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Portrait of the underlying physics 
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“… the specks and flickers 
of paint dance like energy 
particles throughout the 
painting.”

“I visualise geometry better than 
numbers.”  [Richard Dalitz]

“Observations of the CMB [its anisotropies] 
have played a key role in […] our 
understanding of the very early universe.”
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Flavour physics: the CKM matrix

hereafter referred to as the Cabibbo-Kobayashi-Maskawa (CKM) matrix. The com-

plex phases in the Yukawa couplings are absorbed in the CKM matrix, which is

responsible for all CP violation e↵ects in the SM.

2.3 The CKM matrix

Historically, the first approach to describe mixing between quark families has been

suggested to allow the universality of weak interactions [23]. A simplified quark

model was initially proposed by Gell-Mann and Zweig, and subsequently charm

quarks were introduced through the formalism of the GIM mechanism [24]. How-

ever, the evidence of CP violation in the neutral kaon sector indicates the presence

of a complex phase in the mixing matrix, which is not possible in a 2 ⇥ 2 matrix.

Therefore, Kobayashi and Maskawa generalised the Cabibbo matrix to three gener-

ations of quarks, in which case a single arbitrary complex phase exists [25]. This

quark-mixing matrix is schematically depicted as

VCKM =

0

B@
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

1

CA , (2.7)

where the magnitude squared of each element gives the transition probability be-

tween quarks with corresponding indices, and represents the already mentioned

relation between the mass eigenstates and the eigenstates of charged weak current

interactions.

A generic complex N ⇥N matrix, such as the CKM matrix, is parametrised

by 2N
2 independent parameters. The unitarity condition

P
N

j
VijV

⇤
kj

= �ik imposes

N
2 constraints on the degrees of freedom. Furthermore, the relative phases between

quarks are irrelevant, and can be absorbed into phase redefinitions, reducing another

2N�1 parameters. The total number of irreducible degrees of freedom of this matrix

is given by (N�1)2, and is related to rotational elements and complex phases. A non

rigorous interpretation of these numbers is provided by analysing a same dimensional

real-valued matrix. In this case, orthogonality implies that only 1
2N(N � 1) degrees

of freedom are independent. Extrapolating this to the complex case it is possible to

conclude that there are 1
2(N � 1)(N � 2) possible complex phases. Hence, the CKM

matrix is defined by three real parameters related to rotations (Euler angles) and a

single complex phase responsible for CP violation.

The most standard parametrisation of the flavour mixing matrix is obtained

8

by the product of three complex rotation matrices as [26]

V =

0

B@
c12c13 s12c13 s13e

�i�

�s12c23 � c12s23s13e
i�

c12c23 � s12s23s13e
i�

s23c13

s12s23 � c12c23s13e
i� �c12s23 � s12c23s13e

i�
c23c13

1

CA , (2.8)

where sij = sin ✓ij and cij = cos ✓ij with family indices i, j = 1, 2, 3, and � is

the CP -violating phase. A more convenient representation has been proposed by

Wolfenstein [27], which structures the elements in order of magnitudes, defined by

� = s12, A =
s23

s
2
12

, ⇢ =
s13

s12s23
cos � and ⌘ =

s13

s12s23
sin �, (2.9)

where � ⇡ 0.22 (sine of ✓c, the Cabibbo angle). In this approximation, A, ⇢ and ⌘

are real quantities of order of unity, which simplify the expansion. The CKM-matrix

elements are written in orders of � as

V =

0

B@
1 � �

2
/2 � A�

3(⇢ � i⌘)

�� 1 � �
2
/2 A�

2

A�
3(1 � ⇢ � i⌘) �A�

2 1

1

CA + O(�4) , (2.10)

where it is useful to define ⇢̄ = ⇢(1 � �
2
/2) and ⌘̄ = ⌘(1 � �

2
/2).

The unitarity of the CKM matrix leads to a number of relations between its

elements, which satisfy

3X

i=1

|Vij |2 =
3X

j=1

|Vij |2 = 1 ,

3X

i=1

VjiV
⇤
ki

= 0 =
3X

i=1

VijV
⇤
ik

,

(2.11)

where i = u, c, t and j = d, s, b in the first equation, and i = d, s, b and j, k =

u, c, t (j 6= k) in the second on the bottom left and reversed in the bottom right.

Among these conditions, those in the second system of equations can be interpreted

geometrically in the complex plane. Writing these in the explicit form, reads

V
⇤
ud

Vus[O(�)] + V
⇤
cd

Vcs[O(�)] + V
⇤
td

Vts[O(�5)] = 0 , (2.12)

V
⇤
ud

Vub[O(�3)] + V
⇤
cd

Vcb[O(�3)] + V
⇤
td

Vtb[O(�3)] = 0 , (2.13)

V
⇤
usVub[O(�4)] + V

⇤
csVcb[O(�2)] + V

⇤
tsVtb[O(�2)] = 0 , (2.14)

VudV
⇤
cd

[O(�)] + VusV
⇤
cs[O(�)] + VubV

⇤
cb

[O(�5)] = 0 , (2.15)
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In the SM quarks can change their flavour by emission of a W boson, 
with transition probability governed by the CKM matrix

Described by 4 independent parameters, in particular a single complex phase  

 27

Hierarchy in quark mixing

Very suggestive pattern

No known underlying reason

Situation for leptons (νs) is 
completely different

Tim Gershon
Flavour & CPV

R. Silva Coutinho (UZH)
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CKM
f i t t e r

The portrait of flavour physics: Unitary Triangle 

So far a huge success for 
the Standard Model! 

~20% contribution from 
New Physics still possible 
within current precision

R. Silva Coutinho (UZH) !4

[CKM fitter group (J. Charles et al, Eur. Phys. J. C41, 1-131 (2005)]



CP violation in B decays
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[LHCb, PRL 110 (2013) 221601]
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Hadronic 2-body Β → Κπ decays 
show an interesting ACP pattern:  

Spectator exchange of d ↔ u: naïvely       
B+ → K+π0 should follow B+ → K+π- 

K�⇡0 K+⇡0 K0⇡0

Two-body decays physics case
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[LHCb, JHEP 1210 (2012) 037] [LHCb,  PLB 726 (2013)]

[Belle, Nature 452 (2008) 332] [Belle,PRL 99 (2007) 121601]

QCD effects, or … ?



An asymmetry can be visualised as 

where δ and φ are the CP conserving and CP 
violating relative phases between amplitudes.   

Limited information available in two-
body decays: 

Observables are the Branching ratio and 
ACP; unknowns, e.g. AT, AP, δ and φ

CP violation sensitivity in two-body decays

d(u)

b̄

ū

d(u)
π−(π0)

s̄

u

K+

B0(B+)

W

u, c, t

g

a

d(u)

b̄

ū

d(u)
π−(π0)

W

u

s̄

K+

B0(B+) V ⇤
ub

Vus

ACP =
|Āf̄ |2 � |Af |2

|Āf̄ |2 + |Af |2
=

2|AT ||AP | sin � sin�
|AT |2 + |AP |2 + 2|AT ||AP | cos � cos�
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Premise: additional information can be 
obtained via multi-body decays (n >2)

Tree diagram (AT)

Penguin diagram (AP)



Multibody decays proceed through several 
intermediate states which interfere 

→ The phase-space has interference pattern 
analogous to the double-slit experiment 

The coupling of initial and final states is given by 
the invariant amplitudes of the process

Interference pattern for multi-channels

Wave-particle duality of light for the classroom 
A. Weis and T. L. Dimitrova

d� / |Mfi|2d�N

Mfi

Fermi’s Golden rule 

N-body phase-space 
element

Matrix 
element

p1

p2

pn

...

R. Silva Coutinho (UZH) �8



For n = 3 final state spin-0 particles 
this is given by  

Graphical representation of the 3-body 
phase-space: i.e. Dalitz plot!

Three-body decays (spinless) case
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[PDG (M. Tanabashi et al), PRD 98 (2018) 010001]



Technique named after Richard Dalitz (1925-2006) applied to study KL decays  

Spin/parity determination of the known τ/θ particle in its decay to three pion final state  
                                                                                                         “On the analysis of tau-meson data and the nature of the tau-meson.”  

Dalitz plot analysis features

“I visualise geometry better than numbers” 
           Richard Dalitz 

Scatter-plot visualisation as 

Matrix element constant: Dalitz-plot 
uniformly populated 

Non-uniform distributions, i.e. dynamics 

Interference patterns between 
intermediate states can be studied/model

    [R. H. Dalitz, Phil. Mag. 44 (1953) 1068]

“A work of art” - gift from B. Ritcher, W. Panofsky, S. Drell,  
D. Leith, D. Aston, W. Dunwoodie and B. Ratcliff

SLAC-PUB-5151

R. Silva Coutinho (UZH) �10
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Resonant DP illustration: 

Nonresonant (phase space) 
K*(892) [vector]: green and blue 
K*0(1430), f0(980) [scalar]: grey and red 
K*2(1430) [tensor]: magenta and cyan 
ρ(770) [vector]: yellow

[Laura++,  Comput. Phys. Commun. 231 (2018) 198-242]



Intensity along bands indicates magnitude 
and the spin resonances

Dalitz plot analysis features

R. Silva Coutinho (UZH)

Spin-0
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Intensity along bands indicates magnitude 
and the spin resonances

Dalitz plot analysis features
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Intensity along bands indicates magnitude 
and the spin resonances

Dalitz plot analysis features
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In reality, interference plays a significant role in 
these distributions and in the physics sensitivity

Dalitz plot analysis features

R. Silva Coutinho (UZH)

Amplitude analysis can explore several  
information features of multi body decays 

Relative phases between states 

Sensitivity to CP violating effects  

Resolve ambiguities in weak phases 

Hadron spectroscopy
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[BaBar, PRL 103 (2009) 211801]



Dalitz plot analysis features
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Amplitude analysis can explore several  
information features of multi body decays 

Relative phases between states 

Sensitivity to CP violating effects  

Resolve ambiguities in weak phases 

Hadron spectroscopy
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Low-energy resonant states while 
dominate in D decays, in B decays are 
clustered around the edges 

D0 ! K�⇡+⇡0

(pseudoexperiments)

(pseudoexperiments)

[Laura++,  Comput. Phys. Commun. 231 (2018) 198-242]



Dalitz plot - Isobar Model approach

Strong dynamics 
CP conserving

CP violating

cl : complex coefficients describing the relative magnitude and phase of the different isobars
Fl : dynamical amplitudes that contain the lineshape and spin-dependence of the hadronic part

Resonance mass term  
(e.g. Breit–Wigner) 

Barrier factors - p, q: momenta  
of bachelor and resonance

Angular probability  
distribution 

Amplitude analysis most commonly performed in the “Isobar Model” 

Total amplitude is approximated as coherent sum of quasi-two-body 
contributions:  

R. Silva Coutinho (UZH) �18

More sophisticated approaches can be pursued, e.g. partial wave analysis 

Fj(L,m
2
12,m

2
23) = Rj(m

2
12)⇥XL(|~p | r)⇥XL(|~q | r)⇥ Tj(L, ~p, ~q )
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A(m2
12,m

2
23) =

NX

j=1

cj Fj(m
2
12,m

2
23)
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[Int. J. Mod. Phys. A30, (2015) 1530022]

The LHCb experiment



[Int. J. Mod. Phys. A30, (2015) 1530022]

Vertex 
Locator

RICH-1

TT Magnet

T1, T2, T3

RICH-2
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 Primary vertex, IP [≈ 200µm] and τ resolution [≈ 45 fs] 
 Momentum resolution [≈ 0.5 %] 
 Particle ID/misID, [e.g. ϵ(K) ≈ 95%]

The LHCb experiment
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Thanks a lot to the LHC team!
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Isobar approach - the “artisan” approach
     

First Dalitz plot analysis of B0s → K0K±π∓ decays 

LHCb results : L = 3 fb
�1 � 2011 + 2012 dataset

(           )

Leif Nilsson 
[Gate to the Studio - noon]
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CKM angle γ using Β0s→ Κ*Κ and flavour symmetries  

U-spin multiplet Β0s→ Κ*0Κ0(Κ*0Κ0) to Β0→ Κ*Κ

The B0s → K0K±π∓ decay

Search for CP in charmless 3-body decays of neutral 
B mesons to final states containing a K0 meson
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Search for CP in charmless 3-body decays of neutral 
B mesons to final states containing a K0 meson

]4c/2) [GeV±KS
0K(2m

0 10 20 30

]4 c/2
) [

G
eV

±

π S0
K(2

m

0

5

10

15

20

25

30

LHCb

±

π±K0SK →0sB

R. Silva Coutinho (UZH)

]2c) [MeV/

±

π0SK(m
800 1000 1200

)2 c
Ca

nd
ida

tes
 / (

22
 M

eV
/

0

5

10

15

20

25 LHCb (d)

]2c)[MeV/

±

π±Km(
800 1000 1200

)2 c
Ca

nd
id

ate
s /

 (2
2 

M
eV

/

0
2
4
6
8

10
12
14
16
18
20
22

LHCb

L = 1 fb�1

L = 1 fb�1

B0
s ! K⇤±(892)K⌥

CKM angle γ using Β0s→ Κ*Κ and flavour symmetries  

U-spin multiplet Β0s→ Κ*0Κ0(Κ*0Κ0) to Β0→ Κ*Κ

The B0s → K0K±π∓ decay
(           )

�25

[LHCb, New J. Phys. 16 (2014) 12, 123001]

[LHCb, JHEP 1601 (2016) 012]

B0
s ! K̄0K⇤ +K0K̄⇤0



s

b̄

ū
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Figure 1: Feynman diagrams for (top left) external tree, (top right) internal penguin and (bottom
left) electroweak penguin contributions for B0

s ! K⇤±K⌥ decays; and (bottom right) internal

penguin amplitude for the B0
s ! K

⇤0
K0 (K⇤0K0) decay mode. The electroweak penguin diagram

for the B0
s ! K

⇤0
K0 (K⇤0K0) channel is not shown; neither are diagrams corresponding to

annihilation amplitudes.
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ū

s
K⇤�(K�)

s̄

u

K+(K⇤+)

B0
s

W

u, c, t

g

a

s

b̄

ū
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Channel can be seen as a four different Dalitz plots 

B̄0
s ! K̄0K+⇡� Reference B̄0

s ! K̄0K�⇡+ Reference

K⇤0K̄0 1.5+2.4
�0.9 0.7+1.7

�0.5 K̄⇤0K0 3.8+0.8
�0.7 2.3+0.6

�0.5

K⇤�K+ 3.5+0.7
�0.7 2.3+0.6

�0.5 K⇤+K� 2.6+2.7
�1.1 1.3+2.0

�0.9

K⇤0
0 (1430)K̄0 0.6+0.9

�0.4 0.5+1.2
�0.4 K̄0

0 (1430)K
0 14.5+3.3

�2.9 16.6+5.1
�4.3

K⇤�
0 (1430)K+ 14.5+3.2

�2.9 15.5+4.5
�3.9 K⇤+

0 (1430)K� 1.0+1.0
�0.4 0.9+1.4

�0.5

Non resonant 23.8+9.9
�6.7 12.3+12.6

�6.3 Non Resonant 24.2+0.9
�5.1 12.9+13.2

�6.6

Total 35.3+15.7
�9.8 33.7+20.9

�12.0 Total 36.7+14.9
�9.0 34.2+21.1

�12.0
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[Theory predictions]
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Flavour-tagging is unattractive with current statistics → even in the absence of CP, 
two amplitudes remain (i.e. Af and Af) in an untagged decay-time integrated method 

In an untagged analysis it is, in general, impossible to disentangle the two components, except:

R. Silva Coutinho (UZH)

The B0s → K0K±π∓ analysis
(           )

Conclusion: cannot perform an untagged Dalitz-plot analysis of a non-self-conjugate, non-
flavour-specific final state without some assumption on Af and Af. 
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�
cosh

��st

2
�2<

✓
q

p
A⇤

f Āf
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[B0→ Κ+π-π0] - Final state assumed to be flavour-specific,                                                                                  
so that one of the two possible contributions vanishes         
   

 [B0(s)→ Κ0Sπ+π-] - In time-integrated DP,                                                                                                       
resonances are either flavour specific                                                                                                                                         
(e.g. Κ∗+π-) or CP-conjugate (e.g. Κ0Sρ0)           

[BaBar, PRD 83 (2011) 112010]

[LHCb, PRL 120, 261801 (2018)]

ToyMC Laura++
[Com. Phys. Com. 231 (2018) 198-242]
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Although the presence of CP can be investigated, the complex coefficients obtained are 
not of trivial interpretation: only fit fractions are unbiased

R. Silva Coutinho (UZH)

B0s → K0K±π∓ Dalitz-plot strategy
(           )
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Strategy designed to enhance the DP signal yield and the amplitude fit (Dalitz plot) 
sensitivity, i.e. isobar parameters 

Boosted Decision Tree and particle identification to reject comb/misID backgrounds 
Mass vetoes for unwanted contributions 
Analysis performed with ~900 signal events and purity of 84%

Selecting the signal

R. Silva Coutinho (UZH)
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Simultaneous unbinned DP fit based on the JFit method within the Laura++ framework is 
performed for each event i and signal/background k component as  

Dalitz-plot fitting

L =
QNc

i

"
P

k NkPk

�
m2

i (K
±⇡⌥),m2

i (K
0
S⇡

⌥)
�
# [arXiv:1409.5080, Comput. Phys. Commun. 231 (2018) 198-242]

Signal model is built by: 
Significant changes in the negative 
log-likelihood, i.e. Wilks’ theorem 

  
Unbinned goodness-of-fit tests 

[Annals Math. Statist. 9 (1938) no.1, 60-62]

[JINST 4 (2010) P09004]

�30R. Silva Coutinho (UZH)

[Laura++ pseudoexperiment]

In this note, a detailed account of the studies performed for the last two points is not1155

provided. Instead, once a default fit model is established, we will evaluate the significance1156

of each component considered (whether included or excluded) as justification for that1157

choice. The first fit model was established by including all contributions from well known1158

resonances [86] that decay to the relevant pairs of final state particles.1159

A simultaneous unbinned Dalitz-plot fit based on the Jfit framework [97] is performed1160

for each event i and signal/background k component as1161

L =
NcY

i

"
X

k

NkPk

�
m2

i (K
±⇡⌥),m2

i (K
0
S
⇡⌥)

�
#
, (53)

where Nc and Nk are the number of candidates and yields, respectively. These are examined1162

for each final state category: K0
S
K+⇡� and K0

S
K�⇡+ decay channels; DD and LL K0

S
1163

reconstructions; and trigger running periods 2011, 2012a and 2012b. Note that the signal1164

PDFs are multiplied by the appropriate e�ciency function for each condition. Although1165

all parameters for a given K0
S
K±⇡⌥ final state are shared for the K0

S
and year hypotheses,1166

the amplitudes for K0
S
K+⇡� and K0

S
K�⇡+ configurations are considered independently1167

in the model, unless stated otherwise. In the following, the results for these studies are1168

examined.1169

10.1 Resonant contributions1170

The nominal fit model includes all of the resonances listed in Table 32, modelled as1171

described. The model “Rel BW” is shorthand for a relativistic Breit Wigner function and1172

the “LASS” lineshape is used to describe the K⇡ S-wave. The LASS model consists of1173

the K⇤
0 (1430) resonance and an e↵ective range nonresonant component. See Section 7 for1174

more details on the definition of these parametrisations.1175

Table 32: Resonances that are included in the fit to the data sample. Parameters (and uncertain-
ties) are taken from the PDG [86] unless stated otherwise.

Resonance Spin Model Mass (MeV) Width (MeV)
( )

K ⇤(892)0 1 Rel BW 895.81± 0.19 47.4± 0.6
K⇤(892)± 1 Rel BW 891.66± 0.26 50.8± 0.9
( )

K ⇤
0(1430)

0 0 LASS 1425± 50 270± 80
K⇤

0(1430)
± 0 LASS 1425± 50 270± 80

( )

K ⇤
2(1430)

0 2 Rel BW 1432.4± 1.3 109± 5
K⇤

2(1430)
± 2 Rel BW 1425.6± 1.5 98.5± 2.7

10.1.1 The K⇡ S-wave1176

Among the several di↵erent possibilities to describe the K⇡ S-wave discussed in Sec. 7.2.4,1177

the LASS parametrisation is found to give the best fit to data. Note however that there1178

92

[LHCb-PAPER-2018-045]



The results for the various sources of systematic uncertainties are given below 

Dominant uncertainties come from the Κπ S-wave model, e.g. the choice                   
of the alternative line shapes to the LASS model for the Κ∗±,0(1430) states

Systematic uncertainties

LHCb Internal

R. Silva Coutinho (UZH) �31
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Fit results - isobar parameters

R. Silva Coutinho (UZH)
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Table 2: Results of the fit with the baseline model to the K0
SK

+⇡� and K0
SK

�⇡+ Dalitz
plots. The fit fractions associated with each resonant component are given with statistical
uncertainties only. The sums of fit fractions for both B0

s ! K0
SK

+⇡� and B0
s ! K0

SK
�⇡+ are

102%, corresponding to low net interference e↵ects.

B0
s ! K0

SK
+⇡� B0

s ! K0
SK

�⇡+

Resonance Fit fraction (%) Resonance Fit fraction (%)

K⇤(892)� 15.6± 1.5 K⇤(892)+ 13.4± 2.0
K⇤

0(1430)
� 30.2± 2.6 K⇤

0(1430)
+ 28.5± 3.6

K⇤
2(1430)

� 2.9± 1.3 K⇤
2(1430)

+ 5.8± 1.9
K⇤(892)0 13.2± 2.4 K⇤(892)0 19.2± 2.3
K⇤

0(1430)
0 33.9± 2.9 K⇤

0(1430)
0 27.0± 4.1

K⇤
2(1430)

0 5.9± 4.0 K⇤
2(1430)

0 7.7± 2.8

data.343

Using this procedure, the significances for the K⇤
0 (1430)

+, K⇤
0 (1430)

0, K⇤
2 (1430)

+ and344

K⇤
2(1430)

0 contributions are found to correspond to 17.3, 15.2, 4.0 and 4.8 standard345

deviations, when only statistical uncertainties are included. Among all the systematic346

variations discussed in Sec. 7, the K⇡ S-wave contributions remain highly significant, and347

therefore the B0
s ! K⇤

0(1430)
±K⌥ and B0

s !
( )

K ⇤
0(1430)

0
( )

K 0 decays are observed with348

significance over 10 standard deviations. However, some systematic variations do impact349

strongly on the need to include tensor resonances in the fit model, and thus preclude any350

similar conclusion for the B0
s ! K⇤

2(1430)
±K⌥ and B0

s !
( )

K ⇤
2(1430)

0
( )

K 0 decays.351

The results of the fit of the baseline model to the data are shown in Fig. 4. Various352

methods are used to assess the goodness-of-fit [54] and find good agreement between the353

model and the data. The results for the fit fractions are given in Table 2. The statistical354

uncertainties on the fit fractions are evaluated from the spreads in these values obtained355

when fitting ensembles of pseudoexperiments generated according to the baseline model356

with parameters corresponding to those obtained in the fit to data. The fit fractions for357

each resonance and its conjugate (in the other Dalitz plot) are consistent, as expected from358

the absence of di↵erence between the two Dalitz plot distributions. Thus, no significant359

CP violation e↵ect is observed.360

7 Systematic uncertainties361

Systematic uncertainties that a↵ect the determination of the observables in the amplitude362

analysis arise from inaccuracy in the experimental inputs and the choice of the baseline363

amplitude parametrisation. The evaluation of e↵ects arising from these sources is discussed364

in the following, with a summary of the systematic uncertainties on the fit fractions365

presented in Table 3.366

Uncertainties associated to the signal and background yields obtained from the mass367

fit are examined by scaling the errors obtained from the whole mass fit range to the signal368

region. Statistical uncertainties on the yields are obtained from the covariance matrix369

of the baseline fit result, and systematic uncertainties are extracted similarly as for the370

branching fraction measurement [15]. A series of pseudoexperiments are generated from371

11
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Fit results - projections
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The fit fractions of the resonant components can be converted into quasi-two-body BF: 

Branching ratio results

R. Silva Coutinho (UZH)

8 Results438

The flavour-averaged fit fractions are converted into product branching fractions using439

Eq. (5) and B(B0
s !

( )

K 0K±⇡⌥) = (84.3± 3.5± 7.4± 3.4)⇥ 10�6 [16], to obtain440

B
⇣
B0

s ! K⇤(892)±K⌥;K⇤(892)± !
( )

K 0⇡±
⌘

=

(12.4± 0.8± 0.5± 2.7± 1.3)⇥ 10�6 ,

B
⇣
B0

s ! (
( )

K 0⇡±)⇤0K
⌥
⌘

=

(24.9± 1.8± 0.5± 20.0± 2.6)⇥ 10�6 ,

B
⇣
B0

s ! K⇤
2(1430)

±K⌥;K⇤
2(1430)

± !
( )

K 0⇡±
⌘

=

( 3.4± 0.8± 0.4± 5.4± 0.4)⇥ 10�6 ,

B
⇣
B0

s !
( )

K ⇤(892)0
( )

K 0;
( )

K ⇤(892)0 ! K⌥⇡±
⌘

=

(13.2± 1.9± 0.8± 2.9± 1.4)⇥ 10�6 ,

B
⇣
B0

s ! (K⌥⇡±)⇤0
( )

K 0
⌘

=

(26.2± 2.0± 0.7± 7.3± 2.8)⇥ 10�6 ,

B
⇣
B0

s !
( )

K ⇤
2(1430)

0
( )

K 0;
( )

K ⇤
2(1430)

0 ! K⌥⇡±
⌘

=

( 5.6± 1.5± 0.6± 7.0± 0.6)⇥ 10�6 ,

where the uncertainties are respectively statistical, systematic related to experimental and441

model uncertainties, and due to the uncertainty on B(B0
s !

( )

K 0K±⇡⌥).4442

It is possible to use the composition of the LASS lineshape to obtain separately the443

fractions of the contributing parts. Integrating separately the resonant part, the e↵ective444

range part, and the coherent sum, for both the (K⌥⇡±)⇤0 and the (
( )

K 0⇡±)⇤0 components,445

the K⇤
0 (1430)

± or
( )

K ⇤
0(1430)

0 resonances are found to account for 78%, the e↵ective range446

term 46%, and destructive interference between the two terms is responsible for the excess447

24%. The branching fractions of the two nonresonant parts are found to be448

B
⇣
B0

s ! (
( )

K 0⇡±)NRK
⌥
⌘

= (11.4± 0.8± 0.2± 9.2± 1.2± 0.5)⇥ 10�6 ,

B
⇣
B0

s ! (K⌥⇡±)NR

( )

K 0
⌘

= (12.1± 0.9± 0.3± 3.3± 1.3± 0.5)⇥ 10�6 ,

where the fifth error is due to the uncertainty on the proportion of the (K⇡)⇤0 component449

due to the e↵ective range part. Similarly, the product branching fractions for the K⇤
0 (1430)450

resonances are451

B
⇣
B0

s ! K⇤
0(1430)

±K⌥;K⇤
0(1430)

± !
( )

K 0⇡±
⌘

=

(19.4± 1.4± 0.4± 15.6± 2.0± 0.3)⇥ 10�6 ,

B
⇣
B0

s !
( )

K ⇤
0(1430)

0
( )

K 0;
( )

K ⇤
0(1430)

0 ! K⌥⇡±
⌘

=

(20.5± 1.6± 0.6± 5.7± 2.2± 0.3)⇥ 10�6 .

Results for the various K⇤ resonances are further corrected by their branching frac-452

tions to K⇡ to obtain the quasi-two-body branching fractions. The branching fractions453

to K⇡ are [51]: B (K⇤(892) ! K⇡) = 100%, B (K⇤
0(1430) ! K⇡) = (93 ± 10)% and454

4The notation (K⇡)⇤0 indicates the total K⇡ S-wave that is modelled by the LASS lineshape.

15

B (K⇤
2(1430) ! K⇡) = (49.9± 1.2)%. In addition, the values of B (K⇤ ! K⇡) are scaled455

by the corresponding squared Clebsch-Gordan coe�cients, i.e. 2/3 for both
( )

K ⇤0 ! K±⇡⌥
456

and K⇤± !
( )

K 0⇡±. The branching fractions are thus457

B
�
B0

s ! K⇤(892)±K⌥� = (18.6± 1.2± 0.8± 4.0± 2.0)⇥ 10�6 ,

B
�
B0

s ! K⇤
0(1430)

±K⌥� = (31.3± 2.3± 0.7± 25.1± 3.3)⇥ 10�6 ,

B
�
B0

s ! K⇤
2(1430)

±K⌥� = (10.3± 2.5± 1.1± 16.3± 1.1)⇥ 10�6 ,

B
⇣
B0

s !
( )

K ⇤(892)0
( )

K 0
⌘

= (19.8± 2.8± 1.2± 4.4± 2.1)⇥ 10�6 ,

B
⇣
B0

s !
( )

K ⇤
0(1430)

0 ( )

K 0
⌘

= (33.0± 2.5± 0.9± 9.1± 3.5)⇥ 10�6 ,

B
⇣
B0

s !
( )

K ⇤
2(1430)

0 ( )

K 0
⌘

= (16.8± 4.5± 1.7± 21.2± 1.8)⇥ 10�6 ,

where the uncertainties are respectively statistical, systematic related to experimental and458

model uncertainties, and due to the uncertainty on B(B0
s !

( )

K 0K±⇡⌥), B (K⇤ ! K⇡)459

and, in the case of K⇤
0(1430), the uncertainty of the proportion of the (K⇡)⇤0 component460

due to the K⇤
0(1430) resonance.461

9 Summary462

The first amplitude analysis of B0
s ! K0

SK
±⇡⌥ decays has been presented, using a data463

sample corresponding to 3.0 fb�1 of pp collision data collected with the LHCb experiment.464

A good description of the data is obtained with a model containing contributions from both465

neutral and charged resonant states K⇤(892), K⇤
0 (1430) and K⇤

0 (1430). Measurements of466

the previously observed decay modes B0
s ! K⇤(892)±K⌥ and B0

s !
( )

K ⇤(892)0
( )

K 0 are467

consistent with theoretical predictions [23–25] and also consistent with, but larger than,468

the previous LHCb results [17, 18], which they supersede. This is partly due to the larger469

B0
s ! K0

SK
±⇡⌥ branching fraction determined in the updated analysis based on both470

2011 and 2012 data [16] compared to its previous determination [15]. This amplitude471

analysis provides better separation of the K⇤(892) states from the other contributions in472

the Dalitz plot, in particular the S-wave, and more accurate estimation of the associated473

systematic uncertainties. Contributions from K⇤
0(1430) states are observed for the first474

time with significance above 10 standard deviations.475

Increases in the data sample size will allow the reduction of both statistical and476

systematic uncertainties on these results. As significantly larger samples are anticipated477

following the upgrade of LHCb [58,59], it will be possible to extend the analysis to include478

flavour tagging and decay-time-dependence and therefore to obtain sensitivity to test the479

SM through measurement of CP violation parameters in B0
s ! K0

SK
±⇡⌥ decays.480
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12.2 Branching fractions1446

The fit fractions of the resonant components can be converted into product branching1447

fractions by multiplying by the values reported in Ref. [47] of B(B0
s !

( )

K 0K±⇡⌥) =1448

(84.3± 3.5± 7.4± 3.4)⇥ 10�6, using explicitly1449

B
�
B0

s ! K⇤K;K⇤
! K⇡

�
= dFF j ⇥ B

⇣
B0

s !
( )

K 0K±⇡⌥
⌘
, (54)

where dFF j is given in Eq. 48. Note that this corresponds to a measurement of the sum of1450

branching fractions for both initial and both final states and are found to be1451

B

⇣
B0

s ! K⇤(892)±K⌥;K⇤(892)± !
( )

K 0⇡±
⌘

=

(12.4± 0.8± 0.5± 2.7± 1.3)⇥ 10�6 ,

B

⇣
B0

s ! (
( )

K 0⇡±)⇤0K
⌥
⌘

=

(24.9± 1.8± 0.5± 20.0± 2.6)⇥ 10�6 ,

B

⇣
B0

s ! K⇤
2(1430)

±K⌥;K⇤
2(1430)

±
!

( )

K 0⇡±
⌘

=

( 3.4± 0.8± 0.4± 5.4± 0.4)⇥ 10�6 ,

B

⇣
B0

s !
( )

K ⇤(892)0
( )

K 0;
( )

K ⇤(892)0 ! K⌥⇡±
⌘

=

(13.2± 1.9± 0.8± 2.9± 1.4)⇥ 10�6 ,

B

⇣
B0

s ! (K⌥⇡±)⇤0
( )

K 0
⌘

=

(26.2± 2.0± 0.7± 7.3± 2.8)⇥ 10�6 ,

B

⇣
B0

s !
( )

K ⇤
2(1430)

0
( )

K 0;
( )

K ⇤
2(1430)

0
! K⌥⇡±

⌘
=

( 5.6± 1.5± 0.6± 7.0± 0.6)⇥ 10�6 ,

where the uncertainties are respectively statistical, systematic related to experimental1452

and model uncertainties, and due to the uncertainty on B(B0
s !

( )

K 0K±⇡⌥). We use the1453

notation (K⇡)⇤0 to indicate the total K⇡ S-wave that is modelled by the LASS lineshape.1454

It is possible to use the information on the composition of the LASS lineshape to obtain1455

separately the fractions of the contributing parts. Integrating separately the resonant part,1456

the e↵ective range part, and the coherent sum we find that for both the (K⌥⇡±)⇤0 and1457

the (
( )

K 0⇡±)⇤0 components, the K⇤
0 (1430)

± or
( )

K ⇤
0(1430)

0 resonances account for 78%, the1458

e↵ective range term 46%, and destructive interference between the two terms is responsible1459

for the excess 24%. If we assume that the model used is correct then we can calculate the1460

branching fractions of the two nonresonant parts and find them to be:1461

B

⇣
B0

s ! (
( )

K 0⇡±)NRK
⌥
⌘

= (11.4± 0.8± 0.2± 9.2± 1.2± 0.5)⇥ 10�6 ,

B

⇣
B0

s ! (K⌥⇡±)NR

( )

K 0
⌘

= (12.1± 0.9± 0.3± 3.3± 1.3± 0.5)⇥ 10�6 ,

where the fifth error is due to the uncertainty on the proportion of the (K⇡)⇤0 component1462

due to the e↵ective range part. Similarly, we can also extract the product branching1463

113

*

[Summary] 

Results are in good agreement with, and more precise than, the previous measurements 
Contribution from Κ∗0(1430)(±,0) states are observed for the first time with significance 
above 10 standard deviations 
Further theoretical understanding of the S-wave modelling is paramount
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Study of the B0 → ρ(770)0K∗(892)0 mode

Amplitude analysis of B0 → (π+π-)( K+π-) decays 

LHCb results : L = 3 fb
�1 � 2011 + 2012 dataset

[LHCb-PAPER-2018-042]

Pablo Picasso 
[Portrait of Daniel-Henry Kahnweiler]



A natural extension of the DP approach is to consider 4-body final states, which 
further increases the degrees of freedom of the system 

B0 → (p1p2)(p3p4) decays are described using (e.g. B0 → ρ0K*) 

Three helicity angles: θ1, θ2, φ  
Two invariant masses: m(p1p2), m(p3p4) 

Decay rate given by 

Amplitude analysis of quasi-two-body decays

R. Silva Coutinho (UZH)

B0

K+

⇡�

⇡+

⇡�

✓K⇡ ✓⇡⇡

�
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The B0 → ρ0(π+π-)K*(K+π-)0 decay

Double Cabibbo suppressed tree 
A gluonic b → s penguin 

Comparable amplitudes: more sensitive 
to CP violation effects

R. Silva Coutinho (UZH)

d

b̄

s̄

d
K∗0

ū

u

ρ0

B0

W

d

b̄

d̄

d
ρ0

s̄

d

K∗0

B0

W

ū, c̄, t̄

g

aCharmless b-hadron that proceeds via 
Introduction Selection Construction of the fitting PDF Fitters Results Systematic uncertainites Summary Backup

The B0 ! ⇢0K⇤(892)0 decay

M. Vieites D́ıaz (USC) Analysis approval, October 2, 2018 4

Charmless B0 meson decay into two vector resonances: B0 ! ⇢0(⇡+⇡�)K⇤(892)0(K+⇡�)

• Proceeds either via:

⇧ A doubly Cabibbo suppressed tree
⇧ A gluonic b ! s penguin

! similar amplitudes! (good for aCP search)

• Self-tagged decay:

(
B0 ! (⇡+⇡�)(K+⇡�)

B
0 ! (⇡�⇡+)(K�⇡+)

• Vector resonances ! additional CP violating observables

• ⇢� ! interplay may enhance CP violating e↵ects!

M. Gronau, J. Zupan
arXiv:hep-ph/0502139

B0(⇢ � !)

B0(⇢ � !)
⇢

Self-tagged decay: 

Access to CP asymmetries: 

B0 ! ⇢0K⇤(892)0

M. Vieites D́ıaz

Theoretical
motivation

Analysis strategy

Selection

Four-body model

Angular analysis

Preliminary results

Conclusions

4

Theoretical motivation: the B0 ! ⇢0K⇤(892)0 channel

This decay may proceed via 2 di↵erent diagrams ! their
interference can lead to a direct CP asymmetry:

Being the total decay amplitude:

A = hK⇤⇢0(!)|HT |Bi+ hK⇤⇢0(!)|HP |Bi

a
dir
CP =

|A|2 � |Ā|2

|A|2 + |Ā|2
=

�2rsin�sin�
1 + r 2 + 2rcos�cos�

.

Where, if there are no NP contributions:

� = arg [(VtbV
⇤
ts)/(VubV

⇤
us)]) sin� = sin �CKM

B0 ! ⇢0K⇤(892)0

M. Vieites D́ıaz

Theoretical
motivation

Analysis strategy

Selection

Four-body model

Angular analysis

Preliminary results

Conclusions

4

Theoretical motivation: the B0 ! ⇢0K⇤(892)0 channel

This decay may proceed via 2 di↵erent diagrams ! their
interference can lead to a direct CP asymmetry:

Being the total decay amplitude:

A = hK⇤⇢0(!)|HT |Bi+ hK⇤⇢0(!)|HP |Bi

a
dir
CP =

|A|2 � |Ā|2

|A|2 + |Ā|2
=

�2rsin�sin�
1 + r 2 + 2rcos�cos�

.

Where, if there are no NP contributions:

� = arg [(VtbV
⇤
ts)/(VubV

⇤
us)]) sin� = sin �CKM

In the absence of NP contributions:

“B → VV puzzle”: expected fL ≫ f||, f⊥ not seen in purely penguin modes
[LHCb, JHEP 03 (2018) 140, PRD 90, 052011 (2014)]

+ EWP penguin 
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Strategy designed to improve the signal significance and reduce possible physics contributions 
under the signal 

Boosted Decision Tree and mass vetoes to reject combinatorial and charm contributions 

Analysis performed with ~11k signal events and purity of 83%

Selecting the signal

R. Silva Coutinho (UZH)
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Figure 2: Fit to the invariant-mass distribution of selected (left) B0 and (right) B0 candi-
dates after the subtraction of B0

s → K∗0K∗0 background decays. The contributions due to the
B0→ (π+π−)(K+π−) signal, B0

s→ (π+π−)(K+π−) background and combinatorial background
are represented by the solid green, red and grey lines, respectively. Data are shown using black
dots and the overall fit is represented by the solid blue line.

that, when the kaon is misidentified as a pion, the reconstructed mass of these events166

spans widely in the spectrum underneath the B0 and B0
s signal peaks. To ensure a proper167

cancellation of this background, the injected B0
s → (K+π−)(K−π+) simulated events are168

weighted according to a probability density function (PDF) whose physical parameters169

(describing the V V , V S and SS amplitudes) are taken from a previous measurement [31].170

The resulting data samples are fitted to a model where the signal peak is described171

with an Hypatia distribution [32], consisting of a Gaussian-like core and asymmetric172

tails. Its parameters, except for the mean and width values which are free to vary, are173

determined from a fit to the distribution of signal candidates obtained from simulation. The174

contribution from the B0
s→ (π+π−)(K+π−) mode is described by the same distribution175

used for the signal, except for the mean value that is shifted by the known B0
s and B0 mass176

difference [3]. Finally, an exponential function accounts for the combinatorial background.177

Figure 2 shows the simultaneous four-body invariant mass fit result separated for B0 and178

B0 samples. Table 1 shows the yields obtained in each of the eight fitting categories.179
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dates after the subtraction of B0

s → K∗0K∗0 background decays. The contributions due to the
B0→ (π+π−)(K+π−) signal, B0

s→ (π+π−)(K+π−) background and combinatorial background
are represented by the solid green, red and grey lines, respectively. Data are shown using black
dots and the overall fit is represented by the solid blue line.

that, when the kaon is misidentified as a pion, the reconstructed mass of these events166

spans widely in the spectrum underneath the B0 and B0
s signal peaks. To ensure a proper167

cancellation of this background, the injected B0
s → (K+π−)(K−π+) simulated events are168

weighted according to a probability density function (PDF) whose physical parameters169

(describing the V V , V S and SS amplitudes) are taken from a previous measurement [31].170

The resulting data samples are fitted to a model where the signal peak is described171

with an Hypatia distribution [32], consisting of a Gaussian-like core and asymmetric172

tails. Its parameters, except for the mean and width values which are free to vary, are173

determined from a fit to the distribution of signal candidates obtained from simulation. The174

contribution from the B0
s→ (π+π−)(K+π−) mode is described by the same distribution175

used for the signal, except for the mean value that is shifted by the known B0
s and B0 mass176

difference [3]. Finally, an exponential function accounts for the combinatorial background.177

Figure 2 shows the simultaneous four-body invariant mass fit result separated for B0 and178

B0 samples. Table 1 shows the yields obtained in each of the eight fitting categories.179
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R. Silva Coutinho (UZH)

Table 2: Partial waves contributing to the total amplitude and their angular and mass depen-
dencies.

i CP -eigenvalue Ai gi(✓⇡⇡, ✓K⇡,�) Ri(m⇡⇡,mK⇡)
1 1 A0

⇢K⇤ cos ✓⇡⇡ cos ✓K⇡ M⇢(m⇡⇡)MK⇤(mK⇡)

2 1 A||
⇢K⇤

1p
2
sin ✓⇡⇡ sin ✓K⇡ cos� M⇢(m⇡⇡)MK⇤(mK⇡)

3 �1 A?
⇢K⇤

ip
2
sin ✓⇡⇡ sin ✓K⇡ sin� M⇢(m⇡⇡)MK⇤(mK⇡)

4 1 A0
!K⇤ cos ✓⇡⇡ cos ✓K⇡ M!(m⇡⇡)MK⇤(mK⇡)

5 1 A||
!K⇤

1p
2
sin ✓⇡⇡ sin ✓K⇡ cos� M!(m⇡⇡)MK⇤(mK⇡)

6 �1 A?
!K⇤

ip
2
sin ✓⇡⇡ sin ✓K⇡ sin� M!(m⇡⇡)MK⇤(mK⇡)

7 1 A⇢(K⇡)
1p
3
cos ✓⇡⇡ M⇢(m⇡⇡)M(K⇡)(mK⇡)

8 1 A!(K⇡)
1p
3
cos ✓⇡⇡ M!(m⇡⇡)M(K⇡)(mK⇡)

9 1 Af0(500)K⇤
1p
3
cos ✓K⇡ Mf0(500)(m⇡⇡)MK⇤(mK⇡)

10 1 Af0(980)K⇤
1p
3
cos ✓K⇡ Mf0(980)(m⇡⇡)MK⇤(mK⇡)

11 1 Af0(1370)K⇤
1p
3
cos ✓K⇡ Mf0(1370)(m⇡⇡)MK⇤(mK⇡)

12 1 Af0(500)(K⇡)
1
3 Mf0(500)(m⇡⇡)M(K⇡)(mK⇡)

13 1 Af0(980)(K⇡)
1
3 Mf0(980)(m⇡⇡)M(K⇡)(mK⇡)

14 1 Af0(1370)(K⇡)
1
3 Mf0(1370)(m⇡⇡)M(K⇡)(mK⇡)

depends on the di-pion invariant mass to maintain unitarity far from the resonance pole.213

There is also clear evidence [41] of the existence of a higher mass spin-0 resonance, the214

f0(1370), although its nominal mass and width are not measured with great precision. This215

contribution is included in the nominal model and is also parametrised with a relativistic216

spin-0 Breit-Wigner function.217

The (K+⇡�) spectrum is dominated by two equally relevant structures: the vector218

K⇤(892)0 resonance, described with a relativistic spin-1 Breit-Wigner, and the spin-0219

state, which comprises two resonances, K⇤
0 (1430) and K⇤

0 (800) (or ), plus a non-resonant220

component. The phase evolution of the scalar contribution is directly taken from the221

LASS function [42], while its modulo is modified with a real form factor obtained from a222

one dimensional fit to the K⇡ invariant mass spectrum of the e�ciency corrected nominal223

data sample.224

All these intermediate states contribute to the final (⇡+⇡�)(K+⇡�) observed distri-225

bution, both VV decays with three amplitudes each (A0, A|| and A?) and the rest with226

one.227

Taking the above into account, the di↵erential decay rate is given by228

d5�

dm2
⇡⇡dm

2
K⇡d cos ✓⇡⇡d cos ✓K⇡d�

=
8

9⇡
�4(m⇡⇡,mK⇡)· (2)

·
14X

i=1

14X

j=1

(Ai · gi(✓⇡⇡, ✓K⇡,�) ·Ri(m⇡⇡,mK⇡))(Aj · gj(✓⇡⇡, ✓K⇡,�) ·Rj(m⇡⇡,mK⇡)))
⇤.

The fitting model (PDF) is proportional to the decay rate described in Equation 2. Each229

complex amplitude depends on two variables (magnitude and phase or real and imaginary230

7
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Amplitude analysis: the B0 ! (K⇡)(⇡⇡) PDF

The nominal model accounts for 10 decay channels (14 waves):

Mass propagators

⇧ ⇢0: Gounaris-Sakurai

⇧ !,K⇤(892)0:
relativistic spin-1
Breit-Wigners

⇧ f0(500): spin-0
Breit-Wigner

⇧ f0(980): Flattè

⇧ f0(1370): spin-0
Breit-Wigner

⇧ (K⇡)0: Lass with a
Form Factor

i Type Ai gi (✓1, ✓2,�) Mi (m1,m2)

1 A0
⇢K⇤ cos✓1cos✓2 M⇢(m1)MK⇤ (m2)

2 V1V A
||
⇢K⇤

1p
2
sin✓1sin✓2cos� M⇢(m1)MK⇤ (m2)

3 A?
⇢K⇤ ip

2
sin✓1sin✓2sin� M⇢(m1)MK⇤ (m2)

4 A0
!K⇤ cos✓1cos✓2 M!(m1)MK⇤ (m2)

5 V2V A
||
!K⇤

1p
2
sin✓1sin✓2cos� M!(m1)MK⇤ (m2)

6 A?
!K⇤ ip

2
sin✓1sin✓2sin� M!(m1)MK⇤ (m2)

7 V1S A0
⇢(K⇡)

1p
3
cos✓1 M⇢(m1)M(K⇡)(m2)

8 V2S A0
!(K⇡)

1p
3
cos✓1 M!(m1)M(K⇡)(m2)

9 S1V A0
f0(500)K

⇤ 1p
3
cos✓2 Mf0(500)

(m1)MK⇤ (m2)

10 S2V A0
f0(980)K

⇤ 1p
3
cos✓2 Mf0(980)

(m1)MK⇤ (m2)

11 S3V A0
f0(1370)K

⇤ 1p
3
cos✓2 Mf0(1370)

(m1)MK⇤ (m2)

12 S1S A0
f0(500)(K⇡)

1
3 Mf0(500)

(m1)M(K⇡)(m2)

13 S2S A0
f0(980)(K⇡)

1
3 Mf0(980)

(m1)M(K⇡)(m2)

14 S3S A0
f0(1370)(K⇡)

1
3 Mf0(1370)

(m1)M(K⇡)(m2)

Account for the B̄ decay: Ai ! ⌘i Āi ; with ⌘i the CP eigenvalue for each amplitude:

⌘Ai
= 1 except for ⌘A? = �1

M. Vieites D́ıaz (USC) Analysis approval, October 2, 2018 13

Nominal model accounts for 10 decay channels

The B0 → ρ0(π+π-)K*(K+π-)0 decay
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Dominant uncertainties come from the pollution of a1(1260) resonance

[LHCb-PAPER-2018-042]



Fit results - projections

R. Silva Coutinho (UZH)

Fitter implemented using Ipanema framework and similar strategy for kinematic effects
[arXiv:1706.01420]
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C Breakdown of the systematic uncertainties.410
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Fit results - projections

R. Silva Coutinho (UZH)

Fitter implemented using Ipanema framework and similar strategy for kinematic effects
[arXiv:1706.01420]
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Fit results
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Table 3: Numerical fit results for the CP averages and asymmetries (top) and strong and weak
phase differences (bottom) of the partial waves amplitudes and among the V V polarisation
fractions. For the numbers in the table, the first and second uncertainties correspond to the
statistical and total systematic, respectively. The total systematic uncertainty is obtained from
the sum in quadrature of the individual sources of systematic uncertainties detailed in Sect. 7,
accounting for 100% correlation of the common systematic uncertainties for B0 and B0.

Parameter CP average CP asymmetry

|A0
ρK∗ |2 0.316 ± 0.039 ± 0.074 −0.75 ± 0.07 ± 0.17

|A||
ρK∗ |2 0.701 ± 0.038 ± 0.084 −0.049± 0.053± 0.019

|A⊥
ρK∗ |2 0.668 ± 0.036 ± 0.068 −0.187± 0.051± 0.026

|A0
ωK∗ |2 0.019 ± 0.010 ± 0.012 −0.61 ± 0.37 ± 0.39

|A||
ωK∗ |2 0.0050± 0.0029± 0.0031 −0.30 ± 0.54 ± 0.28

|A⊥
ωK∗ |2 0.0020± 0.0019± 0.0015 −0.21 ± 0.86 ± 0.41

|Aω(Kπ)|2 0.026 ± 0.011 ± 0.025 −0.47 ± 0.33 ± 0.45
|Af0(500)K∗ |2 0.532 ± 0.048 ± 0.098 −0.056± 0.091± 0.042
|Af0(980)K∗ |2 2.42 ± 0.13 ± 0.25 −0.022± 0.052± 0.023
|Af0(1370)K∗ |2 1.29 ± 0.09 ± 0.20 −0.094± 0.071± 0.037
|Af0(500)(Kπ)|2 0.174 ± 0.021 ± 0.039 0.30 ± 0.12 ± 0.09
|Af0(980)(Kπ)|2 1.184 ± 0.079 ± 0.073 −0.083± 0.066± 0.023
|Af0(1370)(Kπ)|2 0.139 ± 0.028 ± 0.039 −0.48 ± 0.17 ± 0.15

f0
ρK∗ 0.164± 0.015± 0.022 −0.622± 0.085± 0.086

f ||
ρK∗ 0.435± 0.016± 0.042 0.188± 0.037± 0.022
f⊥
ρK∗ 0.401± 0.016± 0.037 0.050± 0.039± 0.015

f0
ωK∗ 0.68 ± 0.17 ± 0.16 −0.13 ± 0.27 ± 0.13

f ||
ωK∗ 0.22 ± 0.14 ± 0.15 0.26 ± 0.55 ± 0.22
f⊥
ωK∗ 0.096± 0.094± 0.091 0.34 ± 0.81 ± 0.37

Parameter Strong phases, 1
2 (δB + δB) [rad] Weak phases, 1

2 (δB − δB) [rad]

δ0ρK∗ 1.57 ± 0.08 ± 0.18 0.123± 0.084± 0.036

δ||ρK∗ 0.795± 0.030± 0.068 0.014± 0.030± 0.026
δ⊥ρK∗ −2.365± 0.032± 0.054 0.000± 0.032± 0.013
δ0ωK∗ −0.86 ± 0.29 ± 0.71 0.03 ± 0.29 ± 0.16

δ||ωK∗ −1.83 ± 0.29 ± 0.32 0.59 ± 0.29 ± 0.07
δ⊥ωK∗ 1.58 ± 0.43 ± 0.63 −0.25 ± 0.43 ± 0.16
δω(Kπ) −2.32 ± 0.22 ± 0.24 −0.20 ± 0.22 ± 0.14

δf0(500)K∗ −2.28 ± 0.06 ± 0.22 −0.002± 0.064± 0.045
δf0(980)K∗ 0.385± 0.038± 0.066 0.018± 0.038± 0.022
δf0(1370)K∗ −2.757± 0.051± 0.089 0.076± 0.051± 0.025
δf0(500)(Kπ) −2.80 ± 0.09 ± 0.21 −0.206± 0.088± 0.034
δf0(980)(Kπ) −2.982± 0.032± 0.057 −0.027± 0.032± 0.013
δf0(1370)(Kπ) 1.76 ± 0.10 ± 0.11 −0.16 ± 0.10 ± 0.04

δ||−⊥
ρK∗ 3.160± 0.035± 0.044 0.014± 0.035± 0.026

δ||−0
ρK∗ −0.772± 0.085± 0.061 −0.109± 0.085± 0.034

δ⊥−0
ρK∗ −3.931± 0.085± 0.065 −0.123± 0.085± 0.035

δ||−⊥
ωK∗ −3.41 ± 0.52 ± 0.73 0.84 ± 0.52 ± 0.16

δ||−0
ωK∗ −0.97 ± 0.41 ± 0.57 0.57 ± 0.41 ± 0.17
δ⊥−0
ωK∗ 2.44 ± 0.51 ± 0.82 −0.28 ± 0.51 ± 0.24

12
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Selected results
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Table 4: Comparison of theoretical predictions for the B0→ ρ(770)0K∗(892)0 mode with the
results obtained from this analysis. It should be noted that the measured perpendicular amplitude

has a π offset (noticeable in the CP averaged value of δ||−⊥
ρK∗ ) due to the different phase conventions

used in the theoretical and experimental analyses.

Observable QCDF from Ref. [4] pQCD from Ref. [11] This work

f
0 ρ
K

∗ CP average 0.22+0.03+0.53
−0.03−0.14 0.65+0.03+0.03

−0.03−0.04 0.164± 0.015± 0.022

CP asymmetry −0.30+0.11+0.61
−0.11−0.49 0.0364+0.0120

−0.0107 −0.622± 0.085± 0.086
f
⊥ ρ
K

∗ CP average 0.39+0.02+0.27
−0.02−0.07 0.169 +0.027

−0.018 0.401± 0.016± 0.037

CP asymmetry −− −0.0771+0.0197
−0.0186 0.050± 0.039± 0.015

δ|
|−

0
ρ
K

∗ Strong phase [rad] −0.7 +0.1+1.1
−0.1−0.8 −1.61 +0.02

−3.06 −0.772± 0.085± 0.061

Weak phase [rad] 0.30+0.09+0.38
−0.09−0.33 −0.001+0.017

−0.018 −0.109± 0.085± 0.034

δ|
|−

⊥
ρ
K

∗ Strong phase [rad] ≡ 0 0.01 +0.02
−4.30 3.160± 0.035± 0.044

Weak phase [rad] ≡ 0 −0.003+0.025
−0.024 0.014± 0.035± 0.026

where the first uncertainty is statistical and the second, systematic. A determination of376

the equivalent parameters for the B0→ ωK∗0 mode is also made, resulting in377

f̃ 0
ωK∗ = 0.68± 0.17± 0.16 and A0

ωK∗ = −0.13± 0.27± 0.13 .

The strong and weak phase differences between the perpendicular and parallel polarisation378

amplitudes, δ||−⊥
ρK∗ , are found to be very small, in good agreement with theoretical predic-379

tions computed in both QCDF and pQCD frameworks. Table 4 gathers a comparison380

among the results obtained in this analysis and the most recent predictions in these two381

theoretical approaches.382
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Further understanding on the resonant structure of the decays 

Information about the K-K+ scattering amplitudes 

Analysis performed with ~110k signal events and purity of 90% with 2 fb-1

R. Silva Coutinho (UZH)

D+ → K+K-K+ Dalitz-plot analysis
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Figure 2: The invariant-mass spectrum of the K�K+K+ candidates with the fit result overlaid
(blue). The orange and green dashed lines indicate the two Gaussian functions representing the
signal and the red dashed line is the background.

90.45% of which being signal and 9.55% background.119

The Dalitz plot of the candidates in the signal region is shown in Fig 3(a). The particle120

ordering is D+ ! K�(p1)K+(p2)K+(p3), where pi are the four-momentum vectors. The121

Dalitz plot is represented in terms of the invariant masses squared of the two K�K+
122

combinations, s12 ⌘ (p1 + p2)2 and s13 ⌘ (p1 + p3)2. Throughout the paper, the symbol123

sK�K+ is used to represent the invariant mass squared of both K�K+ combinations. These124

Lorentz invariants are computed constraining the invariant mass of the candidate to the125

known D+ mass [16]. A clear accumulation of candidates is visible at sK�K+⇠1.04 GeV2,126

corresponding to the �(1020)K+ component, with the characteristic angular distribution127

of a spin-1 resonance (a zero at sK�K+⇠1.55 GeV2). The di↵erence in the number of128

candidates in regions I and II of the Dalitz plot (above and below 1.55 GeV2) and the129

shift in the peak position are caused by interference between the �(1020)K+ component130

and S-wave. This is illustrated in Fig. 3(b), showing the projections of candidates from131

region I (blue) and from region II (red).132

4 E�ciency and background model133

4.1 E�ciency variation over the Dalitz plot134

In the fit to the Dalitz plot distribution, the variation of the detection e�ciency across the135

phase space must be taken into account. The e�ciency is determined from a combination136

of simulation and data-driven methods, and includes the geometrical acceptance of the137

detector and the reconstruction, selection, PID and trigger e�ciencies.138

The geometrical acceptance, the reconstruction and selection e�ciencies are obtained139

from simulation. The trigger e�ciency is also obtained from simulation, with a correction140

factor determined from data to account for small mismatch between the performance of141

the trigger in data and simulation. The PID e�ciency is determined from D⇤+ ! D0⇡+,142

D0 ! K�⇡+ calibration data.143
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Figure 3: (a) Dalitz plot of the final sample. (b) The projections of candidates from regions I
(blue) and II (red), above and below the zero of the angular distribution (sK�K+ ⇠1.5 GeV2).
The interference between the S- and P-wave cause the asymmetry in the number of candidates
in the two regions, as well as a shift in the peak position.

The e�ciency distribution is fitted with a two-dimensional cubic spline to smooth144

out statistical fluctuations due to finite size of the simulated sample. The resulting145

high-resolution histogram is used to weight signal candidates in the Dalitz plot fit and it146

is shown in Fig. 4.147

4.2 Background model148

The background model is built from inspection of sidebands of the D+ ! K�K+K+
149

signal (Fig. 2). The Dalitz plots of candidates to the left (1820-1840 MeV) and to the150

right (1900-1920 GeV) of the signal region are similar, with a clear peaking structure at151

the position corresponding to the �(1020) mass over a smooth distribution. There are152

more candidates at low values of sK+K� and less at low values of sK+K+ ⌘ (p2 + p3)2.153

The relative fractions of the peaking and smooth components are determined as follows.154

Each sideband is divided into slices of 5 MeV. For each slice, the projections onto the155

sK+K� axis are fitted using a relativistic Breit-Wigner for the �(1020) and a phase space156

distribution for the smooth component. The fraction of the peaking component is nearly157

constant in both sidebands, indicating that the background composition is independent of158

the m(K�K+K+). A linear interpolation is used to obtain its value in the signal region,159

which is found to be 20.67±0.28%. This procedure is illustrated in Fig. 5.160

A high-resolution histogram is used in the fit for the background probability density161

function (PDF) and is shown in Fig. 6. This histogram is produced from a large simulated162

sample, using a PDF in which the peaking and smooth components are added incoherently163

with relative fractions of 20.67 and 79.33%, respectively. The smooth component is a164

incoherent sum of two terms, corresponding to the f0(980)K+ and a constant amplitude,165

with equal proportions.166
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Canonical approach for the DP 

Several resonances considered,   
e.g. f0 (980), f2 (1270), a0 (1540), 
φ(1020), and others
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D+ → K+K-K+ Isobar model
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Figure 7: Distribution of �2 from the isobar fit.
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Figure 8: Projections of the Dalitz plot onto (a) sK+K� , (b) sK+K+ , (c) shiK+K� and (d) slowK+K�

axes, with the fit result overlaid (red histogram). The histogram in light purple represents the
background under the signal, whereas the dashed green line is the phase space distribution
weighted by the e�ciency.
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Figure 8: Projections of the Dalitz plot onto (a) sK+K� , (b) sK+K+ , (c) shiK+K� and (d) slowK+K�

axes, with the fit result overlaid (red histogram). The histogram in light purple represents the
background under the signal, whereas the dashed green line is the phase space distribution
weighted by the e�ciency.
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Table 1: Magnitudes (|ck|), phases (arg(ck)) and fit fractions from the Dalitz plot isobar fit.

Resonance Magnitude Phase[
�
] Fraction (%)

f0(980) 3.12±0.15 -59.0±5.0 23.7±3.0
f0(X) 3.46±0.46 13.1±7.7 25.4±5.0
� 1[fix] 0[fix] 6.17±0.48
sum 55.4±5.9

The goodness-of-fit is estimated comparing the Dalitz plot from data with a simulated228

sample generated according to the fit solution, including background and e�ciency. The229

simulated sample is scaled down to match the number of data candidates. Since there230

are two identical kaons, the folded Dalitz plot is used for the goodness-of-fit. The folded231

Dalitz plot is represented as the highest versus the lowest of the two sK+K� invariants,232

shiK+K� and slowK+K+ . The data Dalitz plot is divided into 1024 bins of equal population233

(approximately 110 candidates per bin). For each bin i, the following figure of merit is234

computed,235

�2
i = ±

(N i
pred �N i

obs)
2

�2
i

, �2
i =

 
N i

pred

N i
sim

�simi

!2

+ �2
obsi , (10)

where, for each bin i, N i
pred is the predicted number of candidates, N i

obs is the number236

of candidates in the data sample, N i
sim is the number of generated events before scaling,237

and �2
simi

= N i
sim, �

2
obsi

= N i
obs. A positive value of �2

i means an excess of predicted over238

observed candidates.239

The distribution of the signed �2 across the Dalitz plot is shown in Fig. 7. The240

projections of the Dalitz plot, with the fit result overlaid, are shown in Fig. 8. The green241

dashed line represents the phase space distribution, weighted by the e�ciency.242

The isobar model provides a good description of the data, but a large constructive243

interference between the two scalar resonances results in a sum of fit fractions of only244

55.4%. A model in which the f0(X) is replaced by a constant nonresonant amplitude yields245

a significantly worse fit, increasing the �2 logL by 276 units. This is an indication that a246

phase variation towards the end of the K+K� spectrum is required. The contribution247

from the �(1020) remains stable, and the interference with the S-wave is significant only248

the immediate vicinity of the � peak. The contribution from the f2(1270), when this state249

is included in the fit model, is consistent with zero, as expected. It is worth mentioning250

that the dominance of the S-wave follows the same pattern observed in other three-body251

decays with a pair of identical particles in the final state, such as the D+ ! K�⇡+⇡+ and252

D+
(s) ! ⇡�⇡+⇡+ decays [16].253
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D+ → K+K-K+ phenomenological model  

Figure 1: Diagrams representing the two quark-level topologies for the D+! K�K+K+ decay.
Diagram (a) is assumed, in the multi-meson model, to be the dominant mechanism of the decay.
The production of a K+K� pair from a dd̄ source would be suppressed.

2 Detector and simulation43

The LHCb detector [5,6] is a single-arm forward spectrometer covering the pseudorapidity44

range 2 < ⌘ < 5, designed for the study of particles containing b or c quarks. The detector45

includes a high-precision tracking system consisting of a silicon-strip vertex detector46

surrounding the pp interaction region, a large-area silicon-strip detector located upstream47

of a dipole magnet with a bending power of about 4Tm, and three stations of silicon-48

strip detectors and straw drift tubes placed downstream of the magnet. The tracking49

system provides a measurement of the momentum, p, of charged particles with a relative50

uncertainty that varies from 0.5% at low momentum to 1.0% at 200 GeV. 2 The minimum51

distance of a track to a primary vertex (PV), the impact parameter (IP), is measured52

with a resolution of (15 + 29/pT)µm, where pT is the component of the momentum53

transverse to the beam, in GeV. Di↵erent types of charged hadrons are distinguished54

using information from two ring-imaging Cherenkov detectors [7]. Photons, electrons and55

hadrons are identified by a calorimeter system consisting of scintillating-pad and preshower56

detectors, an electromagnetic calorimeter and a hadronic calorimeter. Muons are identified57

by a system composed of alternating layers of iron and multiwire proportional chambers.58

The online event selection is performed by a trigger, which consists of a hardware stage,59

based on information from the calorimeter and muon systems, followed by a software60

stage, which applies a full event reconstruction. At the hardware trigger stage, events61

are required to have a muon with high pT or a hadron, photon or electron with high62

transverse energy in the calorimeters. The software trigger is divided into two parts.63

The first employs a partial reconstruction of the candidates from the hardware trigger64

and a cut-based selection. In the second stage a full event reconstruction is applied and65

dedicated algorithms are used in the selection of the various D+
(s) decays into three charged66

hadrons.67

In the simulation, pp collisions are generated using Pythia [8] with a specific LHCb68

configuration [9]. Decays of hadronic particles are described by EvtGen [10], in which69

final-state radiation is generated using Photos [11]. The interaction of the generated par-70

ticles with the detector, and its response, are implemented using the Geant4 toolkit [12]71

as described in Ref. [13].72

2Natural units with ~ = c = 1 are used in this paper.
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Figure 1: Diagrams representing the two quark-level topologies for the D+! K�K+K+ decay.
Diagram (a) is assumed, in the multi-meson model, to be the dominant mechanism of the decay.
The production of a K+K� pair from a dd̄ source would be suppressed.

2 Detector and simulation43

The LHCb detector [5,6] is a single-arm forward spectrometer covering the pseudorapidity44

range 2 < ⌘ < 5, designed for the study of particles containing b or c quarks. The detector45

includes a high-precision tracking system consisting of a silicon-strip vertex detector46

surrounding the pp interaction region, a large-area silicon-strip detector located upstream47

of a dipole magnet with a bending power of about 4Tm, and three stations of silicon-48

strip detectors and straw drift tubes placed downstream of the magnet. The tracking49

system provides a measurement of the momentum, p, of charged particles with a relative50

uncertainty that varies from 0.5% at low momentum to 1.0% at 200 GeV. 2 The minimum51

distance of a track to a primary vertex (PV), the impact parameter (IP), is measured52

with a resolution of (15 + 29/pT)µm, where pT is the component of the momentum53

transverse to the beam, in GeV. Di↵erent types of charged hadrons are distinguished54

using information from two ring-imaging Cherenkov detectors [7]. Photons, electrons and55

hadrons are identified by a calorimeter system consisting of scintillating-pad and preshower56

detectors, an electromagnetic calorimeter and a hadronic calorimeter. Muons are identified57

by a system composed of alternating layers of iron and multiwire proportional chambers.58

The online event selection is performed by a trigger, which consists of a hardware stage,59

based on information from the calorimeter and muon systems, followed by a software60

stage, which applies a full event reconstruction. At the hardware trigger stage, events61

are required to have a muon with high pT or a hadron, photon or electron with high62

transverse energy in the calorimeters. The software trigger is divided into two parts.63

The first employs a partial reconstruction of the candidates from the hardware trigger64

and a cut-based selection. In the second stage a full event reconstruction is applied and65

dedicated algorithms are used in the selection of the various D+
(s) decays into three charged66

hadrons.67

In the simulation, pp collisions are generated using Pythia [8] with a specific LHCb68

configuration [9]. Decays of hadronic particles are described by EvtGen [10], in which69

final-state radiation is generated using Photos [11]. The interaction of the generated par-70

ticles with the detector, and its response, are implemented using the Geant4 toolkit [12]71

as described in Ref. [13].72

2Natural units with ~ = c = 1 are used in this paper.
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The decay amplitude can be expressed as 
[Phys. Rev. D 98, 056021 (2018)]

Figure 9: Amplitude T for the decay D+ ! K�K+K+: (a) the final state kaons are produced
directly from the weak vertex; (b) particles produced at the weak vertex undergo final state
interactions; (c) a bare resonance is produced directly from the weak vertex; (d) final state
interactions give finite widths to the resonances. The red full circle represents the unitary
ab ! K+K� scattering amplitude with angular momentum J and isospin I.

amplitude are fixed by theory, whereas in the isobar model they are free parameters. The292

nonresonant component, usually represented by an empirical constant in the isobar model,293

in the Triple-M amplitude it is a function of the Dalitz plot coordinates that is fully294

determined by chiral symmetry.295

The free parameters in the Triple-M amplitude are couplings and masses of the chiral296

Lagrangian from which the diagrams in Fig. 9 are evaluated: four couplings, cd, cm, c̃d, c̃m297

in the scalar part, apperaring in T 00 and; two masses, mSo, mS1, for the scalar-isoscalar,298

T 00 and one, ma0 , in the scalar-isovector T 01 components; one coupling, GV , for the vector299

components, T 10 and T 11, and one mass, m�, in the vector-isoscalar component. In the300

fit to the data, the combination G� ⌘ GV sin ✓!��/F is used as fit parameter, where ✓!��301

is the ! � � mixing angle. A tenth parameter is the SU(3) pseudoscalar decay constant,302

F , common to all components. For convenience, the formulae of the various components303

of the Triple-M amplitude are reproduced from Ref. [4] in the Appendix.304

6.2 Fit results305

The values of the parameters from the Triple-M fit to the data are listed below, with306

statistical uncertainty only. In Table 2 the correlation parameters are presented.307
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Figure 10: Distribution of the signed �2 from the Triple-M fit
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Figure 11: Projections of the Dalitz plot onto sK+K� (top left), sK+K+ (top right), shiK+K�

(bottom left) and slowK+K+ (bottom right) axes, with the fit result superimposed.
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Figure 11: Projections of the Dalitz plot onto sK+K� (top left), sK+K+ (top right), shiK+K�

(bottom left) and slowK+K+ (bottom right) axes, with the fit result superimposed.
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Figure 1: Diagrams representing the two quark-level topologies for the D+! K�K+K+ decay.
Diagram (a) is assumed, in the multi-meson model, to be the dominant mechanism of the decay.
The production of a K+K� pair from a dd̄ source would be suppressed.

2 Detector and simulation43

The LHCb detector [5,6] is a single-arm forward spectrometer covering the pseudorapidity44

range 2 < ⌘ < 5, designed for the study of particles containing b or c quarks. The detector45

includes a high-precision tracking system consisting of a silicon-strip vertex detector46

surrounding the pp interaction region, a large-area silicon-strip detector located upstream47

of a dipole magnet with a bending power of about 4Tm, and three stations of silicon-48

strip detectors and straw drift tubes placed downstream of the magnet. The tracking49

system provides a measurement of the momentum, p, of charged particles with a relative50

uncertainty that varies from 0.5% at low momentum to 1.0% at 200 GeV. 2 The minimum51

distance of a track to a primary vertex (PV), the impact parameter (IP), is measured52

with a resolution of (15 + 29/pT)µm, where pT is the component of the momentum53

transverse to the beam, in GeV. Di↵erent types of charged hadrons are distinguished54

using information from two ring-imaging Cherenkov detectors [7]. Photons, electrons and55

hadrons are identified by a calorimeter system consisting of scintillating-pad and preshower56
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Figure 1: Diagrams representing the two quark-level topologies for the D+! K�K+K+ decay.
Diagram (a) is assumed, in the multi-meson model, to be the dominant mechanism of the decay.
The production of a K+K� pair from a dd̄ source would be suppressed.
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Figure 9: Amplitude T for the decay D+ ! K�K+K+: (a) the final state kaons are produced
directly from the weak vertex; (b) particles produced at the weak vertex undergo final state
interactions; (c) a bare resonance is produced directly from the weak vertex; (d) final state
interactions give finite widths to the resonances. The red full circle represents the unitary
ab ! K+K� scattering amplitude with angular momentum J and isospin I.

amplitude are fixed by theory, whereas in the isobar model they are free parameters. The292

nonresonant component, usually represented by an empirical constant in the isobar model,293

in the Triple-M amplitude it is a function of the Dalitz plot coordinates that is fully294

determined by chiral symmetry.295

The free parameters in the Triple-M amplitude are couplings and masses of the chiral296

Lagrangian from which the diagrams in Fig. 9 are evaluated: four couplings, cd, cm, c̃d, c̃m297

in the scalar part, apperaring in T 00 and; two masses, mSo, mS1, for the scalar-isoscalar,298

T 00 and one, ma0 , in the scalar-isovector T 01 components; one coupling, GV , for the vector299

components, T 10 and T 11, and one mass, m�, in the vector-isoscalar component. In the300

fit to the data, the combination G� ⌘ GV sin ✓!��/F is used as fit parameter, where ✓!��301

is the ! � � mixing angle. A tenth parameter is the SU(3) pseudoscalar decay constant,302

F , common to all components. For convenience, the formulae of the various components303

of the Triple-M amplitude are reproduced from Ref. [4] in the Appendix.304

6.2 Fit results305

The values of the parameters from the Triple-M fit to the data are listed below, with306

statistical uncertainty only. In Table 2 the correlation parameters are presented.307
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→ goes beyond the (2+1) approximation

6.3 Decay and scattering amplitudes317

The nonresonant contribution in the Triple-M amplitude is a three-body interaction318

predicted by chiral symmetry. It can be projected into the S- and P -waves rewriting319

Eq. (19) as320

TNR =


C

4
(m2 �m2

K + s12) +
C

4
(s13 � s23) + (2 $ 3)

�
= T S

NR + T P
NR , (13)

where C is constant common to all components of the Triple-M amplitude, and defined in321

Eq. (18) in the Appendix. The decay amplitude can then be written as a sum of a scalar322

and vector components323

T =
⇥
T S + T P + (2 $ 3)

⇤
, (14)

with324

T S = T S
NR + T 00 + T 01 (15)

and325

T P = T P
NR + T 11 + T 10 . (16)

In Fig.12 the phase of the T S component is presented as a function of the K+K�
326

invariant mass. The phases of the K+K� ! K+K� scattering amplitudes with J=0 are327

also shown for the two allowed isospin states, illustrating the di↵erence between decay328

and scattering amplitudes.329

The physics of two-body scattering is contained in the phase shifts and inelasticities.330

Once the scattering amplitudes are determined, the phase shifts and inelasticities can be331

obtained in the standard way. These quantities are displayed in Fig. 13 for the J =0,332

I=0, 1.333
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Figure 12: Phases of the J = 0 component of the decay amplitude (blue open circles),
TS = T 00 + T 01 + TS

NR, compared to the phases of the scattering amplitudes, A00
KK

(red full
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(magenta full crosses), as a function of the K+K� invariant mass.
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D0 → K+K-π+π- decays

Table 1: Resonances considered in the analysis, classified according to their spin-parity JP and
decay products.

KK ⇡⇡ K⇡ KK⇡ K⇡⇡

JP = 0+
a0(980)
f0(980)
f0(1370)

f0(980)
f0(1370)

K⇤
0(1430)

JP = 1+ a1(1260)
K1(1270)
K1(1400)

JP = 1� �(1020)
⇢(770)
!(782)
⇢(1450)

K⇤(892)
K⇤(1680)

K⇤(1410)
K⇤(1680)

JP = 2+
f2(1270)
a2(1320)

f2(1270) K⇤
2(1430) K⇤

2(1430)

4.2 Signal description

The formalism2 chosen for this amplitude analysis is the so-called isobar model [26,27],
which assumes that each amplitude can be built as a series of two-body decays. The two
allowed patterns for D0! abcd decays, both involving two intermediate resonances r1 and
r2, are D0! r1r2 followed by r1! ab and r2! cd, and D0! r1a followed by r1! r2b
and r2! cd. In both cases the kth complex amplitude Ak(x) is computed as the product
of the lineshapes for the resonances r1 and r2, the normalised Blatt–Weisskopf barrier
factors [28], and a spin factor defined using the covariant formalism [29].

The resonances considered in this analysis are listed in Table 1. The default lineshape,
used for most resonances, is the relativistic Breit–Wigner (RBW) function [30]. For the
a1(1260)+ and the K1(1270)+ resonances, a correction is applied to their mass-dependent
width according to the formalism described in Ref. [31], in order to take into account the
e↵ect of intermediate resonances. In addition, an exponential form factor derived from
Refs. [31, 32] is used for these two three-body resonances instead of the Blatt–Weisskopf
factors. Exceptions are the Flatté parametrisation [33] used for the a0(980)0 resonance near
the KK threshold and the Gounaris–Sakurai parametrisation [34] used for the ⇢(770)0

resonance. The aforementioned lineshapes describe accurately well-separated narrow
resonances. In the case of broad overlapping resonances, the above descriptions may fail
to account properly for interferences and the K-matrix formalism [35] is used instead.
The ⇡⇡ and the KK S-wave contributions (referred to as [⇡+⇡�]L=0 and [K+K�]L=0

in the following) are both described with the K-matrix formalism. They couple to five
di↵erent channels (⇡⇡, KK, ⇡⇡⇡⇡, ⌘⌘ and ⌘⌘0) with five di↵erent poles (f0(980), f0(1300),
f0(1500), f0(1750) and f0(1200� 1600)) and a non-resonant contribution, according to
the parametrisation of Ref. [36], with parameters taken from Ref. [37]. The K⇡ S-wave
contribution (referred to as [K+⇡�]L=0 in the following) is also described with the K-matrix
formalism. It couples to the K⇡ and K⌘0 channels in the isospin-state I = 3

2 , or only to
the K⇡ channel if I = 1

2 , with a single pole (K⇤
0 (1430)) and a non-resonant contribution.

2Additional details on the description of the formalism are available in the supplementary material.
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Figure 3: Distributions of the five CM variables for the selected D0 and CP -transformed D0

candidates (black points with error bars). The results of the five-dimensional amplitude fit is
superimposed with the signal model (dashed blue), the background model (dotted green) and
the total fit function (plain red). The plot on top of each distribution shows the normalised
residuals, where the error is defined as the quadratic sum of the statistical uncertainties of the
data and simulated samples.

148± 4MeV/c2, respectively, where the quoted uncertainties are statistical only. These
values can be compared with the values quoted by the PDG [24], 1272 ± 7MeV/c2 and
90 ± 20MeV/c2, the latter being an estimate from values ranging from 75MeV/c2 to
260MeV/c2. However, these values are model-dependent and the lineshape of three-body
resonances is not as well established as that of two-body resonances.

These results are compared to the CLEO legacy-data model of Ref. [8]. The main
components are present in both models. While the D0! �(1020)⇢(770)0 components
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data and simulated samples.
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values can be compared with the values quoted by the PDG [24], 1272 ± 7MeV/c2 and
90 ± 20MeV/c2, the latter being an estimate from values ranging from 75MeV/c2 to
260MeV/c2. However, these values are model-dependent and the lineshape of three-body
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Fit results

�52

Table 2: Modulus and phase of the fit parameters along with the fit fractions of the amplitudes
included in the model. The substructures of the three-body resonances are listed in Table 3.
The first uncertainty is statistical and the second is systematic.

Amplitude |ck| arg(ck) [rad] Fit fraction [%]

D0 ! [�(1020)(⇢� !)0]L=0 1 (fixed) 0 (fixed) 23.82± 0.38± 0.50
D0 ! K1(1400)+K� 0.614± 0.011± 0.031 1.05± 0.02± 0.05 19.08± 0.60± 1.46
D0 ! [K�⇡+]L=0[K+⇡�]L=0 0.282± 0.004± 0.008 �0.60± 0.02± 0.10 18.46± 0.35± 0.94
D0 ! K1(1270)+K� 0.452± 0.011± 0.017 2.02± 0.03± 0.05 18.05± 0.52± 0.98
D0 ! [K⇤(892)0K⇤(892)0]L=0 0.259± 0.004± 0.018 �0.27± 0.02± 0.03 9.18± 0.21± 0.28
D0 ! K⇤(1680)0[K�⇡+]L=0 2.359± 0.036± 0.624 0.44± 0.02± 0.03 6.61± 0.15± 0.37
D0 ! [K⇤(892)0K⇤(892)0]L=1 0.249± 0.005± 0.017 1.22± 0.02± 0.03 4.90± 0.16± 0.18
D0 ! K1(1270)�K+ 0.220± 0.006± 0.011 2.09± 0.03± 0.07 4.29± 0.18± 0.41
D0 ! [K+K�]L=0[⇡+⇡�]L=0 0.120± 0.003± 0.018 �2.49± 0.03± 0.16 3.14± 0.17± 0.72
D0 ! K1(1400)�K+ 0.236± 0.008± 0.018 0.04± 0.04± 0.09 2.82± 0.19± 0.39
D0 ! [K⇤(1680)0K⇤(892)0]L=0 0.823± 0.023± 0.218 2.99± 0.03± 0.05 2.75± 0.15± 0.19
D0 ! [K⇤(1680)0K⇤(892)0]L=1 1.009± 0.022± 0.276 �2.76± 0.02± 0.03 2.70± 0.11± 0.09
D0 ! K⇤(1680)0[K+⇡�]L=0 1.379± 0.029± 0.373 1.06± 0.02± 0.03 2.41± 0.09± 0.27
D0 ! [�(1020)(⇢� !)0]L=2 1.311± 0.031± 0.018 0.54± 0.02± 0.02 2.29± 0.08± 0.08
D0 ! [K⇤(892)0K⇤(892)0]L=2 0.652± 0.018± 0.043 2.85± 0.03± 0.04 1.85± 0.09± 0.10
D0 ! �(1020)[⇡+⇡�]L=0 0.049± 0.001± 0.004 �1.71± 0.04± 0.37 1.49± 0.09± 0.33
D0 ! [K⇤(1680)0K⇤(892)0]L=1 0.747± 0.021± 0.203 0.14± 0.03± 0.04 1.48± 0.08± 0.10
D0 ! [�(1020)⇢(1450)0]L=1 0.762± 0.035± 0.068 1.17± 0.04± 0.04 0.98± 0.09± 0.05
D0 ! a0(980)0f2(1270)0 1.524± 0.058± 0.189 0.21± 0.04± 0.19 0.70± 0.05± 0.08
D0 ! a1(1260)+⇡� 0.189± 0.011± 0.042 �2.84± 0.07± 0.38 0.46± 0.05± 0.22
D0 ! a1(1260)�⇡+ 0.188± 0.014± 0.031 0.18± 0.06± 0.43 0.45± 0.06± 0.16
D0 ! [�(1020)(⇢� !)0]L=1 0.160± 0.011± 0.005 0.28± 0.07± 0.03 0.43± 0.05± 0.03
D0 ! [K⇤(1680)0K⇤(892)0]L=2 1.218± 0.089± 0.354 �2.44± 0.08± 0.15 0.33± 0.05± 0.06
D0 ! [K+K�]L=0(⇢� !)0 0.195± 0.015± 0.035 2.95± 0.08± 0.29 0.27± 0.04± 0.05
D0 ! [�(1020)f2(1270)0]L=1 1.388± 0.095± 0.257 1.71± 0.06± 0.37 0.18± 0.02± 0.07
D0 ! [K⇤(892)0K⇤

2(1430)
0]L=1 1.530± 0.086± 0.131 2.01± 0.07± 0.09 0.18± 0.02± 0.02

Sum of fit fractions 129.32± 1.09± 2.38
�2/ndf 9242/8121 = 1.14

D0! [�(1020)(⇢� !)0]L=0. The resulting parametrisations of the three-body decays are
reported in Table 3 and those of the ⇢�! superposition in Table 4. A visualisation of the
fit quality is provided by overlapping the fitted model and data projections on the five
CM variables, shown in Fig. 3. The fit has also been inspected on 26 other projections,
showing similar qualities. In order to quantify the quality of the fit, a �2 value is computed
between the data and the fit model, using a five-dimensional adaptive binning. The
obtained �2 value is 9226 for 8123 degrees of freedom, yielding a �2/ndf value of 1.14,
not including systematic uncertainties. Such value is typical in comparison to similar
analyses [8, 39].

A few features of the model are worth noting. The D0! �(1020)⇢(1450)0 and
D0! K⇤(1680)0K⇤(892)0 components appear only in P -wave without their S- andD-wave
counterparts, which are also allowed. The a1(1260)+ resonance is decaying only to
�(1020)⇡+, while a contribution of K⇤(892)0K+ is reported by the PDG [24]. Finally, the
⇢� ! superposition seems to be di↵erent between the decay modes, as shown in Table 4.

The resulting mass and width of the K1(1270)+ resonance are 1297± 1MeV/c2 and
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Table 2: Modulus and phase of the fit parameters along with the fit fractions of the amplitudes
included in the model. The substructures of the three-body resonances are listed in Table 3.
The first uncertainty is statistical and the second is systematic.

Amplitude |ck| arg(ck) [rad] Fit fraction [%]

D0 ! [�(1020)(⇢� !)0]L=0 1 (fixed) 0 (fixed) 23.82± 0.38± 0.50
D0 ! K1(1400)+K� 0.614± 0.011± 0.031 1.05± 0.02± 0.05 19.08± 0.60± 1.46
D0 ! [K�⇡+]L=0[K+⇡�]L=0 0.282± 0.004± 0.008 �0.60± 0.02± 0.10 18.46± 0.35± 0.94
D0 ! K1(1270)+K� 0.452± 0.011± 0.017 2.02± 0.03± 0.05 18.05± 0.52± 0.98
D0 ! [K⇤(892)0K⇤(892)0]L=0 0.259± 0.004± 0.018 �0.27± 0.02± 0.03 9.18± 0.21± 0.28
D0 ! K⇤(1680)0[K�⇡+]L=0 2.359± 0.036± 0.624 0.44± 0.02± 0.03 6.61± 0.15± 0.37
D0 ! [K⇤(892)0K⇤(892)0]L=1 0.249± 0.005± 0.017 1.22± 0.02± 0.03 4.90± 0.16± 0.18
D0 ! K1(1270)�K+ 0.220± 0.006± 0.011 2.09± 0.03± 0.07 4.29± 0.18± 0.41
D0 ! [K+K�]L=0[⇡+⇡�]L=0 0.120± 0.003± 0.018 �2.49± 0.03± 0.16 3.14± 0.17± 0.72
D0 ! K1(1400)�K+ 0.236± 0.008± 0.018 0.04± 0.04± 0.09 2.82± 0.19± 0.39
D0 ! [K⇤(1680)0K⇤(892)0]L=0 0.823± 0.023± 0.218 2.99± 0.03± 0.05 2.75± 0.15± 0.19
D0 ! [K⇤(1680)0K⇤(892)0]L=1 1.009± 0.022± 0.276 �2.76± 0.02± 0.03 2.70± 0.11± 0.09
D0 ! K⇤(1680)0[K+⇡�]L=0 1.379± 0.029± 0.373 1.06± 0.02± 0.03 2.41± 0.09± 0.27
D0 ! [�(1020)(⇢� !)0]L=2 1.311± 0.031± 0.018 0.54± 0.02± 0.02 2.29± 0.08± 0.08
D0 ! [K⇤(892)0K⇤(892)0]L=2 0.652± 0.018± 0.043 2.85± 0.03± 0.04 1.85± 0.09± 0.10
D0 ! �(1020)[⇡+⇡�]L=0 0.049± 0.001± 0.004 �1.71± 0.04± 0.37 1.49± 0.09± 0.33
D0 ! [K⇤(1680)0K⇤(892)0]L=1 0.747± 0.021± 0.203 0.14± 0.03± 0.04 1.48± 0.08± 0.10
D0 ! [�(1020)⇢(1450)0]L=1 0.762± 0.035± 0.068 1.17± 0.04± 0.04 0.98± 0.09± 0.05
D0 ! a0(980)0f2(1270)0 1.524± 0.058± 0.189 0.21± 0.04± 0.19 0.70± 0.05± 0.08
D0 ! a1(1260)+⇡� 0.189± 0.011± 0.042 �2.84± 0.07± 0.38 0.46± 0.05± 0.22
D0 ! a1(1260)�⇡+ 0.188± 0.014± 0.031 0.18± 0.06± 0.43 0.45± 0.06± 0.16
D0 ! [�(1020)(⇢� !)0]L=1 0.160± 0.011± 0.005 0.28± 0.07± 0.03 0.43± 0.05± 0.03
D0 ! [K⇤(1680)0K⇤(892)0]L=2 1.218± 0.089± 0.354 �2.44± 0.08± 0.15 0.33± 0.05± 0.06
D0 ! [K+K�]L=0(⇢� !)0 0.195± 0.015± 0.035 2.95± 0.08± 0.29 0.27± 0.04± 0.05
D0 ! [�(1020)f2(1270)0]L=1 1.388± 0.095± 0.257 1.71± 0.06± 0.37 0.18± 0.02± 0.07
D0 ! [K⇤(892)0K⇤

2(1430)
0]L=1 1.530± 0.086± 0.131 2.01± 0.07± 0.09 0.18± 0.02± 0.02

Sum of fit fractions 129.32± 1.09± 2.38
�2/ndf 9242/8121 = 1.14

D0! [�(1020)(⇢� !)0]L=0. The resulting parametrisations of the three-body decays are
reported in Table 3 and those of the ⇢�! superposition in Table 4. A visualisation of the
fit quality is provided by overlapping the fitted model and data projections on the five
CM variables, shown in Fig. 3. The fit has also been inspected on 26 other projections,
showing similar qualities. In order to quantify the quality of the fit, a �2 value is computed
between the data and the fit model, using a five-dimensional adaptive binning. The
obtained �2 value is 9226 for 8123 degrees of freedom, yielding a �2/ndf value of 1.14,
not including systematic uncertainties. Such value is typical in comparison to similar
analyses [8, 39].

A few features of the model are worth noting. The D0! �(1020)⇢(1450)0 and
D0! K⇤(1680)0K⇤(892)0 components appear only in P -wave without their S- andD-wave
counterparts, which are also allowed. The a1(1260)+ resonance is decaying only to
�(1020)⇡+, while a contribution of K⇤(892)0K+ is reported by the PDG [24]. Finally, the
⇢� ! superposition seems to be di↵erent between the decay modes, as shown in Table 4.

The resulting mass and width of the K1(1270)+ resonance are 1297± 1MeV/c2 and
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Table 5: CP -violation parameters fitted simultaneously to the D0 and (CP -transformed) D0

samples. The first uncertainty is statistical and the second is systematic.

Amplitude A|ck| [%] � arg(ck) [%] AFk
[%]

D0 ! [�(1020)(⇢� !)0]L=0 0 (fixed) 0 (fixed) �1.8± 1.5± 0.2
D0 ! K1(1400)+K� �1.4± 1.1± 0.2 1.3± 1.5± 0.3 �4.5± 2.1± 0.3
D0 ! [K�⇡+]L=0[K+⇡�]L=0 1.9± 1.1± 0.3 �1.2± 1.3± 0.3 2.0± 1.8± 0.7
D0 ! K1(1270)+K� �0.4± 1.0± 0.2 �1.1± 1.4± 0.2 �2.6± 1.7± 0.2
D0 ! [K⇤(892)0K⇤(892)0]L=0 �1.3± 1.3± 0.3 �1.7± 1.5± 0.2 �4.3± 2.2± 0.5
D0 ! K⇤(1680)0[K�⇡+]L=0 2.2± 1.3± 0.3 1.4± 1.5± 0.2 2.6± 2.2± 0.4
D0 ! [K⇤(892)0K⇤(892)0]L=1 �0.4± 1.7± 0.2 3.7± 2.0± 0.2 �2.6± 3.2± 0.3
D0 ! K1(1270)�K+ 2.6± 1.7± 0.4 �0.1± 2.1± 0.3 3.3± 3.5± 0.5
D0 ! [K+K�]L=0[⇡+⇡�]L=0 3.5± 2.5± 1.5 �5.5± 2.6± 1.6 5.1± 5.1± 3.1
D0 ! K1(1400)�K+ 0.2± 2.9± 0.7 2.5± 3.5± 1.0 �1.3± 6.0± 1.0
D0 ! [K⇤(1680)0K⇤(892)0]L=0 4.0± 2.7± 0.8 �5.4± 2.8± 0.8 6.2± 5.2± 1.5
D0 ! [K⇤(1680)0K⇤(892)0]L=1 �0.4± 2.1± 0.3 0.4± 2.1± 0.3 �2.5± 3.9± 0.4
D0 ! K⇤(1680)0[K+⇡�]L=0 2.1± 2.0± 0.6 �1.8± 2.2± 0.3 2.4± 3.7± 1.1
D0 ! [�(1020)(⇢� !)0]L=2 0.8± 1.9± 0.3 �1.2± 2.0± 0.5 �0.1± 3.3± 0.5
D0 ! [K⇤(892)0K⇤(892)0]L=2 �0.6± 2.5± 0.4 0.6± 2.6± 0.4 �3.0± 5.0± 0.7
D0 ! �(1020)[⇡+⇡�]L=0 3.8± 3.1± 0.7 �0.5± 3.9± 0.7 5.8± 6.1± 0.8
D0 ! [K⇤(1680)0K⇤(892)0]L=1 1.6± 2.8± 0.5 0.7± 3.0± 0.4 1.3± 5.3± 0.6
D0 ! [�(1020)⇢(1450)0]L=1 4.6± 4.1± 0.6 9.3± 3.3± 0.6 7.5± 8.5± 1.1
D0 ! a0(980)0f2(1270)0 1.6± 3.6± 0.7 �7.3± 3.3± 0.8 1.5± 7.2± 1.3
D0 ! a1(1260)+⇡� �4.4± 5.6± 3.7 9.3± 6.1± 1.3 �10.6± 11.7± 7.0
D0 ! a1(1260)�⇡+ �3.4± 7.0± 1.9 �5.8± 5.6± 4.3 �8.7± 13.7± 2.9
D0 ! [�(1020)(⇢� !)0]L=1 2.1± 5.2± 0.8 �12.2± 5.5± 0.6 2.4± 11.0± 1.4
D0 ! [K⇤(1680)0K⇤(892)0]L=2 5.2± 7.1± 1.9 �5.6± 8.1± 1.3 8.5± 14.3± 3.5
D0 ! [K+K�]L=0(⇢� !)0 11.7± 6.0± 1.9 4.8± 6.2± 1.1 21.3± 12.5± 2.8
D0 ! [�(1020)f2(1270)0]L=1 2.7± 6.7± 1.7 0.9± 6.0± 1.7 3.6± 13.3± 3.0
D0 ! [K⇤(892)0K⇤

2(1430)
0]L=1 3.9± 5.2± 1.0 6.8± 6.4± 1.4 6.1± 10.8± 1.8
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Large contributions from states as    
φ(1020) (ρ -w)0, K1 and S-wave  

No sign of CP is observed 
(sensitivity ranging from 1-15%) 
- at the SM at the order of 10-3 

20 x larger statistics is expected for 
Run-II dataset 
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❖ First measurement of a large S-wave contribution in  B0s → K0K±π∓  

❖ First observation of CP in B0 → VV angular distributions 

❖ New avenues in the search for CP and in the understanding of the 
underlying physics in charm decays 

(         )

Summary 

 Multibody decays provide promising probes for the Standard Model    

Synergy between theory-experiment is paramount 

Larger datasets from the LHCb Run-II+ upgrade will provide in the 
future the possibility to fully explore the potential of the field
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M.C. Escher 
[Day and Night]

P. Serusier 
[The Talism]

Les Nabis (“the Prophets”), i.e. artists who set the 
pace for painting in France in the 1980s

(re-incarnation) synergy between theorists and 
experimentalists in the pursue to understand     

the dynamics of multibody decays


