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A new simple PDF parametrization: 
improved description 

of the HERA data



Ø Default HERAPDF (xFitter) parametrisation:

!" !, $%& = (!) 1 − ! , 1 + .! + /!& − (0!)1 1 − ! ,1

Ø Asymptotic behaviours:  
!) 1 − ! ,

Ø To model large-x region à Polynomial in x
(1 + .! + /!& + ⋯)

Ø More flexibility in the small-x regime is needed

Ø Other groups use polynomial in ! à Some gain is obtained

Ø Very important in the light of future higher-energy colliders:

Ø Large Hadron-electron Collider (LHeC) 

Ø Future Circular electron-hadron or hadron-hadron Colliders (FCC-eh and 
FCC-hh

Motivations

Negative term 
(only for gluon)
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Ø To model small-x region we proposed polynomial in log(%)
(1 + ) log % + * log+ % + , log- % + ⋯)

Ø Considered both a multiplicative and an additive option, and we chose the
latter:

Ø Minimal parametrization:

New proposed parametrization

arXiv:1902.11125 [Bonvini,FG]

%/ %, 12+ = 4%5 1 − % 7 1 + 8% + 9%+ + ) log(%) + * log+ % + , log- %
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https://arxiv.org/abs/1902.11125


Ø Our new PDF parametrization:

Ø Depends on 18 free parameters that must be fitted
Ø This is to be compared with HERAPDF2.0 (14 free parameters)
Ø Two extra parameters for !", #! and %̅
Ø Major improvement comes from the gluon PDF (same number of free 

parameters)

New proposed parametrization

10/04/2019 Francesco Giuli - francesco.giuli@cern.ch 3



Comparison to HERAPDF2.0

Corr. term Log termExp. term
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Ø Richer structure at medium-/high-x than 
HERAPDF2.0

Ø Gluon decreases more rapidly for x ~ 10-2 and 
starts rising again for x < 10-4

Ø Up-valence rather different

Ø Down-valence is identical (same 
parametrization as in HERAPDF2.0)

Ø If compared to NNPDF3.0 (HERA data only), 
qualitatively same behavior
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Ø How could the fit quality improve so much? 

Ø In most of the cases the agreement is at the same level

Ø Exception for low-Q2 and low-x data, where a clear improvement of the theoretical 
description is manifest

Ø This region is where the impact of log(1/x) terms is expected to be largest

Ø !" improvement of the same size as the one found in xFitter small-x resummation paper  
Eur. Phys. J. C78 (2018) 621 – is resummation really needed?
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https://link.springer.com/article/10.1140/epjc/s10052-018-6090-8


From TR to FONLL
Ø Various variations studied

Ø First of all, migration from TR scheme to FONLL (to include small-x 
resummation in a later stage) – as done in Eur. Phys. J. C78 (2018) 621

Ø The charm PDF must be generated perturbatively at a matching scale        
!" > !$ > %"
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https://link.springer.com/article/10.1140/epjc/s10052-018-6090-8


From TR to FONLL

Ø Worse than the !" presented in Slide 4 but:

Ø Old parameterisation à deterioration of 25 units wrt TR

Ø New parameterisation à deterioration of just 11 units wrt TR

Ø PDFs largely compatible (backup) 
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Stability of our fit
Ø First, we consider variations of the fit scale:

Ø !" = 1.38 GeV and !#/%# = 1.12 (!# = 1.46 GeV) – Down variation
Ø !" = 1.60 GeV and !#/%# = 1.27 (!# = 1.85 GeV) – Intermediate step
Ø !" = 1.84 GeV and !#/%# = 1.27 (!# = 1.85 GeV) – Up variation

Ø Strange fraction variations:
Ø &' = 0.5 (up variation) and &' = 0.3 (down variation) – same as HERAPDF2.0

Ø Parametrization uncertainties addressed adding or removing parameters that 
do not change the fit quality. The ones giving the largest effect are:
Ø Adding -./
Ø Adding 01 (more flexibility at large-x)
Ø Adding 21 and removing -1 (possible effect at small-x)
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Ø The addition of the log term to !" has the 
largest effect (negative for # ≲ 10'()

Ø When )* is activated, large-x shape changes 
substantially, but in a region where the gluon 
PDF is very small and largely unconstrained

Ø Effect of +* (without ,*) very mild

Ø Up/down variations of -. have a larger effect 
on the strange PDF (as expected)

Ø /0 variations have small effects
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Ø We combined the uncertainties 
(exp+th+model) into a symmetric 
uncertainty band 

Ø Our final PDF set including the full 
uncertainty is largely compatible 
with NNPDF30 
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Including small-x resummation
Ø Done using HELL (v3.0 for the first time) – 1805.08785, 1805.06460, 1708.07510

Ø It provides resummed contributions to the DGLAP splitting functions, the heavy 
quark matching conditions and the DIS coefficient functions at NLLx

Ø If compared to NNLO fit, further reduction of ~30 units in !"
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https://arxiv.org/abs/1805.08785
https://arxiv.org/abs/1805.06460
https://arxiv.org/abs/1708.07510


Including small-x resummation
Ø The difference between two versions of HELL v3.0 is the introduction of a new 

default treatment of subleading logarithmic contributions

Ø NLL variant predicts a softer gluon at small-x, which is still significantly harder 
than the NNLO one
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Conclusion and outlook
Ø We proposed a new simple parametrization for the PDFs at the initial scale 

that includes a low degree polynominal in log(x) – more flexibility at low-x

Ø Improvement of the fit quality (62 units reduction in !" wrt HERAPDF2.0)

Ø Accomplished using 18 parameters (only 4 more than HERAPDF2.0)

Ø Stability of our fit tested upon several model and parametrization variations à
results very robust

Ø Flexibility of our parametrization allows for a more reliable determination of the 
uncertainties

Ø The impact of small-x logarithms resummation investigated à gain of ~30 units 
in !"

Ø Small-x resummation crucial for low-x (HERA/LHC/FCC) phenomenology

LHAPDF grids available upon request
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Backup Slides



Ø Crucial observation: low-x and 
low-Q2 HERA data are not well 
described by FO pQCD

Ø Deterioration of !"/ndf when 
including data at low-Q2 at all 
orders in perturbation theory

Ø Data turnover at small-x not 
described by pQCD fits

Why are we interested in small-x resummation?

Phys.Rev. D94 (2016) 3, 034032

NNLO fits
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Small-x logarithmic enhancement

LO          !" #$
%[     1                                                             ] 

NLO     !
" #$ [# log !

" +      1                                        ]

NNLO    !" #$
) [# log) !

" + # log !
" +         1                 ]

N3LO      !" #$
* [# log* !

" + # log) !
" + # log !

" +    1    ]

LL                 NLL              NNLL

If  +,-./ 0
1 ~ 1 à all such terms in the perturbative series are equally important

Reorganisation of the expansion:
!
" 1 + # #$ log !

" +# #$) log) !
" + # #$* log* !

" +… (LL) 
67
" 1 + # #$ log !

" +# #$) log) !
" + # #$* log* !

" +… (NLL)

8) 9
98) :; 8 = =;>⨂:>(8)BCD$ = E;⨂:;

All-order resummation
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Small-x resummation

Ø Small-x resummation formalism based on kT-factorization and BFKL

Ø Resummation affects just the singlet sector (gluon and quark singlet)

Ø Developed in the 90s-00s                               
[Catani,Ciafaloni,Colferai,Hautmann,Salam,Stasto]

[Thorne,White][Altarelli,Ball,Forte]

Ø Recent developments:
• Improved ABF procedure to resum splitting functions and new formalism 

for coefficient functions

• Resummation matched to NNLO, allowing NNLO+NLLx phenomenology

• Public code: HELL

[Bonvini,Marzani,Peraro 1607.02153] 
[Bonvini,Marzani,Muselli 1708.07510]
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!" definition

#!" corr log

Ø First term: Data description (partial $%) 
Ø &'( = Correlated systematic uncertainties
Ø )' = Correlated systematic uncertainties shifts

Ø Second term: Correlated term
Ø Reduction of this term indicates that the fit does not require the 

predictions to be shifted so far within the tolerance of the systematic 
uncertainties

Ø Third term: Log penalty term
Ø Reduction of this term reflects a better agreement of the theoretical 

predictions (*() with the data (+()
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Ø Some differences are manifest (gluon/sea quarks)

Ø 1! bands overlap or are very close to each other (apart from #̅ + %̅)
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Ø We combined all the uncertainties (exp+th+model) into a (symmetric) uncertainty band 

Ø Our final PDF set including the full uncertainty is largely compatible with NNPDF30 
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Including small-x resummation
Ø The difference between two versions of HELL v3.0 is the introduction of a new 

default treatment of subleading logarithmic contributions

Ø HELL v2.0 is the previous version of the HELL code
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More sensitivity to the gluon PDF
Ø We also studied the inclusion of 

HERA Charm combined data 
(Eur.Phys.J. C78 (2018) no.6, 473)

Ø These data are directly sensitive 
to !"(!, %&)

Ø It is remarkable that the two FO fits 
are in agreement within uncertainties
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http://inspirehep.net/record/1665693


A NLO fit
Ø We also tried a NLO fit (using both 

TR and FONLL-B) – preliminary

Ø FONLL-B provides a better 
description than TR

Ø At low-x, same structure in the 
gluon PDF
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Reduced cross section, F2 and FL

Where !" = 1 + 1 − ' ( and ' = )2/(-.)

Ø FO and resumed 
calculations very 
similar for the 
reduced xsec

Ø NNLO prediction for 
F2 decreases at 
small x (softer gluon 
and quark singlet), 
while it rises steadily 
at resumed level 
(larger singlet)

Ø Resummed FL is 
quite flat in x and 
much larger than 
the NNLO one        
(x ≲ 10-3)

Ø Rise of FL due to the 
gluon PDF shape 
(rising for x ~ 10-4)
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Ø Correlation matrix between fit parameters

Ø Most of them are poorly correlated

Ø When present, F and G parameters strongly correlated (they probe the same 
x regime)

Ø They are also correlated to B parameters (same reason as above)

Ø Down-valence parameters highly correlated (same as for HERAPDF2.0)
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Local minima
Ø While fitting data with fixed-order theory, we found a local minimum pretty far 

away from the global minimum presented in the paper

Ø Main difference in the gluon PDF: global minimum with !" < 0, while local 
minimum with !" > 0

Ø The fit converged in the local minimum has an extra parameter in it: cubic 
logarithmic term in the gluon PDF ('")

Ø Even though very significant differences in some parameters, () really similar

Ø When transitioning from one minimum to the other in the parameter space, 
the () becomes much larger à with a standard minimization routine it is highly 
unlikely that once the local minimum is found, it could converge to the global 
minimum

Ø The physical expectation !" < 0 was crucial to guide us
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Ø Inclusive gluon-fusion Higgs production process

Resummed phenomenology

Phys.Rev.Lett. 120 (2018) 20 202003
Eur.Phys.J. C78 (2018) no.10, 834

[Bonvini,Marzani] 
[Bonvini]

LHC HE-LHC FCC

Ø Resummed calculation 
matched to N3LO FO 
calculations

Ø Small-x resummation has 
a modest impact at 
current LHC energies

Ø Its impact grows 
substantially with the 
energy, reaching 10% at 
100 TeV

Ø Bulk of the effect: the 
resummed PDFs and their 
resummed evolution 

Ø Here inclusive cross sections BUT a more prominent effect is expected in 
exclusive/differential cross section (especially in e.g. large-rapidity regions)
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