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Plan of this talk

• Revisiting Freeze-out.  
• A general introduction to Freeze-in.  
• Hierarchy problem and clockworks 
• Introduction to the clockwork set up 
• Clockwork scalars and fermions.  
• Models of scalar and fermionic FIMPs. 
             



DM : Evidence

the Spp̄S [20] and Tevatron [21] collider data that provides upper limits on the new physics cross section
� for mediator masses of 140 – 300 GeV and 200 – 1400 GeV, respectively. LHC Run I results further
extend the covered mediator masses up to 4.5 TeV [22, 23]. Our analysis has shown that after fixing
f = 1000 GeV, a coefficient as large as csg ' 100 (that corresponds to an effective sGG coupling of
about 10�3) is allowed, regardless of the other model parameters. This value will be used as an upper
limit in the rest of this study.

For dark matter direct detection, the MD interaction can be neglected, as the dark matter – nucleus
momentum transfer is tiny. The MI couplings in Eq. (6) give rise to an effective interaction between ⌘

particles and gluons which, after integrating out the mediator s, is given by

L⌘g = fG ⌘
2
Gµ⌫G

µ⌫ with fG =
↵scsgcs⌘

32⇡

1

m2
s
. (11)

The spin-independent dark matter scattering cross section �SI can then be computed as [24, 25]
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where the factor in brackets is the DM-nucleon reduced mass, and the squared matrix element depends
on the gluon form factor fTG that can be expressed as a function of the quark form factors fTq [26],

fTG = 1�
X

q=u,d,s

fTq , (13)

for which we adopt the values fTu = 0.0153, fTd = 0.0191 and fTs = 0.0447 [27]. The value of
fTG can however be modified if one introduces additional s-couplings to the quarks. In our model,
such interactions can arise at the non-renormalizable level only, and will be ignored in the following. In
our analysis presented below, we confront the above predictions to the latest limits extracted from LUX
data [28].

For the computation of the ⌘ relic abundance, we have implemented our model in the MICROME-
GAS package [29] via FEYNRULES. For the sake of completeness, we nonetheless present approximate
expressions for the total thermally-averaged self-annihilation cross section of ⌘ pairs. Keeping only the
leading (S-wave) component and ignoring special kinematic configurations like those originating from
the presence of intermediate resonances, the annihilation of the ⌘ dark matter particle into gluon pairs is
approximated by
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When m⌘ > ms, there is an additional 2 $ 2 annihilation channel, ⌘⌘ $ ss for which the leading
(again S-wave) contribution to h�vi reads
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The leading contributions to the relic density are different in the case that either the MI or MD couplings
dominate. In the former the coupling appears in conjuction with f

2, while in the latter the coupling
appears with m

2
s . We are interested in determining the regions of parameter space where the relic density

does not exceed the measured value from Planck ⌦h2|exp = 0.1188 ± 0.0010 [30]. As a rule of thumb,
the thermal freeze-out relic density of dark matter candidates that can be probed at the LHC tends to be
below this measured value (see, e.g., Ref. [31]), but this is not without exceptions [32].



Weakly Interacting Massive Particle(WIMPs)

DM in thermal equilibrium with bath particles in 
early universe

the DM is a WIMP, the relic density is obtained by the solution of the Boltzmann equation,

describing the evolution of the DM number density n�,

dn�

dt
+ 3Hn� =< �v > [n2

�
� n

2

eq
] (5)

where, neq is the equilibrium number density, H being the Hubble parameter, and <

�v > represents the velocity averaged sum of the cross section to all annihilation channels.

The physics of freeze out of WIMP DM has been well documented in the literature. The

calculation proceeds with the ansatz that the DM is in thermal equillibrium with the SM

(and potentially other BSM) particles in the early universe. The DM candidate either has an

extremely long life time (larger than the age of the universe), or is stabilized by some internal

symmetry (Z2,R-parity, K-K parity..). As the universe expands and cools, various particles

decouples from the thermal bath at their respective thresholds. The number density n�,

keeps dropping but still tracks the equilibrium value neq. Eventually as all bath particles

(SM and BSM) freeze out, the interaction rate n� < �vMoller > falls below the Hubble rate,

and thus without any other particles to annihilate to, the DM freezes out and yields a relic

density that we observe today. A brief summary of the calculations we perform can be found

in Appendix B. For a process �12!34 The velocity averaged cross section is given by,

h�vreli =
4x

K2(x)2

Z
+1

1

ds̄
p
s̄ · (s̄� 1) ·K1(2x

p
s̄) · � (6)

where s ⌘ s/(4m2

�
) and x ⌘ m�/T . The Moller velocity is given by,
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⇥
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2
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2
⇤1/2

(7)

Given the above formula for the velocity averaged annihilation cross section for 2 ! 2

processes, one can then solve Eq. 5 to solve for n� at freeze out and thus calculate the relic

density, using the formula,
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where xf = mDM/Tf , defines the freeze out temperature, geff are the e↵ective degrees of

freedom of the DM particle. For the velocity averaged cross sections we have a variety of

processes that contribute to the annihilation processes. The s channel diagrams connecting
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where d⇧LIPS is the Lorentz-invariant phase space element and the overline indicates spin-

averaging. The thermally-averaged cross section is then calculated via,

h�annvreli(x) =
4x

K2(x)2

Z
+1

1

ds

p
s · (s� 1) ·K1(2x

p
s) · �ann

where x ⌘ m�/T , s ⌘ s/4m2

�
, and Kj(x) is jth modified Bessel function of the second kind.

The final element of the Boltzmann equation is the Hubble parameter H(T ), which encodes

how an expanding universe impacts the DM density. According to the FLRW model,

H(T ) =

r
8⇡

3
G · ⇢tot(T )

where ⇢tot(T ) is the total energy density of the universe at temperature T . This is technically

all the information needed to solve the Boltzmann equation, describing the evolution of the

DM candidate
dn�

dt
+ 3Hn� = �h�annvreli

⇣
n
2

�
� n

2

�,eq

⌘
(B1)

where n� ⌘ N�/V is the DM number density, n�,eq is the would-be equilibrium value of

n�, and h�annvreli is the thermally-averaged cross-section [41]. Integrating the Boltzmann

equation from T ⇠ m� to T0 yields the theory prediction for n�(T0). From there, the

DM energy density is calculated as ⇢� = m� · n�, and a theory prediction (⌦h2)theory is

determined. This paper adopts the perspective that additional DM content besides � might

exist, such that (⌦h2)exp is only an upper bound on (the model’s) (⌦h2)theory. As such, (the

model) is deemed consistent with reality so long as (⌦h2)theory  (⌦h2)exp = 0.1199 [43] is

satisfied.

However, analytically solving the Boltzmann equation is oftentimes impossible, and even

numerical solutions su↵er from the equation’s sti↵ness. Furthermore, its solutions span

many orders of magnitude, making them prone to numerical errors. This is in part due

to the expansion of the universe, which drives n� lower even after � has frozen out. To

counter this e↵ect, the Boltzmann equation is often rewritten in a more manageable form:

the evolution parameter t is replaced by the common combination x ⌘ m�/T and the desired

solution n� is replaced by Y ⌘ n�/stot, where stot is the total entropy density of the universe

[42]. Because stot also scales inversely with the volume of the universe but otherwise varies

slowly, its inclusion helps temper the radically-decreasing values of n�. These replacements

transform the Boltzmann equation into,12

dY

dx
= �

�(x)

x2
(Y 2

� Y
2

eq
) where �(x) ⌘

stot(m�)

H(m�)
h�annvreli(x) (B2)

By assumption, Y = Yeq ⌘ n�,eq/stot when x ⇠ 1, so the Boltzmann equation may be

integrated with initial condition Y (1) = Yeq(1) up to the modern x0 ⌘ m�/T0. But this is

12 DF: If stot is evaluated a constant T = m�, then how does that temper n�? Hmmm, will look into.
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64 3. Thermal History

WIMP Miracle⇤

It just remains to relate the freeze-out abundance of dark matter relics to the dark matter

density today:

⌦X ⌘ ⇢X,0

⇢crit,0

=
MXnX,0

3M2

pl
H

2

0

=
MXNX,0s0

3M2

pl
H

2

0

= MXN
1

X

s0

3M2

pl
H

2

0

. (3.3.96)

where we have used that the number of WIMPs is conserved after freeze-out, i.e. NX,0 = N
1

X
.

Substituting N
1

X
= xf/� and s0 ⌘ s(T0), we get

⌦X =
H(MX)

M
2

X

xf
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2
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where we have used (3.3.92) and (3.2.62). Using (3.2.67) for H(MX), gives
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Finally, we substitute the measured values of T0 and H0 and use g?S(T0) = 3.91 and g?S(MX) =

g?(MX):

⌦Xh
2 ⇠ 0.1

⇣
xf

10

⌘✓
10

g?(MX)

◆
1/2 10�8GeV�2

h�vi . (3.3.99)

This reproduces the observed dark matter density if
p

h�vi ⇠ 10�4GeV�1 ⇠ 0.1
p

GF .

The fact that a thermal relic with a cross section characteristic of the weak interaction gives the

right dark matter abundance is called the WIMP miracle.

3.3.3 Recombination

An important event in the history of the early universe is the formation of the first atoms. At

temperatures above about 1 eV, the universe still consisted of a plasma of free electrons and

nuclei. Photons were tightly coupled to the electrons via Compton scattering, which in turn

strongly interacted with protons via Coulomb scattering. There was very little neutral hydrogen.

When the temperature became low enough, the electrons and nuclei combined to form neutral

atoms (recombination20), and the density of free electrons fell sharply. The photon mean free

path grew rapidly and became longer than the horizon distance. The photons decoupled from the

matter and the universe became transparent. Today, these photons are the cosmic microwave

background.

Saha Equilibrium

Let us start at T > 1 eV, when baryons and photons were still in equilibrium through electro-

magnetic reactions such as

e
� + p

+ $ H+ � . (3.3.100)

20Don’t ask me why this is called recombination; this is the first time electrons and nuclei combined.
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3.3.2 Dark Matter Relics

We start with the slightly speculative topic of dark matter freeze-out. I call this speculative

because it requires us to make some assumptions about the nature of the unknown dark matter

particles. For concreteness, we will focus on the hypothesis that the dark matter is a weakly

interacting massive particle (WIMP).

Freeze-Out

WIMPs were in close contact with the rest of the cosmic plasma at high temperatures, but

then experienced freeze-out at a critical temperature Tf . The purpose of this section is to solve

the Boltzmann equation for such a particle, determining the epoch of freeze-out and its relic

abundance.

To get started we have to assume something about the WIMP interactions in the early uni-

verse. We will imagine that a heavy dark matter particle X and its antiparticle X̄ can annihilate

to produce two light (essentially massless) particles ` and ¯̀,

X + X̄ $ `+ ¯̀ . (3.3.87)

Moreover, we assume that the light particles are tightly coupled to the cosmic plasma,19 so that

throughout they maintain their equilibrium densities, n` = n
eq

`
. Finally, we assume that there

is no initial asymmetry between X and X̄, i.e. nX = n
X̄
. The Boltzmann equation (3.3.85) for

the evolution of the number of WIMPs in a comoving volume, NX ⌘ nX/s, then is

dNX

dt
= �sh�vi

h
N

2

X � (N eq

X
)2
i
, (3.3.88)

where N eq

X
⌘ n

eq

X
/s. Since most of the interesting dynamics will take place when the temperature

is of order the particle mass, T ⇠ MX , it is convenient to define a new measure of time,

x ⌘ MX

T
. (3.3.89)

To write the Boltzmann equation in terms of x rather than t, we note that

dx

dt
=

d

dt

✓
MX

T

◆
= � 1

T

dT

dt
x ' Hx , (3.3.90)

where we have assumed that T / a
�1 (i.e. g?S ⇡ const. ⌘ g?S(MX)) for the times relevant to

the freeze-out. We assume radiation domination so that H = H(MX)/x2. Eq. (3.3.88) then

becomes the so-called Riccati equation,

dNX

dx
= � �

x2

h
N

2

X � (N eq

X
)2
i

, (3.3.91)

where we have defined

� ⌘ 2⇡2

45
g?S

M
3

X
h�vi

H(MX)
. (3.3.92)

We will treat � as a constant (which in more fundamental theories of WIMPs is usually a good

approximation). Unfortunately, even for constant �, there are no analytic solutions to (3.3.91).

Fig. 3.7 shows the result of a numerical solution for two di↵erent values of �. As expected,

19This would be case case, for instance, if ` and ¯̀ were electrically charged.

Boltzmann equation for DM
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Finally, from (3.2.18), it is easy to see that we recover the expected pressure-density relation for

a relativistic gas (i.e. ‘radiation’)

P =
1

3
⇢ . (3.2.43)

Exercise.⇤—For µ = 0, the numbers of particles and anti-particles are equal. To find the “net particle
number” let us restore finite µ in the relativistic limit. For fermions with µ 6= 0 and T � m, show
that
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g

2⇡2

Z
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✓
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⌘3
�
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Note that this result is exact and not a truncated series.

Non-Relativistic Limit

In the limit x � 1 (m � T ), the integral (3.2.31) is the same for bosons and fermions

I±(x) ⇡
Z

1

0

d⇠
⇠
2

e

p
⇠2+x2

. (3.2.45)

Most of the contribution to the integral comes from ⇠ ⌧ x. We can therefore Taylor expand the

square root in the exponential to lowest order in ⇠,

I±(x) ⇡
Z
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d⇠
⇠
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= e
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2
/(2x) = (2x)3/2e�x

Z
1
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d⇠ ⇠2e�⇠
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The last integral is of the form of the integral (3.2.34) with n = 2. Using �(3
2
) =

p
⇡/2, we get

I±(x) =

r
⇡

2
x
3/2

e
�x

, (3.2.47)

which leads to

n = g

✓
mT

2⇡

◆
3/2

e
�m/T

. (3.2.48)

As expected, massive particles are exponentially rare at low temperatures, T ⌧ m. At lowest

order in the non-relativistic limit, we have E(p) ⇡ m and the energy density is simply equal to

the mass density

⇢ ⇡ mn . (3.2.49)

Exercise.—Using E(p) =
p

m2 + p2 ⇡ m+ p
2
/2m, show that

⇢ = mn+
3

2
nT . (3.2.50)

Finally, from (3.2.18), it is easy to show that a non-relativistic gas of particles acts like pres-

sureless dust (i.e. ‘matter’)

P = nT ⌧ ⇢ = mn . (3.2.51)



Weakly Interacting Massive Particle



Weakly Interacting Massive Particle



Equilibrium

Weakly Interacting Massive Particle



Equilibrium

Freeze-out

Weakly Interacting Massive Particle



Equilibrium

Freeze-out

Weakly Interacting Massive Particle



Status of WIMPY DM  : Doomsday or not ?

Alternative ideas ?



Freeze-In Dark Matter/ Feebly Interacting massive particles

  

Freeze-in: general idea

Andreas Goudelis

Freeze-out

Freeze-in 1

21 3

2

Tweaked from, arXiv:0911.1120

arXiv:hep-ph/0106249
arXiv:0911.1120
arXiv:1706.07442...

1

2

DM produced from decays/annihilations of other particles.

DM production disfavoured  Abundance freeze-in→

· DM interacts very weakly with the SM.

· DM has a negligible initial density.

Two basic premises :

Assume that in reaction A  B→ , ξ
A
/ξ

Β
 particles of type χ are destroyed/created. Integrated 

Boltzmann equation :

p.3
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· DM interacts very weakly with the SM.

· DM has a negligible initial density.

Two basic premises :

Assume that in reaction A → B, ξ
A
/ξ

Β
 particles of type χ are destroyed/created. 

Integrated Boltzmann equation :

p.4Andreas Goudelis



  

Freeze-in vs freeze-out

Andreas Goudelis

Need to track the evolution of heavier states.

· FO: equilibrium erases all memory.

· FI: their decays can be the dominant DM production mechanism.

Initial conditions:

Heavier particles:

· FI: Ωh2 depends on the initial conditions.

· FO: pretty irrelevant (modulo coannihilations/late decays).

In equilibrium? Relics? FIMPs?

· FI: several possibilities (m
χ
/3, m

parent
/3, T

R
 or higher), depending 

on DM production channel and on nature of underlying theory.

Relevant temperature:
· FO: around m

χ
/20.

- Statistics can become important. So can very early Universe physics.

- Easily above e.g. T
EWSB

  Phase transitions may occur → after DM production.

Naively, the freeze-in BE is simpler than the freeze-out one. However : 

p.4

Dedicated Boltzmann eqs
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Model-building issues

Andreas Goudelis

What kind of couplings do we need for successful freeze-in?

p.6

SM

SM χ
1

χ
1X

Annihilation:
χ

1
 + SM

χ
2

· Requires λ
1
 λ

2
~ 10-10 - 10-12 · Requires λ ~ 10-13 x (m

χ2
/m

χ1
)1/2

How can we justify such small numbers?

Scale suppression

Decay:

Symmetries
Potentially IR-dominated

Two main ways so far:
UV-dominated, cf talks by Y. Mambrini, K. Olive, D. Chowdhury



with S = 2⇡2gS
⇤ T

3/45 and H = 1.66
p

g⇢
⇤T 2/MPl. Using x ⌘ m/T we can rewrite the integral as
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where MPl is the (non-reduced) Planck mass. Doing the x integral with xmax =1 and xmin = 0
we finally arrive at the result
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where gS,⇢
⇤ are the e↵ective numbers of degrees of freedom in the bath at the freeze-in temperature

T ⇠ mB1 for the entropy, S, and energy density, ⇢, respectively. Thus the abundance depends on
the three quantities mX , mB1 and �B1 and has the form

⌦Xh2
⇡

1.09⇥ 1027gB1

gS
⇤
p

g⇢
⇤

mX�B1

m2
B1

. (6.10)

This is the density of X produced by a single bath particle species. In full FIMP models it is quite
likely that a number of bath particles could have similar interactions with the FIMP particle.
For example, if X arises as an Rp-odd modulino state from the SUSY-breaking sector of a string
theory, then as discussed in Section 3, X is likely to couple to most if not all of the MSSM
spectrum. In this case further contributions to the relic abundance are generated with the same
dependence on the bath particle’s partial decay width and mass, giving

⌦Xh2
|tot ⇡

1.09⇥ 1027

gS
⇤
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mX

X

i

gBi�Bi

m2
Bi

, (6.11)

and the overall interaction strength will need to be smaller in order to generate the correct abun-
dance of FIMP dark matter. If we approximate this enhancement by an e↵ective number of active
degrees of freedom, gbath, each with mass mB, then the required interaction strength becomes

� ' 1.5⇥ 10�13
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◆1/2 ✓
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6.2 Decays of frozen-in FIMPs to dark matter

The alternative possibility is that the particle that freezes-in is unstable and decays to dark matter.
Here we study the simplest possibility that the interaction responsible for freeze-in also yields the
decay. If X has a coupling to two bath particles, �XB1B2, then, for mX > mB1 + mB2 , the
dominant freeze-in process is via inverse decays of X:

B1B2 ! X. (6.13)

At temperatures much higher than mX , the yield during a Hubble doubling time at the era of
temperature T scales as

Y2!1(T ) /
MPl mX�X

T 3
, (6.14)
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with S = 2⇡2gS
⇤ T

3/45 and H = 1.66
p

g⇢
⇤T 2/MPl. Using x ⌘ m/T we can rewrite the integral as

YX ⇡
45

(1.66)4⇡4

gB1MPl�B1

m2
B1

gs
⇤
p

g⇢
⇤

Z xmax

xmin

K1(x)x3dx , (6.8)

where MPl is the (non-reduced) Planck mass. Doing the x integral with xmax =1 and xmin = 0
we finally arrive at the result

Y1!2 ⇡
135 gB1

8⇡3(1.66)gS
⇤
p

g⇢
⇤

✓
MPl�B1

m2
B1

◆
, (6.9)

where gS,⇢
⇤ are the e↵ective numbers of degrees of freedom in the bath at the freeze-in temperature

T ⇠ mB1 for the entropy, S, and energy density, ⇢, respectively. Thus the abundance depends on
the three quantities mX , mB1 and �B1 and has the form

⌦Xh2
⇡

1.09⇥ 1027gB1

gS
⇤
p

g⇢
⇤

mX�B1

m2
B1

. (6.10)

This is the density of X produced by a single bath particle species. In full FIMP models it is quite
likely that a number of bath particles could have similar interactions with the FIMP particle.
For example, if X arises as an Rp-odd modulino state from the SUSY-breaking sector of a string
theory, then as discussed in Section 3, X is likely to couple to most if not all of the MSSM
spectrum. In this case further contributions to the relic abundance are generated with the same
dependence on the bath particle’s partial decay width and mass, giving
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5.3 A universal phase diagram at small coupling

In Figure 5a the two phases at lowest coupling correspond to X freeze-in, III, and  1 freeze-out,
IV. We find that this phase structure at small coupling results in a very wide class of theories.
Consider theories where X is either a scalar, AX , or a fermion,  X , with linear couplings to bath
scalars (A) and fermions ( ) that are renormalisable4, so that the possible interactions are

�AX  , �mXAXA2, �AXA3, and � X A. (5.4)

The stabilizing symmetry is Z2, and AX , X may be even or odd (although, if it is even, it
must have a significant fraction of its coupling to bath states that are odd). Any choice of parity
may be made for A and  as long as the interactions of eq. (5.4) are symmetric. We assume
that Z2-odd bath particles in the interactions of eq. (5.4), as well as the lightest bath particle
odd under the Z2, B, have masses of the same order of magnitude as mX , and that Z2-even bath
particles in the interactions of eq. (5.4) do not have masses parametrically larger than mX .

For this wide class of theories, the phase diagram is shown in Figure 7, for �2
⌧ mX/MPl.

The dominant production of dark matter, whether X or bath, arises from freeze-in of X, if
� > mX/MPl, and freeze-out of a bath particle, if � < mX/MPl. This generality follows from
two results. Since B, the lightest Z2-odd bath particle, has order unity couplings to lighter bath
particles, its freeze-out yield is always YB ⇠ mB/MPl ⇠ mX/MPl. Freeze-in of X via 2 ! 2,
1! 2 or 2! 1, involving any quartic, trilinear or Yukawa interaction of eq. (5.4), leads to a yield
YX ⇠ �2MPl/mX .

¿From Figure 7 we see that this class of theories contains the interesting weak-scale FIMP
case, mX ⇠ v and � ⇠ v/Mu. This leads to a generically realistic abundance of dark matter,
arising from two broadly comparable mechanisms—X freeze-in and B freeze-out—as shown by
the FIMP label on the phase boundary in Figure 7.

6 Freeze-In Calculation

We now turn to the calculation of the frozen-in dark matter density. The freeze-in process is
dominated by decays or inverse decays of bath particles to the FIMP depending on whether or
not the FIMP is the lightest particle carrying the conserved quantum number that stabilises the
DM. Processes such as 2! 2 and other scatterings give sub-dominant contributions to the frozen-
in abundance in almost all cases of interest as the diagrams are suppressed by both additional SM
gauge or Yukawa couplings and numerical factors of order few ⇥ ⇡3 arising from the additional
phase space integrals.

6.1 Direct freeze-in of dark matter

Consider the case where the FIMP X is the dark matter particle itself. If X has a coupling to two
bath particles, �XB1B2, then, for mB1 > mB2 + mX , the dominant freeze-in process is via decays

4
For simplicity we ignore the quadratic interactions �AX X , �A2

XA2
, �A X X , and �mXA2

XA. A similar

analysis holds in the more general case.
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of the heavier bath particle:
B1 ! B2X. (6.1)

At temperatures much higher than mB1 , the yield during a Hubble doubling time at the era of
temperature T scales as

Y1!2(T ) /
MPl mB1�B1

T 3
, (6.2)

so that it is strongly IR dominated, and shuts o↵ only once the temperature drops below MB1 .
We can be more precise by solving the Boltzmann equation for nX , the number density of X

particles in this case:

ṅX + 3HnX =

Z
d⇧Xd⇧B1d⇧B2(2⇡)4�4(pX + pB2 � pB1)

⇥
⇥
|M |

2
B1!B2+X fB1(1 ± fB2)(1 ± fX)� |M |

2
B2+X!B1

fB2fX(1 ± fB1)
⇤
, (6.3)

where d⇧i = d3pi/(2⇡)32Ei are phase space elements, and fi is phase space density of particle i,
such that

ni =
gi

2⇡3

Z
d3pfi (6.4)

is the total particle density of species i possessing gi internal spin degrees of freedom. It is
implicitly assumed that in eq. (6.3), as well as eqns. (6.15) and (6.16) below, the squares of
the matrix elements are summed over final and initial spin of the participating particles without
averaging over the initial spin degrees of freedom. We assume the initial X abundance is negligible
so that we may set fX = 0, such that we may neglect the second term in eq. (6.3). Using the
definition for the partial decay width �B1 of B1 ! B2X and neglecting Pauli-blocking/stimulated
emission e↵ects, i.e. approximating (1 ± fB2) ⇡ 1, we can rewrite the Boltzmann equation as

ṅX + 3HnX ⇡ 2gB1

Z
d⇧B1�B1mB1fB1 = gB1

Z
d3pB1

(2⇡)3

fB1�B1

�B1

(6.5)

where �B1 = EB1/mB1 . The bath particles are assumed to be in thermal equilibrium and so
approximating fB1 = (eEB1/T

±1)�1 by e�EB1/T and converting the integral over momentum space
into an integral over energy we have

ṅX + 3nXH ⇡ gB1

Z
d3pB1

(2⇡)3

fB1�B1

�B1

= gB1

Z 1

mB1

mB1�B1

2⇡2
(E2

B1
�m2

B1
)1/2e�EB1/T dEB1

=
gB1m

2
B1

�B1

2⇡2
TK1(mB1/T ). (6.6)

where K1 is the first modified Bessel Function of the 2nd kind. Rewriting in terms of the yield,
Y ⌘ n/S and using Ṫ ⇡ �HT , applicable when the variation of total plasma statistical degrees
of freedom with temperature dg/dT ⇡ 0 approximately vanishes, we have

YX ⇡

Z Tmax

Tmin

gB1m
2
B1

�B1

2⇡2

K1(mB1/T )

SH
dT, (6.7)
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The idea of “Clockwork”-ing

Criticisms : Works only for abelian theories 
                                        Continuum solutions only for special cases 

                       UV completions are tricky to find

See criticism by,  
Craig, Garcia, Sutherland 

Introduction

What’s the clockwork mechanism?

clockwork mechanism ! an elegant and economical way to generate tiny

numbers/large hierarchies X with only O(1) couplings and N ⇠ log X fields

Originally introduced in the context of relaxation models, to solve technical
issues present in these [Choi, Im, ’15; Kaplan, Rattazzi, ’15]

Then realized as a framework for model building: [Giudice, McCullough, ’16]

low-scale invisible axions [Giudice, McCullough, ’16; Farina, Pappadopulo, Rompineve, Tesi, ’16;

Giudice, Katz, McCullough, DT, Urbano, in prep.]

hierarchy problem [Giudice, McCullough, ’16; Giudice, McCullough, Katz, Torre, Urbano, ’17; DT, ’18]

inflation [Kehagias, Riotto, ’16; . . . ]

dark matter [Hambye, DT, Tytgat, ’16; . . . ]

neutrino physics [Hambye, DT, Tytgat, ’16; Ibarra, Kushwaha, Vempati, ’17; . . . ]

UV/EFT relation [Craig, Garcia Garcia, Sutherland, ’17; Giudice, McCullough, ’17]
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Discrete clockwork Clockwork mechanism

How the clockwork works (made easy)

Based on the simple observation that:

1/2 ⇥ 1/2 ⇥ 1/2 ⇥ 1/2 ⇥ . . . ⇥ 1/2 can easily be tiny

Use a chain of N fields

�0 1/q �1
1/q �2

1/q �3
1/q . . . 1/q �N SM

if clever symmetry �! �light ⇡ �0 =) �light SM ⇠ 1/qN (q > 1)

For fermions use chiral symmetries

R0 m L1 R1| {z }
qm

m L2 R2| {z }
qm

m L3 R3| {z }
qm

m . . . m LN RN| {z }
qm

LSM

light N ⇡ R0 =) N LSM ⇠ 1/qN
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A clockwork scalar

 N+1 copies of U(1) global symmetry in theory space spontaneously broken down to 
a single U(1) at a scale f 

A. The scalar clockwork

A scalar clockwork set up can be constructed with a global N+1 U(1)i(i = 0, ...., N)

symmetry in some theory space. The underlying theory on which these global symmetries

act can be a set of N+1 real or complex scalars. The U(1)N+1 symmetry is spontaneously

broken at a scale f (for simplicity, all the breaking scales are assumed to be equal) to generate

N+1 massless goldstone bosons below this scale. The mechanism works like an Ising model,

with nearest neighbor interaction between lattice sites. The global U(1)N+1 is also softly

broken by N mass parameters m2
i

1. The charges associated with the U(1) global symmetry

is assumed to be “non-diagonal”, thus introducing “interactions” between nearest neighbor.

The charge defined on site i, is thus,
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The parameter q is thus a site dependent strength (coupling) characterizing nearest neighbor
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by the generator,

Q =
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(3)

We choose this site to be U(1)0, and as will be eventually revealed, is indeed the massless
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LSCW = �
1

2

NX

j=0

@µ�
†
j@

µ�j +
N�1X

j=0

m2

2
(�j � q�j+1)

2 +
N�1X

j=0

m2

24f 2
(�j � q�j+1)

4 +O(�6) (4)

The e↵ective potential is thus,

V (�) =
N�1X

j=0

m2

2
(�j � q�j+1)

2 +
N�1X

j=0

m2

24f 2
(�j � q�j+1)

4 +O(�6)

=
1

2

NX

i,j=0

�iM
2
ij�

j +
m2

24f 2

NX

i,j=0

(�iM
2
ij�

j)2 +O(�6) (5)

1 The soft mass parameters can be regarded as N spurion fields in the background.
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Nearest neighbor  interactions Non-diagonal  charges 
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The unbroken generator
  

Symmetry approach: Clockworking FIMPs

Andreas Goudelis

The Clockwork mechanism was initially introduced to address completely different issues. Has 
found many more applications (inflation, neutrinos, flavour, axions...).

p.7

U(1)
0

U(1)
1

U(1)
2

U(1)
N SM...

U(1)
R SM

Break N-1 U(1) copies

1/qN suppression!

q q qq

· A Scalar Clockwork FIMP : 

Similar setup considered in arXiv:1709.04105

A. G., K. Mohan, D. Sengupta, arXiv:1807.xxxxx

arXiv:1511.01827, 1511.00132, 1610.07962...

· Clockwork FIMP approach: DM – SM 
coupling protected e.g. by Goldstone or 
chiral symmetry.



A clockwork scalar
Low energy effective lagrangian 

2.2 Clockwork scalar

The simplest way to implement the clockwork mechanism is with scalar fields [4, 5]. The
implementations in [4, 5] involve renormalisable scalar field theories, however we will focus
only on the low energy e↵ective theory, which may have di↵erent UV-completions. Let us
consider a theory with a global symmetry G = U(1)N+1 spontaneously broken at the scale
f . Below f , the e↵ective degrees of freedom are N+1 Goldstone bosons ⇡j, conveniently
described in terms of the fields

Uj(x) = ei⇡j(x)/f j = 0, .., N (2.8)

which transform by a phase under the corresponding Abelian factor U(1)j. For simplicity,
we assume that the spontaneous breaking of all Abelian factors contained in G occurs at the
same scale f .

We also explicitly, but softly, break G by means of N dimension-two parameters m2
j (with

j = 0, ..., N�1), which can be regarded as the background values of N spurion fields with
charge

Qi[m
2
j ] = �ij � q �i j+1 (2.9)

under the Abelian factor U(1)i. We take q > 1 and assume that the explicit breaking is small
with respect to the scale of spontaneous breaking, i.e. m2

j ⌧ f 2. The smallness of m2
j/f

2 is
technically natural becausem2

j/f
2

! 0 enhances the symmetry of the theory. The hypothesis
of a scale separation between m2

j and f 2 is the element that allows us to construct a low-
energy e↵ective theory of the pseudo-Goldstones ⇡j from symmetry considerations alone,
without committing to any specific UV completion at the scale f .

The unbroken U(1) corresponds to the generator

Q =
NX

j=0

Qj

qj
, (2.10)

where Qj are the generators of the Abelian factors in G. Indeed, all of the parameters
m2

j are neutral under the generator Q, since eq. (2.9) implies that Q[m2
j ] = 0 for any j.

To simplify expressions, henceforth we take a single scale for the explicit breaking, i.e.
m2

j ⌘ m2. The generalisation to non-universal values of f and m2 for the di↵erent U(1)
factors is straightforward, and the physical content of the theory does not change, as long
as we consider small deformations of the universal case.

The low-energy description of the Goldstone boson and the N pseudo-Goldstones is
captured by an e↵ective Lagrangian (formally G-invariant, once we treat m2

j as spurions
charged under G), which can be expanded in derivatives and powers of m2. The two leading
terms are2

L = �
f 2

2

NX

j=0

@µU
†
j @

µUj +
m2f 2

2

N�1X

j=0

⇣
U †
j U

q
j+1 + h.c.

⌘
. (2.11)

With no loss of generality the parameter m2 can be chosen real (actually, even non-universal
m2

j can all be made real simultaneously by an appropriate G transformation).

2
Throughout the paper we use positive signature for the metric in flat space, ⌘ = (�, +, +, +).
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See A.G, K.M, D.S  1807.06642  for analytic diagonalization 



A clockwork scalar

A Clockwork Scalar
Peculiar spectrum, reminiscent of some Condensed 
Matter systems…
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The crucial point of the clockwork lies in the expression of Oj0 in eq. (2.18). Oj0 measures
the component of the massless Goldstone boson contained in ⇡j. Since Oj0 / q�j, the
Goldstone component at each successive site is q times smaller than for the previous site.
This means that, for su�ciently large N , the Goldstone interaction can be very e�ciently
secluded away from the last site. If a theory is coupled to the clockwork sector only through
its N -th site, the decay constant of the Goldstone interactions will appear exponentially
enhanced with respect to the actual scale of spontaneous symmetry breaking.

To illustrate the mechanism, consider the case in which the N -th site ⇡N is coupled to
the topological term of a gauge theory

L =
⇡N

16⇡2f
Gµ⌫

eGµ⌫ . (2.21)

Once we express ⇡N in terms of mass eigenstates, using ⇡N =
PN

j=0 ONj aj, the e↵ective
interaction in eq. (2.21) becomes

L =
1

16⇡2
Gµ⌫

eGµ⌫

 
a0
f0

�

NX

k=1

(�)k
ak
fk

!
(2.22)

f0 ⌘
fqN

N0
, fk ⌘

f

Nk q sin k⇡
N+1

. (2.23)

The first term in eq. (2.22) exhibits the clockwork mechanism. The coupling of the
Goldstone (a0) to gauge bosons is determined by the e↵ective scale f0, which is exponentially
enhanced with respect to the scale f at which the symmetry-breaking dynamics takes place
(f0/f ⇠ qN). From eq. (2.22) we see that the clockwork gears inherit couplings to gauge
bosons as well. However, their decay constants grow only mildly with N (fk/f ⇠ N3/2/k)
and are modulated by the index k.

This mechanism allows for the construction of axion models in which the PQ-breaking
dynamics can occur at or below scales as low as the weak scale, and yet the axion is nearly
invisible. The model-building aspects, collider phenomenology, and cosmology of theories
with weak-scale near-invisible axions are so rich and interesting that they will be presented
in a separate publication.

2.3 Clockwork fermion

Fermions may be kept massless due to a chiral symmetry, thus a fermion realisation of the
clockwork involves a single chiral symmetry that is shared amongst a number of fields in
the underlying model, such that the one remaining chiral symmetry pushes the massless
fermion exponentially to one end of the clockwork. To this end, let us introduce N + 1
chiral fermions  Rj (j = 0, .., N) together with N fermions  L i (i = 0, .., N � 1) of opposite
chirality. Of course, the role of left and right chiralities can be reversed. The global chiral
symmetry is broken by N mass parameters mi that pair up the fields in N massive Dirac
fermions, leaving a single massless chiral component. The chiral symmetry is also broken by
N parameters (mq)i which can be regarded as the background values of spurion fields. It is
useful to classify these parameters in terms of their charges under the global chiral symmetry.
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The clockwork axion

• Parallels with RS/LED scenarios 
• Continuum version : Linear dilaton set up. 
• Low energy version of Little String Theory. 
• Some interesting background geometries in the continuum. 

UV completions 

Continuum clockwork Extra dimension

Clockwork chain from an extra dimension

�0 1/q �1
1/q �2

1/q �3
1/q . . . 1/q �N SM

the different fields �i could be a single field on different points of a discretized
extra dimension yi = i ⇥ ⇡R/N

5th dimension 0  y  ⇡R with a single � in the bulk, 2 branes y = 0,⇡R and the
SM localized at y = 0:

SM �(xµ, y)

y=0 y=⇡R

a well-defined continuum limit exists and selects either

massless field in curved clockwork metric ds2 = e
4
3 ky(dx2 + dy2) [Giudice, McCullough, ’16]

massive field in flat spacetime [Hambye, DT, Tytgat, ’16; Craig, Garcia Garcia, Sutherland, ’17]

the two are equivalent from EFT perspective, related by field redefinitions
[Giudice, McCullough, ’17; Giudice, Katz, McCullough, DT, Urbano, in prep.]
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in ref. [9], with UL, UR being the bi-unitary transformation matrices that diagonalize the

left handed and right handed chiral fermions. Crucially, the above eigen-vectors imply that

the clockwork mechanism is not altered by adding Majoranna mass terms to the fermionic

clockwork matrix (the qj suprression of the zero mode is still present), as it only adds a

constant diagonal matrix, analogous to the scalar case. An additional interesting feature is

to note that the zero mode may not be lightest mode depending on the Majorana parameter

mq̃. As long as, abs|Mm � �k| > Mm, the lightest mode is the “zero mode”. This feature

was explored in ref. [16].

III. THE FREEZE-IN PARADIGM

Andreas. Micromegas, Assumptions, Maxwell-Boltzmann vs Bose-Einstein. Reheating

temperatures, t/u channel ‘poles’ etc.

IV. A MODEL OF SCALAR FIMP

While there are several ways in which to implement the Freeze-in scenario with a real

scalar candidate, we choose to implement it as a Higgs portal. This case was discussed in

ref. [24]. Here we use a similar setup in order to accentuate certain subtleties of the model

relevant for the calculation of the relic density.

In this setup, the last site of the clockwork chain couples to the Standard Model via the

Higgs portal2. We also add an additional mass term for all the scalars of the clockwork.

Both the higgs vev and the additional mass term contribute to the mass of the zero mode

and explicitly break the remnant U(1) symmetry of the scalar clockwork. The Lagrangian

we work with is thus,

LsFIMP = �
1

2

NX

j=0

@µ�
†
j@

µ�j �
1

2

NX

i,j=0

�iM
2
ij�

j
�

m2

24f 2

NX

i,j=0

(�iM̃
2
ij�

j)2

�|H†H|�2
n +

nX

i=0

t2

2
�2
i , (17)

where  is a dimensionless coupling that we set to its maximally natural value of 1. We

introduce an additional Z2 symmetry, such that the lightest mode is stable and potentially

a dark matter candidate. Further, the Z2 symmetry ensures that the only renormalizable

interaction between the N th site and the Higgs is of the form written down in the lagrangian

2 In [24], this was achieved by introducing an additional spurion mass term. We do not concern ourselves

with the origin of such a term and only note that it can exist and is renormalizable.
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above. This also ensures an absence of any higgs-clockwork mixing terms. As mentioned

earlier and as elucidated in Appendix. A, the diagonal mass term t2�2
i /2, does not change

the clockwork mechanism, but adds a mass t to the zero mode as well as to all the gears.

Interactions between the dark matter sector and the standard model arise through the

term |H†H|�2
n. After electroweak symmetry is broken, and �n is expanded in its eigen-basis

(ai), there are trilinear and quartic interactions between zero-modes and the Higgs, as well

as a0a0h and aiaih. We expand the clockwork states in its eigen-basis as, �k =
P

l Oklal.

Thus, expanding the interaction term, with |H| = (v + h)
p
2 we get,

Lint = |H†H|�2
n

= 
nX

j=0,k=0

OklOjmakal(v
2 + 2vh+ h2)/2 (18)

As noted earlier, this provides a small mass to the FIMP that is suppressed by a factor

⇠ q�N . The mass matrix is now modified to be

�iM̃ij�j = �iMij�j + v2�in�jn�n�n . (19)

We assume the gear masses m to be close to the breaking scale f , i.e., at the multi-TeV

scale. This choice also helps evade constraints from LHC and further ensures that v ⌧ m

and will thus have only a small e↵ect on the form of the diagolizaing matrix O. We do

not neglect this e↵ect in our calculations and numerically determine the exact diagonalizing

matrix Õ, that diagonlizes the mass matrix M̃ . Once electro-weak symmetry is broken, �n

receives an additional contribution t its mass.

The zero mode-zero mode-Higgs interaction is thus suppressed by ⇠

q2n , while the zero

mode-“j-th gear”-Higgs interaction is supressed by ⇠

qnOjn. Finally there are interactions

between gear-gear-Higgs that are un-supressed by the clockwork mechanism.

Notice that in the lagrangian (LsFIMP ) above, we have modified the quartic term from

its original form in Eq. 5. This we introduce in order to simplify our calculation of the relic.

This choice of interaction ensures that inspite of the modification of the mass matrix and

eigen-basis by the higgs vev,there are no quartic interactions between the zero mode and the

gears. In fact, in the eigenbasis, the quartic term is simply
P

a4i . We can thus completely

ignore the quartic terms when calculating the relic. We emphasize that this choice of quartic

coupling is not necessary for the freeze-in mechanism to produce the correct relic abundance,

however, there are certain caveats that one must be aware of. For instance, if instead of

using M̃ in the quartic interaction, we were to use M as is done in the original clockwork

setup, then, after electroweak symmetry breaking there will be interactions between the zero

mode a0 and the gears ai. This will result in production of a0 through processes of the form

aiai ! a0ai 3. The strength of the quartic interaction between a0 and the gears is determined

3 Since the gears ai have order one couplings to the higgs, they will be in thermal equilibrium with the SM.
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FIMP mass suppressed by clockwork ~ 1 keV 
(close to the warm DM ) 

Modified mass matrix

Clockworking  a scalar FIMP

How to raise the mass ?

2. Alternatively, we can introduce an additional mass term for each site by supplementing

the potential in Eq. 5 with

NX

i=0

t2

2
�2
i , (10)

so that the new mass matrix Mt becomes

Mt = m·

2

6666664

1 + t2/m2
�q 0 . . . 0 0

�q 1 + q2 + t2/m2
�q . . . 0 0

...
...

...
...

...
...

0 0 0 . . . 1 + q2 + t2/m2
�q

0 0 0 . . . �q q2 + t2/m2

3

7777775

(n+1)⇥(n+1)

.

(11)

This term adds to all the diagonal elements of the mass matrix and has no e↵ect on

the form of the transcendental relation Eq. A11.Hence the diagonalizing matrix O has

the same form as the original clockwork setup. On the other hand the eigenvalues and

therefore the square of the masses have an additional factor of t2. Introduction of the

additional parameter t allows one to control the value of the FIMP mass.

B. The fermionic clockwork

While the scalar clockwork relies on goldstone symmetry, the fermionic clockwork can

be constructed from chiral symmetry. This is achieved by introducing N+1 “right handed”

chiral fermions  R,j, j = 0, . . . , N and N “left handed” chiral fermions  L,i, i = 0, . . . , N � 1.

The chiral symmetry is broken by N mass parameters mi, as well as N link mass parameters

(mqi), that serves to generate nearest neighbour interactions. As was with scalars, the

link parameters can be treated as background values of spurions. Analogous to the scalar

case since only N links out N+1 are broken by the mass parameters, a remnant “right

handed” chiral fermion remains massless. In general one can explicitly break the symmetry

by adding a Majorana mass term, to either the last site or every site for both the left and

right handed chiral fermions. Working under this assumption, we can write a clockwork

fermionic lagrangian [16],

LFCW = Lkin �m
N�1X

i=0

( ̄L,j R,j � q ̄L,j R,j+1 + h.c)�
ML

2

N�1X

i=0

( ̄c
L,i L,i)�

MR

2

NX

i=0

( ̄c
R,i R,i)

= Lkin �
1

2
( ̄c

M + h.c) (12)

Instead of diagonilalizing the mass matrix in the  L and  R basis, which would have

required a biunitary transformation, we diagonalize the mass matrix M(2N+1)⇥(2N+1) in the

6

Diagonal mass term 
unsuppressed by clockwork

Adds a mass term to the zero 
mode without spoiling the 
clockwork mechanism

Spurion transformation under

diagonalized as described in Appendix A. In this phase, the zero mode a0 (our FIMP can-

didate) is strictly massless and its interactions with pairs of the Higgs doublet components

are suppressed by /q2N .

Once electroweak symmetry is broken, the N -th site �N acquires an additional mass con-

tribution through the Higgs vacuum expectation value (vev) as v2�2
N/2. The e↵ect of this

term on the Clockwork zero-mode eigenvalue is suppressed. This has been checked numer-

ically but can also be gleaned by noticing that the solution to the transcendental relation

Eq.(A12) for the massless mode is modified by q ' exp(i✓)+✏, where ✏ ⇠ v2/(m2q2N�2(q�1))

when v ⌧ m. The FIMP mass therefore scales as ⇠ v/
p
2q2N�2(q � 1). For example, choos-

ing q = 2 and N = 5 we find ma0 ⇠ 10 GeV whereas for q ' 10 and N = 10 the a0 mass

lies in the sub-keV range. With a bit of hindsight (cf also [39]), given that the values of q

and N for which successful freeze-in can be achieved correspond rather to the latter choice,

it would be useful to find a way to raise the FIMP mass. In [39], this was done by adding

an additional mass term to the N -th site of the Clockwork, which allowed the authors to

raise the DM mass to the MeV range. Here we follow an alternative method, which we find

to provide even more freedom.

Let us introduce an additional mass term for all sites by supplementing the potential in

Eq.(5) with 3,

NX

i=0

t2

2
�2
i , (10)

so that the new mass matrix Mt becomes

Mt = m ·

2

6666664

1 + t2/m2
�q 0 . . . 0 0

�q 1 + q2 + t2/m2
�q . . . 0 0

...
...

...
...

...
...

0 0 0 . . . 1 + q2 + t2/m2
�q

0 0 0 . . . �q q2 + t2/m2

3

7777775

(N+1)⇥(N+1)

.

(11)

This term adds to all the diagonal elements of the mass matrix and has no e↵ect on the form

of the transcendental relation Eq.(A12). Hence, the diagonalizing matrix O has the same

form as in the original Clockwork setup. On the other hand the eigenvalues, and therefore the

squared masses, contain an additional factor of t2. Introduction of the additional parameter

t, thus, allows us to control the value of the FIMP mass. Note that both the Higgs vev and

the additional mass term contribute to the mass of the zero mode and explicitly break the

remnant U(1) symmetry of the Clockwork chain.

3 One can consider the additional mass term as background values of spurions emerging from a term

t2f2(U qj† + h.c), where Uj = exp(i�j/f). The spurion transformation is then, Qj [t2j ] = qj , j =

0, 1, 2, . . . , N , with qj = 1 8 j and tj = t 8 j.
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At this stage, we moreover introduce a deformation of the quartic piece of the Clockwork

sector potential: we replace the matrix M2 in the second term of the last line of Eq.(5) by

a matrix M̃2 the form of which will be given shortly. As we will explain later on, this –

seemingly arbitrary – choice is motivated by practical considerations.

All in all, our Lagrangian reads

LsFIMP = �
1

2

NX

j=0

@µ�
†
j@

µ�j �
1

2

NX

i,j=0

�iM
2
ij�

j
�

m2

24f 2

NX

i,j=0

(�iM̃
2
ij�

j)2

�|H†H|�2
N +

NX

i=0

t2

2
�2
i . (12)

After electroweak symmetry is broken, the original Clockwork sector mass matrix is

modified to be

M̃ij ⌘ Mij + v2�iN�jN . (13)

The exact value of f , the breaking scale, is not important here since our choice of quartic

couplings ensures that they do not play a part in dark matter production 4. The gear masses,

driven by the m parameter are chosen to be in the multi-TeV range. This choice also helps

evade constraints from the LHC and further ensures that v ⌧ m and will, thus, have only

a small e↵ect on the form of the diagonalizing matrix O. Note, however, that we do not

neglect this e↵ect in our calculations and numerically determine the exact matrix Õ that

diagonalizes M̃2.

Interactions between dark matter pairs and the standard model arise through the term

|H†H|�2
N . Once we expand the Clockwork states in terms of their mass eigestates as �k =P

l Oklal, we obtain trilinear and quartic interactions as

Lint = |H†H|�2
N

= 
NX

j=0,k=0

OklOjmalam(v
2 + 2vh+ h2)/2 (14)

As we already noted, the first term also provides a small contribution to the FIMP mass

that is suppressed by a factor ⇠ q�N . The zero mode-zero mode-Higgs interaction is, thus,

suppressed by ⇠


q2N , while the zero mode-j-th gear-Higgs interaction is supressed by ⇠


qnOjN . Finally there are gear-gear-Higgs(-Higgs) interactions that are unsupressed by the

Clockwork mechanism: at early enough cosmic times all gears are in kinetic and chemical

equilibrium with the SM thermal bath.

4 The value of f becomes important if there are o↵-diagonal interactions between the zero mode and higher

gears.
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above. This also ensures an absence of any higgs-clockwork mixing terms. As mentioned

earlier and as elucidated in Appendix. A, the diagonal mass term t2�2
i /2, does not change

the clockwork mechanism, but adds a mass t to the zero mode as well as to all the gears.

Interactions between the dark matter sector and the standard model arise through the

term |H†H|�2
n. After electroweak symmetry is broken, and �n is expanded in its eigen-basis

(ai), there are trilinear and quartic interactions between zero-modes and the Higgs, as well

as a0a0h and aiaih. We expand the clockwork states in its eigen-basis as, �k =
P

l Oklal.

Thus, expanding the interaction term, with |H| = (v + h)
p
2 we get,

Lint = |H†H|�2
n

= 
nX

j=0,k=0

OklOjmakal(v
2 + 2vh+ h2)/2 (18)

As noted earlier, this provides a small mass to the FIMP that is suppressed by a factor

⇠ q�N . The mass matrix is now modified to be

�iM̃ij�j = �iMij�j + v2�in�jn�n�n . (19)

We assume the gear masses m to be close to the breaking scale f , i.e., at the multi-TeV

scale. This choice also helps evade constraints from LHC and further ensures that v ⌧ m

and will thus have only a small e↵ect on the form of the diagolizaing matrix O. We do

not neglect this e↵ect in our calculations and numerically determine the exact diagonalizing

matrix Õ, that diagonlizes the mass matrix M̃ . Once electro-weak symmetry is broken, �n

receives an additional contribution t its mass.

The zero mode-zero mode-Higgs interaction is thus suppressed by ⇠

q2n , while the zero

mode-“j-th gear”-Higgs interaction is supressed by ⇠

qnOjn. Finally there are interactions

between gear-gear-Higgs that are un-supressed by the clockwork mechanism.

Notice that in the lagrangian (LsFIMP ) above, we have modified the quartic term from

its original form in Eq. 5. This we introduce in order to simplify our calculation of the relic.

This choice of interaction ensures that inspite of the modification of the mass matrix and

eigen-basis by the higgs vev,there are no quartic interactions between the zero mode and the

gears. In fact, in the eigenbasis, the quartic term is simply
P

a4i . We can thus completely

ignore the quartic terms when calculating the relic. We emphasize that this choice of quartic

coupling is not necessary for the freeze-in mechanism to produce the correct relic abundance,

however, there are certain caveats that one must be aware of. For instance, if instead of

using M̃ in the quartic interaction, we were to use M as is done in the original clockwork

setup, then, after electroweak symmetry breaking there will be interactions between the zero

mode a0 and the gears ai. This will result in production of a0 through processes of the form

aiai ! a0ai 3. The strength of the quartic interaction between a0 and the gears is determined

3 Since the gears ai have order one couplings to the higgs, they will be in thermal equilibrium with the SM.
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3 Since the gears ai have order one couplings to the higgs, they will be in thermal equilibrium with the SM.
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A fermionic clockwork

2. Alternatively, we can introduce an additional mass term for each site by supplementing

the potential in Eq. 5 with

NX

i=0

t2

2
�2
i , (10)

so that the new mass matrix Mt becomes

Mt = m·

2

6666664

1 + t2/m2
�q 0 . . . 0 0

�q 1 + q2 + t2/m2
�q . . . 0 0

...
...

...
...

...
...

0 0 0 . . . 1 + q2 + t2/m2
�q

0 0 0 . . . �q q2 + t2/m2

3

7777775

(n+1)⇥(n+1)

.

(11)

This term adds to all the diagonal elements of the mass matrix and has no e↵ect on

the form of the transcendental relation Eq. A11.Hence the diagonalizing matrix O has

the same form as the original clockwork setup. On the other hand the eigenvalues and

therefore the square of the masses have an additional factor of t2. Introduction of the

additional parameter t allows one to control the value of the FIMP mass.

B. The fermionic clockwork

While the scalar clockwork relies on goldstone symmetry, the fermionic clockwork can

be constructed from chiral symmetry. This is achieved by introducing N+1 “right handed”

chiral fermions  R,j, j = 0, . . . , N and N “left handed” chiral fermions  L,i, i = 0, . . . , N � 1.

The chiral symmetry is broken by N mass parameters mi, as well as N link mass parameters

(mqi), that serves to generate nearest neighbour interactions. As was with scalars, the

link parameters can be treated as background values of spurions. Analogous to the scalar

case since only N links out N+1 are broken by the mass parameters, a remnant “right

handed” chiral fermion remains massless. In general one can explicitly break the symmetry

by adding a Majorana mass term, to either the last site or every site for both the left and

right handed chiral fermions. Working under this assumption, we can write a clockwork

fermionic lagrangian [16],

LFCW = Lkin �m
N�1X

i=0

( ̄L,j R,j � q ̄L,j R,j+1 + h.c)�
ML

2

N�1X

i=0

( ̄c
L,i L,i)�

MR

2

NX

i=0

( ̄c
R,i R,i)

= Lkin �
1

2
( ̄c

M + h.c) (12)

Instead of diagonilalizing the mass matrix in the  L and  R basis, which would have

required a biunitary transformation, we diagonalize the mass matrix M(2N+1)⇥(2N+1) in the

6N (N+1) copies of  left (right ) handed fermions Majorana Mass terms

 Clockwork Fermion
Can also construct analogous fermion models:




One Weyl fermion left over to be massless.  If last 
site is the RHD Neutrino, then clockworked 
interaction is:


Tiny Dirac neutrino masses!  Again, much 
interesting phenomenology to look into.
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A fermionic FIMP

V. A MODEL OF FERMIONIC FIMP

A model of FIMP with fermions can also be constructed by Higgs Yukawa interactions,

analogous to the generation of fermion masses in standard model. To this end, we supplement

the fermionic clockwork lagrangian in section II B with additional vector like SU(2) doublets

L0 = (l1, l2), R0 = (r1, r2), with quantum number (SU(3), SU(2))Y = (1, 2)�1/2
5. As usual,

we couple the last site of the clockwork chain ( R,N) to the Standard Model Higgs through

a Yukawa coupling with the lepton doublet. The lagrangian is thus,

LfFIMP = Lfcw + iL̄ /DL+ iR̄ /DR +MD(L̄R) + Y L̄H̃ R,n + h.c (20)

where MD is the dirac mass and Y is the Yukawa coupling. Through the mixing term

with the Higgs, the gears and the new left handed heavy ”neutrino” obtains an additional

contribution to their mass. Additionally the presence of dirac mass terms for the doublets

are added to the clockwork mass matrix. The mass matrix is thus expanded and therefore

needs to be diagonalized in the new basis. In general, the new mass matrix has a complicated

structure and is di�cult to diagonalize analytically. The mass matrix can be written as,

m⌫ =

0

BBBBBBBBBB@

l1 r1 �0 �1 �2 · · · �2n

l1 0 MD vY0 vY1 vY2 · · · vY2N

r1 MD 0 0 0 0 · · · 0

�0 vY0 0 M0 0 0 · · · 0

�1 vY1 0 0 M1 0 · · · 0

�2 vY2 0 0 0 M2 · · · 0
...

...
...

...
...

...
...

...

�2N vY2N 0 0 0 0 · · · M2N

1

CCCCCCCCCCA

, (21)

where we have used the basis of states where the pure clockwork sector is diagonal and is

defined through  R,n =
Pn

i=0 Uni�i. Also

Y0 = Y (uR)N =
1

qN

s
q2 � 1

q2 � q�2N
(22)

Yj = Y(N+j) =
Y
p
2
(UR)Nj =

s
1

(N + 1)�j

"
q sin

Nj⇡

N + 1

#
, j = 1, . . . , N (23)

We see that the clockwork fermions can now mix with the heavy neutrino state. As a

result of the mixing there will be interactions of the gauge bosons with the FIMP candidate

5 One can conceive of introduction leptons and scalars of higher SU(2) representations, however, we restrict

ourselves to the simplest case.
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Work in the limit of 

FIG. 2: Contours denoting the values of q and N that produce the observed relic abundance for

the fermionic clockwork model. Here m = 100 TeV and the three contours are shown for three

choices of mq̃ = {0.01, 1, 100} GeV .

�0 as well as with the remaining clockwork fermions �k. Overproduction of the FIMP may

result if the mixing and hence the coupling to gauge bosons is too large. The extent of

mixing of the fermions is governed by the fraction v
m . In the limit that v/m ! 0 all o↵-

diagonal entries (except for MD) will vanish, as will couplings of the clockwork sector to

gauge bosons. In this limit the only interaction of the clockwork sector to SM particles will

be through the higgs yukawa coupling which is suppressed by 1/qN . FIMP production will

proceed through decays of heavier clockwork gears or via SM scattering processes mediated

by the Higgs.

Although it is possible to evaluate the relic density when we take into account mixing

of the clockwork fermions with the heavy neutrino, this is a numerically challenging task 6.

We instead set m = 100 TeV and check for one choice of q and N that this approximately

reproduces our results when we assume v/m ! 0. KM: Further, we neglect any contributions

from other particles (for example SU2(R) gauge bosons), i.e. we set their masses to be much

larger than the reheating temperature.

Fig. 2 shows contours in the q�N plane that satisfy the observed relic abundance. Here

m = 100 TeV. As in the scalar case, we observe that for small values of q ⇠ 2 large values of

N ⇠ 30�35 are needed, whereas for large values of q ⇠ 10 smaller values of N ⇠ 10�15 are

su�cient. We also note that compared to the clockwork sector, we find that the fermionic

clockwork setup requires larger values of N . Three contours are shown corresponding to

6 Roughly, there are about 2N + 1 processes one needs to consider when we use the assumption v/m ! 0,

this increases to 3(2N + 3)2 processes when we consider all mixings.
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All off-diagonal entries except the Dirac mass vanish

V. A MODEL OF FERMIONIC FIMP
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where we have used the basis of states where the pure clockwork sector is diagonal and is

defined through  R,n =
Pn

i=0 Uni�i. Also

Y0 = Y (uR)N =
1

qN

s
q2 � 1

q2 � q�2N
(22)

Yj = Y(N+j) =
Y
p
2
(UR)Nj =

s
1

(N + 1)�j

"
q sin

Nj⇡

N + 1

#
, j = 1, . . . , N (23)

We see that the clockwork fermions can now mix with the heavy neutrino state. As a

result of the mixing there will be interactions of the gauge bosons with the FIMP candidate

5 One can conceive of introduction leptons and scalars of higher SU(2) representations, however, we restrict

ourselves to the simplest case.
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Identify the zero mode fermion of the clockwork  as the FIMP candidate
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FIMP production

LHC pheno



  

Freeze-in phenomenology

Andreas Goudelis p.9

Can we test freeze-in? Certainly not in full generality, but

There are actually numerous handles!

Arguably, both remarks also apply to freeze-out

Primordial 
nucleosynthesis

Charged track 
searches @ LHC

Mono-X searches @ LHC + new experiments

Displaced vertices/ 
kinked tracks

If there are heavier particles in the spectrum

Structure formation

Direct/Indirect 
detection

Otherwise

Structure formation 
(Lyman-α)

In very special limits

If DM warm/self-
interacting

Long lifetimes

Long lifetimes, 
charged parent

Long lifetimes, neutral parent, cf e.g. arXiv:1806.07396

Shorter lifetimes, requires 
tweaking.
More relevant arXiv:1705.09292

Long lifetimes

Testing Freeze-in



Conclusion 

• Freeze -in dark matter scenarios are alternatives to WIMP freeze outs 
• FIMPs are out of thermal equilibrium and require very small couplings 
• A “natural” way to generate exponentially small couplings are Clockwork 

mechanisms 
•  Scalar and Fermionic clockwork freeze-in models are constructed and shown  
to be a viable set up. 
• Such set ups also have long lived particles as a viable signature 
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