
ObservablesObservables fromfrom a 3+1 a 3+1 dimensionaldimensional

reativisticreativistic solutionsolution

•• HydroHydro modelsmodels

•• ObservablesObservables

•• ComparisionComparision toto datadata

MMááttéé CsanCsanáád, Md, Máárton rton VargyasVargyas
arXiv.orgarXiv.org/0909.4842 [/0909.4842 [nuclnucl--thth]]

EEöötvtvöös Universitys University
DepartmentDepartment of of AtomicAtomic PhysicsPhysics
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HydrodynamicHydrodynamic predictionspredictions
•• HydroHydro predictspredicts scalingscaling ((eveneven viscousviscous) ) 

•• WhatWhat doesdoes a a scalingscaling meanmean? ? 

–– SeeSee HubbleHubble’’ss lawlaw –– oror Newtonian Newtonian gravitygravity::

–– CannotCannot predictpredict accelerationacceleration oror heightheight

•• CollectiveCollective, , thermalthermal behaviorbehavior  

LossLoss of of informationinformation

•• SpectraSpectra slopesslopes::

•• EllipticElliptic flow:flow:

•• HBT HBT radiiradii::
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WhyWhy wewe useuse hydrodynamicshydrodynamics??

•• HadronHadron & parton & parton cascadecascade modelsmodels

–– NoneqilibriumNoneqilibrium modelsmodels

–– DonDon’’tt describedescribe most of most of particleparticle creationcreation atat lowlow pptt

•• Flow + Flow + hadronichadronic cascadecascade and and resonanceresonance correctionscorrections

–– SmallSmall correctioncorrection atat RHIC RHIC energiesenergies ((arXivarXiv:0903.1863):0903.1863)

•• Most of Most of particleparticle creationcreation accordingaccording toto hydrohydro

–– PionPion and and kaonkaon HBT HBT radiiradii mmtt scalingscaling ((ActaActa Phys.Polon.Supp.1:521Phys.Polon.Supp.1:521--524,2008) 524,2008) 

•• AfterAfter ~10 ~10 fmfm/c /c noneqilibriumnoneqilibrium expandingexpanding hadronhadron gasgas

–– AnomalAnomal diffusiondiffusion, no , no correctioncorrection forfor spectraspectra oror flow flow (Braz.J.Phys.37:1002(Braz.J.Phys.37:1002--1013,2007 )1013,2007 )

•• American Institute of American Institute of PhysicsPhysics: : successsuccess ofof hydrohydro is is thethe physicsphysics

story 2005story 2005
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PerfectPerfect hydrohydro picturepicture

•• No No datadata pointpoint
eveneven nearnear thethe
kinematickinematic
viscosityviscosity of of 
44He (10/4He (10/4##))

•• CloseClose toto
AdSAdS/CFT /CFT 
minimum, minimum, 
(1/4(1/4##))
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Little Little vocabularyvocabulary of of hydrodynamicshydrodynamics

•• ExactExact//parametricparametric solutionsolution

–– Solution of hydro equations Solution of hydro equations analyticallyanalytically, , 
withoutwithout approximationapproximation

–– UsuallyUsually has free has free parametersparameters

•• Hydro inspired parameterizationHydro inspired parameterization

–– Distribution determined at freezeDistribution determined at freeze--out only, their out only, their 
time dependence is not consideredtime dependence is not considered

•• Numerical solutionNumerical solution

–– SolutionSolution of of hydrohydro equationsequations numericallynumerically

–– Start Start fromfrom arbitraryarbitrary initialinitial statestate
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HowHow analyticanalytic hydrohydro worksworks
•• TakeTake hydrohydro equationsequations and and EoSEoS
•• FindFind a a solutionsolution

–– WillWill containcontain parametersparameters ((likelike Friedmann, Friedmann, 
SchwarzschildSchwarzschild etc.)etc.)

–– WillWill useuse a a possiblepossible setset of of initialinitial conditionsconditions

•• UseUse a a freezefreeze--outout conditioncondition
–– EgEg fixed fixed properproper timetime oror fixedfixed temperaturetemperature
–– GenerallyGenerally a a hyperhyper--surfacesurface

•• CalculateCalculate thethe hadronhadron sourcesource functionfunction
•• CalculateCalculate observablesobservables

–– E.gE.g. . spectraspectra, flow, , flow, correlationscorrelations
–– StraightforwardStraightforward calculationcalculation

•• HydrodynamicsHydrodynamics:: Initial conditions Initial conditions $$
dynamical equations dynamical equations $$ freezefreeze--out conditionsout conditions
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HowHow analyticanalytic hydrohydro worksworks

Scheme works also backwordsSchemeScheme worksworks alsoalso backwordsbackwords
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Hydro equations + EoSHydroHydro equationsequations + + EoSEoS

Phase-space distribution
Boltzmann-equation
PhasePhase--spacespace distributiondistribution
BoltzmannBoltzmann--equationequation
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Source

S(x,p)

SourceSource

S(x,p)S(x,p)

PRC67:034904,2003

hep-ph/0108067 

PPRRC67:034904,2003C67:034904,2003

hephep--ph/0108067 ph/0108067 

Self-similar solution:SelfSelf--similarsimilar solutionsolution::PLB505:64-70,2001

hep-ph/0012127

PLB505:64PLB505:64--70,200170,2001

hephep--ph/0012127ph/0012127

( ), ( ), ( ), ( )p x n x T x v x
!

( ), ( ), ( ), ( )p x n x T x v x
!

Observables

N1(p), C2(p1,p2), v2(p)

ObservablesObservables

NN11(p), C(p), C22(p(p11,p,p22), v), v22(p)(p)

PRC54:1390-1403,1996

hep-ph/9509213

PPRRC54:1390C54:1390--1403,19961403,1996

hephep--ph/9509213ph/9509213
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EquationsEquations of of relativisticrelativistic hydrohydro
•• AssumingAssuming local local thermalthermal equilibriumequilibrium

•• ForFor a a perfectperfect fluid:fluid:

•• EquationsEquations inin fourfour--vectorvector formform and and nonrelativisticnonrelativistic notationnotation

–– Euler Euler equationequation::

–– EnergyEnergy conservationconservation::

–– ChargeCharge conservationconservation::

( ) 0nu22)  ( ) 0nu22)  
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FamousFamous solutionssolutions
•• LandauLandau’’ss solutionsolution (1D, (1D, developeddeveloped forfor p+p):p+p):

–– AcceleratingAccelerating, implicit, , implicit, complicatedcomplicated, 1D, 1D

–– L.D. Landau, L.D. Landau, IzvIzv. Acad. . Acad. NaukNauk SSSR 81 (1953) 51SSSR 81 (1953) 51

–– I.M. I.M. KhalatnikovKhalatnikov, , ZhurZhur. . Eksp.Teor.FizEksp.Teor.Fiz. 27 (1954) 529. 27 (1954) 529

–– L.D.LandauL.D.Landau andand S.Z.BelenkijS.Z.Belenkij, , UspUsp. . FizFiz. . NaukNauk 56 (1955) 30956 (1955) 309

•• HwaHwa--BjorkenBjorken solutionsolution::

–– NonNon--acceleratingaccelerating, explicit, , explicit, simplesimple, 1D, , 1D, boostboost--invariantinvariant

–– R.C. R.C. HwaHwa, Phys. Rev. D, Phys. Rev. D10, 2260 (1974)10, 2260 (1974)

–– J.D. J.D. BjorkenBjorken, Phys. Rev. D27, 40(1983), Phys. Rev. D27, 40(1983)

•• OthersOthers

–– ChiuChiu, , SudarshanSudarshan and and WangWang

–– BaymBaym, , FrimanFriman, , BlaizotBlaizot, , SoyeurSoyeur and and CzyzCzyz

–– SrivastavaSrivastava, , AlamAlam, , ChakrabartyChakrabarty, , RahaRaha and and SinhaSinha
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NonrelativisticNonrelativistic solutionssolutions

SolutionSolution SymmetrySymmetry DensityDensity prof.prof. EoSEoS ObservablesObservables

Csizmadia et Csizmadia et alal..

PhysPhys. Lett. B443:21. Lett. B443:21--
25, 199825, 1998

SphereSphere GaussianGaussian CalculatedCalculated

CsCsöörgrg  

CentralCentral
Eur.J.Phys.2: 556Eur.J.Phys.2: 556--
565,2004565,2004

SphereSphere ArbitraryArbitrary NotNot
calculatedcalculated

AkkelinAkkelin et et alal..

Phys.RevPhys.Rev. C67,2003. C67,2003
EllipsoidEllipsoid Gaussian Gaussian 

(T=T(t))(T=T(t))
CalculatedCalculated

CsCsöörgrg  

ActaActa Phys.PolonPhys.Polon. . 
B37:483B37:483--494,2006494,2006

EllipsoidEllipsoid ArbitraryArbitrary

(T=T(r,t))(T=T(r,t))

NotNot
calculatedcalculated

CsCsöörgrg  , Zim, Zimáányinyi

HeavyHeavy Ion Ion 
Phys.17:281Phys.17:281--
293,2003 293,2003 

EllipsoidEllipsoid GaussianGaussian CalculatedCalculated
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RelativisticRelativistic solutionssolutions

SolutionSolution Basic Basic propprop’’ss EoSEoS ObservablesObservables

HwaHwa--BjBjöörkenrken

R.C. R.C. HwaHwa, P, PRRDD10, 2260,197410, 2260,1974

J.D. J.D. BjorkenBjorken, , PRPRD27, 40(1983D27, 40(1983))

CylindrCylindr., 1D,., 1D,

nonnon--acceleratingaccelerating dndn//dydy, ,   

BialasBialas et et alal..

A. A. BialasBialas, R. A. Janik, and R. , R. A. Janik, and R. 
B. B. PeschanskiPeschanski, , PhysPhys. . RevRev. . 

C76, 054901 (2007).C76, 054901 (2007).

1D, 1D, betweendbetweend
LandauLandau and and 

HwaHwa--BjBjöörkenrken
dndn//dydy

CsCsöörgrg  , Nagy, Csan, Nagy, Csanáádd
Phys.Lett.BPhys.Lett.B 663:306663:306--311, 2008 311, 2008 
Phys.Rev.C77:024908,2008 Phys.Rev.C77:024908,2008 

EllipsoidalEllipsoidal, 1D , 1D 
acceleratingaccelerating

dndn//dydy, ,   

LandauLandau

IzvIzv. Acad. . Acad. NaukNauk SSSR 81 SSSR 81 
(1953) 51(1953) 51

CylindrCylindr., 1D, ., 1D, 
acceleratingaccelerating

nonenone

CsCsöörgrg  , Csernai, , Csernai, HamaHama, , 
KodamaKodama

HeavyHeavy Ion Ion PhysPhys. A 21, 73 . A 21, 73 
(2004))(2004))

EllipsoidalEllipsoidal, 3D, , 3D, 
nonnon--acceleratingaccelerating

ThisThis workwork doesdoes
thethe calculationcalculation
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WhereWhere wewe areare
•• RevivalRevival of interest, of interest, newnew solutionssolutions

–– SinyukovSinyukov, , KarpenkoKarpenko, , nuclnucl--thth/0505041/0505041
–– PrattPratt, , nuclnucl--thth/0612010/0612010
–– BialasBialas et et alal.: Phys.Rev.C76:054901,2007.: Phys.Rev.C76:054901,2007
–– BorschBorsch, , ZhdanovZhdanov: SIGMA 3:116,2007: SIGMA 3:116,2007
–– Nagy et Nagy et alal.: J.Phys.G35:104128,2008 and  .: J.Phys.G35:104128,2008 and  arXivarXiv/0909.4285/0909.4285
–– LiaoLiao et et alal.: .: arXivarXiv/09092284 and Phys.Rev.C80:034904,2009/09092284 and Phys.Rev.C80:034904,2009
–– MizoguchiMizoguchi et et alal.: Eur.Phys.J.A40:99.: Eur.Phys.J.A40:99--108,2009108,2009
–– BeufBeuf et et alal.:Phys.Rev.C78:064909,2008 (.:Phys.Rev.C78:064909,2008 (dSdS//dydy asas wellwell!)!)

•• NeedNeed forfor solutionssolutions thatthat areare::
–– acceleratingaccelerating + + relativisticrelativistic+ 3 + 3 dimensionaldimensional
–– explicit + explicit + simplesimple + + compatiblecompatible withwith thethe datadata

•• BudaBuda--LundLund typetype of of solutionssolutions: : eacheach, , butbut notnot simultaneouslysimultaneously

•• BudaBuda--LundLund interpolatorinterpolator: : hydrohydro inspiredinspired sourcesource functionfunction, , 
interpolatesinterpolates betweenbetween 33--dimensional Bdimensional B--L L solutionssolutions::

Non-relativistic, accelerating, 3d Relativistic, non-accelerating 3dB-L interpolator
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The The solutionsolution wewe investigateinvestigate

•• The The hydrohydro fieldsfields areare thesethese::

–– %%(s) (s) arbitraryarbitrary, , butbut realisticrealistic toto

choosechoose GaussianGaussian

b<0 is b<0 is realisticrealistic

•• EllipsoidalEllipsoidal symmetrysymmetry

–– ((thermodynamicthermodynamic quantitiesquantities constconst. . onon thethe s=s=constconst. . ellipsoidellipsoid))

•• DirectionalDirectional HubbleHubble--flow flow 

–– v=v=HrHr oror H=v/r, H=v/r, thethe HubbleHubble--constantsconstants::

––

(T. Cs(T. Csöörgrg  , L. P. Csernai, Y. , L. P. Csernai, Y. HamaHama éés T. s T. KodamaKodama,  ,  HeavyHeavy Ion Ion PhysPhys. A 21, 73 (2004)). A 21, 73 (2004))
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TemperatureTemperature dependencedependence

TransverseTransverse temperaturetemperature profileprofile asas a a functionfunction of of timetime
(3.5 (3.5 fmfm/c < /c < '' < 7 < 7 fmfm/c):/c):
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The The sourcesource functionfunction

•• SourceSource functionfunction: : probabilityprobability of a of a particleparticle createdcreated

atat xx withwith pp

•• MaxwellMaxwell--Boltzmann Boltzmann distributiondistribution + extra + extra termsterms

–– NN normalizationnormalization

–– H(H(''))dd'' freezefreeze--outout distributiondistribution

ifif suddensudden:   :   

–– CooperCooper--FryFry prefactorprefactor ((fluxflux termterm))

–– ValidityValidity: : ''00>R>RHBTHBT, , mmtt>T>T00
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SingleSingle particleparticle spectrumspectrum

•• SourceSource functionfunction: : spatialspatial originorigin and momentumand momentum

•• Momentum Momentum distributiondistribution

integrateintegrate onon spatialspatial
coordinatescoordinates::

•• SecondSecond orderorder Gaussian Gaussian approximationapproximation aroundaround
emissionemission maximummaximum

•• AfterAfter integrationintegration::

•• DirectionalDirectional slopeslope parameterparameter::
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TransverseTransverse momentum momentum spectrumspectrum

•• Go Go toto midmid--rapidityrapidity (y=0)(y=0)

•• IntegrateIntegrate onon transversetransverse angleangle ::

–– The The effectiveeffective temperaturetemperature is is fromfrom thethe slopesslopes::
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The The ellipticelliptic flowflow

•• The The ellipticelliptic flow flow cancan be be calculatedcalculated asas::

•• ResultResult ((similarsimilar toto otherother modelsmodels):):

•• IInn(w):(w): modifiedmodified BesselBessel functionsfunctions

•• WhereWhere ww is: is: 
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TwoTwo--particleparticle correlationcorrelation radiiradii

•• DefinitionDefinition::

•• FromFrom thethe sourcesource functionfunction::

•• ChangingChanging coordinatescoordinates

•• ResultResult::

•• The The usualusual scalingscaling ((samesame forfor kaonskaons!):!):

•• BertschBertsch--PrattPratt coordinatescoordinates::

•• FreezeFreeze--outout: : ,-,-= = constconst. .   !!,-,-= 0 = 0 "" RRoutout = = RRsideside
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SingleSingle pionpion spectumspectum withwith HBT HBT radiiradii

•• 00--30% 30% centralitycentrality, Au+, Au+AuAu, PHENIX, PHENIX

•• TT00 197 197 ±± 2 2 MeVMeV centralcentral freezefreeze--outout temptemp..

•• $$ 0.85 0.85 ±± 0.010.01 momentum momentum spacespace eccecc..

•• uutt
22/b/b --0.95 0.95 ±± 0.07 (b<0)0.07 (b<0) transvtransv. flow/. flow/temptemp. . gradgrad

•• ,,00 7.6 7.6 ±± 0.10.1 freezefreeze--outout properproper timetime

•• 3322 215 (29 215 (29 withwith theorytheory errorerror))

S. S. Adler et al.:
Phys. Rev. C69, 034909 (2004)

S. S. Adler et al.:
Phys. Rev. Lett. 93, 152302 (2004)

arXivarXiv:0909.4842:0909.4842 arXivarXiv:0909.4842:0909.4842



October 15, 2009October 15, 2009 M. CsanM. Csanáád, Zimd, Zimáányi School 2009nyi School 2009 2121

EllipticElliptic flowflow
•• 00--92% 92% centralitycentrality, Au+, Au+AuAu, PHENIX (R.P. , PHENIX (R.P. methodmethod techniquetechnique))

•• TT00 204 204 ±± 7 7 MeVMeV f.of.o. . temperaturetemperature

•• $$ 0.34 0.34 ±± 0.010.01 eccentricityeccentricity

•• uutt
22/b/b --0.34 0.34 ±± 0.07 (b<0)0.07 (b<0) transvtransv. flow/. flow/temptemp. . gradgrad

•• 3322 256 (68 256 (68 withwith theorytheory errorerror))

S. S. Adler et al.:
Phys. Rev. Lett. 91, 182301 (2003)

arXivarXiv:0909.4842:0909.4842
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SummarySummary of of thethe fit fit resultsresults

•• FreezeFreeze--outout temperaturetemperature aroundaround 200 200 MeVMeV

•• Flow Flow stronglystrongly dependsdepends onon centralitycentrality

•• Momentum Momentum spacespace eccentricityeccentricity: 0.3: 0.3--0.90.9

–– ThisThis is flow is flow assymmetryassymmetry

•• AverageAverage transversetransverse flow and flow and temptemp. . gradientgradient: : 

–– StronglyStrongly coupledcoupled, ratio , ratio aroundaround 0.30.3--1.0 (1.0 (withwith b<0)b<0)

•• ConfidenceConfidence levelslevels veryvery lowlow

•• WithWith estimatedestimated 3% 3% theorytheory errorerror: : acceptableacceptable
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SummarySummary

•• RevivalRevival of interest of interest inin perfectperfect hydrohydro

•• OurOur modelmodel: a 3+1d : a 3+1d relativisticrelativistic modelmodel

withoutwithout accelerationacceleration

•• CalculatedCalculated particleparticle sourcesource"" NN11, v, v22, HBT, HBT

•• ComparedCompared toto PHENIX PHENIX datadata

•• DescribesDescribes datadata ((butbut lowlow confconf. . levellevel))
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