Frame-Independent Angular
Distributions as Density Matrix

im Invariants

Margarita Gavrilova, Oleg Teryaev
Moscow Institute of Physics and Technology
Joint Institute for Nuclear Research
arXiv: 1901.04018 (to appear in Phys Rev. D)

DIS-2019, Torino, April 10



Outline

e Drell-Yan angular distributions and frame dependence; geometric model
e Hadronic tensor as density matrix (of virtual photon) and its invariants

e Counting and constraining the invariants

e Applications

e Conclusions



Angular distribution

general form of angular distribution (wrt
particular frame)

1 do 3 1

o df2 A4 3+ g
Mg sin® 0 cos 2¢ + A 4 sin® 0 sin 2¢
Alggsin 20 sin ¢ + 2Ag cos
2A4sinf cos ¢ + 2A, 4 sinsin @)

(1 + \g cos? 0 + Aog sin 20 cos ¢

+ + +




Angular distribution

general form of angular distribution :

1 do 3 1

o df2 A4 3+ g
Mg sin® 0 cos 2¢ + A 4 sin® 0 sin 2¢
Alggsin 20 sin ¢ + 2Ag cos
2A,sin 6 cos ¢ + 2A, 4 sin 0 sin @)

(1 + \g cos? 0 + Aog sin 20 cos ¢

+ + +

Invariants
-> Facilitate comparison b/w experiments, theory and experiment

=> Reveal systematic biases



Kinematic azimuthal asymmetry from polar one (0T°05)

Only polar asymmetry with respeﬁt to m!

m
& do o 14 Ao (7m)? = 1 4+ A cos? 62
' 2 G
COS B, = cos 6 cos Gy + sin f sin Gy cos o

i _ - 2
A= A\g 2 3 51-11 2190
: . 2+ Ao sin© #g

- azimuthal angle appears with new 2 si126;
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Generalized Lam-Tung relation

« Relation between coefficients (high school

math sufficient!)
A — A+ %IJ

]_—EL-"

« Reduced to standard LT relation for transverse
polarization (A, =1)
« LT - contains two very different inputs:
Kinematical asymmetry+transverse polarization
« Non-coplanarity — violation of LT

(talk of W.-C. Chang)




General approach: the number of
independent invariants

> 8 parameters describe distribution > 8-3=5independent invariants

=> 3 Euler angles parameterize rotation



Hadronic tensor in terms of observables

1 do
- L
a0 <"



Hadronic tensor in terms of observables

1 do
—— o WH*L,,
o d§? X

bl — ’ng C1 — 7;62 d3

B dl a; + iag bl + ’ng
QH,W,"W =0 — WY = a; — 19 do c1 + 1¢o



Hadronic tensor in terms of observables

1do
—— o WH*L,,
o d?
B dl a; + iag bl + ’ng
QH,W,"W =0 — WY = a; — 19 do c1 + 1¢o

bl — Zbg C1 — 7;62 d3

. k
Lij X 5@' — NNy - LgE€ijkM



Hadronic tensor in terms of observables

Ldo
o d2

L
o d§2

+ + +

1 1 1 1
(d] + §d2 + §d3) + (—dl + §d2 + §d3) 0082 7]

ay sin 26 cos ¢ + %(dg — ds) sin’ 0 cos 2¢

by sin 20 sin ¢ — ¢ sin? @ sin 2¢

204 sin 0 sin ¢ + 2by sin 0 cos ¢ — 2¢5 cos 0

compare with the general expression

3 1
AT 3+ N
Mg sin® @ cos 2¢ + A1 4 sin® 0 sin 2¢
ALpgsin 20sin ¢ + 24 cos 6
2A,sin0cos ¢+ 2A, 4 sinfsin @)

(1 + Agcos? O + Ao sin 20 cos ¢



Hadronic tensor in terms of observables

Wi = o | —doy +idLs =2 N\, — idy
" Ndiop — 1Ay —Aig+idy 2P

(normalization condition Tr W = 1)



Hadron tensor in terms of observables

B 9 % —A9¢, — ?;AJ_¢ —AL9¢ —+ 'jAQ,)
Wi = o | —doy +idLs M2 X, —iAy
0 . . 14+Xg+2A
_AJ_Gqﬁ — ZA¢ —/\_J_¢ -+ ZAQ %

(normalization condition Tr W = 1)

1
W=§-1—|—WS—I—7JWG

Spin 1: symmetric and antisymmetric part do not mix: rotational invariants can be
found as eigenvalues of matrices:

W, Wg, Wo, WW,, W W, Wy, ...




Set of characteristic equatlons for

WL W+ W, and WL Y,

ap {ul" " + -1.!.I'|::| =)
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: (qrr ir,r) H:r' Hi=10
W v+ gl H—ﬁl:'l' | =

z 1§
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Invariants

1:A§+A§+Aig¢ 2:A3+3(A§+A3¢+Ai¢+)\ig¢)

(3+X)2 (3 + Ag)?
_ (Ma+3X) (205 — 6X0Ag +9X3,) +9 (AaAT gy — 200AT, + 6Aap A LogA 16 — BA AT 45)

(3 + Ng)°
1
R = W (54 (AgApAep + Ao ALsA Loy + ALsApALs) +9e (245 — AT, — A7)
0

+27X (A3 — A%y))

1

M= Ap — 9X% — 9A1,) — A2 (200 (N + 3Xg) + 90T p,)

I P
Gy (4
+AT, (6AgAg — 20§ — 9N],) + 6494145 (Ao (Ao — 3Xs) + BhepALs)



Restrictions on Invariants

Positivity condition together with normalization lead to the following inequalities:

0 <w3<1
0 S W1We + WiW3 + Wolls S
0 < wjwaws < 2%'

W=



Constraints for Invariants

Positivity condition together with normalization lead to the following inequalities:

0 <w3<1
0 S wWiWy + wi1wWws + Wols S

1
2 3
0 < wiwows < 55

1 1 1 1
— < — - < — < —
U1—|—8U2_12 U1_12, U2_4




Positivity domain and geometric model for

PHENIX J/W data

A

(] [y

Floi. 2. Angulor coefficients A and A, messared b
PHEMIX ﬂ(@ HX l'm - l:?‘ﬂ Fraiss — .l
frame, [{d] I:' rrrrr Oifferent podnts correspond ta dl
ferent valuss of ELITES ol R TP L AT S :‘_:. Iy statistical errae

are shown




How invariant are they?

TABLE V. The values of Invarlants @'y amd T cabeulated for angular coeficients measured by PHENIX collabaration i
Jip o= g decays for 1.2 « y o< 2.2 ln four reference frames at different valoes of ge: (2 = 3 GeV ), (3 = 4 GeV) and (4 = 10
GeV). Only statistical errors are taken into account.

s T
pr [GeV fe] 23 3 4~ 10 2B 3 4 - 10
HX 3.0 £ 2.5 TH £ LT 1.2 £ L5 4.8 £ 6.5 1.7+ 3.7 Lt 1.4
8 2 (6.2 4 D) 1.0 £ L3 .5 & (L& = (15,2 £ 1.5) i1+ 16 0.9 4 0.8
1B B0+ 306 38 £ DG LA £ LG 105 £ 121 0.7 + 6.9 b £ 1.5
GJF BT+ d4 3.0+ 0.7 4.3 4 2.2 24.3 £ )1 I O TA£7T.1




Invariants discussed in literature

-> Faccioli et al. (PRL 105 (2010) 061601)

1+ Mg+ )\cb _
F = \ rotations along
3+ Ay the y-axis in
- Faccioli et al. (PRD 81 (2010) 111502), Palestini (PRD 83 (2011) 031503)  the dilepton

t frame
N )\ — 3 2)\ _ / res
(A, (OT'05) =) } = 2 3/ _3F -1
1-(1/2A0 1-F
Faccioli et al. (PRD 83 (2011) 056008)

_ L+ — Ay along the x-
34+ Ag ‘ axis
-> Faccioli et al. (PRD 83 (2011) 056008)
)\9 . along the z-
axis
- Ma,Qiu,Zhang (arXiv: 1703.04752 (2017)) . fne:tirj‘(;



Connection to invariants from arXiv: 1703.04752

U, = 20,
Uy = 2Us
ﬁg (T + 7R)
Wy= 200 + 250, + ZL0,0s — 2252 (450, + 10R + 36M)

Ws = £ (301 + 502) Wy + gir (Ur (=12 + 4200, — 2977) + LU R)




Invariants in terms of eigenvalues

w{wl® + 0wl P = WP = 40,

wPwl + WPl + wPwl = —u,

3
w'® )wés)wés) =574

WiWo + WiW3 + Wolg = —4U1 — %UQ
wiwows = % (T + R)

wgas)wgas)_i_ (as) (as)+ ( s) Lg’af,s) (as) éas) —AM




] related by
= Gottfried-Jackson frame - z | | quark momenta :I rotation

SPECIal case - Collins-Soper frame - z | | bisection along the y-

axis

z

lde 1 5 . Y
cd0 34 0y (l-l-)\gcos 0 + Aggsin 20 cos ¢ + Ay sin 9cos2¢)
W = —2py 1+ Ng — 2X 0
34+ XN 6 1 T ¢
0 0 1+ Ag+2My
_1+)\9+2A¢ 1—/\¢:|:\/()\0_)\¢)2+4)\3¢
R e 3+ Mg

Faccioli invariant



Other special rotations

L 1 2y 2y .
Wb = SN —2)\9¢ 1+ )\9 — 2)\¢ —2)\J_¢ T
0 —2)\_|_9¢ —2)\J_¢ 1+ )\9 + 2)\¢

|

L+ Mg — A

1 —Ng
3—|—)\9

et W el = = \g = invariant




CONCLUSIONS/OUTLOOK

e |nvariants may be expressed via eigenvalues of density matrix and its
components

e Corresponds to general structure of quantum theory

e May/should be used for data analysis (errors are currently large)

e Incorporating to calculations
e Higher spin
e (Crossed processes



