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e Form factor at four loops are available in the large color
approximation and beyond with recent progress in loop
Ca’lcula’tlons . [ Henn, Lee, Smirnov, Smirnov, Steinhauser ]

[Manteuffel, Scabinger]

e An order by order analysis of the structure of corresponding
unfactorized quantities in Dimensional Regularization.

e Inclusive DIS is phenomenologically and theoretically an
important benchmark process in pQCD.

e Data on the cross-section expressed in terms of the structure
function form a primary source of

e Soft-virtual and resummation gives extra sheds on the higher
order corrections and in general its structure and improvement
over fixed order.

Soft corrections to DIS.



Plan of the talk

e Formalism for the soft-virtual(SV) cross-section
e Soft gluon resummation
e Numerical Study

® Summary
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SV Cross-section.

e Finite Soft+Virtual cross-section:

[Ravindran]

5 (2@ Mg ME) = C exp (‘I’fo(z,qz,ﬂ?e,ﬂ%,e))
e

Overall Op. Renorm
Form Factor

2 - A
Vo(2. @ JRoMF ) = (hl(Z’(&s,ﬂ%,ﬂz,e)) +h1|F’(as,Q2,ﬂ2,8)|2)5(1—Z)

+2 (I)I{(a.s‘a qzaﬂz) Z, 8) —2mcC lnFII(&S)]t27]‘%)Z’ 8))

Soft distribution
function DGLAP Kernel
e ForDIS: m = 1/2, Z!=1; z - Bjorken variable

e Total sum has to be UV and IR finite!
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SV Cross-section.

e Finite Soft+Virtual cross-section:

[Ravindran]

5 (2@ Mg ME) = C exp (‘I’fo(z,qz,ﬂ?e,ﬂ%,e))
e

Over . Renorm

Form Factor

2 - A
Vo(2. @ JRoMF ) = (hl(Z’(&s,ﬂ%,ﬂz,e)) +h1|F’(as,Q2,ﬂ2,8)|2)5(1—Z)

+2 (I)I{(a.s‘a qzaﬂz) Z, 8) —2mcC lnFII(&S)]t27]‘%)Z’ 8))

Soft distribution
function DGLAP Kernel
e ForDIS: m = 1/2, Z'=1; 7 - Bjorken variable

e Total sum has to be UV and IR finite!
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Form Factor: K-G.

e Form-factor satisfies K-G equation: Gauge invariance, RG invariance

dlnﬁl(&saQ27ﬂ27€) 1 A 2
— 5 KI(GJS,E,,[L%:{,,LR) =+ Gl(af&e) Q27M%%7M2)

dIn ()2
4 \ [Sen, Mueller, Collins, Magneal]
Poles in € Finiteine —0
Q-independent Q-dependent

® RG invariance of the Form-factor:

d o d . Q7 3
A O AR (A AR A0k
R

cusp anomalous
dimensions

1= Valid upto 3-loops
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Form Factor: Solution

e Solution of the Form-factor:

rlia A2 2 o i (O & i 71.(i)
InF' (a5, Q% p.e) = ). a, = Sg L7 (¢)
=1 H
Upto three-loop:

. 1 1
Li(0) = 5 [-24{]+ [G1()]
. 1 1 1 11
LR = 5 [al] + 5 | ~545 — oGl + 3650
. 1 [ 8 1 [2 8 4
L3 (e) = oy —55314{] — lgﬁlA{ §5OA£+§5(2)G{(6)]

b3 |45 - 351610 - AGH@| < [ Jete

e All terms can be found, only computation of finite piece is
needed.
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Form Factor: Solution

e Solution of the Form-factor:

[Moch, Vermaseren, Vogt]

Gi1 =2B{ + fi' + €for

q q q q e amaron
Gy = 2B, + (fz T 50f01) + €/09 »
Gs =285 + (f5' 4+ Bifor + Bofor) + €fos

Explicit
Coll. Ano. Dim. Soft Ano. Dim. Computation

Origin from eikonal FF

[Dixon, Magnea, Sterman]
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Form Factor @ 4loops

e Solution at 4-loops:

7 %(B%A{) é(——ﬁoﬁm — 2 p3al —2pc] (e))

1 /1 1
5 (13Paat + Biad + 3poad + SpopaG] (8)+3BOG2(8))
1 1 1
ta2l—3 Ay — —BZG (g) — —l31G2(8) - —BOG3(8) G4(3)
[ Henn, Lee, Smirnov, Smirnov, Steinhauser ]
[Manteuffel, Scabinger]
ongoing ...
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Form Factor @ 4loops

e Solution at 4-loops:

2R = J5(miah) + e~ 3popal - Spal 263 o))

-|-8i3 (I_IZB A{+%[31A + = BOA + - BOBIG (8)+3BOG2(8))
+8i2 ( %A4 — —BzG () — —[31G2(e) - —BOG3 (8)> (1G4(£))

[ Henn, Lee, Smirnov, Smirnov, Steinhauser ]
[Manteuffel, Scabinger]

Gy = 2B} + (f4 + Bafor + Bifon + Bofos) + €fou
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SV Cross-section

e Finite Soft+Virtual cross-section:

5 (2@ Mg ME) = C exp (‘Pfo(z,qz,ﬂ?e,ﬂ%,e))
E=0

. Renorm
F&r%tor

2 s A
Vo (2,0 JR HE-E) = (ln(Z’(&s,mze,ﬂz,e)) +h1IF’(as,Q2,ﬂ2,8)|2)5(l—Z)

Over

+2 (I)I{(&Sa qzaﬂza Z, 8) —2mc¢C lnFII(&Saﬂzaﬂ%aza 8),

Soft distribution
function DGLAP Kernel
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Collinear RGE.

e RGE for DGLAP kernel T:

Altarelli-Parisi Splitting functions

e In SV cross-seotion, diagonal part contributes

(i) _ | . p)
PII (Z) — z+18(1 ) z-I—lQ)O _I'Preg, ( )
Coll. Ano. Dim. Cusp. Ano. Dim.
F is known upto O (CL;L) [Moch, Vermaseren, Vogt]

Approximate five-loop cusp ano. dim. is also estimated.

[Herzog, Moch, Ruijl, Ueda, Vermaseren, Vogt]
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SV Cross-section

e Finite Soft+Virtual cross-section:

5 (2@ Mg ME) = C exp (‘Pfo(z,qz,ﬂ?e,ﬂ%,e))
E=0

. Renorm
F&r%tor

2 s A
Vo (2,0 JR HE-E) = (ln(Z’(&s,mze,ﬂz,e)) +h1IF’(as,Q2,ﬂ2,8)|2)5(l—Z)

Over

+2 (I)I{(&Sa qzaﬂza Z, 8) —2mc¢C lnFII(&Saﬂzaﬂ%aza 8),

Soft distribution

function DGLAP Kernel
> N
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Pole cancellation: DIS

In F!

- IHFI[

CP Col. (real)

(I)I




Pole cancellation: DIS

In F!

- IHFI[

\ Col.  Col.(real

O LELILE »  Soft-Col. function




Soft-Col. Function

 Demand finiteness in lim. o W/ (z;, ¢%, €)

e RGEH for the Soft function:

d 1. .
ﬂ%{_zq)l(am qzal’tz?Za 8) =0
dpg

K-G type equation for Soft function

[Ravindran]

d A 1—1,\]42 _IAq2”2
qzd_qzq)l(asaqzaﬂzazae)ziliK (asaﬂ_gazag)'FG (aS7 R 122,2,8

‘ \ Hr H

Poles in € Finitein€¢ —0
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Soft-Col. Function

® One possible ansatz:

[Ravindran, Smith, van Neerven]

e Solution: S0 (e) = £L (¢) (AI — —AL Gl (e) = 51(6))

— 1 — — I(k
Gpi(e) = —(fll"‘B{ 8P,SJ) + > ekgm( !
k=1
7 —I(1)  ~— p— 1Lk
Gpa(e) = —(f§+B£ 6P,SJ) —23091{1( i > £k§p,2( )
k=1
— 1 — 1,1 —I,1 — 1,2 — —I(k
§p,3(8) — _(f.?{‘i‘Bé 8P,SJ)_2[31§}>,1( )_2BO ((fp,z( )+2BOGP,1( ))‘I‘nggp,z.()
k=1
(Verified to 3-loop for DY and Higgs) oG de Hevan Ferer, oz
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Soft-Col. Function.

® 4-loop solution:

—1 I 1 1 I 2

_QBO(QI(I)HM1(2)+4B091(3))+2€kgﬁk)

Explicit FO
computation

e All poles including single pole of Soft-collinear function can be
predicted from that of Form Factor, Mass-fact Kernel.

e Terms with (3; are due to coupling const. renorm.

e Single pole is proportionalto A, — (f "+B I5P,SJ)
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Soft-Col. Function

® 4 ]Joop solution:

Gaue) = —(A+Blonss) —2B2g " — 21 (G 1" + 45 51"

~2Bo(Gps +2BoGps +4B3G R )+ 2 €6y

Explicit FO
computation

® The new coefficients A, p{ are known.
¢ Maximally non-abelian up to 4-loop.

e Soft distributions are universal!
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SV Cross-section

e Finite Soft+Virtual cross-section:

5 (2@ Mg ME) = C exp (‘Pfo(z,qz,ﬂ?e,ﬂ%,e))
E=0

. Renorm
F&r%tor

2 s A
Vo (2,0 JR HE-E) = (ln(Z’(&s,mze,ﬂz,e)) +h1IF’(as,Q2,ﬂ2,8)|2)5(l—Z)

Over

+2 (I)I{(&Sa qzaﬂza Z, 8) —2mc¢C lnFII(&Saﬂzaﬂ%aza 8),

Soft distribution
_ f ion DGLAP rnel

a
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Soft-Virtual Structure

¢ The Soft-virtual expression has the following structure:

2n—1
A =As6(1—2)+ ) Ap, Dy
k=0
Virtual , Soft radiation 0(1 — 2)
- In®(1 — z)
Soft Radiation —p. Dj =
(1 —z2) N

Significant contributions from singular terms when z — 1

Threshold Limit
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Towards Threshold Resummation

e Soft function solution:

ofantsizne = (1d [ Bar(aom) 454 (@@ -27).0 })

e Soft function decomposition:

2 2
(DI (as(ﬂ%’)aq_zazae) (I)gole (as(ﬂF)a 3 e ) +(I)Im (as(ﬂF)a B e )
HE 3
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Towards Threshold Resummation

¢ Finite piece directly relates to the threshold exponent

2/ dzzN_lfblm(as(ﬂFa T LE= 0) /dz S [ (a(F(1-27))

7(1-2)? )2 Resummed
+2 / ——A (03(7»2 )) Exponent
1 A

F

I 2, 4
+H (as (MF ), —2) N-independent
Finite piece

D' (a;(*(1-2)%)) = Bls(as(?(1-2))) = Ggy(as(*(1-2)),e)
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Soft-gluon resummation

C : lnk(l — z)
o A}’ Distributions ( ) and Delta §(1 — z
) ) (1—2)

(1= 2)

e Threshold limit: z — 1

Large logarithms !!

Fixed order becomes unreliable!!

e Sum all threshold large logs to all orders in perturbation theory

Threshold resummation
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Soft-gluon resummation.

e Sudakov type exponentiation of soft-function.

¢ Resummation in conjugate space!
Amplitude factorises both in z-space and N-space.
Phase space factorises only in N-space.

e [.ogarithmic enhanced contribution in N-space also contains
subleading terms when transformed into z-space.

Catani, de Florian, Grazzini, Nason;
Bonvini, Forte, Ridolfi
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Soft-gluon resummation

e DIS Wilson coefficient in Mellin space

Q%)/Cilo(Q7) = 90(Q%) - exp [GT(Q%)] + O(N™ In" N)

Moch, Vermaseren, Vogt;

[ FOP DIS: Catani, de Florian, Grazzini, Nason

GDIS — lnAq + anq

Col. soft-gluon radiation factor from initial state

InAo(Q?, u?) = / l—zl /(1 z)ZQZdiAQ(as( )

Col. radiation factor from unobserved final state

(02 = [ m L | [TV AE a0 oy L g 1 2102
0@ = [ ds  A(n(g) + B (a1 — Q%)
0 — < J(1-2)2Q? q
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Soft-gluon resummation

e DIS Wilson coefficient in Mellin space

CM(Q)/Cro(Q%) = 90(Q7) -exp [GT(Q7)] + O(N ™" In" N)

e For DIS:
GgIS — lnAq + anq

Gnx =In NgM () + gP\) + ag®(\) + a2gW(\) + a2g® (N)
LL
M
b
N3LL
NALL

new
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Soft-gluon resummation

Gy =InNgW(A\) + g@(A) + asg® ()

® Resummed coefficient:

Ola) WA(N) (V)
O(a?) In®(N) In*(N) In(N)
O W*AN)  WAN) i) (V)
O W@V)  Wi'(V) wdN) W’*(N) In(N)
O(a’) In®(N) n®(N)  Wm*N) In’(N) In*(N)
LL NLL NNLL N3LL N*LL
Resummed  ;m m+1 () o7 10" (V) o In™(N) a™*2In™(N) al""In™(N)

Logs:

Goutam Das (DESY)
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Numerical Study

e New quartic color factors.

(4) abed 7 abed
dzy = d dy

1
4ot = c Tr (7T’ TST* + five bed permutations )

¢ In a general SU(N): d (‘2 1

- (ne — nc_l)(nc2 — 6+ 18nc_2)

[Ritbergen, Schellekens, Vermaseren]
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Numerical Study: A, B

e Status of the coefficients A, B:

Goutam Das (DESY)

Color Factor A B}

Cp 0 197. + 3.
CpC, 0 — 687. %+ 10.
CECf 0 1219. + 12.
CpC;} 610.25+0.1  295.6 + 2.4
di) /np —507.04+2.0  —996. + 45.
n; Cp —31.05543 81.4 +2.2
n; CpC, 38.79538  —455.7 + 1.1
n; CpCy —440.6670  —274.4 + 1.1
npdig/np  —123.89049  —143.5 £ 1.2

ni C¢ —21.31439 —5.775288

nf CpCy 58.36737 51.03056

ng Cp 2.454258 2.261237

[Moch, Ruijl, Ueda, Vermaseren, Vogt]

Soft corrections to DIS
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Numerical Study: A, B

e Status of the coefficients A, B:

quark gluon Asgq Asg
Cr — 0 -
Ci:C, — 0 —
CiC? — 0 —
CrC; Ct 610.25+0.1
d¥) /N,  dY/N, 5070420 —507.0£5.0
n.Cp n,C#Cy —31.00554
nCfCy  n;CpCi 38.75+0.2
nCpC} nC;  —440.65+0.2
nedyy [Ny nedly /N, —123.90£02 —124.0+0.6
nfC¢  nfCpC,  —21.31439
n; CpCy nfCi 58.36737
- n2dSy /N, - 0.040.1
n; Cp n;Cy 2.454258 2.454258

[Herzog, Moch, Ruijl, Ueda, Vermaseren, Vogt]
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Numerical Study: BP!>

e For resummation we also need the coefficient B(?I S .

BPS_ _fa_ pa

1
BY® =—f3 — B3 — o (ffﬁ + by consty §C2A1) :

BPS__fa_pi_g (f(()ll + cg()l conctn %(2141) + 32 (szq + (BT + C3A1)

2 1
= 4 252 ey = (2) Ly — G2

Large-nc / Exact
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Numerical Study: BP1s

e For resummation we also need the coefficient B(?I S,

e At fourth order:

1
BYS == 1= B~ o ( 1+ S gy — 351
3
+ By (3C2f31 + 3(20&), consty T 2C3fy +2¢BY — §C4A1)
O, tq, 9. pq, ° 2 q q
+ Bob §C2f P T 5(231 + —CsAl + 55 (3¢ f3 + 3685 + 2¢5A,)
8 £9 4262 (1 oA
'81 02 + c2,€l constN 02 |const~ C2 -
3

3
0 35+ 3¢ = 308+ (42) ey — 520)
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Numerical Study: BP1s

e For resummation we also need the coefficient B, '” .

e At fourth order: Still unknown

q £ I
4,dpbeddgoedr Ja,m,Cp? S 4,n,C20,

At large-nc they drop out.
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Numerical Study

® Successive plus distributions and logarithms at fourth order:

1.4:_ xf = x°°° (l—x)3 |
1 2:_ 0s=0.2, n .=
- [
H T
~ = - ;
“ - 0 8:— """"" 3
® X e 4
~ o F 5
O SN 0.6
© «un 0.4
<nmm 3 i
~ 0.2
0 = L mmm T TIT e
: : | | |
0.2t %48 o0.85 0.9 o0.95 1
x X
Slow convergence of successive distributions Faster convergence of successive logarithms
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Numerical Study.

N

® £)/f

T
[ ]

N
DIS

(Exp G

G
© o o o
O N B O 0 H N i OO 0 N N

SN | | |
N I ) I

10 20 30 40 50
N

o

LL to NLL: 66% NLL to NNLL: 7.1%

. (0]
NNLL to N3LL: 2.2% NS3LL to N4LL: 1.2% AtN4LL: <1%
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1.05

1.04F it

1.03

Ratio

Numerical Study.

e [Large-color approximation at lower orders:

----- NLL
______________ o | | ommm|
DIS  NALL

......................................................................................................................

......................................................................................................................

FrT T T T TTTTTTTTTTTTTTTTTTT T T el TTT T T T
| | | | | ! |

- wm o Em Sm M M Em oEm T o Ml M M M N M o osh M M M M W W OEm W W W Em o o m

10 20 30 40 50

N

Ratio

Fourth order contribution changes by -1.2%
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1

.07

.06

.05

.04

.03

.02

.01

1

.99

0.98

0.5

Soft corrections to DIS

E : N : :
g (Exp GDIS ® £)/f|
= s [ NLL |
B NNLL
S . — NLL| 7
:I L1 1 | L1 11 | L1 11 | L1 11

0.6 0.7 0.8

X

Large-nc to Exact: 5.42%, -0.28%, 0.23%
At x=0.95 Corrections received from lower order: 92.9%, 2.5%, -2.1%
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® We have studied a systematic way of resuming threshold logs
for DIS and provided resummed exponent to N*LL accuracy.

e We exploited the factorisation, RG invariance and K+G
equations to four loops.

e We have compared the large-nc approximations at lower orders
and found correction received from lower orders are reasonably
large compared to large-nc errors.

e Work in progress to present approximate estimate for missing
color pieces in f4 from DIS Mellin moments.

Soft corrections to DIS.



BK: Numerical Study

Comparison between resummed coefficients and Tower
Expansion:

%5 (1-x) [

3__ xf = |
- i
w 2.5 T0F R
\ -
Vo I~ -
- s 8 towers
- — 7 towers
® - .
e . N°LL
LN
~ N
O

I
.8 0.85 0.9 0.95 1
X

Agree in lower-x region. Tower expansion deviates at large-x.
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