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FA
C

TO
RISA

TIO
N

 A
T THE LHC

‘M
aster form

ula’ for com
puting cross sections at had

ron collid
ers: 

𝐷
𝑖
x1 ,Q

2
⊗

ො𝜎𝑖𝑘→
𝐻

𝑍𝑍
ොs
=
x1 x

2 s
⊗

𝐷
𝑘
x
2 ,Q

2

Hard
 cross section

PD
F

PD
F

𝜎
𝑝𝑝→

𝐻
𝑍𝑍

+
𝑋
=

Sum
 over all possibilities for 

particles accom
panying H

=
+ corrections 
suppressed

 by
ΤΛ𝑄
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H
ISTO

RY O
F TH

E FA
C

TO
RISA

TIO
N

 FO
RM

ULA

Parton M
od

el [Feynm
a

n, 1969, D
rell, Ya

n, 1970]

•
A

t large Q
, partonsseen as free 

particles in proton
•

N
o scale variations in PD

Fs

Q
C

D
-Im

proved
 Pa

rton M
od

el [A
lta

relli, Parisi, 
1977, D

okshitzer, 1977, G
rib

ov, Lip
a

tov, 1972,…
]

•
Q

C
D

 rad
iation possible at all scales

•
PD

Fs vary logarithm
ically w

ith scale 
accord

ing to D
G

LA
P equations

Full proof of collinear factorisation for 
had

ronic collisions 
[C

ollins, Sop
er, Sterm

a
n, 1985, 1988, Bod

w
in, 1985, C

ollins, 2011]

•
D

em
onstration that effect of 

ad
d

itional scatterings and
 soft 

exchanges cancel, at least for 
inclusive cross section for colour 
singlet prod

uction.

A
d

d
itiona

l 
scatterings

Soft exchanges

~600 p
a

ges

A
lta

relli, Parisi, N
ucl.Phys. B126 

(1977) 298-318
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D
O

UBLE PA
RTO

N
 SC

A
TTERIN

G
4

A

B

D
PS can com

pete w
ith single scattering (SPS) if SPS is suppressed

 by 
sm

all/m
ultiple couplings (e.g. sam

e sign W
W

) and
 in certain phase space 

regions (sm
allq

T,A , q
T,B ).

D
PS becom

es m
ore im

portant relative to SPS (and
 other pow

er-suppressed
 

m
echanism

s) as the collid
er energy grow

s –
m

ost im
portant at LHC

 and
 

future collid
ers (e.g. HE-LHC

).

D
PS

SPS:
W

+

W
+

uu
dd

uҧ𝑑u ҧ𝑑
W

+

W
+

D
PS:

𝑝
1

𝑝
2

If final state of interest can be d
ivid

ed
 into tw

o sets, 
each w

ith associated
 hard

 scale, then a particularly 
im

portant pow
er correction term

 is d
ouble parton 

scattering (D
PS).

W
hy is D

PS of particular interest/im
portance?

D
PS tells us new

 inform
ation about proton structure -nam

ely, correlations 
betw

een partons!



FIRST STEPS IN
 D

PS THEO
RY

A

B

𝜎
𝐷
𝑃𝑆
(𝐴,𝐵

)=
න
𝐹
𝑖𝑘
𝑥
1 ,𝑥

2 ,𝒚
𝐹𝑗𝑙

𝑥′1 ,𝑥′2 ,𝒚
ො𝜎𝑖𝑗 𝐴

ො𝜎𝑘𝑙 𝐵𝑑𝑥
𝑖 𝑑𝑥′𝑖 𝑑

2𝒚
D

ouble parton
d

istributions (D
PD

s)

𝒚

Pa
ver, Trelea

ni, N
uovo C

im
. A

70 (1982) 215
M

ekhfi, Phys.Rev. D
32 (1985) 2371

D
iehl, O

sterm
eier, Scha

fer, JH
EP 1203 (2012) 089

W
ha

t is the factorisation form
ula for D

PS? D
oes fa

ctorisation even apply for 
D

PS!?

First step: parton m
od

el calculation. Pioneering calculations by Politzer, 
1980, Paver, Treleani, 1982, M

ekhfi, 1985:

𝒚
is transverse separation betw

een partons:
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FIRST STEPS IN
 D

PS THEO
RY

𝜎
𝐷
𝑃𝑆
(𝐴
,𝐵
)=

ൗ
𝜎
𝑆𝑃𝑆
(𝐴
)𝜎

𝑆𝑃𝑆
(𝐵
)
𝜎
𝑒𝑓𝑓

Ignoring correlations betw
een partons, one obtains: 

𝜎
𝐷
𝑃𝑆
(𝐴
,𝐵
)=

න
𝐹
𝑖𝑘

𝑥
1 ,𝑥

2 ,𝒚
𝐹𝑗𝑙

𝑥′1 ,𝑥′2 ,𝒚
ො𝜎𝑖𝑗 𝐴

ො𝜎𝑘𝑙 𝐵𝑑𝑥
𝑖 𝑑𝑥′𝑖 𝑑

2𝒚
𝐹
𝑖𝑘
𝑥
1 ,𝑥

2 ,𝒚
→
𝐷
𝑖
𝑥
1
𝐷
𝑘
𝑥
2
𝐺
𝑦

‘D
PS pocket form

ula
’

This sim
plified

 approach is the basis for:
•

m
any phenom

enological investigations of D
PS

•
parton show

er m
od

els of M
PI (although m

any im
provem

ents over 
pocket form

ula approach in these m
od

els!)

But w
hat about d

evelopm
ents tow

ard
s full theoretical d

escription of D
PS 

in Q
C

D
?

See
e.g.Sjöstra

nd
, Ska

nd
s, JH

EP 0403 (2004) 053, 
Eur.Phys.J. C

39 (2005) 129-154, C
orke, Sjöstra

nd
, 

JH
EP 1105 (2011) 009
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REC
EN

T THEO
RY PRO

G
RESS

C
ita

tions for Paver, Treleanipaper

N
ot m

uch until ~2010, then huge burst of 
theoretical activity! Possibly spurred

 on 
by turn-on of LHC

.
LH

C
 run 1 turn-on

M
any groups m

a
king progress on the 

theory: JG
, Stirling, D

iehl, Schafer, Blok, D
okshitzer, 

Frankfurt, Strikm
an, M

anohar, W
aalew

ijn, Ryskin, Snigirev…

D
PS w

as m
y PhD

 project! W
orked

 w
ith m

y 
supervisor Jam

es Stirling…

…
and

 then later w
ith M

arkus D
iehl, 

A
nd

reas Schä
ferand

 others.

I w
ill touch on a few

 highlights from
 m

y w
ork. 
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A
D

D
IN

G
 Q

C
D

 RA
D

IA
TIO

N
8

Im
agine that w

e start at the hard
 scattering and

 ‘go backw
ard

s’ tow
ard

s 
longer d

istance sca
les. W

ha
t kind

 of Q
C

D
 effects can occur? 

Sim
ple em

ission from
 one leg: very 

sim
ilar to single scattering case, can 

be treated
 in sam

e w
ay

‘1→
2 splitting’: new

 effect.
How

should
w

e
treatthese?

H
a

rd
 

process

x
1

x
1

x
2

x
2

x
1

x
1

x
2

x
2



A
D

D
IN

G
 Q

C
D

 RA
D

IA
TIO

N
: 1V

1 D
IA

G
RA

M
S

W
ha

t d
id

 w
e d

o for single scattering?
𝑃𝑞𝑞

𝑧

Logarithm
ic d

ivergence. 
‘A

bsorb’ into PD
F, up to scale 𝜇

𝐹

+ non 
d

ivergent

Let’s try to apply this approach to this d
iagram

 
w

ith tw
o 1

→
2

splittings(‘1v1’ d
ia

gram
). Looking 

for som
e piece proportional to 

Τ
Λ
2
𝑄
4
log

2
Τ

𝑄
2
Λ
2

Tw
o splittings

D
PS is pow

er sup
pressed



A
D

D
IN

G
 Q

C
D

 RA
D

IA
TIO

N
: 1V

1 D
IA

G
RA

M
S

First observation: this can also be view
ed

 as a loop correction to SPS!

Second
observation:there

isno
‘natural’ piece

ofthisgraph
(or any 1v1 

graph) that is proportional to 
Τ

Λ
2
𝑄
4
log

2
Τ

𝑄
2
Λ
2

. N
o pow

er corrections 
in m

assless Q
C

D
!

Just rem
ove 1v1 graphs from

 D
PS and

 rega
rd

 as SPS?

JG
 and

 Stirling, JHEP 1106 048 (2011)

JG
 a

nd
 Stirling, JH

EP 1106 048 (2011)
Blok et a

l. Eur.Phys.J. C
72 (2012) 1963

M
a

noha
r, W

a
a

lew
ijn

Phys.Lett. B713 
(2012) 196
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D
PS 

view
:

SPS 
view

:



A
D

D
IN

G
 Q

C
D

 RA
D

IA
TIO

N
: 2V

1 D
IA

G
RA

M
S

A
t the sam

e tim
e, graphs w

ith
one 1

→
2

splitting 
(‘2v1’ d

iagram
s) d

o have a 
Τ

Λ
2
𝑄
4
log

Τ
𝑄
2
Λ
2

piece:

‘1
→
2’ A

ltarelli-Parisisplitting function D
ivergent 

logarithm
 

∝
Λ
2

So…
then w

e includ
e the 2v1 graphs in D

PS, but not the 1v1 graphs? 
D

raw
back

ofthisapproach:no
‘factorisation’ in the usual sense, w

ith 
ind

ivid
ual D

PD
s for each had

ron. A
ppropriate had

ronic objects involve 
both protons at once:

JG
, JH

EP 1301 (2013) 042
Blok et a

l., Eur.Phys.J. C
72 (2012) 1963

Ryskin, Snigirev, Phys.Rev.D
83:114047,2011

Blok et a
l. Eur.Phys.J. C

72 
(2012) 1963
M

a
noha

r, W
a

a
lew

ijn
Phys.Lett. B713 (2012) 
196
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A
 N

EW
 SC

HEM
E

A
lternative id

ea: ca
n

regard
som

e
ofthe

1v1 loop d
iagram

s as D
PS if 

w
e w

ant: only the sum
 of SPS+D

PS to prod
uce a particular final state is 

m
eaningful! 

Split these d
iagram

s up into D
PS/SPS accord

ing to value of partonic 
separation 𝑦, and

 be careful to avoid
 d

ouble counting.

This isthe
basisforthe

the
D

G
S fram

ew
ork

forcom
puting

D
PS:

Step1: Insert cutoff into D
PS cross section:

D
PD

sinclud
ing both parton pairs generated

 by perturbative 1
→
2

splittings, and
 “intrinsic” pairs

If one just com
bined

 this w
ith SPS naively, w

ould
 have d

ouble counting 
up to scale 𝜈!

D
iehl, G

a
unt, Schönw

a
ld

, JH
EP 1706 (2017) 083 12



A
 N

EW
 SC

HEM
E

Som
e ad

vantages:
•

Retain concept of the D
PD

 for an ind
ivid

ual had
ron w

ith rigorous 
operator d

efinition. Such a d
efinition need

ed
 for lattice com

putations 
of D

PD
s (see e.g. Bali et al., JHEP 1812 (2018) 061)

•
Resum

logs in all d
iagram

s w
here appropriate (2v2, 2v1 and

 1v1).

𝜎
𝑡𝑜𝑡

𝑦~
1/𝑄

≈
𝜎
𝑆𝑃𝑆

𝜎
𝑡𝑜𝑡

𝑦~
1/Λ

≈
𝜎
𝐷
𝑃𝑆

𝜎
𝑡𝑜𝑡 =

𝜎
𝐷
𝑃𝑆
+
𝜎
𝑆𝑃𝑆

−
𝜎
𝑠𝑢𝑏

Step 2: For total cross section for prod
uction of A

B, includ
e a 

subtraction term
 to rem

ove d
ouble counting. 

Subtraction term
 constructed

 by ad
apting techniques used

 by C
ollins 

in the SPS factorisation
treatm

ent, and
 satisfies by construction:

13



FA
C

TO
RISA

TIO
N

IN
 D

PS
To prove factorisation for D

PS inclusive cross section, need
 to show

: 

𝐻
1

𝐻
2

Lea
d

ing p
ow

er

Soft interactions 
+ a

d
d

itional soft 
sca

tters

Jets from
 ha

rd
 

scatters
D

PD

Hard
 

processes

Bea
m

 jet

Key step: need
 to separate off all soft connections entangling beam

 
and

 final state jets.
For ‘norm

al’ soft exchanges, this can be achieved
 via W

ard
 id

entities:  

Soft

14



FA
C

TO
RISA

TIO
N

: SO
FT EXC

HA
N

G
ES

Transversez
How

ever, there is a particular type of soft exchange 
for w

hich this d
oesn’t w

ork: G
lauber exchanges.

Soft particles m
ed

iating forw
ard

 scattering.

Single scattering prod
uction of coloursinglet 𝑉: C

ollins, Soper, Sterm
an

show
ed

 that effect of G
lauber exchanges cancels if w

e m
easure only 

properties of 𝑉, and
 sum

 over everything else!

+
+

2
2

=

If one starts m
easuring properties of rad

iation accom
panying V

 (e.g. 
global event shape variables), this argum

ent breaks d
ow

n! 

Treatm
ent of G

lauber exchanges is the trickiest part of a factorisation
proof! 

JG
, JH

EP 1407 (2014) 110
Zeng, JH

EP 1510 (2015) 189
Schw

a
rtz, Ya

n, Zhu, Phys.Rev. 
D

97 (2018) no.9, 096017

15



G
LA

UBER C
A

N
C

ELLA
TIO

N
 IN

 D
PS

In JHEP 1601 (2016) 076 (D
iehl, JG

, Schäfer, O
sterm

eier, Plößl) w
e 

ad
apted

 the m
ethod

ology of C
ollins, Soper, Sterm

an
to show

 that 
G

lauber exchanges also cancel for D
PS prod

uction of tw
o colourless

system
s.

Full proof is very technical, but can get som
e insight as to w

hy it w
orks 

by looking at spacetim
e pictures of single and

 d
ouble scattering:

G
lauber

O
ther im

portant steps tow
ards fa

ctorisation
proof m

a
d

e in D
iehl, O

sterm
eier, Schafer,JHEP 

1203 (2012) 089
V

la
d

im
irov, JH

EP 1804 (2018) 045, D
iehl, N

aga
r, arXiv:1812.09509.
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G
O

IN
G

 TO
 N

LO
A

nother ad
vantage of D

G
S fram

ew
ork for com

puting D
PS is that it can 

be form
ulated

 at all ord
ers, w

ith corrections that can be practicably 
com

puted
!

W
ha

t perturbative ingred
ients d

o w
e need

 for N
LO

 D
PS cross sections?

•
N

LO
 corrections to partonic cross sections: alread

y know
n for m

any 
processes from

 SPS calculations ✓
•

N
LO

 ‘usual’ A
ltarelli-Parisisplitting functions -need

ed
 for evolution 

of 𝐹
𝒚

: alread
y know

n since the 80s ✓
•

N
LO

 corrections to 1
→
2

splitting

17



G
O

IN
G

 TO
 N

LO

Recently w
e com

puted
 the N

LO
 corrections to 𝑉

for all flavour channels 
(D

iehl, G
a

unt, Plöβl, Schäfer, arXiv:1902.08019). 

O
pens the w

ay for the first full N
LO

 com
putations of D

PS! 

Results for 
bare graphs!

Integration-by-
parts id

entities
D

ifferential 
equations, bound

ary 
cond

itions from
 

m
ethod

 of regions

Turned
 out to require m

od
ern m

ethod
s for com

puting m
ultiloop Feynm

an 
integrals:

‘M
aster 

integrals’

G
raphs

In fact, com
puting ingred

ients need
ed

 for N
LO

 D
PS com

putations w
as 

one of m
y planned

 PhD
 tasks. Finally d

one just over 10 years later!

18



N
EXT STEPS

C
abouat, JG

, O
strolenk

N
ow

 that Q
C

D
 D

PS fram
ew

ork is established
, put it into practice!

•
Find

 processes and
 regions w

here effects of 1→
2 splittingsand

 
other Q

C
D

 correlations are significant!
•

Provid
e toolsfor others to com

pute D
PS cross sections und

er D
G

S 
fram

ew
ork.

Includ
es 1→

2 
splittings+ valence 
num

ber effects

N
o parton-parton 

correlations

Sim
ple valence 

num
ber effects

𝑝𝑝
→
𝑊

+𝑊
+
→
𝑒
+𝜈𝑒 𝜇

+𝜈𝜇

JG
, Kom

, Kulesza, 
Stirling, Eur.Phys.J. C

69 
(2010) 53-65

C
a

n find
 out m

ore about D
PS/M

PI on Thursd
ay m

orning!

JG
, Stirling, 

JH
EP 1003 

(2010) 005
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a
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M
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m
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M
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Finally, a huge thank you to Jam
es Stirling, 

w
ho guid

ed
 and

 encouraged
 m

e d
uring 

the early stages of m
y physics career.

C
olossal contribution to D

IS physics and
 

Q
C

D
 collid

er physics in general. 

Long-stand
ing interest in D

PS!
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