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Abstract 

  Polarized gluon TMDs at small x 
     Piet Mulders and Elena Petreska 
 
  Flavor, spin and partonic transverse momenta are important characteristics for 

parton distribution functions (PDFs), allowing a proliferation of possibilities. This 
proliferation can provide novel information into the non-perturbative structure of 
nucleons as well as new probes for high energy processes. Wilson lines are an 
important ingredient in the operator definitions of transverse momentum 
dependent PDFs (TMDs). We focus on the small x behavior of unpolarized and 
linearly polarized gluon TMDs with different gauge link structures for unpolarized 
and transversely polarized nucleons. For this we employ generalized TMD 
correlators (GTMDs) involving non-forward matrix elements of Wilson loops. As 
an example of the richness of GTMDs, we note that the C-odd parts can 
generate odd harmonics in the two-particle azimuthal correlations in peripheral 
proton-nucleus collisions.  
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Gluons at small x 

  Starting point: matrix elements of two nonlocal gluon field operators (of course 
connected via an appropriate gauge link) with light-like separation (collinear 
PDFs) or light-front separation (TMDs). 

 
 
     

 
  Compare this with just a Wilson loop with transverse separation,                 

linked to the emergence of transverse structure in QCD 

  Gauge links (dipole type [+,-] 
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Gluon TMDs and Wilson loops via GTMDs 

4 

show that the odderon Wigner distribution at small x is related to the v1 flow coe�cient in
di-hardon production in pp and pA.

The Wigner distributions are process dependent and if they are the origin of azimuthal
correlations in particle production in high-energy collisions, then di↵erent azimuthal asym-
metries would appear in di↵erent processes. We show this explicitly by considering the pro-
duction of two jest in di↵ractive DIS or ultra-peripheral pA collisions mentioned above. This
process, unlike the di-hadron production in pA, does not probe the odderon Wigner distri-
bution and therefore does not result in odd azimuthal correlations between the two produced
jets.

The second fundamental Wigner distribution is the Weizsäcker-Williams (WW) gluon
distribution. We study its contribution to high-energy collisions by considering double Higgs
production in a mean-filed approximation for the target. In the CGC framework the cross
section for a single Higgs production in the dilute-dense picture of pA collisions is given in
terms of a quadrupole operator defining the WW distribution (a gluon-gluon correlator with
two past-pointing gauge links) [14–17]. We postulate that the WW Wigner distribution can
lead to azimuthal asymmetries in double Higgs production in high-energy proton-nucleus
collisions.

The paper is organized as follows...

2 The GTMD correlator

We adopt a ‘symmetric’ frame where the average hadron momentum is given by P ⌘ (p0 +
p)/2, the momentum transfer by � ⌘ p

0
� p, and the average gluon momentum is denoted

by k, see also figure 1. Furthermore, the momenta p and p
0 are defined to have very large

plus components. The momenta P , �, and k are respectively given in terms of light-cone
components1 as (P+

, P
�
,0), (�2⇠P+

, 2⇠P�
,�), and (xP+

, k
�
,k), with P

� = (4M2 +
�2)/(8(1� ⇠

2)P+) and M denoting the hadron mass. The longitudinal momentum fraction
is defined as x ⌘ k

+
/P

+ and the skewness parameter is given by ⇠ ⌘ ��
+
/(2P+).

p = P �
�
2 p0 = P + �

2

k + �
2

k �
�
2

W

Figure 1: The kinematical set-up; the green ‘blob’ represents the gluon-gluon GTMD correlator.

The gluon-gluon GTMD correlator for an unpolarized hadron is defined as [?]
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Similarly to the TMD case, it was recently shown that a proper definition of the GTMD
correlator includes additional dependence on soft-gluon radiation [?], however as this will
not play any role in this paper it is not discussed here explicitly. The two process-dependent
gauge links U and U

0 are required for color gauge invariance. Later we will consider a specific

gauge link structure that is built from the future- and past-pointing Wilson lines U [+]
[a,b] and

1
Throughout the paper we make use of light-cone coordinates: we represent a four-vector a as (a+, a�,a),

where a± ⌘ (a0 ± a3
)/
p
2 and a ⌘ (a1, a2

). We also define the four-vector aT with components (0, 0,a), so that

a2
T = �a2

.

3

h
i@↵

x , U
[±]
[a,x]

i
= ±gU [±]

[a,x]G
↵
T (x)

<latexit sha1_base64="He0vHjdmpNj3wbEAv8QT4kvh7ow="></latexit><latexit sha1_base64="He0vHjdmpNj3wbEAv8QT4kvh7ow="></latexit><latexit sha1_base64="He0vHjdmpNj3wbEAv8QT4kvh7ow="></latexit><latexit sha1_base64="He0vHjdmpNj3wbEAv8QT4kvh7ow="></latexit>

G[+,�]↵�(kT ,�T ) = 16

Z
d2z d2b

(2⇡)3
eikT ·zT�i�T ·bT

hp0|G�
T (x)U

[�]
[x,y]G

↵
T (y)U

[+]
[y,x]|pi

���
LF

hP |P i
<latexit sha1_base64="wgT1FgG5l87+yzKeKd9asj3PjTA="></latexit><latexit sha1_base64="wgT1FgG5l87+yzKeKd9asj3PjTA="></latexit><latexit sha1_base64="wgT1FgG5l87+yzKeKd9asj3PjTA="></latexit><latexit sha1_base64="wgT1FgG5l87+yzKeKd9asj3PjTA="></latexit>

G[+,�]↵�(x, kT , ⇠,�T ) = 4

Z
d3z d3b

(2⇡)3
eik·z�i�·b

hp0|Fn�(x)U [�]
[x,y]F

n↵(y)U [+]
[y,x]|pi

���
LF

hP |P i
<latexit sha1_base64="eOJoNlw8jznryGMTehiBG6WzakM="></latexit><latexit sha1_base64="eOJoNlw8jznryGMTehiBG6WzakM="></latexit><latexit sha1_base64="eOJoNlw8jznryGMTehiBG6WzakM="></latexit><latexit sha1_base64="eOJoNlw8jznryGMTehiBG6WzakM="></latexit>

gluonic pole: 

x=ξ=0 

x, y  ! z, b
<latexit sha1_base64="EPkXnrPeHpQ25S3kUkoEreC47Wo=">AAACBHicbVA9SwNBEN2LXzF+RS3TLAbBIoS7KGgZsLGMYD4gCWFvs3dZsrd77M6pMaSw8a/YWChi64+w89+4Sa7QxAcDj/dmmJnnx4IbcN1vJ7Oyura+kd3MbW3v7O7l9w8aRiWasjpVQumWTwwTXLI6cBCsFWtGIl+wpj+8nPrNW6YNV/IGRjHrRiSUPOCUgJV6+cJ9aYQ7QslQsAA0DwdAtFZ3+KHk9/JFt+zOgJeJl5IiSlHr5b86fUWTiEmgghjT9twYumOigVPBJrlOYlhM6JCErG2pJBEz3fHsiQk+tkofB0rbkoBn6u+JMYmMGUW+7YwIDMyiNxX/89oJBBfdMZdxAkzS+aIgERgUniaC+1wzCmJkCaGa21sxHRBNKNjccjYEb/HlZdKolL3TcuX6rFitpHFkUQEdoRPkoXNURVeohuqIokf0jF7Rm/PkvDjvzse8NeOkM4foD5zPH7DsmBI=</latexit>

G↵
T (xT ) =

Z 1

�1
dz� U [�]

[0,x]F
n↵(z�, xT )U

[+]
[0,x]

<latexit sha1_base64="zWBkhPyi0TcYL72/zsl5aignXmM="></latexit>

G[⇤](kT ,�T ) =

Z
d2z d2b

(2⇡)4
eikT ·zT�i�T ·bT

hp0| 1
Nc

Tr
�
U [⇤](x, y)

�
|pi

���
LF

hP |P i
<latexit sha1_base64="k/qE1/CEE6IT6O/fSCpXL3DLRY0="></latexit>

  Basis: Wilson loop GTMD 
 



Gluon TMDs and Wilson loops via GTMDs  

  Employ the (off-forward) Wilson loop GTMD, 

 
 
 
 
  ... to get the gluon GTMD at x = 0 as well as the gluon TMD at x = 0 
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Gluon TMDs in unpolarized hadrons 

  Wilson loop correlator 

 
   Gluon (G)TMD at x=ξ=0 

 
  There are several gluon TMDs for unpolarized hadrons: 

 
  Small x behavior of (dipole) gluon TMDs 

  Naively, TMDs behave as 1/x, diverge for x à 0 (or less naively: small x 
behavior xα with 1 < α < 2) 
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Gluon TMDs in polarized nucleon 

  Polarized target (vector polarization) 

  Cf. Wilson loop TMDs in polarized nucleon (no TMD for L polarization)  
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‘pomeron’ ‘odderon’ 
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Small x physics in terms of TMDs 

  Dipole gluon TMDs: at small x only two structures for unpolarized and 
transversely polarized nucleons: pomeron & odderon structure 

 
  Circularly polarized gluons in transversely polarized nucleons and TMDs in 

longitudinally polarized nucleons: Naively: TMDs tend to zero for x à 0 (less 
naively: small x behavior xα with α < 1) 
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Figure 3. The directed flow v1(k) for a lead nucleus with A = 208 (blue curve) and for a copper
nucleus with A = 63 (red curve). We take αs = 0.3, Λ = 0.24GeV, and kref = 0.8GeV.

Figure 3 shows that v1 in our model calculation decreases with increasing A. This

is expected, since the odderon contribution xW1 has been computed with the MV model

extended by a cubic action [107], i.e. an action that includes a subleading correction in

1/A1/3 compared to the original MV model. Therefore, the whole observable is subleading

in 1/A1/3, as expected for an effect that is proportional to the derivative of the nuclear

thickness function T (b). However, the precise dependence on A is not straightforward to

extract analytically from the explicit expressions because of the non-trivial Qs dependence.

Finally, let us comment that the odd harmonics computed in [67] in the nonlinear

Gaussian approximation are suppressed in 1/Nc compared to our result, since we are con-

sidering the leading-order terms in the 1/Nc expansion in eq. (4.3) which do not produce

odd harmonics in the mechanism considered in [67].

The results so far have been derived for the production of two hadrons by two incoming

quarks from the proton that scatter off the nuclear CGC. This description is valid at forward

rapidity, such that the proton consists of valence quarks only. Moving away from the

forward-rapidity region, one needs to account for the presence of sea quarks and antiquarks

in the proton’s wave function. The scattering of an antiquark is given by the complex

conjugate of the quark’s dipole operator, which implies that xWquark
1 = −xWantiquark

1 .

Hence, if one assumes that away from the valence region the proton consists of an equal

number of quarks and antiquarks with exactly the same DPDs for qq, q̄q̄, and qq̄ pairs, the

sum over all partons scattering off the nucleus would not give any odd harmonics. However,

it is known that for values of x ≤ 10−1, the DPDs differ for different pairs of partons with

an x-dependent width in the Gaussian model [109, 110]. In general, the proton DPD takes

the following form:

Fp(x1, x2, b1 − b2) = fab(x1, x2)
1

4πhab(x1, x2)
e
−

(b1−b2)
2

4hab(x1,x2) , (4.20)

where the labels a, b refer to quarks or antiquarks. The precise form of hab, including

numerical values for the relevant parameters, can be found in [110]. Due to the fact that

the proton DPDs differ for different combinations of quarks and antiquarks, our mechanism

would also produce nonzero odd azimuthal correlations away from the forward-rapidity

region. For the case of gluon production, the odd harmonics in our model are zero by

– 14 –

Nuclear measurements of GTMDs 

  Back to unpolarized GTMDs (at x=ξ=0)  
 

  Can be complex 
 

Odderon (C-odd) contribution in                    only has odd powers in kT.ΔT and 
vanishes in the forward limit 

  As bT (FT of ΔT) and zT (FT of kT) involve different scales in a nucleus (nuclear 
for bT and nucleonic for zT) the odderon part could show up, e.g. in ultra -
peripheral pA scattering via azimuthal asymmetries (directed flow) 
  Needs cubic term in CGC action 
  Leads to 1/A1/3 effect 
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Concluding remarks 

  Simplifications of gluon TMDs at small x: linearly polarized gluon distributions in 
unpolarized and transversely polarized nucleons dominate over circularly 
polarized distributions. 

  Wilson loop matrix elements crucial in low x domain. 
  Access to C-odd matrix elements via nuclear density profiles 
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