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Background Difficulty With Algebraic e dln Differential Equations
g ble From Bhabha Scattering

Difficulty With Algebraic e dln Differential Equations

Bonciani et. al., JHEP 09 (2016) 091

For E (w,z,mQ) and (w, z,m?),

have the unrationalizable symbol letter:

r=(1+w2z2)(w+ 2)2 + 2w z(w — 2)2 + 4w 22(1 + w?)

The algebraic part of the symbol alphabet reads:

La={r,—1-w)(z—w)(1—-wz)+7(l+w),

—(1-w) (dwz+ (w+2)(1+wz)) —r(1+w),

2 — 2w 2% (1 —w)? +7(w+2)14+w2),

r?(1—2)2 422z +w?)1+w?z) +r(1—2)(142) 2wz — (w+2)(1+wz))}
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Difficulty With Algebraic e dln Differential Equations

Bonciani et. al., JHEP 09 (2016) 091

For E (w,z,mQ) and (w, z,m?),

have the unrationalizable symbol letter:

r=(1+w2z2)(w+ 2)2 + 2w z(w — 2)2 + 4w 22(1 + w?)

The algebraic part of the symbol alphabet reads:

La={r,—1-w)(z—w)(1—-wz)+7(l+w),

—(1-w) (dwz+ (w+2)(1+wz)) —r(1+w),

2 — 2w 2% (1 —w)? +7(w+2)14+w2),

r?(1—2)2 422z +w?)1+w?z) +r(1—2)(142) 2wz — (w+2)(1+wz))}

Construction of useful e dln differential equations not straightforward!

J. M. Henn, Phys. Rev. Lett. 110 (2013) 251601
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Background
sle From Bhabha Scattering

Factorization Of Algebraic Functions Is Not Canonical

—l-wiz-—wl-—wz2)+r(l+w)=
2w(l+2)(z+w?)(2+z—w+wz(w+2)+71)
2w+ z—wHwz(w+z)+r
—(l-w)(dwz+ (w+2)(14+wz)) —r(l+w) =
—82w2(1+z)3(1+w22)(2w2—|—z—w+wz(w—|—z)—|—r)
2+z—wrwziw+z)+7r)(—(w+2)(1-w2)+r)(— (z—w) (1 +wz)+7)
r? —2w2A(1 —w)? +r(w+2)(1+wz) =
722(2+sz+wz(w+z)+T)2(2w2+27w+wz(w+z)+r)2
8(1+z)2(1+w22)2(7(w+z)(17wz)+r)2(f (sz)(lerz)Jrr)fz
21—z +22%(z+w)(1+w?z) +r(1—2)(1+2) 2wz — (w+2)(1 +wz))
_ 2z2(1—|—w2z)2(— (w+z)(1—wz)+r)2
(f(sz)(lerz)Jrr)Q
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Background i aic e dln Differential Equati
nple From Bhabha Scattering
Polynomial Reduction

First Non-Trivial Example From Bhabha Scattering

J. M. Henn and V. A. Smirnov, JHEP 1311 (2013) 041;

J. M. Henn, Amplitudes 2017 talk; C. Duhr, Amplitudes 2018 talk

From planar, massive Bhabha electron-positron scattering;:

5 oo
i N\ |5 (S,t,mQ) = —eQ’YEGF(1+2€) H/ dey; 5(1—0&5)”71+36}-71726
i=170

U = ajag + aras + aras + agos + oy + asas + agoy + auas
F = —sasagas —tajasag + m? (a4 + a5)L{ —m? (a1a2a4 + ajaoas

+ a3ty + pazos + arouas + ooy + agoas + 043044045)
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First Non-Trivial Example From Bhabha Scattering

J. M. Henn and V. A. Smirnov, JHEP 1311 (2013) 041;

J. M. Henn, Amplitudes 2017 talk; C. Duhr, Amplitudes 2018 talk

From planar, massive Bhabha electron-positron scattering;:

5 oo
i N\ |5 (S,t,mQ) = —eQ’YEGF(1+2€) H/ dey; 5(1—0&5)”71+36}-71726
i=170

U = ajag + aras + aras + agos + oy + asas + agoy + auas
F = —sasagas —tajasag + m? (a4 + a5)L{ —m? (a1a2a4 + ajaoas

+ a3ty + pazos + arouas + ooy + agoas + 043044045)

No evaluation in terms of standard multiple polylogarithms known!
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Background iffi r Wi y; avic € dln Differential Equations
t on al Example From Bhabha Scattering
Polynomial Reduction

What Polynomial Reduction Has To Offer

F. Brown, Commun. Math. Phys. 287 (2009) 925; arXiv:0910.0114; E. Panzer, arXiv:1506.07243

implemented III HyperInt, E. Panzer, Comput. Phys. Commun. 188 (2015) 148

o For Feynman parameter integrals, can conceptualize polynomial
reduction as an efficient “simulation” of each direct integration
step (in terms of GPLs) of each possible integration order.
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What Polynomial Reduction Has To Offer

F. Brown, Commun. Math. Phys. 287 (2009) 925; arXiv:0910.0114; E. Panzer, arXiv:1506.07243

implemented III HyperInt, E. Panzer, Comput. Phys. Commun. 188 (2015) 148

o For Feynman parameter integrals, can conceptualize polynomial
reduction as an efficient “simulation” of each direct integration
step (in terms of GPLs) of each possible integration order.

o For each integration order, the algorithm tries to generate sets of
irreducible polynomials containing the sets of irreducible
polynomials which appear in the integrand after each integration
step. “Upper bound” on the symbol alphabet at each step.
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and signal that a particular integration order would generate
functions at intermediate stages which go beyond GPLs.
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Polynomial Reduction

What Polynomial Reduction Has To Offer

F. Brown, Commun. Math. Phys. 287 (2009) 925; arXiv:0910.0114; E. Panzer, arXiv:1506.07243

implemented III HyperInt, E. Panzer, Comput. Phys. Commun. 188 (2015) 148

o For Feynman parameter integrals, can conceptualize polynomial
reduction as an efficient “simulation” of each direct integration
step (in terms of GPLs) of each possible integration order.

o For each integration order, the algorithm tries to generate sets of
irreducible polynomials containing the sets of irreducible
polynomials which appear in the integrand after each integration
step. “Upper bound” on the symbol alphabet at each step.

o For particular integration orders, the algorithm can short-circuit
and signal that a particular integration order would generate
functions at intermediate stages which go beyond GPLs.

= |\ |, not linearly reducible, can integrate out a; or aig only
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Variable Changes From Polynomial Reduction
Finding Suitable Direct Integration Variables

Polynomial Reduction Is Still Useful
In The Absence Of Linear Reducibility

Can easily find a good variable change by studying the irreducible
polynomials which could appear after integrating out a;:

Ly, = {1+a2+a3,m2 —tagas,as (1 +a3) + (14 as + as) ag,
m2as + (m2 + (2m2 — s) ozg) ag +m? (1 + ag + az) a?,

ol (m2+ta3 (1+a3)) + (2m2 —s+ta3) (14 s+ a3) azay
+m?(1+ ay +a3)2ai}
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Variable Changes From Polynomial Reduction
Finding Suitable Direct Integration Variables > \tion Of The Kinematics
ia Parametrization By Lines

Polynomial Reduction Is Still Useful
In The Absence Of Linear Reducibility

Can easily find a good variable change by studying the irreducible
polynomials which could appear after integrating out a;:

Lo, = {1+a2+a3,m2—ta2a3,a2 (I1+as) + (1 + az + as) ag,

m2as + (m2 + (2m2 — s) ozg) ag +m? (1 + ag + az) a?,
ol (m2 +tas(1 +a3)) + (2m2 — s+ta3) (14 s+ a3) azay
+m?(1+ ay +a3)2ai}

Tq X2

= the first variable change for P; i1, oy = Treatas

, looks promising

E. Panzer, arXiv:1506.07243
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Variable Changes From Polynomial Reduction
Finding Suitable Direct Integration Variables

Polynomial Reduction Is Still Useful
In The Absence Of Linear Reducibility

In contrast to the P 1; analysis, all other polynomials are still fine:
Lal = {1 —+ o +a3,m2 —tag g, a0 (1 + a3 +LL’4),
(6%}

Troera (m? (1 as - a3) + (m* 4+ (2m” — s)as)as +mPas 2},

a® (m* +tas (1+as) 4+ (2m* — s +tag) m—i—m%i)}

Robert M. Schabinger
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Variable Changes From Polynomial Reduction
Finding Suitable Direct Integration Variables

Polynomial Reduction Is Still Useful
In The Absence Of Linear Reducibility

In contrast to the P 1; analysis, all other polynomials are still fine:

Lal = {1+a2+a3,m2 —tag g, a0 (1+Ot_3+’134),
(6%}
1-’-(%2-’-&3
a® (m* +tas (1+as) 4+ (2m* — s +tag) x4+m2$i)}

(m2 I+ as+as)+ (m2 + (2 m? — s)ag)x4 + m2as xi),

— GPLs with rational weights and arguments after «s integration

Robert M. Schabinger GPLs for integrals with intrinsically algebraic symbols



om Polynomial Redu:
Finding Suitable Direct Integration Variables R : f The Kinemati
netrization By Lines

How To Proceed For The Final Two Integrations

Rerunning the polynomial reduction in HyperInt, we get stuck again:

Loga, = {1 +as, 1+ as +x4,m? +tas —|—t(y§,m2 + (2m2 — 8) Ty —&—mQxi,
m? (14 z4) — s+ (m*(2+ 24) — ) az,m® + (2m® — s) 24 + m*z]

+t(1 4 x4)as + tag}
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om Polynomial Redu:
Finding Suitable Direct Integration Variables R : f The Kinemati
netrization By Lines

How To Proceed For The Final Two Integrations

Rerunning the polynomial reduction in HyperInt, we get stuck again:

Loga, = {1 +as, 1+ as +x4,m? +tas —|—t(y§,m2 + (2m2 — 8) Ty —&—mQxi,
m? (14 z4) — s+ (m*(2+ 24) — ) az,m® + (2m® — s) 24 + m*z]

+t(1 4 x4)as + tag}

How to proceed without leaving the space of GPLs?
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Variable Changes From Polynomi 11 Reduction
Finding Suitable Direct Integration Variables F 1 Rat ) P i i
Variable Cl 1ge Via Parametrization By Lines

How To Proceed For The Final Two Integrations?

Rerunning the polynomial reduction in HyperInt, we get stuck again:

La1a2:{1+03,1+a3+3"4,m +t03+t03,m +(2m —8):("4+m23"i,

m? (14 z4) — s+ (m*(2+ 24) — ) az,m® + (2m® — s) 24 + m*z]
+t(1 4 x4)as + tag}

How to proceed without leaving the space of GPLs?

o m?+taz+ta3 and m* + (2 m? — s) x4 +m2z3 no issue, dealt
with via kinematic variable changes.

e m?+ (2 m? — s) x4 +m2z3 +t(1 4+ 24)az + t a2 requires a
non-trivial change of variables which maps the domain of the
final integration parameter onto [0, 1].

Robert M. Schabinger GPLs for integrals with intrinsically algebraic symbols



S. Caron-Huot and J. M. Henn, JHEP 1406 (2014) 114

4m?(vy —v1)?
§=— and t=——-—"——
(1 —Ul)(1+vl)(1 —v2)(1+v2) V1V2

get rid of two square roots which would otherwise arise:

m? (v1 — (v2 — v1)as) (v2 + (v2 — vi)ag)

m? +tas —l—tozg =
V102

and

m? + (2m2 —s) x4 +miad =
m?2 ((1 + 1}1)(1 — 1)2) + (1 — 01)(1 + ’UQ)J)4) ((1 — 1}1)(1 + 'UQ) + (1 + 1}1)(1 — U2)$4)
(1 — ’Ul)(l + ’U1>(1 — ’Ug)(l + '1}2)
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Finding Suitable Direct Inte tion Variables

Variable Change Via Parametrization By Lines

E. Panzer, JHEP 1403 (2014) 071; M. Besier et. al., Commun. Num. Theor. Phys. 13 (2019) 253

For technical reasons, set az = 172 - The z3 integration leads to
\/1+2(4m2—25—t) g2
T4+ 7.
4m? —t T

This obstruction is removed by finding a rational parametrization of:

2(4m? —2s—1t)
4m?2 —t

1+ x4+xi=p2.

Parametrizing the algebraic variety by lines, p = y4 <m4 — xflo)) + pO)]

through the rational point (@@7 p(0)> - (_W, 1) leads to:

294 (1 + %yzx)
Tag =
! (1= ya)(1+ ya)

GPLs for integrals wi i i ally algebraic sym



Weight-Four Result For Bhabha Integral

Weight-Four Result For Bhabha Integral

From these considerations, I was able to directly evaluate at O (60) in
terms of GPLs with the root \/pl (v1, v2)p2(v1, v2)p3(v1, v2)pa(v1, va2)

p1(v1,v2) =1+ vy —va(l —vq)

p2(v1,v2) =1 +v2 —vi(1 —v3)

p3(v1,v2) = v1(1 —v1) + v2(l — va) + V1v2(2 — vy — v2)

pa(v1,v2) = v1(1 4+ v1) +v2(1 +v2) — v1v2(2 + vy + v2)
in the weights of the most complicated GPLs. From GiNacC:

C. Bauer et. al., J. Symb. Comput. 33 (2002) 1;

J. Vollinga and S. Weinzierl, Comput. Phys. Commun. 167 (2005) 177

(—1/36,—8/35,2) ~ —6.317550089475753330169497 . . . + O (e)

confirmed with FIESTA 4, A. Smirnov, Comput. Phys. Commun.-204 (2016) 189

Robert M. Schabinger GPLs for integrals with intrinsically algebraic symbols
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Direct integration methods are very powerful!
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What To Look At Next

Direct integration methods are very powerful!

o Finally, evaluate the master integrals for the virtual part of the
O (awas) mixed EW-QCD corrections to the Drell-Yan process.
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Direct integration methods are very powerful!

o Finally, evaluate the master integrals for the virtual part of the
O (awas) mixed EW-QCD corrections to the Drell-Yan process.

o Revisit Bhabha scattering in the differential equations approach.
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What To Look At Next

Direct integration methods are very powerful!

o Finally, evaluate the master integrals for the virtual part of the
O (awas) mixed EW-QCD corrections to the Drell-Yan process.

o Revisit Bhabha scattering in the differential equations approach.

o Look at the polylogarithmic families of integrals from Higgs plus
jet production @ LHC to see if we can cope in the presence of
(presumably) multiple unrationalizable square roots.
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What To Look At Next

Direct integration methods are very powerful!

o Finally, evaluate the master integrals for the virtual part of the
O (awas) mixed EW-QCD corrections to the Drell-Yan process.

o Revisit Bhabha scattering in the differential equations approach.

o Look at the polylogarithmic families of integrals from Higgs plus
jet production @ LHC to see if we can cope in the presence of
(presumably) multiple unrationalizable square roots.

o Learn about elliptic multiple polylogarithm reduction identities
by comparing the solution for the Bhabha integral of this talk
with the solution given last year in terms of eMPLs.
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