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主要内容Fracture functions and 𝑝𝑝 → 𝛾∗𝛾𝑋 at forward Rapidity

• Parton distributions of a hadron in the presence of an almost collinear particle observed in the final state.
• Contain information of target fragmentation.
• Important ingredients in QCD factorization for semi-inclusive processes where a particle is produced 

diffractively
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SIDIS in the target fragmentation region Diffractive Drell-Yan + hadron at forward rapidity

◼ Fracture Functions
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主要内容Fracture functions and 𝑝𝑝 → 𝛾∗𝛾𝑋 at forward Rapidity

𝑊𝜇𝜈 =෍

𝑋

න
𝑑4𝑥

2𝜋 4
𝑒𝑖𝑞⋅𝑥 ⟨𝑃𝐴, 𝑃𝐵 ത𝑞 0 𝛾𝜈𝑞 0 𝑋, 𝛾 𝑘 ⟩⟨𝛾 𝑘 , 𝑋 ത𝑞 𝑥 𝛾𝜇𝑞 𝑥 𝑃𝐴, 𝑃𝐵⟩

2𝜋 32𝑘0𝑑𝜎

𝑑4𝑞𝑑3𝑘
=

𝑒4

12𝜋𝑠𝑄2
𝑊𝜇𝜈

𝑞𝜇𝑞𝜈

𝑞2
− 𝑔𝜇𝜈

ℎ𝐴(𝑃𝐴) + ℎ𝐵(𝑃𝐵) → 𝛾∗(𝑞) + 𝛾(𝑘) + 𝑋 The hadronic tensor

Kinematics:

𝑃𝐴
𝜇
= 𝑃𝐴

+, 0,0,0 ,    𝑃𝐵
𝜇
= 0, 𝑃𝐵

−, 0,0

𝑞𝜇 = (𝑞+, 𝑞−, Ԧ𝑞⊥),  𝑞
2 = 𝑄2 ≫ Λ𝑄𝐶𝐷

2

𝑘𝜇 = (𝑘+, 𝑘−, 𝑘⊥)~𝑄(1, 𝜆
2, 𝜆, 𝜆),  𝜆 ≪ 1

𝑎𝜇 = Τ𝑎0 + 𝑎3 2 , Τ𝑎0 − 𝑎3 2 , Ԧ𝑎⊥
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◼ 𝑝𝑝 → 𝛾∗ + 𝛾 + 𝑋 at forward Rapidity
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主要内容Fracture functions and 𝑝𝑝 → 𝛾∗𝛾𝑋 at forward Rapidity

When Q ≫ 𝑞⊥ ≫ Λ𝑄𝐶𝐷, the transverse momenta of partons can be 

neglected and integrated out. The collinear factorization applies:

𝐹𝑞 𝑥, 𝜉, 𝑘⊥ =෍

𝑋

න
𝑑𝑧

4𝜋
𝑒𝑖𝑥𝑃𝐴

+𝑧 𝑃𝐴 ത𝑞 0 ℒ𝑛 0 𝛾+ 𝑋, 𝛾 𝑘 𝛾 𝑘 , 𝑋|ℒ𝑛
† 𝑧𝑛 𝑞 𝑧𝑛 |𝑃𝐴

𝑊𝜇𝜈 = න𝑑𝑥𝐴𝑑𝑥𝐵෍

𝑎,𝑏

𝐻𝑎𝑏
𝜇𝜈

𝑥𝐴𝑃𝐴, 𝑥𝐵𝑃𝐵, 𝑞 ⋅ 𝐹𝑎 𝑥𝐴, 𝜉, 𝑘⊥ ⋅ 𝑓 Τ𝑏 𝐵(𝑥𝐵)

◼ Collinear and TMD factorizations for the hadronic tensor

Integrated fracture function

𝑛𝜇 = 0,1,0,0

𝑥 =
𝑘𝐴
+

𝑝𝐴
+ , 𝜉 =

𝑘+

𝑝𝐴
+
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主要内容Fracture functions and 𝑝𝑝 → 𝛾∗𝛾𝑋 at forward Rapidity

◼ Collinear and TMD factorizations for the hadronic tensor

When 𝑞⊥~Λ𝑄𝐶𝐷, the transverse momenta of partons cannot be 

neglected, and the photon is produced nonperturbatively. We need 
transverse momentum dependent (TMD) factorization.

ℱ𝑞(𝑥, 𝑘𝐴⊥, 𝜉, 𝑘⊥) =෍

𝑋

න
𝑑𝑧−𝑑2𝑧⊥
2 2𝜋 3 𝑒𝑖𝑘𝐴

+𝑧−−𝑘𝐴⊥⋅𝑧⊥ ቚ𝑃𝐴 ത𝑞 0 ℒ𝑢 0 𝛾+ 𝑋, 𝛾 𝑘 𝛾 𝑘 , 𝑋|ℒ𝑢
† 𝑧 𝑞 𝑧 |𝑃𝐴

𝑧+=0

ℒ𝑢 𝑧 = 𝑃 𝑒−𝑖𝑔𝑠 ∞−׬
0

𝑑𝑦 𝑢⋅𝐺(𝑦𝑢+𝑧)

𝑓ത𝑞 𝑥, 𝑘𝐵⊥ = −න
𝑑𝑧+𝑑2𝑧⊥
2 2𝜋 3

𝑒−𝑖𝑘𝐵
−𝑧++𝑘𝐵⊥⋅𝑧⊥ ቚ𝑃𝐵|ത𝑞 0 ℒ𝑣 0 𝛾−ℒ𝑣

† 𝑧 𝑞 𝑧 |𝑃𝐵
𝑧−=0

ሚ𝑆 𝑘⊥ = න
𝑑2𝑦⊥
2𝜋 2

𝑒−𝑖𝑦⊥⋅𝑘⊥
𝑁𝑐

0 ℒ𝑣
† 𝑦⊥ ℒ𝑢 𝑦⊥ ℒ𝑢

† 0 ℒ𝑣 0 0

𝑊𝜇𝜈 = −𝑔⊥
𝜇𝜈 1

𝑁𝑐
𝐻 𝑄, 𝜁𝑢

2, 𝜁𝑣
2 න𝑑2𝑘𝐴⊥𝑑

2𝑘𝐵⊥𝑑
2ℓ⊥𝛿

2 𝑘𝐴⊥ + 𝑘𝐵⊥ + ℓ⊥ − 𝑞⊥

⋅ 𝑓ത𝑞 𝑦, 𝑘𝐵⊥, 𝜁𝑣
2 × ℱ𝑞 𝑥, 𝑘𝐴⊥, 𝜉, 𝑘⊥, 𝜁𝑢

2 × ሚ𝑆 ℓ⊥, 𝜌
2 +⋯

𝜁𝑢
2 =

2𝑢 ⋅ 𝑃𝐴
2

𝑢2
, 𝜁𝑣

2 =
2𝑣 ⋅ 𝑃𝐴

2

𝑣2
𝑢 = 𝑢+, 𝑢−, 0,0 , 𝑢− ≫ 𝑢+

𝑣 = 𝑣+, 𝑣−, 0,0 , 𝑣+ ≫ 𝑣−

TMD fracture function

𝑥 =
𝑘𝐴
+

𝑝𝐴
+ , 𝜉 =

𝑘+

𝑝𝐴
+

TMD PDF Soft factor
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主要内容Fracture functions and 𝑝𝑝 → 𝛾∗𝛾𝑋 at forward Rapidity

Fracture functions are nonperturbative objects.

27th International Workshop on Deep-Inelastic Scattering and Related Subjects                                                   Torino, April, 2019

However, when 𝑘⊥, 𝑞⊥ ≫ Λ𝑄𝐶𝐷:

There are effects which are calculable with pQCD.

Factorize the fracture functions further!
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主要内容Factorization of TMD fracture function

◼ Factorization at large transverse momentum region

When 𝑘𝐴⊥, 𝑘⊥, 𝑘𝐴⊥ + 𝑘⊥ ≫ Λ𝑄𝐶𝐷, they must be generated from hard radiation. The large transverse 

momentum behavior of the fracture function can be calculated using pQCD! 

One expects the TMD fracture function takes the following factorization form:

ℱ𝑞 𝑥, 𝑘𝐴⊥, 𝜉, 𝑘⊥ = න
𝑥+𝜉

1 𝑑𝑦

𝑦
𝑓𝑞 𝑦 𝒞𝑞 Τ𝑥 𝑦 , Τ𝜉 𝑦 , 𝑘𝐴⊥, 𝑘⊥ + 𝑓𝑔 𝑦 𝒞𝑔 Τ𝑥 𝑦 , Τ𝜉 𝑦 , 𝑘𝐴⊥, 𝑘⊥

• The quark TMD fracture function at 𝒪(𝛼𝑠
0):

𝒞𝑞
(0)

= ℱ𝑞
(0)

𝑥, 𝑘𝐴⊥, 𝜉, 𝑘⊥ = 2𝑒2𝛿 1 − 𝑥 − 𝜉 𝛿2 𝑘𝐴⊥ + 𝑘⊥
1

𝑘⊥
2 𝜉2 − 2𝜉 + 2

𝒞𝑔
(0)

= 0
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主要内容Factorization of TMD fracture function

◼ Factorization at large transverse momentum region

• At 𝒪(𝛼𝑠
1)

27th International Workshop on Deep-Inelastic Scattering and Related Subjects                                                   Torino, April, 2019

The plus distribution:
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主要内容Factorization of TMD fracture function

◼ Factorization in impact parameter space

෠𝐹𝑞 𝑥, 𝑏, 𝜉, 𝑘⊥ = න𝑑2−𝜖𝑘𝐴⊥𝑒
−𝑖𝑏⋅(𝑘𝐴⊥+𝑘⊥)ℱ𝑞(𝑥, 𝑘𝐴⊥, 𝜉, 𝑘⊥)

= න
𝑑𝑦

𝑦
෍

𝑎

𝑓𝑎(𝑦) ෡ℋ𝑎 Τ𝑥 𝑦 , Τ𝜉 𝑦 , 𝑏, 𝑘⊥ +෍

𝑎𝑏

න
𝑑𝑦

𝑦
න
𝑑𝑧

𝑧
𝑓𝑎 𝑦 𝐷𝑏(𝑧) ෡ℋ𝑎𝑏(𝑥, 𝜉, 𝑧, 𝑏, 𝑘⊥) + 𝒪(𝑏2)

fragmentation function of
a parton to the photon

• At order of 𝛼𝑠
0:

Transforming the fracture function into the impact parameter b-space , there is another factorization 
relating the fracture function to PDFs and fragmentation functions.

When the impact parameter b is small, the factorization takes the form:

෠𝐹𝑞 𝑥, 𝑏, 𝜉, 𝑘⊥ = ෡𝐻𝑞 𝑥, 𝜉, 𝑏, 𝑘⊥ = 2𝑒2𝛿 1 − 𝑥 − 𝜉
1

𝑘⊥
2 𝛾 𝜉 −

𝜖

2
𝜉2 + 𝒪 𝛼𝑠 .
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主要内容Factorization of TMD fracture function

◼ Factorization in impact parameter space

• Virtual corrections of 
quark fracture function 
from initial quark

𝑑 = 4 − 𝜖
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主要内容Factorization of TMD fracture function

◼ Factorization in impact parameter space

• Real corrections of quark 
fracture function from 
initial quark
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主要内容Factorization of TMD fracture function

◼ Factorization in impact parameter space

All the double poles are cancelled among the sum of virtual and real diagrams. The remaining 
divergent part contains only a collinear single pole:

The quark-in-quark PDF:

27th International Workshop on Deep-Inelastic Scattering and Related Subjects                                                   Torino, April, 2019
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主要内容Factorization of TMD fracture function

◼ Factorization in impact parameter space

• Real corrections of 
quark fracture function 
from initial gluon

Factorized into the quark-in-gluon PDF

𝑓 Τ𝑞 𝑔 𝑥 =
𝛼𝑠
2𝜋

−
2

𝜖𝑐
+ ln

𝜇2

෤𝜇𝑐
2

𝑥2 + 1 − 𝑥 2

2

Factorized into the quark-to-photon FF

𝐷𝑞 𝑧 =
𝑒2

8𝜋2
−
2

𝜖𝑐
+ ln

𝜇2

෤𝜇𝑐
2

1 + 1 − 𝑧 2

𝑧
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主要内容Factorization of TMD fracture function

◼ Factorization in impact parameter space

• Real corrections of 
quark fracture function 
from initial gluon
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主要内容Factorization of TMD fracture function

◼ Evolution equations

𝜕 ෠𝐹𝑞(𝑥,𝑏,𝜉,𝑘⊥,𝜁𝑢,𝜇)

𝜕 ln 𝜇
= 2𝛾𝐹 ෠𝐹𝑞 𝑥, 𝑏, 𝜉, 𝑘⊥, 𝜁𝑢, 𝜇 , 𝛾𝐹 =

3𝛼𝑠𝐶𝐹

4𝜋
+ 𝒪(𝛼𝑠

2)

𝜕 ෠𝐹𝑞(𝑥, 𝑏, 𝜉, 𝑘⊥, 𝜁𝑢, 𝜇)

𝜕 ln 𝜁𝑢
= −

𝛼𝑠𝐶𝐹
𝜋

ln
𝑥2𝜁𝑢

2𝑏2𝑒2𝛾𝐸−1

4
෠𝐹𝑞 𝑥, 𝑏, 𝜉, 𝑘⊥, 𝜁𝑢, 𝜇 + 𝒪(𝛼𝑠

2)

• The renormalization scale evolution:

• Collins-Soper equation:

The evolution equations are the same with those for TMD PDFs!
Useful for resummation of large logs in perturbative calculations.
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主要内容Factorization of integrated fracture function

When the transverse momentum of the struck parton 𝑘𝐴⊥ is not observed or can be 
neglected, e.g., for semi-inclusive DIS in target fragmentation region, we need the 
integrated fracture functions:

𝐹𝑞 𝑥, 𝜉, 𝑘⊥ =෍

𝑋

න
𝑑𝑧

4𝜋
𝑒𝑖𝑥𝑃𝐴

+𝑧 𝑃𝐴 ത𝑞 0 ℒ𝑛 0 𝛾+ 𝑋, 𝛾 𝑘 𝛾 𝑘 , 𝑋|ℒ𝑛
† 𝑧𝑛 𝑞 𝑧𝑛 |𝑃𝐴

When 𝑘⊥ ≫ Λ𝑄𝐶𝐷, the expected factorization form: 

𝐹𝑞 𝑥, 𝜉, 𝑘⊥ = ෍

𝑎=𝑞, ത𝑞,𝑔

න
𝑑𝑦

𝑦
𝑓 Τ𝑎 ℎ(𝑦) ℋ𝑎 Τ𝑥 𝑦 , Τ𝜉 𝑦 , 𝑘⊥ +෍

𝑏

න
𝑑𝑧

𝑧
𝐷𝑏(𝑧)ℋ𝑎𝑏 Τ𝑥 𝑦 , Τ𝜉 𝑦 , 𝑧, 𝑘⊥
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主要内容Factorization of integrated fracture function

+

+

Light-cone singularities canceled 
between real and virtual diagrams.
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主要内容Factorization of integrated fracture function

The divergent term is correctly factorized into the quark PDF:

𝐹𝑞 𝑥, 𝜉, 𝑘⊥ ቚ
𝑑𝑖𝑣.

=
𝛼𝑠𝑒

2

𝜋𝑘⊥
2 −

2

𝜖𝑐
𝛾 Τ𝜉 𝑦 𝑃𝑞𝑞 𝑦 ,

𝜕𝐹𝑞(𝑥, 𝜉, 𝑘⊥, 𝜇)

𝜕 ln 𝜇
=
𝛼𝑠
𝜋
න
𝑥

1−𝜉 𝑑𝑦

𝑦
𝑃𝑞𝑞 Τ𝑥 𝑦 𝐹𝑞 𝑦, 𝜉, 𝑘⊥, 𝜇 + ⋯

𝑃𝑞𝑞 𝑦 = 𝐶𝐹
1 + 𝑦2

1 − 𝑦 +
+
3

2
𝛿 1 − 𝑦 , 𝑦 = 𝑥 + 𝜉

The hard coefficients for the gluon initial state are the same with those in 𝑏 -space, because there is no U.V. divergence, 
i.e., 

The 𝜇-evolution equation:

Same as that for the standard quark collinear PDF!
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主要内容Summary

◆The hadronic tensor for the diffractive lepton pair and photon production in hadron-

hadron collisions can be factorized in terms of TMD or integrated fracture functions for 

different kinematic regions.

◆Explicit one loop calculations show that both the TMD and integrated fracture functions can be 
further factorized into parton distribution and fragmentation functions when the transverse 
momentum is large. 

◆The factorizations are done in momentum and impact parameter space respectively. Perturbative 
coefficients are extracted.

◆The evolution equations for TMD and integrated fracture functions are derived. They take exactly 
the same form as those for quark TMD and collinear PDFs respectively.

Thank you!
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