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m Motivation
m Brief review of Operator Product Expansion at high-energy

m Operator Product Expansion at high-energy with sub-eikonal
corrections
m Quark and Gluon propagator with sub-eikonal corrections

m Evolution equation for flavor non-Singlet F, structure function at
small-x.

m Evolution equation for flavor non-Singlet and Singlet g; structure
function at small-x.

m Conclusions and Outlook

Based on
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m Unpolarized DIS at low-xg: dynamics is driven by gluon structure functions
m gluon structure function grows as (1/xz)* with A > 1.

m Polarized DIS at low-xg: polarized gluon structure function grows as
(1/xp)* with X close to 0.

m The polarized quark and gluon structure functions are equally relevant.

m At Electron lon Collider low-xg spin TMDs and g structure function are
relevant
m Highly polarized (~ 70%) electron and nucleon beams

m Understand how the proton’s spin arises from the intrinsic and orbital
angular momenta of the constituent quarks and gluons.
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m Compare with results obtained in the Leading Log approximation by
Bartels-Ermolaev-Ryskin-(1995-1996) and recent work in Saturation
formalism obtained by Kovchegov-Pytoniak-Sievert (20016-2017)

m Kovchegov-Pytoniak-Sievert (20016-2017)
m non-Singlet case Agrees with BER only in the large N, limit

m Singlet case Agrees with the Large N. limit of BER for the Ladder Diagrams.
They find disagreement for the non ladder diagrams.
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m Compare with results obtained in the Leading Log approximation by
Bartels-Ermolaev-Ryskin-(1995-1996) and recent work in Saturation
formalism obtained by Kovchegov-Pytoniak-Sievert (20016-2017)

m Kovchegov-Pytoniak-Sievert (20016-2017)
m non-Singlet case Agrees with BER only in the large N, limit

m Singlet case Agrees with the Large N, limit of BER for the Ladder Diagrams.
They find disagreement for the non ladder diagrams.

m R. Boussarie, Y. Hatta, F. Yuan (2019)

m Have generalized BER result to include quark and gluon Orbital Angular
Momentum

Spin sum rule

1 1
SASHAGHL + L=

m BER: quark and gluon helicity
m BHY: Orbital Angular Momentum
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Propagation in the shock wave: Wilson line (Spectator frame)

- Boosted Field /\/I\/

; R S O3
Boost of the fields Xe = \/5x X = /3" Xt =12
Ae(Xe, X, — )\A.()f'x.,)\x*,,u)
Ay (Xey X, X — )f'A*(/\fl,\‘../\,\‘*.,\l)
Al (Xe,Xi,X1) — AL(/\”,\‘.. AXy, X1 )

A is the boost parameter.
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Propagation in the shock wave: Wilson line (Spectator frame)

Infinite boost: particle does not have time to deviate from straight line

X Wilson Line

Eikonal interactions give a Wilson lines

U, = [oop1 +z1, —oop1 + 24 ]

[x,y] = Pei8 J du(x—y)" Ay (- (1—u)y) pH = ap’f + /Bpg _|_p/i

G. A. Chirilli (University of Regensburg) Sub-eikonal spin - g structure function at low-x DIS - April 10, 2019



Propagation in the shock wave: Wilson line (Spectator frame)

* e \\\\\ \

X Wilson Line

Quark propagator with eikonal interactions

i T4 o /0 da ] .
X| = = —9 x* — V&) — —0 % _x* e_la(x._y.)
<|E+i6|y> UO o (X — ¥4) _a (v )

L

1 it x. y iliy*
X {rleT e b yi] petee Iy L)
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Propagation in the shock wave: Wilson line (Spectator frame)

* e \\\\\ \

X Wilson Line

Quark propagator with eikonal interactions

i T4 o /0 da ] .
X| = = —9 x* — V&) — —0 % _x* e_la(x._y.)
( |E+i6|y> UO o (X — ¥4) 7 (v )

1 _iﬁix*/\ g lii)/*
X— (x1|e s Py [oopr + 21, —oop1 + zo | pel eV |y 1)
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Semi-classical approach: Background field method

Diagrammatic representation Operator Product Expansion at
High-energy

Y;,<Ffd* + “,@‘EWM +...

m The target is highly boosted
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Semi-classical approach: Background field method

Operator Product Expansion at high energy

YWK* ‘ >fVV\zY* + A=z faﬁﬁF VAV S

mnﬁﬁmmm:[ﬁwa%@@mwmw%@mm

Qs 2_ 2 02 yNLO
+— [ dadad s Ly (@, 2,555 y)

% (P tr{U, UL yr{U, UL} = Nete{UZ, UL} P)
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High-Energy Operator Product Expansion

DIS amplitude is factorized in rapidity: n

Z1
y X
Z3
Y >n ®
»
Y <n

|P) is the target state.

(PIT{j,u(x)jy (V) }1P) = /d2Z1d2Z2 1) (x,yi21,22) (Pl { U2 UL} P) + ..
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High-Energy Operator Product Expansion

Z1
y X
Z3
Y >n ®
#
Y <n

(PIT{u(x)jy () }IP) = / Pad®z 150 (x, v 21, 22) (Ple{ UT UITYP) + ..

m If we use a model to evaluate (P|tr{U 1727}|P> we can calculate the DIS
cross-section.

m If we want to include energy dependence to the DIS cross section, we
need to find the evolution of (P|tr{ U U17}|P) with respect to the rapidity
parameter 7.
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Leading order: BK equation

d . . .
%tr{UxU;f} = Kiot{UUf} + ... =

d A A
% <tr{ Uy U; }>shockwave = (KLOtr{ Uy U; }>shockwave
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Non linear evolution equation: Balitsky-Kovchegov equation

Ury) = 1 - w00 (00))

4
dn

o,N, d*z (x —y)?
272 | (x—2)%(y — 2)?

Ux.y) = {Ute.2) +U(y) —Uy) U UG |

m LLA for DIS in pQCD = BFKL
m (LLA: oy < 1, a4n ~ 1): describes proliferation of gluons.

m LLA for DIS in semi-classical-QCD = BK eqn
m background field method: describes recombination process.

m Note:ifx; — z, ory; — z; divergences cancel out.
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Shock-wave with finite width

_5* S*
y X Ae(Xe, Xs, X1 ) —  AAe(A™ e, A X, JX1)
Ax(Xe, Xy X1 ) — /\71/\7,;()\".\‘- AXi,x1)
A (Yo, Xi, X1 ) s AN xe, Axaux)

A is the boost parameter
o= /5xT  xe=/3x"
m pl = opi + fBph +pl]
m small « gluons are classical fields large « gluons are quantum fields.
m Longitudinal size classical fields: €, = % with [, trans. mom. of classical fileds
m Distance traveled by quantum fields: z, = % with & trans. mom. of classical fileds

m We areinthecasel| ~k;
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Shock-wave with finite width

y X Ae(Xe, X, x1) — AAe(A 'xe, Axy,x1)
Ay(Xe,Xiy X1 ) — )\7"4\1(’Afl.\‘../\.\“..\l)
Al (XeyXsyx1) — AL(N Do, AXi,x1)

A is the boost parameter

= \/§x+ Xo = \/gx*

sub-eikonal terms go like +

i
P?+20A + igkpyiFei + SFjoi + .+ e

(x| ) = &P 1)

EJrle

= Note: [a,A9] = 0 Witha:\/glﬁ and o 7+

'ﬁi7 a _'fi Tx i
T Ay (ze) 6w ~ Ag(ze) — £{p’,F.i(z*)} o 2 2{p’ {P',DjFei(z:)}} + ..
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Quark propagator with sub-eikonal corrections

xeo=+/3x" xe=3x Xt = x—oj;
i T da 0 da o v
<X|1}3’ T ) = [/0 m@(x* — V) f/ m@(y* fx*):| ey (x| | e ar
—o00

x {Wz (e B4 B 015, v ) B+ 3B sl y.) - §@2<x*7y*)¢zif}ef%Y* ye)

+0(\7?)

m Leading-eikonal term

m Sub-eikonal terms

Operators ), and (), measure the deviation from the straight line.

G. A. C. JHEP 1901 (2019) 118
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Quark propagator with sub-eikonal corrections

Y Y S L

. ig ("2 1 N 2
Or(xesyuips) = 50 | dzwn( [oewel 50 Fylon, ] + {0, ooy wi] S o Fia(w) [ 0]}
2a Jy, s 2 s
"X
+/
W

* 2 2 :
42,2 0 = ) LI ] P o]

@Z(X*a)’*dpL) z—g/dzw*{[x*,w*] {(LDLFIJ 'VWJ}[W*Q’* +{P [x*vw*]lej'Y]w*vy*]}
y*

d w. ([x*:W;]ng.[wi:W*]le]’Y}[W*J’*] - [x*7w;]1ijrY/[w;’w*]ngc [w*7y*]>
W
X

* 2
ds ([x*, wWilizFelwl, Wi] v gF ke[we, y:]

Wi

—[x*,w,’k]’yngk.[wi,w*]igF.*[w*,y*]) + (G4 _IBL)[X*:W*] i %F.*[w*,y*}}
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Quark propagator with sub-eikonal corrections

x*z\/gx+ x.=\/§x* xiz%

N [) ) 1 . " 2

O1(X4,y45p1) = zi/ d—w*([xww*}—ff””ij[wmy*]+{P'7[x*7w*]—,w* Fie(ws) [ws, y4] }
a fy, s 2 s

) 2 )
+g/ d; wi E(UJ* - w;)[x*,w;]F’,[w;,w*] Fie [W*v)’*})

W

. l' Xk 2 l . i N . .
OZ(X*J*U’L) = 8 d—w, [x*,w*]*{(llr])LFij)sW’ V’}[W*,Y*] + {pk’ [x*,w*]leﬂ/[w*,y*]}
2a Ve S 4

e 0 ) . ) . ]
b [ a2 (el Pl gy 2] = [l s P o, 34])
W

e 2 2
L A A SR N
Wk

e il i 2 Pl e]) (0 = Bl i 2]
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Quark propagator in the background of quark fields

(T{ ()3 (y )}>

X Zu
= 2 7[04()6.7)’.) /
8 {A 28203 O(xe — yx) / 2S2a3 x*)}e /y* dz*/y* dz,

X{x 1 le” ER (a1 +PL) e, 2V 10 (20) [, )P () P [ v (b L) ey )
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Gluon propagator in the background of gluon fields

1
c/AQ b — srab _ ab
HAL ()AL 0)) = 16 (0 y) = Mo I )

with O/ = P?gh” + 2i g F*

(AL ()AL (7))

g O da .
— | _ g _ it _ —ic(Xe—Ye)
[ /0 2a O =) + / 2a 60~ x*)} ¢

—00

2 2
N )2 2 P . P2upP2
K (e fom e (5,5 - p“pf) Oulerv) (gfu pf”p”)e’ 1)+ P22 e
* *

+oo 0 ‘ P
" [_ / 220()(* —ye) / _ae(y* - x*)] e_la(x°_y‘)(xl|e—‘%x*
0

o2
X [ﬁ’fi’w(x*,y*;m) + 850, (5, i pL) + B, (e, i P L) + B4, (Xa, yiipL)
22
xe'a |y) + 0(A2)
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Gluon propagator in the background of gluon fields

G. A. C. JHEP 1901 (2019) 118

"Xk 2 ) 2
Oa(x4,34) =[x, 3] + _/ d;‘*’* ({Plv P, wa] B Wy Fia(wy) [W*»Y*]}
Vi

x*g Ig o AN~ X
+gf d-w, S(W* w*)[x*,w*]F,[w*,w*] Fie [W*vy*] .

X
2uD2 2 ; ;
®TZV(X*7Y*§PL) = —giz‘;f; . d;“* {417![)5*7‘*’*]&/[“’*7)’*}[/
Y
X ) 2 . . ab
tig [ 2 = ol D Fal oD el
W, ) A
ab 8 2 ab
62uu(x*7y*§pl_) = 7E5u55/ d;w*([x*’w*]Fi/[w*vy*]) >
Ve

8 (4 j - ab
6gZV(X*7y*§PL) = T(%PZV + ‘%I’Zu) / dsw* ([x*’w*]’D F,,[w*,y*]) )
Ve

2 X X
* 2 * 2 . .
Qﬁizy(x*,y*;pL) === d;w*/ d;wi (&,pzu[x*wi]F‘.[wi,w*]F,_-/[w*,y*]
Vs W

. ab
32 et Iy [ 3i])
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Gluon propagator in the background of quark fields

(AL ALy
= [— /0+ooda O(xe — ys) + /Ooodoz 0(ye — x*)}e_""(x'_y')

2 Xk 21 2
8 * il (6 _ P ¢ )
x 2a2s2/y Az /y dzos [(xi‘ € ™ (é’lu D Pi

* *

yi)

22
- w\ L
xw(zl*)“ygm [zl*,x*]ta[x*,y*]tb[y*,zz*]’ﬁw(m*)(gi,, —pi%)et sV

*

2
;P D2 -
+ (yofe " a (Siu - p—yl’i>1/J(Zz*)7§¢1[Zz*,y*]fb[y*,x*]t“[x*,Z1*]ﬂ¢(21*)
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Quark propagator with sub-eikonal corrections

) o T

22 22

Let |P) be proton or nuclear target

1
P+ ie

PIPIGIP) = PO 0))ags = TH Wl 1)1 Ol )

Quark propagator with sub-eikonal corrections: = New evolution equations
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OPE in Wilson lines with sub-eikonal corrections

PTG WP = [dadz [Ik” (612 22155.9) (PITH{UL UL}P)

+If“,fi""(Z1,ZZ;x,y)<P|(Ql(zu)Tr{Uzl ) - —Tr{Ql(zu)U;})+h.c|p>

+ I (211, 223%, ) (P (Qs(zu)Tr{Uzl Ui} - FTT{QS(Zu)UZQ + h.c|P)
C

+2Cp I (21 1, 205x, y) (P|Tr{F., UL } + h.c|P)
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OPE in Wilson lines with sub-eikonal corrections
ﬁ = \/%'77 Xy = \/§x+
0i(x1) = / 2. / 0, i1 251 e ()

0s(x1) = ¢ / &z, / PR O TR AR A

01(x1) = g / . / " e oopr, 2l 2o X )P xL) i1} s —pr00)

Os(x1) =g / e / a2 [oopt, 2t {1z 11 )0 (Zr 21 ) Y 2L —proc]

. 400
ig s N
Flxp) = —ng 5/ dzy [00, Z4]x €' Fij(24, X1 ) [24, —00]¢
—00
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Sample of diagrams for evolution equations

Sample of diagrams for the quark operator Q; or Qs
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Evolution equation flavor non-singlet case

Unpolarized case

da

Qlw ZC

= zﬁ ( 01 Tr{U UL} - —Tr{U*Qu})

(Tre{UIQ1.}) = Tda

27r

&3¢ [ — ( U U0 — —Tr{UTQ1<}>

(W - Z)L
MR

Polarized case

Q5w722/ da/zC

(Tr{UcUT}Tr{UTQW} G +Cp)Tr{UTQ1w})}

( THULUcY Qs — —Tr{UT Q5<}>

(Tr{UlQs.}) = T zc{ 4)2 Tr{U UchQs¢ — —Tr{U 105c})
2
+%(TT{UCUT}TT{UTQSJ ( +CF)Tr{UTQ5w}):|
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Infrared Evolution Equation

&
-

29900090

.

Ladder Diagrams non-Ladder Diagrams

0000RQ0QQ
9000R900

\E
/
N
.

m Frolov, Gorshkov, Gribov, Lipatov (1966): QED
m Kirschner, Lipatov (1983)
m Bartels, Ermolaev, Ryskin-(1995-1996)
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Infrared Evolution Equation

n s

777]7 &
Ky 3 3
s N S v v
Ladder Diagrams non-Ladder Diagrams
k' = apl + Bph + k1. a:\/gk*'andﬁ:\/gk_
I1>a;>aand 1> 5, > 6
K2 3
AL 2L o alx%l > azx%l

oS ans

aj
/ da /dxzj_ ln2 ai
le (e7s)
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Evolution equation flavor non-singlet case in double log approx

Unpolarized case

*d
(Qrw) = 27r2/ Oé/dz ( QICTY{UCUT}*—TT{UTQM})

. . [, 11 | N
(Tr{UI01.}) = %/0 Ea/dzC {m <§Tr{UzTU<}Q14 - Z_NCTr{U;rQIC}):|

Polarized case

oo d, 1 -
(Osw) =55 / a/ P —r ( Tr{ULUc} Os¢ — CTI{ULQsc})
. oo d, 11 1 .
(Te{Ul0su}) = 5 5 i < {(w_oi<2Tr{UgU§}Q5c mTr{U§Q5C}>]
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Evolution equation flavor non-singlet case in double log approx

Unpolarized case

(Q1w) = 27r2/ da/ C (Q1(Tr{U4UT}7—Tr{UTQ1§})

Mo =5 [ 2:{ o (! U<}Q1<——Tr{ufglg})}

Polarized case
T da 2
(Qs0) = 72 / / C TF{U Ug}ng——Tr{U Os¢}

da

(Tr{U Q5w}

o zc{ o (TH{UIUcOsc ), TH{U] ng})}

After Iinearization we recover both, Unpolarized and Polarized BER result in non-singlet
flavor case: % — ﬁ =Cr
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Evolution equation flavor non-singlet case in double log approx

— S Tr{U UL} = Uy and T, = 0, — Tr{Q, U}

d Qg 2 1 N, 1
- = 3 5 T z 2 w — A~ w z o w z
an 05, Uy, ) /d ¢ {(w 7 (CFQSQUW~ +2CrF¢ > Qs¢olhs; + . U UM)
N( (w :)i
(w—=03(¢-2)3

(sl — Osulhr + Osullz — Q5. )

m Double Log resummation o In* s

m UV and IR finite: Leading Log resummation: a;Ins
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Evolution equation flavor Singlet case for g; structure function

(05) = 2 / Y (Tr{u ) Os¢ 53, TH{ULOsc) + 26, THUL F(G0)) )

da

(Tr{UIQ5,}) = 2 >

ZC{ —o < Tr{UIU:}Qs¢ — 7TY{UTQ5<}

(w Z)L

20 Te{U] f(g)}) ooy e

(Tr{UCUT}Tr{UTst} ( +CF)TI{UTQ5w}):|
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Evolution equation case: Gluon operator

BK-type diagrams

a) b)

) d)

a;  [T®da (w—2)3
T _ o= 2 1
({7 Ut = 2 /0 = /d et

1
x| T {U U TH{UL R} — (17 + Cr)Tr{U F,)}
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Diagrams with 7; quantum

Unpolarized case

Ky o +00 gy
Ne| (@ —-O)x(C

1 i i .
,IVTr{UjUwQ{CUg} + ﬁTr{U;fUW}QJ{C - Tr{Uth}Tr{UZTUC} + ETr{UwUZ*QICU}}
o Tr{U U.UL O} — Tr{U U }QIC)}

—(,C— 1 i(q1,2=C) _ pilq1:0—C)
(Z(f e i))i + oo o n 47T2/dque e 5O (¢ — w)

1L
X(TH{ UL U THULF(CL)} + Tr{U U TH{ULFT (¢} }

+2CFr
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Diagrams with 7; quantum

Polarized case

(Tt{F, Ul}) =

2-) Nr (w-¢C-2) 1
e { [ wfo%r<ﬁ+wfoﬁ
(Tr{UTQ5<}Tr{UTU - —Tr{U Uiucol ) — —Tr{UTUwQSCUg} + Tr{U U.}0h,

+Tr{U,0] JTr{Ul U} — —Tr{U Ulosc Ut} - —Tr{UTU ULOsc} + 5 Tr{U Us }ng)}

— 6,6~ 1 i(q1,2—C) _ Li(g1,w—C)
(Z(f C)zf(g_ Z))i + = C)i + 47F2/d‘2q1 ¢ : ¢ 5(2)(( _ w)}

1L

+2Cr

%N%@W@H@H%MQWWJWM”
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Ladder Diagrams in Singlet case

ot

—
< Pgg Pgyg —Ny 4N,
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Ladder Diagrams in Singlet case

BER formalism

X
LI

Background-shock-wave formalism
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Evolution equation in SW-formalism of Ladder diagrams
Cr 2Cr
—N; 4N,

too Fda 2
(Qs,,Ussz) 2 — C Cr OscU,; +2Cr Feo

Fr) = 2ﬂ2/+ do‘/ s C)2 [—NfQ5¢+4NC(]-'<Z+]-'<w)]

m After linearization we find agreement with BER with the Ladder type of
diagrams

m Refine linearization procedure to avoid UV divergences
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Conclusions

m High-energy Quark and Gluon propagator with sub-eikonal corrections
has been presented.

m BK-type of evolution equation for Unpolarized flavor-non-singlet F,
structure function has been presented.

m BK-type of evolution equations for Polarized flavor-non-singlet ¢;
structure function has been presented and agrees with BER result.

m BK-type of evolution equations for Polarized flavor-singlet ¢, structure
function has been presented and agree with BER result for the ladder
type of diagrams.
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m Refine the linearization procedure.

m Solve the coupled evolution equations in the Double Log
Approximation for the flavor-singlet case and compare with the
non-ladder BER diagrams.

m Orbital Angular Momentum and spin-TMDs at small-x.
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