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Motivation.
•Form factor at four loops are available in the large color 

approximation and beyond with recent progress in loop 
calculations.   

•An order by order analysis of the structure of corresponding 
unfactorized quantities in Dimensional Regularization. 

•Inclusive DIS is phenomenologically and theoretically an 
important benchmark process in pQCD. 

•Data on the cross-section expressed in terms of the structure 
function form a primary source of information on the PDFs. 

•Soft-virtual and resummation gives extra sheds on the higher 
order corrections and in general its structure and improvement 
over fixed order.
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[ Henn, Lee, Smirnov, Smirnov, Steinhauser ]  
[Manteuffel, Scabinger]



Plan of the talk.

•Formalism for the soft-virtual(SV) cross-section 

•Soft gluon resummation 

•Numerical Study 

•Summary

3Goutam Das (DESY)  09-04–2019Soft corrections to DIS. / 38



SV Cross-section.
•Finite Soft+Virtual cross-section: 

 
 

•For DIS:                                     ;             z - Bjorken variable  

•Total sum has to be UV and IR finite! 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[Ravindran]

Soft distribution 
function DGLAP Kernel

Form Factor
Overall Op. Renorm

m = 1/2, ZI = 1
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Form Factor: K-G.
•Form-factor satisfies K-G equation:  

•RG invariance of the Form-factor: 
 

•Casimir duality 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[Sen, Mueller, Collins, Magnea]

Gauge invariance, RG invariance



Form Factor: Solution.
•Solution of the Form-factor: 
 
 
 
 
 
 
 
 
 
 
 

•All terms can be found, only computation of finite piece is 
needed. 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Upto three-loop:



Form Factor: Solution.
•Solution of the Form-factor: 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Coll. Ano. Dim. Soft Ano. Dim.
Explicit  

Computation

[Moch, Vermaseren, Vogt]  
[Dixon, Magnea, Sterman] 

[Ravindran]

Origin from eikonal FF
[Dixon, Magnea, Sterman]



Form Factor @ 4loops.
•Solution at 4-loops: 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[ Henn, Lee, Smirnov, Smirnov, Steinhauser ]  
[Manteuffel, Scabinger]

ongoing …



Form Factor @ 4loops.
•Solution at 4-loops: 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[ Henn, Lee, Smirnov, Smirnov, Steinhauser ]  
[Manteuffel, Scabinger]



SV Cross-section.
•Finite Soft+Virtual cross-section: 
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Soft distribution 
function DGLAP Kernel

Form Factor
Overall Op. Renorm



Collinear RGE.
•RGE for DGLAP kernel     : 
 
 
 
 

•In SV cross-section, diagonal part contributes  
 
 
 
 
 
 
 
Approximate five-loop cusp ano. dim. is also estimated.  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Altarelli-Parisi Splitting functions

Coll. Ano. Dim. Cusp. Ano. Dim.

�
<latexit sha1_base64="FigtLJdd//E+U9i+mv5yWuGdHP0=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJ1ZNpd0YUuK9gHtEPJpJk2NpkMSUYopf/gxoUibv0fd/6N6UNQ0QMXDufcy733RCln2iD04eRWVtfWN/Kbha3tnd294v5BU8tMEdogkkvVjrCmnCW0YZjhtJ0qikXEaSsaXc781j1Vmsnk1oxTGgo8SFjMCDZWanavsBC4VywhFwWBVz2DyPXLftUvW3IeVALkQ89Fc5TAEvVe8b3blyQTNDGEY607HkpNOMHKMMLptNDNNE0xGeEB7ViaYEF1OJlfO4UnVunDWCpbiYFz9fvEBAutxyKynQKbof7tzcS/vE5m4ko4YUmaGZqQxaI449BIOHsd9pmixPCxJZgoZm+FZIgVJsYGVLAhfH0K/yfNsush17vxS7WLZRx5cASOwSnwQABq4BrUQQMQcAcewBN4dqTz6Lw4r4vWnLOcOQQ/4Lx9As3sj0g=</latexit><latexit sha1_base64="FigtLJdd//E+U9i+mv5yWuGdHP0=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJ1ZNpd0YUuK9gHtEPJpJk2NpkMSUYopf/gxoUibv0fd/6N6UNQ0QMXDufcy733RCln2iD04eRWVtfWN/Kbha3tnd294v5BU8tMEdogkkvVjrCmnCW0YZjhtJ0qikXEaSsaXc781j1Vmsnk1oxTGgo8SFjMCDZWanavsBC4VywhFwWBVz2DyPXLftUvW3IeVALkQ89Fc5TAEvVe8b3blyQTNDGEY607HkpNOMHKMMLptNDNNE0xGeEB7ViaYEF1OJlfO4UnVunDWCpbiYFz9fvEBAutxyKynQKbof7tzcS/vE5m4ko4YUmaGZqQxaI449BIOHsd9pmixPCxJZgoZm+FZIgVJsYGVLAhfH0K/yfNsush17vxS7WLZRx5cASOwSnwQABq4BrUQQMQcAcewBN4dqTz6Lw4r4vWnLOcOQQ/4Lx9As3sj0g=</latexit><latexit sha1_base64="FigtLJdd//E+U9i+mv5yWuGdHP0=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJ1ZNpd0YUuK9gHtEPJpJk2NpkMSUYopf/gxoUibv0fd/6N6UNQ0QMXDufcy733RCln2iD04eRWVtfWN/Kbha3tnd294v5BU8tMEdogkkvVjrCmnCW0YZjhtJ0qikXEaSsaXc781j1Vmsnk1oxTGgo8SFjMCDZWanavsBC4VywhFwWBVz2DyPXLftUvW3IeVALkQ89Fc5TAEvVe8b3blyQTNDGEY607HkpNOMHKMMLptNDNNE0xGeEB7ViaYEF1OJlfO4UnVunDWCpbiYFz9fvEBAutxyKynQKbof7tzcS/vE5m4ko4YUmaGZqQxaI449BIOHsd9pmixPCxJZgoZm+FZIgVJsYGVLAhfH0K/yfNsush17vxS7WLZRx5cASOwSnwQABq4BrUQQMQcAcewBN4dqTz6Lw4r4vWnLOcOQQ/4Lx9As3sj0g=</latexit><latexit sha1_base64="FigtLJdd//E+U9i+mv5yWuGdHP0=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJ1ZNpd0YUuK9gHtEPJpJk2NpkMSUYopf/gxoUibv0fd/6N6UNQ0QMXDufcy733RCln2iD04eRWVtfWN/Kbha3tnd294v5BU8tMEdogkkvVjrCmnCW0YZjhtJ0qikXEaSsaXc781j1Vmsnk1oxTGgo8SFjMCDZWanavsBC4VywhFwWBVz2DyPXLftUvW3IeVALkQ89Fc5TAEvVe8b3blyQTNDGEY607HkpNOMHKMMLptNDNNE0xGeEB7ViaYEF1OJlfO4UnVunDWCpbiYFz9fvEBAutxyKynQKbof7tzcS/vE5m4ko4YUmaGZqQxaI449BIOHsd9pmixPCxJZgoZm+FZIgVJsYGVLAhfH0K/yfNsush17vxS7WLZRx5cASOwSnwQABq4BrUQQMQcAcewBN4dqTz6Lw4r4vWnLOcOQQ/4Lx9As3sj0g=</latexit>

�
<latexit sha1_base64="FigtLJdd//E+U9i+mv5yWuGdHP0=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJ1ZNpd0YUuK9gHtEPJpJk2NpkMSUYopf/gxoUibv0fd/6N6UNQ0QMXDufcy733RCln2iD04eRWVtfWN/Kbha3tnd294v5BU8tMEdogkkvVjrCmnCW0YZjhtJ0qikXEaSsaXc781j1Vmsnk1oxTGgo8SFjMCDZWanavsBC4VywhFwWBVz2DyPXLftUvW3IeVALkQ89Fc5TAEvVe8b3blyQTNDGEY607HkpNOMHKMMLptNDNNE0xGeEB7ViaYEF1OJlfO4UnVunDWCpbiYFz9fvEBAutxyKynQKbof7tzcS/vE5m4ko4YUmaGZqQxaI449BIOHsd9pmixPCxJZgoZm+FZIgVJsYGVLAhfH0K/yfNsush17vxS7WLZRx5cASOwSnwQABq4BrUQQMQcAcewBN4dqTz6Lw4r4vWnLOcOQQ/4Lx9As3sj0g=</latexit><latexit sha1_base64="FigtLJdd//E+U9i+mv5yWuGdHP0=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJ1ZNpd0YUuK9gHtEPJpJk2NpkMSUYopf/gxoUibv0fd/6N6UNQ0QMXDufcy733RCln2iD04eRWVtfWN/Kbha3tnd294v5BU8tMEdogkkvVjrCmnCW0YZjhtJ0qikXEaSsaXc781j1Vmsnk1oxTGgo8SFjMCDZWanavsBC4VywhFwWBVz2DyPXLftUvW3IeVALkQ89Fc5TAEvVe8b3blyQTNDGEY607HkpNOMHKMMLptNDNNE0xGeEB7ViaYEF1OJlfO4UnVunDWCpbiYFz9fvEBAutxyKynQKbof7tzcS/vE5m4ko4YUmaGZqQxaI449BIOHsd9pmixPCxJZgoZm+FZIgVJsYGVLAhfH0K/yfNsush17vxS7WLZRx5cASOwSnwQABq4BrUQQMQcAcewBN4dqTz6Lw4r4vWnLOcOQQ/4Lx9As3sj0g=</latexit><latexit sha1_base64="FigtLJdd//E+U9i+mv5yWuGdHP0=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJ1ZNpd0YUuK9gHtEPJpJk2NpkMSUYopf/gxoUibv0fd/6N6UNQ0QMXDufcy733RCln2iD04eRWVtfWN/Kbha3tnd294v5BU8tMEdogkkvVjrCmnCW0YZjhtJ0qikXEaSsaXc781j1Vmsnk1oxTGgo8SFjMCDZWanavsBC4VywhFwWBVz2DyPXLftUvW3IeVALkQ89Fc5TAEvVe8b3blyQTNDGEY607HkpNOMHKMMLptNDNNE0xGeEB7ViaYEF1OJlfO4UnVunDWCpbiYFz9fvEBAutxyKynQKbof7tzcS/vE5m4ko4YUmaGZqQxaI449BIOHsd9pmixPCxJZgoZm+FZIgVJsYGVLAhfH0K/yfNsush17vxS7WLZRx5cASOwSnwQABq4BrUQQMQcAcewBN4dqTz6Lw4r4vWnLOcOQQ/4Lx9As3sj0g=</latexit><latexit sha1_base64="FigtLJdd//E+U9i+mv5yWuGdHP0=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJ1ZNpd0YUuK9gHtEPJpJk2NpkMSUYopf/gxoUibv0fd/6N6UNQ0QMXDufcy733RCln2iD04eRWVtfWN/Kbha3tnd294v5BU8tMEdogkkvVjrCmnCW0YZjhtJ0qikXEaSsaXc781j1Vmsnk1oxTGgo8SFjMCDZWanavsBC4VywhFwWBVz2DyPXLftUvW3IeVALkQ89Fc5TAEvVe8b3blyQTNDGEY607HkpNOMHKMMLptNDNNE0xGeEB7ViaYEF1OJlfO4UnVunDWCpbiYFz9fvEBAutxyKynQKbof7tzcS/vE5m4ko4YUmaGZqQxaI449BIOHsd9pmixPCxJZgoZm+FZIgVJsYGVLAhfH0K/yfNsush17vxS7WLZRx5cASOwSnwQABq4BrUQQMQcAcewBN4dqTz6Lw4r4vWnLOcOQQ/4Lx9As3sj0g=</latexit>

is  known upto O(a4s)
<latexit sha1_base64="29ryhy6+KOKB+9q3XdPPEazvtRM=">AAAB+3icdVDLTgIxFO3gC/E14tJNIzHBDZkB5LEjunEnJgImME46pUBDpzNpO0YymV9x40Jj3Poj7vwbO4CJGj1Jk5Nz7s09PV7IqFSW9WFkVlbX1jeym7mt7Z3dPXM/35VBJDDp4IAF4sZDkjDKSUdRxchNKAjyPUZ63vQ89Xt3REga8Gs1C4njozGnI4qR0pJr5gc+UhOMWHyZFJErb6snrlmwSpZl1+oVqIldrjTLc3LabNSgra0UBbBE2zXfB8MARz7hCjMkZd+2QuXESCiKGUlyg0iSEOEpGpO+phz5RDrxPHsCj7UyhKNA6McVnKvfN2LkSznzPT2ZJpW/vVT8y+tHatRwYsrDSBGOF4dGEYMqgGkRcEgFwYrNNEFYUJ0V4gkSCCtdV06X8PVT+D/plku2VbKvqoXW2bKOLDgER6AIbFAHLXAB2qADMLgHD+AJPBuJ8Wi8GK+L0Yyx3DkAP2C8fQKqwJQx</latexit><latexit sha1_base64="29ryhy6+KOKB+9q3XdPPEazvtRM=">AAAB+3icdVDLTgIxFO3gC/E14tJNIzHBDZkB5LEjunEnJgImME46pUBDpzNpO0YymV9x40Jj3Poj7vwbO4CJGj1Jk5Nz7s09PV7IqFSW9WFkVlbX1jeym7mt7Z3dPXM/35VBJDDp4IAF4sZDkjDKSUdRxchNKAjyPUZ63vQ89Xt3REga8Gs1C4njozGnI4qR0pJr5gc+UhOMWHyZFJErb6snrlmwSpZl1+oVqIldrjTLc3LabNSgra0UBbBE2zXfB8MARz7hCjMkZd+2QuXESCiKGUlyg0iSEOEpGpO+phz5RDrxPHsCj7UyhKNA6McVnKvfN2LkSznzPT2ZJpW/vVT8y+tHatRwYsrDSBGOF4dGEYMqgGkRcEgFwYrNNEFYUJ0V4gkSCCtdV06X8PVT+D/plku2VbKvqoXW2bKOLDgER6AIbFAHLXAB2qADMLgHD+AJPBuJ8Wi8GK+L0Yyx3DkAP2C8fQKqwJQx</latexit><latexit sha1_base64="29ryhy6+KOKB+9q3XdPPEazvtRM=">AAAB+3icdVDLTgIxFO3gC/E14tJNIzHBDZkB5LEjunEnJgImME46pUBDpzNpO0YymV9x40Jj3Poj7vwbO4CJGj1Jk5Nz7s09PV7IqFSW9WFkVlbX1jeym7mt7Z3dPXM/35VBJDDp4IAF4sZDkjDKSUdRxchNKAjyPUZ63vQ89Xt3REga8Gs1C4njozGnI4qR0pJr5gc+UhOMWHyZFJErb6snrlmwSpZl1+oVqIldrjTLc3LabNSgra0UBbBE2zXfB8MARz7hCjMkZd+2QuXESCiKGUlyg0iSEOEpGpO+phz5RDrxPHsCj7UyhKNA6McVnKvfN2LkSznzPT2ZJpW/vVT8y+tHatRwYsrDSBGOF4dGEYMqgGkRcEgFwYrNNEFYUJ0V4gkSCCtdV06X8PVT+D/plku2VbKvqoXW2bKOLDgER6AIbFAHLXAB2qADMLgHD+AJPBuJ8Wi8GK+L0Yyx3DkAP2C8fQKqwJQx</latexit><latexit sha1_base64="29ryhy6+KOKB+9q3XdPPEazvtRM=">AAAB+3icdVDLTgIxFO3gC/E14tJNIzHBDZkB5LEjunEnJgImME46pUBDpzNpO0YymV9x40Jj3Poj7vwbO4CJGj1Jk5Nz7s09PV7IqFSW9WFkVlbX1jeym7mt7Z3dPXM/35VBJDDp4IAF4sZDkjDKSUdRxchNKAjyPUZ63vQ89Xt3REga8Gs1C4njozGnI4qR0pJr5gc+UhOMWHyZFJErb6snrlmwSpZl1+oVqIldrjTLc3LabNSgra0UBbBE2zXfB8MARz7hCjMkZd+2QuXESCiKGUlyg0iSEOEpGpO+phz5RDrxPHsCj7UyhKNA6McVnKvfN2LkSznzPT2ZJpW/vVT8y+tHatRwYsrDSBGOF4dGEYMqgGkRcEgFwYrNNEFYUJ0V4gkSCCtdV06X8PVT+D/plku2VbKvqoXW2bKOLDgER6AIbFAHLXAB2qADMLgHD+AJPBuJ8Wi8GK+L0Yyx3DkAP2C8fQKqwJQx</latexit>

[Moch, Vermaseren, Vogt]

[Herzog, Moch, Ruijl, Ueda, Vermaseren, Vogt]



SV Cross-section.
•Finite Soft+Virtual cross-section: 

 
 

 

13Goutam Das (DESY)  09-04–2019Soft corrections to DIS. / 38

Soft distribution 
function DGLAP Kernel

Form Factor
Overall Op. Renorm



Pole cancellation: DIS.
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Soft Col.

Col. (virtual)

Col. (real)

ln F̂I
<latexit sha1_base64="6RsaG7nGNU2KUo+l7vOqmMvOE7M=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZIq6LIoiO4q2Ac0sUym03boZBJmboQagr/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7TxALrsFxvq2FxaXlldXCWnF9Y3Nr297ZbegoUZTVaSQi1QqIZoJLVgcOgrVixUgYCNYMhpdjv/nAlOaRvINRzPyQ9CXvcUrASB173xMSpx4lAnsDAulVlt3fdOySU3YmwPPEzUkJ5ah17C+vG9EkZBKoIFq3XScGPyUKOBUsK3qJZjGhQ9JnbUMlCZn208n1GT4yShf3ImVKAp6ovydSEmo9CgPTGRIY6FlvLP7ntRPonfspl3ECTNLpol4iMER4HAXucsUoiJEhhCpubsV0QBShYAIrmhDc2ZfnSaNSdk/KldvTUvUij6OADtAhOkYuOkNVdI1qqI4oekTP6BW9WU/Wi/VufUxbF6x8Zg/9gfX5AwCRlO8=</latexit>

�I
<latexit sha1_base64="7ETtr/CcOXcD3OA8ATIfdVjS2Xw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgh6LXvS2gv2Adi3ZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f2DppapIrRBJJeqHWJNORO0YZjhtJ0oiuOQ01Y4up76rSeqNJPi3owTGsR4IFjECDZWanb9IXu47ZUrbtWdAS0TLycVyOH3yl/dviRpTIUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSgWOqg2x27QSdWKWPIqlsCYNm6u+JDMdaj+PQdsbYDPWiNxX/8zqpiS6DjIkkNVSQ+aIo5chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLIheIsvL5NmreqdVWt355X6VR5HEY7gGE7Bgwuoww340AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ALm+O3g==</latexit>

ln�II
<latexit sha1_base64="I/UwEPbiy3gTU48+01JPQu+6/Iw=">AAAB+HicbVBNSwMxEJ2tX7V+dNWjl2ARPJXdKuix6EF7q2A/oFtKNk3b0CS7JFmhLv0lXjwo4tWf4s1/Y9ruQVsfDDzem2FmXhhzpo3nfTu5tfWNza38dmFnd2+/6B4cNnWUKEIbJOKRaodYU84kbRhmOG3HimIRctoKxzczv/VIlWaRfDCTmHYFHko2YAQbK/XcYsAlCm6xELiX1mrTnlvyyt4caJX4GSlBhnrP/Qr6EUkElYZwrHXH92LTTbEyjHA6LQSJpjEmYzykHUslFlR30/nhU3RqlT4aRMqWNGiu/p5IsdB6IkLbKbAZ6WVvJv7ndRIzuOqmTMaJoZIsFg0SjkyEZimgPlOUGD6xBBPF7K2IjLDCxNisCjYEf/nlVdKslP3zcuX+olS9zuLIwzGcwBn4cAlVuIM6NIBAAs/wCm/Ok/PivDsfi9ack80cwR84nz8niJLD</latexit>

?



Pole cancellation: DIS.
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Soft Col.

Col. (virtual)

Col. (real)Col.Soft

ln F̂I
<latexit sha1_base64="6RsaG7nGNU2KUo+l7vOqmMvOE7M=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZIq6LIoiO4q2Ac0sUym03boZBJmboQagr/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7TxALrsFxvq2FxaXlldXCWnF9Y3Nr297ZbegoUZTVaSQi1QqIZoJLVgcOgrVixUgYCNYMhpdjv/nAlOaRvINRzPyQ9CXvcUrASB173xMSpx4lAnsDAulVlt3fdOySU3YmwPPEzUkJ5ah17C+vG9EkZBKoIFq3XScGPyUKOBUsK3qJZjGhQ9JnbUMlCZn208n1GT4yShf3ImVKAp6ovydSEmo9CgPTGRIY6FlvLP7ntRPonfspl3ECTNLpol4iMER4HAXucsUoiJEhhCpubsV0QBShYAIrmhDc2ZfnSaNSdk/KldvTUvUij6OADtAhOkYuOkNVdI1qqI4oekTP6BW9WU/Wi/VufUxbF6x8Zg/9gfX5AwCRlO8=</latexit>

�I
<latexit sha1_base64="7ETtr/CcOXcD3OA8ATIfdVjS2Xw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgh6LXvS2gv2Adi3ZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f2DppapIrRBJJeqHWJNORO0YZjhtJ0oiuOQ01Y4up76rSeqNJPi3owTGsR4IFjECDZWanb9IXu47ZUrbtWdAS0TLycVyOH3yl/dviRpTIUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSgWOqg2x27QSdWKWPIqlsCYNm6u+JDMdaj+PQdsbYDPWiNxX/8zqpiS6DjIkkNVSQ+aIo5chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLIheIsvL5NmreqdVWt355X6VR5HEY7gGE7Bgwuoww340AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ALm+O3g==</latexit>

ln�II
<latexit sha1_base64="I/UwEPbiy3gTU48+01JPQu+6/Iw=">AAAB+HicbVBNSwMxEJ2tX7V+dNWjl2ARPJXdKuix6EF7q2A/oFtKNk3b0CS7JFmhLv0lXjwo4tWf4s1/Y9ruQVsfDDzem2FmXhhzpo3nfTu5tfWNza38dmFnd2+/6B4cNnWUKEIbJOKRaodYU84kbRhmOG3HimIRctoKxzczv/VIlWaRfDCTmHYFHko2YAQbK/XcYsAlCm6xELiX1mrTnlvyyt4caJX4GSlBhnrP/Qr6EUkElYZwrHXH92LTTbEyjHA6LQSJpjEmYzykHUslFlR30/nhU3RqlT4aRMqWNGiu/p5IsdB6IkLbKbAZ6WVvJv7ndRIzuOqmTMaJoZIsFg0SjkyEZimgPlOUGD6xBBPF7K2IjLDCxNisCjYEf/nlVdKslP3zcuX+olS9zuLIwzGcwBn4cAlVuIM6NIBAAs/wCm/Ok/PivDsfi9ack80cwR84nz8niJLD</latexit>

Soft-Col. function



Soft-Col. Function.
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•Demand finiteness in 

•RGE for the Soft function:

lim✏!0 I
d(zi, q

2, ✏)

K-G type equation for Soft function

Poles in ✏
<latexit sha1_base64="9CY+pmiIzFrT2FPkpJ9qQVXLOP8=">AAAB73icdVBNSwMxEJ2tX7V+VT16CRbBU9lttR+3ohePFawttEvJptk2NJusSVYopX/CiwdFvPp3vPlvzLYVVPTBwOO9GWbmBTFn2rjuh5NZWV1b38hu5ra2d3b38vsHt1omitAWkVyqToA15UzQlmGG006sKI4CTtvB+DL12/dUaSbFjZnE1I/wULCQEWys1OnRWDMuRT9fcIuu61WqZWSJVyrXS3NyXq9VkGetFAVYotnPv/cGkiQRFYZwrHXXc2PjT7EyjHA6y/USTWNMxnhIu5YKHFHtT+f3ztCJVQYolMqWMGiufp+Y4kjrSRTYzgibkf7tpeJfXjcxYc2fMhEnhgqyWBQmHBmJ0ufRgClKDJ9Ygoli9lZERlhhYmxEORvC16fof3JbKnpu0bs+KzQulnFk4QiO4RQ8qEIDrqAJLSDA4QGe4Nm5cx6dF+d10ZpxljOH8APO2yenUZBf</latexit><latexit sha1_base64="9CY+pmiIzFrT2FPkpJ9qQVXLOP8=">AAAB73icdVBNSwMxEJ2tX7V+VT16CRbBU9lttR+3ohePFawttEvJptk2NJusSVYopX/CiwdFvPp3vPlvzLYVVPTBwOO9GWbmBTFn2rjuh5NZWV1b38hu5ra2d3b38vsHt1omitAWkVyqToA15UzQlmGG006sKI4CTtvB+DL12/dUaSbFjZnE1I/wULCQEWys1OnRWDMuRT9fcIuu61WqZWSJVyrXS3NyXq9VkGetFAVYotnPv/cGkiQRFYZwrHXXc2PjT7EyjHA6y/USTWNMxnhIu5YKHFHtT+f3ztCJVQYolMqWMGiufp+Y4kjrSRTYzgibkf7tpeJfXjcxYc2fMhEnhgqyWBQmHBmJ0ufRgClKDJ9Ygoli9lZERlhhYmxEORvC16fof3JbKnpu0bs+KzQulnFk4QiO4RQ8qEIDrqAJLSDA4QGe4Nm5cx6dF+d10ZpxljOH8APO2yenUZBf</latexit><latexit sha1_base64="9CY+pmiIzFrT2FPkpJ9qQVXLOP8=">AAAB73icdVBNSwMxEJ2tX7V+VT16CRbBU9lttR+3ohePFawttEvJptk2NJusSVYopX/CiwdFvPp3vPlvzLYVVPTBwOO9GWbmBTFn2rjuh5NZWV1b38hu5ra2d3b38vsHt1omitAWkVyqToA15UzQlmGG006sKI4CTtvB+DL12/dUaSbFjZnE1I/wULCQEWys1OnRWDMuRT9fcIuu61WqZWSJVyrXS3NyXq9VkGetFAVYotnPv/cGkiQRFYZwrHXXc2PjT7EyjHA6y/USTWNMxnhIu5YKHFHtT+f3ztCJVQYolMqWMGiufp+Y4kjrSRTYzgibkf7tpeJfXjcxYc2fMhEnhgqyWBQmHBmJ0ufRgClKDJ9Ygoli9lZERlhhYmxEORvC16fof3JbKnpu0bs+KzQulnFk4QiO4RQ8qEIDrqAJLSDA4QGe4Nm5cx6dF+d10ZpxljOH8APO2yenUZBf</latexit><latexit sha1_base64="9CY+pmiIzFrT2FPkpJ9qQVXLOP8=">AAAB73icdVBNSwMxEJ2tX7V+VT16CRbBU9lttR+3ohePFawttEvJptk2NJusSVYopX/CiwdFvPp3vPlvzLYVVPTBwOO9GWbmBTFn2rjuh5NZWV1b38hu5ra2d3b38vsHt1omitAWkVyqToA15UzQlmGG006sKI4CTtvB+DL12/dUaSbFjZnE1I/wULCQEWys1OnRWDMuRT9fcIuu61WqZWSJVyrXS3NyXq9VkGetFAVYotnPv/cGkiQRFYZwrHXXc2PjT7EyjHA6y/USTWNMxnhIu5YKHFHtT+f3ztCJVQYolMqWMGiufp+Y4kjrSRTYzgibkf7tpeJfXjcxYc2fMhEnhgqyWBQmHBmJ0ufRgClKDJ9Ygoli9lZERlhhYmxEORvC16fof3JbKnpu0bs+KzQulnFk4QiO4RQ8qEIDrqAJLSDA4QGe4Nm5cx6dF+d10ZpxljOH8APO2yenUZBf</latexit>

✏ !
<latexit sha1_base64="2uFI2S1HJqF9vdcRD1nGXmRRyDg=">AAAB9HicdVDLSgNBEOyNrxhfUY9eBoPgKewmmsct6MVjBPOA7BJmJ7PJkNnZdWY2EEK+w4sHRbz6Md78G2eTCCpa0FBUddPd5cecKW3bH1ZmbX1jcyu7ndvZ3ds/yB8etVWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57Tjj69TvzOhUrFI3OlpTL0QDwULGMHaSJ5LY8V4JJCrI9TPF+yibTuVahkZ4pTK9dKCXNZrFeQYK0UBVmj28+/uICJJSIUmHCvVc+xYezMsNSOcznNuomiMyRgPac9QgUOqvNni6Dk6M8oABZE0JTRaqN8nZjhUahr6pjPEeqR+e6n4l9dLdFDzZkzEiaaCLBcFCUfmwzQBNGCSEs2nhmAimbkVkRGWmGiTU86E8PUp+p+0S0XHLjq3F4XG1SqOLJzAKZyDA1VowA00oQUE7uEBnuDZmliP1ov1umzNWKuZY/gB6+0TuGGSEA==</latexit><latexit sha1_base64="2uFI2S1HJqF9vdcRD1nGXmRRyDg=">AAAB9HicdVDLSgNBEOyNrxhfUY9eBoPgKewmmsct6MVjBPOA7BJmJ7PJkNnZdWY2EEK+w4sHRbz6Md78G2eTCCpa0FBUddPd5cecKW3bH1ZmbX1jcyu7ndvZ3ds/yB8etVWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57Tjj69TvzOhUrFI3OlpTL0QDwULGMHaSJ5LY8V4JJCrI9TPF+yibTuVahkZ4pTK9dKCXNZrFeQYK0UBVmj28+/uICJJSIUmHCvVc+xYezMsNSOcznNuomiMyRgPac9QgUOqvNni6Dk6M8oABZE0JTRaqN8nZjhUahr6pjPEeqR+e6n4l9dLdFDzZkzEiaaCLBcFCUfmwzQBNGCSEs2nhmAimbkVkRGWmGiTU86E8PUp+p+0S0XHLjq3F4XG1SqOLJzAKZyDA1VowA00oQUE7uEBnuDZmliP1ov1umzNWKuZY/gB6+0TuGGSEA==</latexit><latexit sha1_base64="2uFI2S1HJqF9vdcRD1nGXmRRyDg=">AAAB9HicdVDLSgNBEOyNrxhfUY9eBoPgKewmmsct6MVjBPOA7BJmJ7PJkNnZdWY2EEK+w4sHRbz6Md78G2eTCCpa0FBUddPd5cecKW3bH1ZmbX1jcyu7ndvZ3ds/yB8etVWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57Tjj69TvzOhUrFI3OlpTL0QDwULGMHaSJ5LY8V4JJCrI9TPF+yibTuVahkZ4pTK9dKCXNZrFeQYK0UBVmj28+/uICJJSIUmHCvVc+xYezMsNSOcznNuomiMyRgPac9QgUOqvNni6Dk6M8oABZE0JTRaqN8nZjhUahr6pjPEeqR+e6n4l9dLdFDzZkzEiaaCLBcFCUfmwzQBNGCSEs2nhmAimbkVkRGWmGiTU86E8PUp+p+0S0XHLjq3F4XG1SqOLJzAKZyDA1VowA00oQUE7uEBnuDZmliP1ov1umzNWKuZY/gB6+0TuGGSEA==</latexit><latexit sha1_base64="2uFI2S1HJqF9vdcRD1nGXmRRyDg=">AAAB9HicdVDLSgNBEOyNrxhfUY9eBoPgKewmmsct6MVjBPOA7BJmJ7PJkNnZdWY2EEK+w4sHRbz6Md78G2eTCCpa0FBUddPd5cecKW3bH1ZmbX1jcyu7ndvZ3ds/yB8etVWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57Tjj69TvzOhUrFI3OlpTL0QDwULGMHaSJ5LY8V4JJCrI9TPF+yibTuVahkZ4pTK9dKCXNZrFeQYK0UBVmj28+/uICJJSIUmHCvVc+xYezMsNSOcznNuomiMyRgPac9QgUOqvNni6Dk6M8oABZE0JTRaqN8nZjhUahr6pjPEeqR+e6n4l9dLdFDzZkzEiaaCLBcFCUfmwzQBNGCSEs2nhmAimbkVkRGWmGiTU86E8PUp+p+0S0XHLjq3F4XG1SqOLJzAKZyDA1VowA00oQUE7uEBnuDZmliP1ov1umzNWKuZY/gB6+0TuGGSEA==</latexit>

Finite in          0 

[Ravindran]



Soft-Col. Function.
•One possible ansatz:  
 
 
 
 

•Solution: 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[Ravindran, Smith, van Neerven]

Verified to 3-loop for DY and Higgs Catani, Cieri, de Florian, Ferrera, Frazzini; 
Li, von Manteuffel, Scabinger, Zhu



Soft-Col. Function.
•4-loop solution:  
 
 
 
 
 
 
 

•All poles including single pole of Soft-collinear function can be 
predicted from that of Form Factor, Mass-fact Kernel. 

•Terms with         are due to coupling const. renorm. 

•Single pole is proportional to  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Explicit FO 
computation

A, � (f I +BI�P,SJ )
<latexit sha1_base64="VQA/heJ3mrEqtVVdhk8mdVXE55o=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSEVUaqkIMFYygJMRdCH1IbIcZzWqvOQ7SBVUdlY+BUWBhBi5RPY+BvcNgO0HOleHZ1zr+x7nIhRIQ3jW5uZnZtfWMwsZZdXVtfW9Y3NughjjkkNhyzkTQcJwmhAapJKRpoRJ8h3GGk4vfOh37gnXNAwuJX9iFg+6gTUoxhJJdn6zlkBPsDDvHd3CQ9gRfW2S5hEdlIt3FwN9m09ZxSNEeA0MVOSAymqtv7VdkMc+ySQmCEhWqYRSStBXFLMyCDbjgWJEO6hDmkpGiCfCCsZHTKAe0pxoRdyVYGEI/X3RoJ8Ifq+oyZ9JLti0huK/3mtWHqnVkKDKJYkwOOHvJhBGcJhKtClnGDJ+oogzKn6K8RdxBGWKrusCsGcPHma1EtF86hYuj7OlStpHBmwDXZBHpjgBJTBBaiCGsDgETyDV/CmPWkv2rv2MR6d0dKdLfAH2ucPIZGW5Q==</latexit>

�i
<latexit sha1_base64="HGjZLafr87q+1hELKvFYd1sbWHM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT3mTI7IOZXiGEfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3twk5xd2//4LB0dNw0SaYFNkSiEt0OuEElY2yQJIXtVCOPAoWtYHQ381tPqI1M4kcap+hHfBDLUApOVmp1AyTek71S2a24c7BV4uWkDDnqvdJXt5+ILMKYhOLGdDw3JX/CNUmhcFrsZgZTLkZ8gB1LYx6h8Sfzc6fs3Cp9FibaVkxsrv6emPDImHEU2M6I09AsezPxP6+TUXjjT2ScZoSxWCwKM8UoYbPfWV9qFKTGlnChpb2ViSHXXJBNqGhD8JZfXiXNasW7rFQfrsq12zyOApzCGVyAB9dQg3uoQwMEjOAZXuHNSZ0X5935WLSuOfnMCfyB8/kDQouPhA==</latexit>



Soft-Col. Function.
•4 loop solution:  
 
 
 
 
 
 
 

•The new coefficients       ,        are known. 

•Maximally non-abelian up to 3-loop. 

•Soft distributions are universal! 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Explicit FO 
computation

Bq
4

<latexit sha1_base64="OgFthjP/UIceh8+iZI62SejfOBo=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJ4KklaW4+lXjxWsB/QxrLZbtqlm03c3Qil9Dd48aCIV3+QN/+NmzaCij4YeLw3w8w8P+ZMadv+sFZW19Y3NnNb+e2d3b39wsFhW0WJJLRFIh7Jro8V5UzQlmaa024sKQ59Tjv+5DL1O/dUKhaJGz2NqRfikWABI1gbqdUYVG7vBoWiXbKrbq1yjgxZICVu1S27yMmUImRoDgrv/WFEkpAKTThWqufYsfZmWGpGOJ3n+4miMSYTPKI9QwUOqfJmi2Pn6NQoQxRE0pTQaKF+n5jhUKlp6JvOEOux+u2l4l9eL9HBhTdjIk40FWS5KEg40hFKP0dDJinRfGoIJpKZWxEZY4mJNvnkTQhfn6L/SdstOeWSe10p1htZHDk4hhM4AwdqUIcraEILCDB4gCd4toT1aL1Yr8vWFSubOYIfsN4+AX2djns=</latexit>

Aq
4

<latexit sha1_base64="ngD6ZnuuX6+sWUluU+ijNRg4+28=">AAAB7HicdVBNT8JAEJ3iF+IX6tHLRmLiibQFwSPqxSMmVkgAyXbZwobttu5uTUjDb/DiQWO8+oO8+W/cAiZq9CWTvLw3k5l5fsyZ0rb9YeWWlldW1/LrhY3Nre2d4u7ejYoSSahHIh7Jto8V5UxQTzPNaTuWFIc+py1/fJH5rXsqFYvEtZ7EtBfioWABI1gbyTvrV2/v+sWSXbZrbr16ggyZISNuza24yFkoJVig2S++dwcRSUIqNOFYqY5jx7qXYqkZ4XRa6CaKxpiM8ZB2DBU4pKqXzo6doiOjDFAQSVNCo5n6fSLFoVKT0DedIdYj9dvLxL+8TqKD017KRJxoKsh8UZBwpCOUfY4GTFKi+cQQTCQztyIywhITbfIpmBC+PkX/kxu37FTK7lW11DhfxJGHAziEY3CgDg24hCZ4QIDBAzzBsyWsR+vFep235qzFzD78gPX2CXwVjno=</latexit>



SV Cross-section.
•Finite Soft+Virtual cross-section: 
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Soft distribution 
function DGLAP Kernel

Form Factor
Overall Op. Renorm



Soft-Virtual Structure.
•The Soft-virtual expression has the following structure:  
 
 
 
 
 
 
 
 
 
 
 
 
Significant contributions from singular terms when  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Virtual , Soft radiation

Soft Radiation

�(1� z)
<latexit sha1_base64="UTRMXuYhxxlvoKy8ABV8btpfLK0=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiwbAbBT0GvXiMYB6QLGF2tpMMmX04MxuIS77DiwdFvPox3vwbJ8keNLGgoajqprvLiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3h7dRvjlAqHoUPehyjG9B+yHucUW0kt+Oj0LTknD+dEdItFO2yPQNZJk5GipCh1i18dfyIJQGGmgmqVNuxY+2mVGrOBE7ynURhTNmQ9rFtaEgDVG46O3pCTo3ik14kTYWazNTfEykNlBoHnukMqB6oRW8q/ue1E927dlMexonGkM0X9RJBdESmCRCfS2RajA2hTHJzK2EDKinTJqe8CcFZfHmZNCpl56Jcub8sVm+yOHJwDCdQAgeuoAp3UIM6MHiEZ3iFN2tkvVjv1se8dcXKZo7gD6zPH84akM8=</latexit>

Dk =

✓
lnk(1� z)

(1� z)

◆

+
<latexit sha1_base64="XGhRjcOIQF/qnsBptUMcHDjoEo0=">AAACHnicbVDLSsNAFJ3UV62vqks3g0VoEUtSFd0IRV24rGAf0MQwmU7aoZNJmJkINeRL3PgrblwoIrjSv3GadqHVA5d7OOdeZu7xIkalMs0vIzc3v7C4lF8urKyurW8UN7daMowFJk0cslB0PCQJo5w0FVWMdCJBUOAx0vaGF2O/fUeEpCG/UaOIOAHqc+pTjJSW3OJxYmPE4GXqDuEZtD3a75eh7QuEE5vx2yEsWwf3lTSZtMyvuPtusWRWzQzwL7GmpASmaLjFD7sX4jggXGGGpOxaZqScBAlFMSNpwY4liRAeoj7paspRQKSTZOelcE8rPeiHQhdXMFN/biQokHIUeHoyQGogZ72x+J/XjZV/6iSUR7EiHE8e8mMGVQjHWcEeFQQrNtIEYUH1XyEeIJ2N0okWdAjW7Ml/SatWtQ6rteujUv18Gkce7IBdUAYWOAF1cAUaoAkweABP4AW8Go/Gs/FmvE9Gc8Z0Zxv8gvH5DW9loC4=</latexit>

z ! 1
<latexit sha1_base64="CtUBs6WmR4biXYqqoIoTUv72ggc=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae0Q8mkmTY0kxmSO0Id+hFuXCji1u9x59+YtrPQ1gOBwzn3kntOkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2il9hPpYUy8frniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/Nzp+TMKgMSxto+hWSu/t7IaGTMJArsZERxZJa9mfif100xvPYzoZIUuWKLj8JUEhtxlp0MhOYM5cQSyrSwtxI2opoytA2VbAnecuRV0qpVvYtq7f6yUr/J6yjCCZzCOXhwBXW4gwY0gcEYnuEV3pzEeXHenY/FaMHJd47hD5zPH15Hju4=</latexit>

Threshold Limit

�(n)
sv = ���(1� z) +

2n�1X

k=0

�DkDk

<latexit sha1_base64="+tDiAWMFIf7MdNFB4z23PMiI4ss="></latexit>



Towards Threshold Resummation.
•Soft function solution:  
 
 
 
 
 
 
 

•Soft function decomposition: 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Towards Threshold Resummation.

•Finite piece directly relates to the threshold exponent  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N-independent 
Finite piece

Resummed 
Exponent



Soft-gluon resummation.
•                            Distributions                         and  Delta   
 

•Threshold limit:  
 
 
 

•Sum all threshold large logs to all orders in perturbation theory  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Large logarithms !!  
 

Fixed order becomes unreliable!!

Threshold resummation

�sv
I

<latexit sha1_base64="FkspNFiYE/L86mQxGUcegoPMsfA=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DGoB71FMA9INmF20psMmX0wMxsJS/7DiwdFvPov3vwbJ8keNLGgoajqprvLiwVX2ra/rZXVtfWNzdxWfntnd2+/cHBYV1EiGdZYJCLZ9KhCwUOsaa4FNmOJNPAENrzhzdRvjFAqHoWPehyjG9B+yH3OqDZSp32LQtNOqkaT7j3pFop2yZ6BLBMnI0XIUO0Wvtq9iCUBhpoJqlTLsWPtplRqzgRO8u1EYUzZkPaxZWhIA1RuOrt6Qk6N0iN+JE2FmszU3xMpDZQaB57pDKgeqEVvKv7ntRLtX7kpD+NEY8jmi/xEEB2RaQSkxyUyLcaGUCa5uZWwAZWUaRNU3oTgLL68TOrlknNeKj9cFCvXWRw5OIYTOAMHLqECd1CFGjCQ8Ayv8GY9WS/Wu/Uxb12xspkj+APr8wc+sZJX</latexit>

✓
lnk(1� z)

(1� z)

◆

+
<latexit sha1_base64="ARvr84i7Mtzul8IopJLXJ86JpAA="></latexit>

�(1� z)
<latexit sha1_base64="Q7a6osXGDOfuBR8QFeY42Qt/cGc=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiDEg0NPZjQ5Br14jGAWmITQ0+kkTXoWumuEGPIZXjwo4tWv8ebf2FkEFX1Q8Hiviqp6QSKFBkI+rMzK6tr6RnYzt7W9s7uX3z9o6DhVjNdZLGPVCqjmUkS8DgIkbyWK0zCQvBmMrmZ+844rLeLoFsYJ74R0EIm+YBSM5Ld7XAItOmf3p918gdiO57guwcT2vHLFPTfkghBSdrBjkzkKaIlaN//e7sUsDXkETFKtfYck0JlQBYJJPs21U80TykZ0wH1DIxpy3ZnMT57iE6P0cD9WpiLAc/X7xISGWo/DwHSGFIb6tzcT//L8FPqVzkRESQo8YotF/VRiiPHsf9wTijOQY0MoU8LcitmQKsrApJQzIXx9iv8njZLtuHbpxitUL5dxZNEROkZF5KAyqqJrVEN1xFCMHtATerbAerRerNdFa8ZazhyiH7DePgFuWpC0</latexit>

z ! 1
<latexit sha1_base64="8C1KXVbzs/8mpbWSd7GRjfQ/Qk8=">AAAB7nicdVDLSsNAFL2pr1pfVZduBovgKiRpbOOu6MZlBWsLbSiT6aQdOnkwMxFq6Ee4caGIW7/HnX/j9CGo6IGBwzn3MvecIOVMKsv6MAorq2vrG8XN0tb2zu5eef/gViaZILRFEp6IToAl5SymLcUUp51UUBwFnLaD8eXMb99RIVkS36hJSv0ID2MWMoKVltr3qKcSZPfLFcv0HMd1PGSZVe+sVnU1seu1mnuObNOaowJLNPvl994gIVlEY0U4lrJrW6nycywUI5xOS71M0hSTMR7SrqYxjqj08/m5U3SilQEKE6FfrNBc/b6R40jKSRToyQirkfztzcS/vG6mQs/PWZxmisZk8VGYcaQjzrKjAROUKD7RBBPB9K2IjLDAROmGSrqEr6Tof3LrmHbVdK7dSuNiWUcRjuAYTsGGOjTgCprQAgJjeIAneDZS49F4MV4XowVjuXMIP2C8fQLdWI9G</latexit>



Soft-gluon resummation.

•Sudakov type exponentiation of soft-function. 

•Resummation in conjugate space! 
Amplitude factorises both in z-space and N-space. 
Phase space factorises only in N-space. 

•Logarithmic enhanced contribution in N-space also contains 
subleading terms when transformed into z-space.
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Catani, de Florian,  Grazzini, Nason; 
Bonvini, Forte, Ridolfi



Soft-gluon resummation.
•DIS Wilson coefficient in Mellin space  

•For DIS: 
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Col.  soft-gluon radiation  factor from initial state

Col. radiation factor from unobserved final state

Moch, Vermaseren, Vogt; 
Catani, de Florian, Grazzini, Nason



Soft-gluon resummation.
•DIS Wilson coefficient in Mellin space 

•For DIS: 
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LL

NLL

NNLL

N3LL

N4LL
<latexit sha1_base64="0XBTCuW9JRjbOrE3cJC5PvMIc78=">AAACDXicbZBLS8NAEMc3Pmt8RT16CVaLp5L0oR6LXjwEqWAf0MSy2W7apZsHuxuhhH4BL34VLx4U8erdm9/GTZuiVgeW+fGfGWbn70aUcGEYn8rC4tLyympuTV3f2Nza1nZ2mzyMGcINFNKQtV3IMSUBbggiKG5HDEPfpbjlDi/SeusOM07C4EaMIuz4sB8QjyAopNTVDguWZdtq4SpLs3xbnkHFsrpa3igahnlSreoppPENZgZ5kEW9q33YvRDFPg4EopDzjmlEwkkgEwRRPFbtmOMIoiHs447EAPqYO8nkmrF+JJWe7oVMvkDoE/XnRAJ9zke+Kzt9KAZ8vpaK/9U6sfDOnIQEUSxwgKaLvJjqItRTa/QeYRgJOpIAESPyrzoaQAaRkAaq0gRz/uS/0CwVzXKxdF3J184zO3JgHxyAY2CCU1ADl6AOGgCBe/AInsGL8qA8Ka/K27R1Qclm9sCvUN6/ALjzl48=</latexit>

new



Soft-gluon resummation
•Resummed coefficient: 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...
<latexit sha1_base64="3+aYaPuquKGTILwL/vQYRMdwNz8=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbBU9m1QnssevFYwX5Au5RsNtvGZpMlyRbK0v/gxYMiXv0/3vw3pu0KKvpg4PHeDDPzgoQzbVz3wymsrW9sbhW3Szu7e/sH5cOjjpapIrRNJJeqF2BNORO0bZjhtJcoiuOA024wuV743SlVmklxZ2YJ9WM8EixiBBsrdQbTUBo9LFfcqrsE+kbqtVrdbSAvVyqQozUsvw9CSdKYCkM41rrvuYnxM6wMI5zOS4NU0wSTCR7RvqUCx1T72fLaOTqzSogiqWwJg5bq94kMx1rP4sB2xtiM9W9vIf7l9VMTNfyMiSQ1VJDVoijlyEi0eB2FTFFi+MwSTBSztyIyxgoTYwMq2RC+PkX/k85F1XOr3u1lpXmVx1GEEziFc/CgDk24gRa0gcA9PMATPDvSeXRenNdVa8HJZ47hB5y3T/L5j14=</latexit><latexit sha1_base64="3+aYaPuquKGTILwL/vQYRMdwNz8=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbBU9m1QnssevFYwX5Au5RsNtvGZpMlyRbK0v/gxYMiXv0/3vw3pu0KKvpg4PHeDDPzgoQzbVz3wymsrW9sbhW3Szu7e/sH5cOjjpapIrRNJJeqF2BNORO0bZjhtJcoiuOA024wuV743SlVmklxZ2YJ9WM8EixiBBsrdQbTUBo9LFfcqrsE+kbqtVrdbSAvVyqQozUsvw9CSdKYCkM41rrvuYnxM6wMI5zOS4NU0wSTCR7RvqUCx1T72fLaOTqzSogiqWwJg5bq94kMx1rP4sB2xtiM9W9vIf7l9VMTNfyMiSQ1VJDVoijlyEi0eB2FTFFi+MwSTBSztyIyxgoTYwMq2RC+PkX/k85F1XOr3u1lpXmVx1GEEziFc/CgDk24gRa0gcA9PMATPDvSeXRenNdVa8HJZ47hB5y3T/L5j14=</latexit><latexit sha1_base64="3+aYaPuquKGTILwL/vQYRMdwNz8=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbBU9m1QnssevFYwX5Au5RsNtvGZpMlyRbK0v/gxYMiXv0/3vw3pu0KKvpg4PHeDDPzgoQzbVz3wymsrW9sbhW3Szu7e/sH5cOjjpapIrRNJJeqF2BNORO0bZjhtJcoiuOA024wuV743SlVmklxZ2YJ9WM8EixiBBsrdQbTUBo9LFfcqrsE+kbqtVrdbSAvVyqQozUsvw9CSdKYCkM41rrvuYnxM6wMI5zOS4NU0wSTCR7RvqUCx1T72fLaOTqzSogiqWwJg5bq94kMx1rP4sB2xtiM9W9vIf7l9VMTNfyMiSQ1VJDVoijlyEi0eB2FTFFi+MwSTBSztyIyxgoTYwMq2RC+PkX/k85F1XOr3u1lpXmVx1GEEziFc/CgDk24gRa0gcA9PMATPDvSeXRenNdVa8HJZ47hB5y3T/L5j14=</latexit><latexit sha1_base64="3+aYaPuquKGTILwL/vQYRMdwNz8=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbBU9m1QnssevFYwX5Au5RsNtvGZpMlyRbK0v/gxYMiXv0/3vw3pu0KKvpg4PHeDDPzgoQzbVz3wymsrW9sbhW3Szu7e/sH5cOjjpapIrRNJJeqF2BNORO0bZjhtJcoiuOA024wuV743SlVmklxZ2YJ9WM8EixiBBsrdQbTUBo9LFfcqrsE+kbqtVrdbSAvVyqQozUsvw9CSdKYCkM41rrvuYnxM6wMI5zOS4NU0wSTCR7RvqUCx1T72fLaOTqzSogiqWwJg5bq94kMx1rP4sB2xtiM9W9vIf7l9VMTNfyMiSQ1VJDVoijlyEi0eB2FTFFi+MwSTBSztyIyxgoTYwMq2RC+PkX/k85F1XOr3u1lpXmVx1GEEziFc/CgDk24gRa0gcA9PMATPDvSeXRenNdVa8HJZ47hB5y3T/L5j14=</latexit>

...
<latexit sha1_base64="RureKX0c62d5pU+lmK0x+QOenes=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJ9WXdFNy4r2Ae0Q8lkMm1sJhmSTKGU/oMbF4q49X/c+TemD0FFD1w4nHMv994TJJxpg9CHk1lb39jcym7ndnb39g/yh0ctLVNFaJNILlUnwJpyJmjTMMNpJ1EUxwGn7WB0PffbY6o0k+LOTBLqx3ggWMQINlZq9cahNLqfLyAX1YrlUgUit1wqIa9qiYcua5Uq9Fy0QAGs0Ojn33uhJGlMhSEca931UGL8KVaGEU5nuV6qaYLJCA9o11KBY6r96eLaGTyzSggjqWwJAxfq94kpjrWexIHtjLEZ6t/eXPzL66YmqvlTJpLUUEGWi6KUQyPh/HUYMkWJ4RNLMFHM3grJECtMjA0oZ0P4+hT+T1pFG4vr3ZYL9atVHFlwAk7BOfDABaiDG9AATUDAPXgAT+DZkc6j8+K8LlszzmrmGPyA8/YJLY+Phg==</latexit><latexit sha1_base64="RureKX0c62d5pU+lmK0x+QOenes=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJ9WXdFNy4r2Ae0Q8lkMm1sJhmSTKGU/oMbF4q49X/c+TemD0FFD1w4nHMv994TJJxpg9CHk1lb39jcym7ndnb39g/yh0ctLVNFaJNILlUnwJpyJmjTMMNpJ1EUxwGn7WB0PffbY6o0k+LOTBLqx3ggWMQINlZq9cahNLqfLyAX1YrlUgUit1wqIa9qiYcua5Uq9Fy0QAGs0Ojn33uhJGlMhSEca931UGL8KVaGEU5nuV6qaYLJCA9o11KBY6r96eLaGTyzSggjqWwJAxfq94kpjrWexIHtjLEZ6t/eXPzL66YmqvlTJpLUUEGWi6KUQyPh/HUYMkWJ4RNLMFHM3grJECtMjA0oZ0P4+hT+T1pFG4vr3ZYL9atVHFlwAk7BOfDABaiDG9AATUDAPXgAT+DZkc6j8+K8LlszzmrmGPyA8/YJLY+Phg==</latexit><latexit sha1_base64="RureKX0c62d5pU+lmK0x+QOenes=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJ9WXdFNy4r2Ae0Q8lkMm1sJhmSTKGU/oMbF4q49X/c+TemD0FFD1w4nHMv994TJJxpg9CHk1lb39jcym7ndnb39g/yh0ctLVNFaJNILlUnwJpyJmjTMMNpJ1EUxwGn7WB0PffbY6o0k+LOTBLqx3ggWMQINlZq9cahNLqfLyAX1YrlUgUit1wqIa9qiYcua5Uq9Fy0QAGs0Ojn33uhJGlMhSEca931UGL8KVaGEU5nuV6qaYLJCA9o11KBY6r96eLaGTyzSggjqWwJAxfq94kpjrWexIHtjLEZ6t/eXPzL66YmqvlTJpLUUEGWi6KUQyPh/HUYMkWJ4RNLMFHM3grJECtMjA0oZ0P4+hT+T1pFG4vr3ZYL9atVHFlwAk7BOfDABaiDG9AATUDAPXgAT+DZkc6j8+K8LlszzmrmGPyA8/YJLY+Phg==</latexit><latexit sha1_base64="RureKX0c62d5pU+lmK0x+QOenes=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJ9WXdFNy4r2Ae0Q8lkMm1sJhmSTKGU/oMbF4q49X/c+TemD0FFD1w4nHMv994TJJxpg9CHk1lb39jcym7ndnb39g/yh0ctLVNFaJNILlUnwJpyJmjTMMNpJ1EUxwGn7WB0PffbY6o0k+LOTBLqx3ggWMQINlZq9cahNLqfLyAX1YrlUgUit1wqIa9qiYcua5Uq9Fy0QAGs0Ojn33uhJGlMhSEca931UGL8KVaGEU5nuV6qaYLJCA9o11KBY6r96eLaGTyzSggjqWwJAxfq94kpjrWexIHtjLEZ6t/eXPzL66YmqvlTJpLUUEGWi6KUQyPh/HUYMkWJ4RNLMFHM3grJECtMjA0oZ0P4+hT+T1pFG4vr3ZYL9atVHFlwAk7BOfDABaiDG9AATUDAPXgAT+DZkc6j8+K8LlszzmrmGPyA8/YJLY+Phg==</latexit>

...
<latexit sha1_base64="9+vhgNMbosTOKw0fTA1piMr/a/Q=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJtse2u6MZlBfuAdiiZTKaNZpIhyRTK0H9w40IRt/6PO//G9CGo6IELh3Pu5d57goQzbRD6cHJr6xubW/ntws7u3v5B8fCoo2WqCG0TyaXqBVhTzgRtG2Y47SWK4jjgtBvcX8397oQqzaS4NdOE+jEeCRYxgo2VOoNJKI0eFkvIrVZqqFGGyK1UG6juWYIaF7VKGXouWqAEVmgNi++DUJI0psIQjrXueygxfoaVYYTTWWGQappgco9HtG+pwDHVfra4dgbPrBLCSCpbwsCF+n0iw7HW0ziwnTE2Y/3bm4t/ef3URHU/YyJJDRVkuShKOTQSzl+HIVOUGD61BBPF7K2QjLHCxNiACjaEr0/h/6RTdj3kejfVUvNyFUcenIBTcA48UANNcA1aoA0IuAMP4Ak8O9J5dF6c12VrzlnNHIMfcN4+ATrjj48=</latexit><latexit sha1_base64="9+vhgNMbosTOKw0fTA1piMr/a/Q=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJtse2u6MZlBfuAdiiZTKaNZpIhyRTK0H9w40IRt/6PO//G9CGo6IELh3Pu5d57goQzbRD6cHJr6xubW/ntws7u3v5B8fCoo2WqCG0TyaXqBVhTzgRtG2Y47SWK4jjgtBvcX8397oQqzaS4NdOE+jEeCRYxgo2VOoNJKI0eFkvIrVZqqFGGyK1UG6juWYIaF7VKGXouWqAEVmgNi++DUJI0psIQjrXueygxfoaVYYTTWWGQappgco9HtG+pwDHVfra4dgbPrBLCSCpbwsCF+n0iw7HW0ziwnTE2Y/3bm4t/ef3URHU/YyJJDRVkuShKOTQSzl+HIVOUGD61BBPF7K2QjLHCxNiACjaEr0/h/6RTdj3kejfVUvNyFUcenIBTcA48UANNcA1aoA0IuAMP4Ak8O9J5dF6c12VrzlnNHIMfcN4+ATrjj48=</latexit><latexit sha1_base64="9+vhgNMbosTOKw0fTA1piMr/a/Q=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJtse2u6MZlBfuAdiiZTKaNZpIhyRTK0H9w40IRt/6PO//G9CGo6IELh3Pu5d57goQzbRD6cHJr6xubW/ntws7u3v5B8fCoo2WqCG0TyaXqBVhTzgRtG2Y47SWK4jjgtBvcX8397oQqzaS4NdOE+jEeCRYxgo2VOoNJKI0eFkvIrVZqqFGGyK1UG6juWYIaF7VKGXouWqAEVmgNi++DUJI0psIQjrXueygxfoaVYYTTWWGQappgco9HtG+pwDHVfra4dgbPrBLCSCpbwsCF+n0iw7HW0ziwnTE2Y/3bm4t/ef3URHU/YyJJDRVkuShKOTQSzl+HIVOUGD61BBPF7K2QjLHCxNiACjaEr0/h/6RTdj3kejfVUvNyFUcenIBTcA48UANNcA1aoA0IuAMP4Ak8O9J5dF6c12VrzlnNHIMfcN4+ATrjj48=</latexit><latexit sha1_base64="9+vhgNMbosTOKw0fTA1piMr/a/Q=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJtse2u6MZlBfuAdiiZTKaNZpIhyRTK0H9w40IRt/6PO//G9CGo6IELh3Pu5d57goQzbRD6cHJr6xubW/ntws7u3v5B8fCoo2WqCG0TyaXqBVhTzgRtG2Y47SWK4jjgtBvcX8397oQqzaS4NdOE+jEeCRYxgo2VOoNJKI0eFkvIrVZqqFGGyK1UG6juWYIaF7VKGXouWqAEVmgNi++DUJI0psIQjrXueygxfoaVYYTTWWGQappgco9HtG+pwDHVfra4dgbPrBLCSCpbwsCF+n0iw7HW0ziwnTE2Y/3bm4t/ef3URHU/YyJJDRVkuShKOTQSzl+HIVOUGD61BBPF7K2QjLHCxNiACjaEr0/h/6RTdj3kejfVUvNyFUcenIBTcA48UANNcA1aoA0IuAMP4Ak8O9J5dF6c12VrzlnNHIMfcN4+ATrjj48=</latexit>

ln(N̄)

ln2(N̄)

ln3(N̄)

ln4(N̄)

ln5(N̄)
<latexit sha1_base64="bDWtde34JgQ0DdBnz4eTCkxbvYw="></latexit>

ln2(N̄)

ln3(N̄)

ln4(N̄)

ln5(N̄)

ln6(N̄)
<latexit sha1_base64="QHg2Ez8Fce71YC4opEBSvD/UEzI="></latexit>

ln(N̄)

ln2(N̄)

ln3(N̄)

ln4(N̄)
<latexit sha1_base64="hEb+dfULi0TdwRU8xDdNSYuzXwE="></latexit>

ln(N̄)

ln2(N̄)

ln3(N̄)
<latexit sha1_base64="rFbdQT9eqe6Yyv8iloTvu+bSPuo="></latexit>

ln(N̄)

ln2(N̄)
<latexit sha1_base64="Sa8IvrjMR5q7tDJBaMRFCpVB+vc=">AAACDHicdVDLSgMxFM34rPVVdekmWJS6GTLtUNtd0Y0rqWAf0Kklk6ZtaCYzJBmhDP0AN/6KGxeKuPUD3Pk3pg+hih4IHM45l5t7/IgzpRH6tJaWV1bX1lMb6c2t7Z3dzN5+XYWxJLRGQh7Kpo8V5UzQmmaa02YkKQ58Thv+8GLiN+6oVCwUN3oU0XaA+4L1GMHaSJ1M9sTjAuY8H8vkanzqeemJcJtflEwK2ajoIqcMkV0qFpFbMqTsFlDBhY6NpsiCOaqdzIfXDUkcUKEJx0q1HBTpdoKlZoTTcdqLFY0wGeI+bRkqcEBVO5keM4bHRunCXijNExpO1cWJBAdKjQLfJAOsB+q3NxH/8lqx7pXaCRNRrKkgs0W9mEMdwkkzsMskJZqPDMFEMvNXSAZYYqJNf2lTwvel8H9Sz9tOwc5fu9nK+byOFDgERyAHHHAGKuASVEENEHAPHsEzeLEerCfr1XqbRZes+cwB+AHr/QvpXJmq</latexit>

O(as)

O(a2s)

O(a3s)

O(a4s)

O(a5s)
<latexit sha1_base64="tlqELlF3K1hIRbolTuYmoE+DP0I="></latexit>

Resummed  
Logs:

ams lnm+1(N̄)
<latexit sha1_base64="tqxAs6egOhzNEhUEJN/gX71iFHk=">AAACBHicdVDLSgMxFM34rOOr6rKbYBEqQplpbe2y6MaVVLAP6GPIpGkbmmSGJCOUoQs3/oobF4q49SPc+Tdm2goqeuDC4Zx7ufceP2RUacf5sJaWV1bX1lMb9ubW9s5uem+/oYJIYlLHAQtky0eKMCpIXVPNSCuUBHGfkaY/vkj85i2RigbiRk9C0uVoKOiAYqSN5KUzyFM9DjtM9GJ+4k5hruMjGV9Nj23bS2edvOO45VIJJiSBIeWKU3CK0F0oWbBAzUu/d/oBjjgRGjOkVNt1Qt2NkdQUMzK1O5EiIcJjNCRtQwXiRHXj2RNTeGSUPhwE0pTQcKZ+n4gRV2rCfdPJkR6p314i/uW1Iz2odGMqwkgTgeeLBhGDOoBJIrBPJcGaTQxBWFJzK8QjJBHWJrckhK9P4f+kUci7xXzh+jRbPV/EkQIZcAhywAVnoAouQQ3UAQZ34AE8gWfr3nq0XqzXeeuStZg5AD9gvX0Cd56WsA==</latexit>

ams lnm(N̄)
<latexit sha1_base64="ypacX8a9tKNHZdSFfwQR+gqgHoI=">AAAB/nicdVDLSgMxFM34rPU1Kq7cBItQN0OmnT7cFd24kgr2AW0tmTRtQzOZIckIZSj4K25cKOLW73Dn35g+BBU9cC+Hc+4lN8ePOFMaoQ9raXlldW09tZHe3Nre2bX39usqjCWhNRLyUDZ9rChngtY005w2I0lx4HPa8EcXU79xR6ViobjR44h2AjwQrM8I1kbq2oe4q24D2ObC9GzbxzK5mpx27QxyzlCh7BYhcryShzxkiFsoFlEeug6aIQMWqHbt93YvJHFAhSYcK9VyUaQ7CZaaEU4n6XasaITJCA9oy1CBA6o6yez8CTwxSg/2Q2lKaDhTv28kOFBqHPhmMsB6qH57U/EvrxXrfrmTMBHFmgoyf6gfc6hDOM0C9pikRPOxIZhIZm6FZIglJtokljYhfP0U/k/qOcfNO7lrL1M5X8SRAkfgGGSBC0qgAi5BFdQAAQl4AE/g2bq3Hq0X63U+umQtdg7AD1hvn3WflS0=</latexit>

am+1
s lnm(N̄)

<latexit sha1_base64="MYl6GrV5KJXHmhKvhvzcBnLTJx8=">AAACAnicdVDLSgMxFM3Ud31VXYmbYBEqwpCZDj52ohtXomBV6LQlk6ZtaJIZkoxQhuLGX3HjQhG3foU7/8ZMraCiBy4czrmXe++JEs60QejdKUxMTk3PzM4V5xcWl5ZLK6uXOk4VoTUS81hdR1hTziStGWY4vU4UxSLi9CrqH+f+1Q1VmsXywgwS2hC4K1mHEWys1Cqt45ZuZmLHG8KQy6aAlTDCKjsdbrdKZeR6u8EBqkLkBnsBClBOPB/t+9Bz0QhlMMZZq/QWtmOSCioN4VjruocS08iwMoxwOiyGqaYJJn3cpXVLJRZUN7LRC0O4ZZU27MTKljRwpH6fyLDQeiAi2ymw6enfXi7+5dVT09lvZEwmqaGSfC7qpByaGOZ5wDZTlBg+sAQTxeytkPSwwsTY1Io2hK9P4f/k0ne9quufB+XDo3Ecs2ADbIIK8MAeOAQn4AzUAAG34B48gifnznlwnp2Xz9aCM55ZAz/gvH4AHn2Wnw==</latexit>

am+2
s lnm(N̄)

<latexit sha1_base64="5s2BOcQ7n0TwsAu3zLwV0vZCZWI="></latexit>

am+3
s lnm(N̄)
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Numerical Study.
•New quartic color factors. 
 
 
 
 
 

•In a general SU(N): 
 
 
 
 
 

29Goutam Das (DESY)  09-04–2019Soft corrections to DIS. / 38

[Ritbergen, Schellekens, Vermaseren]



Numerical Study: A, B.
•Status of the coefficients A, B: 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[Moch, Ruijl, Ueda, Vermaseren, Vogt] 



Numerical Study: A, B.
•Status of the coefficients A, B: 
 
 
 
 
 
 
 
 
 
 
 
 
 

31Goutam Das (DESY)  09-04–2019Soft corrections to DIS. / 38

[Herzog,  Moch, Ruijl, Ueda, Vermaseren, Vogt] 



Numerical Study:         .
•For resummation we also need the coefficient               :  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Large-nc / Exact



Numerical Study:          .
•For resummation we also need the coefficient              .  

•At fourth order: 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Numerical Study:          .
•For resummation we also need the coefficient              .  

•At fourth order: Still unknown 
 
 
 
 
 
At large-nc they drop out. 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Numerical Study.
•Successive plus distributions and logarithms at fourth order:  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Numerical Study.
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Numerical Study.
•Large-color approximation at lower orders:  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Summary.

•We have studied  a systematic way of resuming threshold logs 
for DIS and provided resummed exponent to              accuracy. 

•We exploited the factorisation, RG invariance and K+G 
equations to four loops. 

•We have compared the large-nc approximations at lower orders 
and found correction received from lower orders are reasonably 
large compared to large-nc errors. 

•Work in progress to present approximate estimate for missing 
color pieces in f4 from DIS Mellin moments.
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BK: Numerical Study.
Comparison between resummed coefficients and Tower 
Expansion: 

Agree in lower-x region. Tower expansion deviates at large-x.
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