups, May 2010.)
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4 Step scaling for short distances and large volume

For six di↵erent lattice spacings a, Wilson loops have been measured with total statistic of Nwl, listed
in table 1. The coupling g2

qq(r, a) at finite lattice spacing a was derived from Wilson loops applying the
analysis described in [22] with only one di↵erence: the parallel transporters in time are the dynamical
gauge fields (no smearing) and statistical errors are reduced by the multi-hit technique [23].

To extrapolate the coupling to its continuum value we used two di↵erent strategies. In the regime
of intermediate distances the scale was set at r0 [24] and the coupling g2

qq(r, a) was extrapolated to
the continuum at r/r0 = 0.3, 0.4, . . . , 1.1. In the short distance regime (r  0.45r0) the continuum
extrapolation of the coupling g2

qq(r) was performed using step scaling.
Originally used to bridge large scale di↵erences in finite volume couplings [25], we use it here to

extrapolate from large to small distances, in large volume.

0 0.5 1
0

5

10

15

20

r/r0

g2 qq
(r

)

continuum limit
step scaling

step scaling
r  0.45r0

Figure 3: Six step scaling iterations starting
from r⇤ = 0.45r0 reaching down to r ⇡ 0.1r0
and the continuum limit for the large distance
regime.
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Figure 4: Continuum limit eq. (14) of the step
scaling function with (⇢ , 0) and without
(⇢ = 0) slope. Red markers are shifted for
visualization.

In an iterative process one computes the step
scaling function

g2
qq(sr) = �(s, g2

qq(r)) , s = 0.75 (11)

with scale factor s. The step scaling function �
is a discrete � function. Starting at a given point
(g2

qq(r⇤) = u0) a series is formed by applying the
step scaling function iteratively:

u0 = g
2
qq(r⇤) r⇤ = 0.45r0

u1 = g
2
qq(sr⇤) = �(s, u0)

u2 = g
2
qq(s2r⇤) = �(s, u1)
...

u5 = g
2
qq(s5r⇤) = �(s, u4)

In this way one can reach down from r⇤ = 0.45r0
to r5 = s5r⇤ ⇡ 0.11r0, visualized in fig. 3. In each
iteration one has to compute the lattice equivalent
⌃ of the step scaling function, which has an addi-
tional dependence on the lattice spacing a,

g2
qq(sr, a) = ⌃(s, u, a/r) |g2

qq(r,a)=u (12)

and perform its continuum extrapolation,

�(s, u) = lim
a/r!0

⌃(s, u, a/r) , (13)

which is the starting point of the next iteration. The
extrapolation to a/r ! 0 is performed as a linear
fit

⌃(s, u, a/r) = �(s, u){1 + ⇢ (a/r)2} (14)

with slope ⇢(u) and continuum value�(s, u). To test our treatment of cut o↵ e↵ects we extrapolate with
and without slope ⇢, where the extrapolation without slope is constrained to data points (a/r)2  0.05



Nf < 5   ⟹  Nf  = 5,6

‣ Only Nf=3 (or 4) are reached by direct computation

‣ Threshold matching QCD(Nf) and QCD(Nf+1) by 
perturbation theory

‣ Higher order corrections are small  
in perturbation theory

‣ Non-perturbative investigation:   
 
 
they remain negligible (at present) also beyond PT. 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Conclusion

‣ PDG non-lattice average and FLAG range  
are fully compatible  
     lattice = continuum/perturbative

‣ Different lattice results are in mutual 
agreement

‣ perturbative truncation errors are often the 
dominating uncertainty even in the “non-
perturbative” computations 
- but not always

‣ FLAG 4 will be out shortly 
             (a matter of days)
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Personal opinion where we should go

‣ A good strategy is:   divide quantities into 

• simple, perturbative, precise, large momentum scale  
—> determine 𝜶

• more difficult or less precise  
—> test perturbation theory + resummations + … 

‣ Mainly a sociological problem to put this into practice

‣ Some Quality criteria also for continuum phenomenology 
would be a step forward

• small 𝜶 

• simple theory 

‣ Lattice (FLAG) quality criteria should become more stringent 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𝜶(MZ) FLAG-range + final range
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