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Hard scattering process 

Aim to ~ few % precision

Precise determination of 
parton content of proton 

PDFs Currently known  
at level ~ few % for LHC

INTRODUCTION

Precision physics @ the LHC means having a lot of complex ingredients under control
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INTRODUCTION

complicated set of integrals to compute

Hard process requires the calculation of scattering amplitudes
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INTRODUCTION

Thanks to cross-talk between different communities (particle physics, amplitudes, string theory, 
mathematics…) we have witnessed impressive developments in our understanding of multi-
loop scattering amplitudes

Hard process requires the calculation of scattering amplitudes

complicated set of integrals to compute



WHAT WE CAN DO

LHC phenomenology had a lot to gain from these developments…

NNLO (relative αs2) is becoming today’s state of the art
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explosion of calculations  
in past 18 months

timeline of calculations as of mid June[Slide by G. Salam]

NNLO calculations: the status around the beginning of 2017



BUT THINGS ARE GETTING DIFFICULT AGAIN…

LHC phenomenology had a lot to gain from these developments…

NNLO calculations: the status around the beginning of 2017

THE NNLO STANDARD
NNLO hadron-collider calculations v. time
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explosion of calculations  
in past 24 months

as of April 2017, let me know of omissions

NNLO HADRON-COLLIDER CALCULATIONS VS. TIME 

DY, van Neerven et al.

NNLO hadron-collider calculations v. time
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Slide inspired in Gavin Salam’s talk
ZZ, G. Heinrich, et al.

VBF diif. J. Cruz-Martinez, et al.

HH (VBF-diff) F. A. Dreyer et. al  9

[Slide by L. Cieri]
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ptw, Gehrmann et al. 
MATRIX at NNLO, Grazzini et al 

Explosion of calculations 
starting in 2014
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Slide inspired in Gavin Salam’s talk
ZZ, G. Heinrich, et al.

VBF diif. J. Cruz-Martinez, et al.

HH (VBF-diff) F. A. Dreyer et. al  9

BUT THINGS ARE GETTING DIFFICULT AGAIN…

[Slide by L. Cieri]



WHAT WE CANNOT DO (YET…)
There is a lot that we can do, but we are not quite there yet…

Properly modelling LHC processes with high precision requires more external 
particles and massive internal states

What are we fighting against?

Algebraic complexity Analytical complexity

top quark

New mathematical insight needed to 
tame these processes! 



FEYNMAN INTEGRALS AND THE S-MATRIX

1p
s(s� 4m2)

ln

 p
s� 4m2 +

p
sp

s� 4m2 �
p
s

!

<latexit sha1_base64="cLkwqkv8BqVmtqfNEE+VjQWmZIs="></latexit><latexit sha1_base64="cLkwqkv8BqVmtqfNEE+VjQWmZIs="></latexit><latexit sha1_base64="cLkwqkv8BqVmtqfNEE+VjQWmZIs="></latexit><latexit sha1_base64="cLkwqkv8BqVmtqfNEE+VjQWmZIs="></latexit>

~

Feynman integrals are source of analytic structure of the scattering amplitudes

Multivalued functions. Branch-cut structure dictated by unitarity!

Multivalued functions              Riemann surfaces and algebraic geometry

~
Z 1

4m2

ds0

s0 � s� i✏

1p
s0(s0 � 4m2)
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EXPOSING THE ANALYTIC STRUCTURE

Kotikov, 1990 
Bern, Dixon, Kosower, 1993 
Remiddi, 1999; Gehrmann, Remiddi 2000

Differential equations trivialise all integrations but one:

Z
ddk

(2⇡)d
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k2(k � p2)2(k � p2 � p3)2(k � p1 � p2 � p3)2
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Master Integrals fulfil differential equations in kinematical invariants



Kotikov, 1990 
Bern, Dixon, Kosower, 1993 
Remiddi, 1999; Gehrmann, Remiddi 2000

Differential equations trivialise all integrations but one:
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Master Integrals fulfil differential equations in kinematical invariants

Iterated integrals over 
rational functions…

EXPOSING THE ANALYTIC STRUCTURE



A GEOMETRICAL POINT OF VIEW

Dealing with complex functions, the natural concept: Riemann surface

R(z) =
P (z)

Q(z)

⇢
P (z) = anzn + ...+ 1
Q(z) = bmzm + ...+ 1
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A rational function has no branch cuts

Riemann sphere: All meromorphic functions on the RS are rational functions

But it has poles

point at1
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Given any rational function R(x), by factorizing poles and partial fractioning I get

Z
dxR(x) =

Z
dx

p(x)

q(x)
⇠

⇢Z
dx xn ,

Z
dx

(x� c)k

�
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MULTIPLE POLYLOGARITHMS (MPLS)



Given any rational function R(x), by factorizing poles and partial fractioning I get

simple pole

Z
dxR(x) =

Z
dx

p(x)

q(x)
⇠

⇢Z
dx xn ,

Z
dx

(x� c)k

�

<latexit sha1_base64="FRaeoJ1HKJH8W7IjmH4Zq3zPvaM="></latexit><latexit sha1_base64="FRaeoJ1HKJH8W7IjmH4Zq3zPvaM="></latexit><latexit sha1_base64="FRaeoJ1HKJH8W7IjmH4Zq3zPvaM="></latexit><latexit sha1_base64="FRaeoJ1HKJH8W7IjmH4Zq3zPvaM="></latexit>

Z
dx

(x� c)k
= � 1

k � 1

1

(x� c)k�1
, k > 1
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Z
dx

x� c
= log (x� c)
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I

�c

dx

x� c
= 2⇡i !

<latexit sha1_base64="JG6IUYGqOfZvob0morqAn9XeSxU="></latexit><latexit sha1_base64="JG6IUYGqOfZvob0morqAn9XeSxU="></latexit><latexit sha1_base64="JG6IUYGqOfZvob0morqAn9XeSxU="></latexit><latexit sha1_base64="JG6IUYGqOfZvob0morqAn9XeSxU="></latexit>

Residue non zero => multivalued function

MULTIPLE POLYLOGARITHMS (MPLS)

simple pole

Z
dx

(x� c)k
= � 1

k � 1

1

(x� c)k�1
, k > 1
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Z
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MPLS: INTEGRATING ON THE RIEMANN SPHERE

G(c1, c2, ..., cn, x) =

Z x

0

dt1
t1 � c1

G(c2, ..., cn, t1)

=

Z x

0

dt1
t1 � c1

Z t1

0

dt2
t2 � c2

...

Z tn�1

0

dtn
tn � cn

<latexit sha1_base64="H6Cd2YUKmYwxPa1OZV5y5rHJI+A="></latexit><latexit sha1_base64="H6Cd2YUKmYwxPa1OZV5y5rHJI+A="></latexit><latexit sha1_base64="H6Cd2YUKmYwxPa1OZV5y5rHJI+A="></latexit><latexit sha1_base64="H6Cd2YUKmYwxPa1OZV5y5rHJI+A="></latexit>

We integrate rational functions

The singularities are 
generically complex 
numbers!

Integrals of rational functions with simple poles (logarithmic singularities!) on the 
Riemann Sphere



BEYOND GENUS ZERO



THE ELLIPTIC WORLD

At two loops, MPLs with their beautiful properties are not enough.

Electron self-energy in QED @ 2 loops     (computation attempted in 1961 by A. Sabry!)



THE ELLIPTIC WORLD

Electron self-energy in QED @ 2 loops     (computation attempted in 1961 by A. Sabry!)

=
1p

(3m�
p
s)(

p
s+m)3

K

✓
16m3ps

(3m�
p
s)(

p
s+m)3

◆
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K(x) =

Z 1

0

dzp
(1� z2)(1� x z2)
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Leading singularity -> Elliptic Integral of the first kind:

The sunrise integral

At two loops, MPLs with their beautiful properties are not enough.



ELLIPTIC CURVES AND TORII

K(x) =

Z 1

0

dzp
(1� z2)(1� x z2)
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Consider the function

y(z) =
p
(1� z2)(k2 � z2) with k2 =

1

x
> 1
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dzp
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Consider the function

(ii) Some of the literature uses a more restrictive definition of the term multi-valued function,
not including things such as

p
z. But this need not concern us, as we shall not really be

using multi-valued functions in the course.

The Riemann surface S = {(z, w) 2 C2
| z = w2

} is identified with the complex w-plane by
projection. It is then clear what a holomorphic function on S should be: an analytic function
of w, regarded as a function on S. We won’t be so lucky in general, in the sense that Riemann
surfaces will not be identifiable with their w- or z-projections. However, a class of greatest
importance for us, that of non-singular Riemann surfaces, is defined by the following property:

1.5 Moral definition: A Riemann surface S in C2 is non-singular if each point (z0, w0) has
the property that

• either the projection to the z-plane

• or the projection to the w-plane

• or both

can be used to identify a neighbourhood of (z0, w0) on S homeomorphically with a disc in the
z-plane around z0, or with a disc in the w-plane around w0.

We can then use this identification to define what it means for a function on S to be holomorphic
near (z0, w0).

1.6 Remark. We allowed concrete Riemann surfaces to be singular. In the literature, that is
usually disallowed (and our singular Riemann surfaces are called analytic sets). We are mostly
concerned with non-sigular surfaces, so this will not cause trouble.

An interesting example

Let us conclude the lecture with an example of a Riemann surface with an interesting shape,
which cannot be identified by projection (or in any other way) with the z-plane or the w-plane.

Start with the function w =
p

(z2 � 1)(z2 � k2) where k 2 C, k 6= ±1, whose graph is the
Riemann surface

T = {(z, w) 2 C2
| w2 = (z2

� 1)(z2
� k2)}.

There are two values for w for every value of z, other than z = ±1 and z = ±k, in which cases
w = 0. A real snapshot of the graph (when k 2 R) is indicated in Fig. (1.3), where the dotted
lines indicate that the values are imaginary.

3

z

here y becomes imaginary

This algebraic equation defines geometrically an elliptic curve

-k -1 +1 +k

y(z) =
p
(1� z2)(k2 � z2) with k2 =

1

x
> 1
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ELLIPTIC CURVES AND TORII

y



CHANGING THE GEOMETRY: FROM GENUS 0 TO GENUS 1

They describe by a new geometry which has intrinsically 2 degrees of freedom: 
a Torus!

y(z) =
p
(1� z2)(k2 � z2) with k2 =

1

x
> 1
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[Drawings by C. Teleman, Riemann Surfaces]
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can be used to identify a neighbourhood of (z0, w0) on S homeomorphically with a disc in the
z-plane around z0, or with a disc in the w-plane around w0.

We can then use this identification to define what it means for a function on S to be holomorphic
near (z0, w0).

1.6 Remark. We allowed concrete Riemann surfaces to be singular. In the literature, that is
usually disallowed (and our singular Riemann surfaces are called analytic sets). We are mostly
concerned with non-sigular surfaces, so this will not cause trouble.

An interesting example

Let us conclude the lecture with an example of a Riemann surface with an interesting shape,
which cannot be identified by projection (or in any other way) with the z-plane or the w-plane.

Start with the function w =
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(z2 � 1)(z2 � k2) where k 2 C, k 6= ±1, whose graph is the
Riemann surface

T = {(z, w) 2 C2
| w2 = (z2

� 1)(z2
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There are two values for w for every value of z, other than z = ±1 and z = ±k, in which cases
w = 0. A real snapshot of the graph (when k 2 R) is indicated in Fig. (1.3), where the dotted
lines indicate that the values are imaginary.
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[Drawings by C. Teleman, Riemann Surfaces]

Near z = 1, z = 1 + ✏ and the function is expressible as

w =
p

✏(2 + ✏)(1 + ✏ + k)(1 + ✏� k) =
p

✏
p

2 + ✏
p

(1 + k) + ✏
p

(1� k) + ✏.

A choice of sign for
p

2(1 + k)(1� k) leads to a holomorphic function
p

2 + ✏
p

(1 + k) + ✏
p

(1� k) + ✏ for small ✏, so w =
p

✏ ⇥ (a holomorphic function of ✏), and
the qualitative behaviour of the function near w = 1 is like that of

p
✏ =

p
z � 1.

Similarly, w behaves like the square root near �1, ±k. The important thing is that there is no
continuous single-valued choice of w near these points: any choice of w, followed continuously
round any of the four points, leads to the opposite choice upon return.

Defining a continuous branch for the function necessitates some cuts. The simplest way is
to remove the open line segments joining 1 with k and �1 with �k. On the complement of
these segments, we can make a continuous choice of w, which gives an analytic function (for
z 6= ±1,±k). The other ‘branch’ of the graph is obtained by a global change of sign.

Thus, ignoring the cut intervals for a moment, the graph of w breaks up into two pieces, each
of which can be identified, via projection, with the z-plane minus two intervals (Fig. 1.4).

Now over the said intervals, the function also takes two values, except at the endpoints where
those coincide. To understand how to assemble the two branches of the graph, recall that the
value of w jumps to its negative as we cross the cuts. Thus, if we start on the upper sheet and
travel that route, we find ourselves exiting on the lower sheet. Thus,

• the far edges of the cuts on the top sheet must be identified with the near edges of the
cuts on the lower sheet;

• the near edges of the cuts on the top sheet must be identified with the far edges on the
lower sheet;

• matching endpoints are identified;

• there are no other identifications.

A moment’s thought will convince us that we cannot do all this in R3, with the sheets positioned
as depicted, without introducing spurious crossings. To rescue something, we flip the bottom
sheet about the real axis. The matching edges of the cuts are now aligned, and we can perform
the identifications by stretching each of the surfaces around the cut to pull out a tube. We obtain

4
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the following picture, representing two planes (ignore the boundaries) joined by two tubes (Fig.
1.5.a).

For another look at this surface, recall that the function

z 7! R2/z

identifies the exterior of the circle |z|  R with the punctured disc {|z| < R | z 6= 0}. (This
identification is even bi-holomorphic, but we don’t care about this yet.) Using that, we can pull
the exteriors of the discs, missing from the picture above, into the picture as punctured discs,
and obtain a torus with two missing points as the definitive form of our Riemann surface (Fig.
1.5.b).

Lecture 2

The example considered at the end of the Lecture 1 raises the first serious questions for the
course, which we plan to address once we define things properly: What shape can a Riemann
surface have? And, how can we tell the topological shape of a Riemann surface, other than by
creative cutting and pasting?

The answer to the first question (which will need some qualification) is that any orientable
surface can be given the structure of a Riemann surface. One answer to the second question, at
least for a large class of surfaces, will be the Riemann-Hurwitz theorem (Lecture 6).

2.1 Remark. Recall that a surface is orientable if there is a continuous choice of clockwise
rotations on it. (A non-orientable surface is the Möbius strip; a compact example without
boundary is the Klein bottle.) Orientability of Riemann surfaces will follow from our desire to
do complex analysis on them; notice that the complex plane carries a natural orientation, in
which multiplication by i is counter-clockwise rotation.

Concrete Riemann Surfaces

Historically, Riemann surfaces arose as graphs of analytic functions, with multiple values, defined
over domains in C. Inspired by this, we now give a precise definition of a concrete Riemann
surface; but we need a preliminary notion.

5

[Drawings by C. Teleman, Riemann Surfaces]
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the property that

• either the projection to the z-plane

• or the projection to the w-plane

• or both

can be used to identify a neighbourhood of (z0, w0) on S homeomorphically with a disc in the
z-plane around z0, or with a disc in the w-plane around w0.

We can then use this identification to define what it means for a function on S to be holomorphic
near (z0, w0).

1.6 Remark. We allowed concrete Riemann surfaces to be singular. In the literature, that is
usually disallowed (and our singular Riemann surfaces are called analytic sets). We are mostly
concerned with non-sigular surfaces, so this will not cause trouble.

An interesting example

Let us conclude the lecture with an example of a Riemann surface with an interesting shape,
which cannot be identified by projection (or in any other way) with the z-plane or the w-plane.

Start with the function w =
p

(z2 � 1)(z2 � k2) where k 2 C, k 6= ±1, whose graph is the
Riemann surface

T = {(z, w) 2 C2
| w2 = (z2

� 1)(z2
� k2)}.

There are two values for w for every value of z, other than z = ±1 and z = ±k, in which cases
w = 0. A real snapshot of the graph (when k 2 R) is indicated in Fig. (1.3), where the dotted
lines indicate that the values are imaginary.
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CHANGING THE GEOMETRY: FROM GENUS 0 TO GENUS 1

They describe by a new geometry which has intrinsically 2 degrees of freedom: 
a Torus!

y(z) =
p
(1� z2)(k2 � z2) with k2 =

1

x
> 1
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the following picture, representing two planes (ignore the boundaries) joined by two tubes (Fig.
1.5.a).

For another look at this surface, recall that the function

z 7! R2/z

identifies the exterior of the circle |z|  R with the punctured disc {|z| < R | z 6= 0}. (This
identification is even bi-holomorphic, but we don’t care about this yet.) Using that, we can pull
the exteriors of the discs, missing from the picture above, into the picture as punctured discs,
and obtain a torus with two missing points as the definitive form of our Riemann surface (Fig.
1.5.b).

Lecture 2

The example considered at the end of the Lecture 1 raises the first serious questions for the
course, which we plan to address once we define things properly: What shape can a Riemann
surface have? And, how can we tell the topological shape of a Riemann surface, other than by
creative cutting and pasting?

The answer to the first question (which will need some qualification) is that any orientable
surface can be given the structure of a Riemann surface. One answer to the second question, at
least for a large class of surfaces, will be the Riemann-Hurwitz theorem (Lecture 6).

2.1 Remark. Recall that a surface is orientable if there is a continuous choice of clockwise
rotations on it. (A non-orientable surface is the Möbius strip; a compact example without
boundary is the Klein bottle.) Orientability of Riemann surfaces will follow from our desire to
do complex analysis on them; notice that the complex plane carries a natural orientation, in
which multiplication by i is counter-clockwise rotation.

Concrete Riemann Surfaces

Historically, Riemann surfaces arose as graphs of analytic functions, with multiple values, defined
over domains in C. Inspired by this, we now give a precise definition of a concrete Riemann
surface; but we need a preliminary notion.
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Near z = 1, z = 1 + ✏ and the function is expressible as

w =
p

✏(2 + ✏)(1 + ✏ + k)(1 + ✏� k) =
p

✏
p

2 + ✏
p

(1 + k) + ✏
p

(1� k) + ✏.

A choice of sign for
p

2(1 + k)(1� k) leads to a holomorphic function
p

2 + ✏
p

(1 + k) + ✏
p

(1� k) + ✏ for small ✏, so w =
p

✏ ⇥ (a holomorphic function of ✏), and
the qualitative behaviour of the function near w = 1 is like that of

p
✏ =

p
z � 1.
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continuous single-valued choice of w near these points: any choice of w, followed continuously
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A NEW GEOMETRY

We define the two periods as

Some definitions. Take a completely general elliptic curve:

y2 = (x� a1)(x� a2)(x� a3)(x� a4)
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� =
(a1 � a4)(a2 � a3)

(a1 � a3)(a2 � a4)
, c4 =

1

2

p
(a1 � a3)(a2 � a4)
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!1 = 2c4

Z a3

a2

dx

y
= 2K(�) , !2 = 2c4

Z a2

a1

dx

y
= 2 iK(1� �) ,
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ELLIPTIC MULTIPLE POLYLOGARITHMS

G(c1, ..., ck;x) =

Z x

0
dt r(c1, t)G(c2, ..., ck; t) , r(c, t) =

1

t� c
c 2 C
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di↵erential equation which is identical to the definition of the elliptic curve in eq. (2.6),

namely

(c4
0(z))2 = P4((z)) , (2.20)

and thus one may identify (x, y) $ ((z), c40(z)). The inverse of the -function is known

as Abel’s map, which takes a point (x, y) on the elliptic curve to a point zx on the complex

torus,

zx =
c4

!1

Z
x

a1

dx
0

y
=

p
a13a24

4K(�)

Z
x

a1

dx
0

y
. (2.21)

Since elliptic curves are isomorphic to complex tori, eMPLs can be described as iterated

integrals over functions related to the torus, and were originally defined as such in refs. [25,

68, 69]. In this context, eMPLs are defined as iterated integrals given by

e�( n1 ... nk
z1 ... zk ; z, ⌧) =

Z
z

0
dz

0
g
(n1)(z0 � z1, ⌧) e�

�
n2 ... nk
z2 ... zk ; z

0
, ⌧
�
, (2.22)

where the integration kernels are the coe�cients in the expansion of theKronecker-Eisenstein

series F (z,↵, ⌧),

F (z,↵, ⌧) =
1

↵

X

n�0

g
(n)(z, ⌧)↵n =

✓
0
1(0, ⌧) ✓1(z + ↵, ⌧)

✓1(z, ⌧) ✓1(↵, ⌧)
, (2.23)

and ✓1(z, ⌧) is the odd Jabobi theta function with ✓
0
1(z, ⌧) denoting a derivative with respect

to its first argument.

The eMPLs (2.22) behave similarly to ordinary MPLs in that they also form a shu✏e

algebra and are unipotent. Moreover, they are pure according to the definition of ref. [52],

namely: A function is called pure if it is unipotent and its total di↵erential involves only

pure functions and one-forms with at most logarithmic singularities.

In the calculation of Feynman integrals that evaluate to functions of the elliptic kind,

the representation of elliptic polylogarithms in terms of a polynomial equation y
2 = P (x)

appears more naturally than the torus picture. Therefore in this paper we use the definition

of pure eMPLs on the elliptic curve recently put forward in ref. [52]. They are defined as

iterated integrals of kernels that are rational functions on the elliptic curve with at most

logarithmic singularities in all variables,

E4( n1 ... nk
c1 ... ck ;x,~a) =

Z
x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) . (2.24)

In contrast with MPLs, for the elliptic case the requirement that all integrations over

rational functions on the elliptic curve close on the same space of functions put together

with the requirement that all integrals must have at most logarithmic singularities leads

to an infinite tower of independent kernels  n for n 2 Z. This fact can also be seen from

the torus description, where an infinite number of kernels are generated by eq. (2.23).

In particular, the kernels in eq. (2.24) depend on a certain kind of functions which are

themselves transcendental, namely

Z4(x,~a) ⌘
Z

x

a1

dx
0�4(x

0
,~a) , with �4(x,~a) ⌘ e�4(x,~a) + 4c4

⌘1

!1

1

y
, (2.25)
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and e�4(x,~a) given in eq. (2.11).

The kernels  n entering the eMPLs in eq. (2.24) are spelled out below for |n| = 0, 1, 2.

Higher values of n do not appear in the present applications since the corresponding func-

tions would satisfy higher-order di↵erential equations. Before writing down the expressions

for the kernels, we introduce some functions which appear as ingredients. The first is the

function Z4(x,~a) defined in eq. (2.25). Likewise, an important element is the image of the

point x = �1 under Abel’s map (2.21),

z⇤ =
c4

!1

Z �1

a1

dx
0

y
. (2.26)

It is possible to represent z⇤ in terms of elliptic integrals. In the situation where all roots

are real and ordered, it is given by [52],

z⇤ = Z⇤(↵,�) ⌘
1

2
� F(

p
↵|�)

2K(�)
, ↵ =

a13

a14
, (2.27)

and for other configuration of the branch points (or complex ones), z⇤ may pick up a minus

sign depending on the conventions for the branches of the square root. Finally, the kernels

entering the pure eMPLs depend on the function G⇤(~a), which is simply the image of the

point z⇤ under g(1) (see eq. (2.23)),

G⇤(~a) ⌘
1

!1
g
(1)(z⇤, ⌧) . (2.28)

As shown in ref. [52], G⇤ can be integrated explicitly in terms of (incomplete) elliptic

integrals of the first and second kind. In the situation where the branch points ~a are real

and ordered according to a1 < a2 < a3 < a4 one finds

G⇤(~a) =

✓
2⌘1
!1

� �

3
+

2

3

◆
F
�p

↵|�
�
� E

�p
↵|�

�
+

r
↵(↵�� 1)

↵� 1
. (2.29)

In the special case where the point z⇤ is of the form3

z⇤ = a+ b ⌧(�) , (2.30)

for a and b constants, then G⇤(~a) admits an even simpler form, namely

G⇤(~a) =
(1� �) [�↵

0(�) + ↵]p
↵(1� ↵)(1� ↵�)

� b
2⇡i

!1
. (2.31)

This follows because eq. (2.27) together with eq. (2.30) imply that ↵ = ↵(�).

At last, we are now ready to write down the expressions for the kernels. For n = 0,

there is only one kernel,

 0(0, x,~a) =
c4

!1 y
. (2.32)

3The situation with a, b 2 Q is common in applications, and a point on the elliptic curve of this form is

called a torsion point.
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For n = 1, we have instead four kernels (with c 6= 1)

 1(c, x,~a) =
1

x� c
,

 �1(c, x,~a) =
yc

y(x� c)
+ Z4(c,~a)

c4

y
, (2.33)

 1(1, x,~a) = �Z4(x,~a)
c4

y
,

 �1(1, x,~a) =
x

y
� 1

y
[a1 + 2c4G⇤(~a)] ,

where yc ⌘
p

P4(c). Finally, for n = 2, we have (with c 6= 1),

 2(c, x,~a) =
!1

12(x� c)

h6 (a1 � c)Z4(x,~a)

x� a1
+

6ycZ4(c,~a) (�a1 + 2c� x)

(c� a1)y

� 2(c� x)(yc(3a13a24(Z
(2)
4 (c,~a) + Z

(2)
4 (x,~a)) + a1(2(a2 + a3 + a4)� 3(c+ x))

c4ycy

�a2a3 � (a2 + a3)a4 + 3cx) + 3
p
a13a24(c� a2)

�
c� a3)(c� a4)Z4(c,~a)

�

c4ycy

i
,

 �2(c, x,~a) =
!1

2(x� c)

h�ycZ4(x,~a)

y
+ Z4(c,~a)

✓
c4(c� x)Z4(x,~a)

y
+ 1

◆i
,

 2(1, x,~a) =
1

4

!1

c4y

h
2a13a24Z

(2)
4 (x,~a) + 4c4G⇤(~a) (a1 � x) + a13a24G⇤(~a)

2

+ 2(�a1 + a2 + a3 + a4)x+ a
2
1 � a2a3 � a2a4 � a3a4 � 2x2

i
� 1

2
!1

Z4(x,~a)

a1 � x
,

 �2(1, x,~a) =
!1

2c4

h
1 +

Z4(x,~a) (2c4 (a1 � x) + a13a24G⇤(~a))

2y

i
,

(2.34)

where Z
(2)
4 (x,~a) stands for a degree-two polynomial in Z4(x,~a),

Z
(2)
4 (x,~a) =

1

8
Z4(x,~a)

2 +
(a2 � x) (a3 � x) (a4 � x)Z4(x,~a)

c4x

+
�3a3x� 3a4x� a1 (a2 + a3 + a4 � 3x) + a2 (2a3 + 2a4 � 3x) + 2a3a4 + 3x2

6a13a24
.

(2.35)

We conclude this short exposition of pure eMPLs with a comment: much like with

ordinary MPLs, one can associate a concept of length and of weight to eMPLs and to

quantities which arise from evaluating eMPLs at special points, for example the periods

and quasi-periods of the elliptic curve defined in eqs. (2.7) and (2.8). In summary we have

the values shown in Table 1.

Using the formalism revised in this section, in the rest of this paper we will show

how certain Feynman integrals which evaluate to functions beyond MPLs can be brought

to neat expressions in terms of combinations of pure eMPLs (2.24) of uniform weight by

direct integration of their Feynman parametrisation.
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1
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di↵erential equation which is identical to the definition of the elliptic curve in eq. (2.6),

namely

(c4
0(z))2 = P4((z)) , (2.20)

and thus one may identify (x, y) $ ((z), c40(z)). The inverse of the -function is known

as Abel’s map, which takes a point (x, y) on the elliptic curve to a point zx on the complex

torus,

zx =
c4

!1

Z
x

a1

dx
0

y
=

p
a13a24

4K(�)

Z
x

a1

dx
0

y
. (2.21)

Since elliptic curves are isomorphic to complex tori, eMPLs can be described as iterated

integrals over functions related to the torus, and were originally defined as such in refs. [25,

68, 69]. In this context, eMPLs are defined as iterated integrals given by

e�( n1 ... nk
z1 ... zk ; z, ⌧) =

Z
z

0
dz

0
g
(n1)(z0 � z1, ⌧) e�

�
n2 ... nk
z2 ... zk ; z

0
, ⌧
�
, (2.22)

where the integration kernels are the coe�cients in the expansion of theKronecker-Eisenstein

series F (z,↵, ⌧),

F (z,↵, ⌧) =
1

↵

X

n�0

g
(n)(z, ⌧)↵n =

✓
0
1(0, ⌧) ✓1(z + ↵, ⌧)

✓1(z, ⌧) ✓1(↵, ⌧)
, (2.23)

and ✓1(z, ⌧) is the odd Jabobi theta function with ✓
0
1(z, ⌧) denoting a derivative with respect

to its first argument.

The eMPLs (2.22) behave similarly to ordinary MPLs in that they also form a shu✏e

algebra and are unipotent. Moreover, they are pure according to the definition of ref. [52],

namely: A function is called pure if it is unipotent and its total di↵erential involves only

pure functions and one-forms with at most logarithmic singularities.

In the calculation of Feynman integrals that evaluate to functions of the elliptic kind,

the representation of elliptic polylogarithms in terms of a polynomial equation y
2 = P (x)

appears more naturally than the torus picture. Therefore in this paper we use the definition

of pure eMPLs on the elliptic curve recently put forward in ref. [52]. They are defined as

iterated integrals of kernels that are rational functions on the elliptic curve with at most

logarithmic singularities in all variables,

E4( n1 ... nk
c1 ... ck ;x,~a) =

Z
x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) . (2.24)

In contrast with MPLs, for the elliptic case the requirement that all integrations over

rational functions on the elliptic curve close on the same space of functions put together

with the requirement that all integrals must have at most logarithmic singularities leads

to an infinite tower of independent kernels  n for n 2 Z. This fact can also be seen from

the torus description, where an infinite number of kernels are generated by eq. (2.23).

In particular, the kernels in eq. (2.24) depend on a certain kind of functions which are

themselves transcendental, namely

Z4(x,~a) ⌘
Z

x

a1

dx
0�4(x

0
,~a) , with �4(x,~a) ⌘ e�4(x,~a) + 4c4

⌘1

!1

1

y
, (2.25)
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and e�4(x,~a) given in eq. (2.11).

The kernels  n entering the eMPLs in eq. (2.24) are spelled out below for |n| = 0, 1, 2.

Higher values of n do not appear in the present applications since the corresponding func-

tions would satisfy higher-order di↵erential equations. Before writing down the expressions

for the kernels, we introduce some functions which appear as ingredients. The first is the

function Z4(x,~a) defined in eq. (2.25). Likewise, an important element is the image of the

point x = �1 under Abel’s map (2.21),

z⇤ =
c4

!1

Z �1

a1

dx
0

y
. (2.26)

It is possible to represent z⇤ in terms of elliptic integrals. In the situation where all roots

are real and ordered, it is given by [52],

z⇤ = Z⇤(↵,�) ⌘
1

2
� F(

p
↵|�)

2K(�)
, ↵ =

a13

a14
, (2.27)

and for other configuration of the branch points (or complex ones), z⇤ may pick up a minus

sign depending on the conventions for the branches of the square root. Finally, the kernels

entering the pure eMPLs depend on the function G⇤(~a), which is simply the image of the

point z⇤ under g(1) (see eq. (2.23)),

G⇤(~a) ⌘
1

!1
g
(1)(z⇤, ⌧) . (2.28)

As shown in ref. [52], G⇤ can be integrated explicitly in terms of (incomplete) elliptic

integrals of the first and second kind. In the situation where the branch points ~a are real

and ordered according to a1 < a2 < a3 < a4 one finds

G⇤(~a) =

✓
2⌘1
!1

� �

3
+

2

3

◆
F
�p

↵|�
�
� E

�p
↵|�

�
+

r
↵(↵�� 1)

↵� 1
. (2.29)

In the special case where the point z⇤ is of the form3

z⇤ = a+ b ⌧(�) , (2.30)

for a and b constants, then G⇤(~a) admits an even simpler form, namely

G⇤(~a) =
(1� �) [�↵

0(�) + ↵]p
↵(1� ↵)(1� ↵�)

� b
2⇡i

!1
. (2.31)

This follows because eq. (2.27) together with eq. (2.30) imply that ↵ = ↵(�).

At last, we are now ready to write down the expressions for the kernels. For n = 0,

there is only one kernel,

 0(0, x,~a) =
c4

!1 y
. (2.32)

3The situation with a, b 2 Q is common in applications, and a point on the elliptic curve of this form is

called a torsion point.
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For n = 1, we have instead four kernels (with c 6= 1)

 1(c, x,~a) =
1

x� c
,

 �1(c, x,~a) =
yc

y(x� c)
+ Z4(c,~a)

c4

y
, (2.33)

 1(1, x,~a) = �Z4(x,~a)
c4

y
,

 �1(1, x,~a) =
x

y
� 1

y
[a1 + 2c4G⇤(~a)] ,

where yc ⌘
p

P4(c). Finally, for n = 2, we have (with c 6= 1),

 2(c, x,~a) =
!1

12(x� c)

h6 (a1 � c)Z4(x,~a)

x� a1
+

6ycZ4(c,~a) (�a1 + 2c� x)

(c� a1)y

� 2(c� x)(yc(3a13a24(Z
(2)
4 (c,~a) + Z

(2)
4 (x,~a)) + a1(2(a2 + a3 + a4)� 3(c+ x))

c4ycy

�a2a3 � (a2 + a3)a4 + 3cx) + 3
p
a13a24(c� a2)

�
c� a3)(c� a4)Z4(c,~a)

�

c4ycy

i
,

 �2(c, x,~a) =
!1

2(x� c)

h�ycZ4(x,~a)

y
+ Z4(c,~a)

✓
c4(c� x)Z4(x,~a)

y
+ 1

◆i
,

 2(1, x,~a) =
1

4

!1

c4y

h
2a13a24Z

(2)
4 (x,~a) + 4c4G⇤(~a) (a1 � x) + a13a24G⇤(~a)

2

+ 2(�a1 + a2 + a3 + a4)x+ a
2
1 � a2a3 � a2a4 � a3a4 � 2x2

i
� 1

2
!1

Z4(x,~a)

a1 � x
,

 �2(1, x,~a) =
!1

2c4

h
1 +

Z4(x,~a) (2c4 (a1 � x) + a13a24G⇤(~a))

2y

i
,

(2.34)

where Z
(2)
4 (x,~a) stands for a degree-two polynomial in Z4(x,~a),

Z
(2)
4 (x,~a) =

1

8
Z4(x,~a)

2 +
(a2 � x) (a3 � x) (a4 � x)Z4(x,~a)

c4x

+
�3a3x� 3a4x� a1 (a2 + a3 + a4 � 3x) + a2 (2a3 + 2a4 � 3x) + 2a3a4 + 3x2

6a13a24
.

(2.35)

We conclude this short exposition of pure eMPLs with a comment: much like with

ordinary MPLs, one can associate a concept of length and of weight to eMPLs and to

quantities which arise from evaluating eMPLs at special points, for example the periods

and quasi-periods of the elliptic curve defined in eqs. (2.7) and (2.8). In summary we have

the values shown in Table 1.

Using the formalism revised in this section, in the rest of this paper we will show

how certain Feynman integrals which evaluate to functions beyond MPLs can be brought

to neat expressions in terms of combinations of pure eMPLs (2.24) of uniform weight by

direct integration of their Feynman parametrisation.
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1
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di↵erential equation which is identical to the definition of the elliptic curve in eq. (2.6),

namely

(c4
0(z))2 = P4((z)) , (2.20)

and thus one may identify (x, y) $ ((z), c40(z)). The inverse of the -function is known

as Abel’s map, which takes a point (x, y) on the elliptic curve to a point zx on the complex

torus,

zx =
c4

!1

Z
x

a1

dx
0

y
=

p
a13a24

4K(�)

Z
x

a1

dx
0

y
. (2.21)

Since elliptic curves are isomorphic to complex tori, eMPLs can be described as iterated

integrals over functions related to the torus, and were originally defined as such in refs. [25,

68, 69]. In this context, eMPLs are defined as iterated integrals given by

e�( n1 ... nk
z1 ... zk ; z, ⌧) =

Z
z

0
dz

0
g
(n1)(z0 � z1, ⌧) e�

�
n2 ... nk
z2 ... zk ; z

0
, ⌧
�
, (2.22)

where the integration kernels are the coe�cients in the expansion of theKronecker-Eisenstein

series F (z,↵, ⌧),

F (z,↵, ⌧) =
1

↵

X

n�0

g
(n)(z, ⌧)↵n =

✓
0
1(0, ⌧) ✓1(z + ↵, ⌧)

✓1(z, ⌧) ✓1(↵, ⌧)
, (2.23)

and ✓1(z, ⌧) is the odd Jabobi theta function with ✓
0
1(z, ⌧) denoting a derivative with respect

to its first argument.

The eMPLs (2.22) behave similarly to ordinary MPLs in that they also form a shu✏e

algebra and are unipotent. Moreover, they are pure according to the definition of ref. [52],

namely: A function is called pure if it is unipotent and its total di↵erential involves only

pure functions and one-forms with at most logarithmic singularities.

In the calculation of Feynman integrals that evaluate to functions of the elliptic kind,

the representation of elliptic polylogarithms in terms of a polynomial equation y
2 = P (x)

appears more naturally than the torus picture. Therefore in this paper we use the definition

of pure eMPLs on the elliptic curve recently put forward in ref. [52]. They are defined as

iterated integrals of kernels that are rational functions on the elliptic curve with at most

logarithmic singularities in all variables,

E4( n1 ... nk
c1 ... ck ;x,~a) =

Z
x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) . (2.24)

In contrast with MPLs, for the elliptic case the requirement that all integrations over

rational functions on the elliptic curve close on the same space of functions put together

with the requirement that all integrals must have at most logarithmic singularities leads

to an infinite tower of independent kernels  n for n 2 Z. This fact can also be seen from

the torus description, where an infinite number of kernels are generated by eq. (2.23).

In particular, the kernels in eq. (2.24) depend on a certain kind of functions which are

themselves transcendental, namely

Z4(x,~a) ⌘
Z

x

a1

dx
0�4(x

0
,~a) , with �4(x,~a) ⌘ e�4(x,~a) + 4c4

⌘1

!1

1

y
, (2.25)
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and e�4(x,~a) given in eq. (2.11).

The kernels  n entering the eMPLs in eq. (2.24) are spelled out below for |n| = 0, 1, 2.

Higher values of n do not appear in the present applications since the corresponding func-

tions would satisfy higher-order di↵erential equations. Before writing down the expressions

for the kernels, we introduce some functions which appear as ingredients. The first is the

function Z4(x,~a) defined in eq. (2.25). Likewise, an important element is the image of the

point x = �1 under Abel’s map (2.21),

z⇤ =
c4

!1

Z �1

a1

dx
0

y
. (2.26)

It is possible to represent z⇤ in terms of elliptic integrals. In the situation where all roots

are real and ordered, it is given by [52],

z⇤ = Z⇤(↵,�) ⌘
1

2
� F(

p
↵|�)

2K(�)
, ↵ =

a13

a14
, (2.27)

and for other configuration of the branch points (or complex ones), z⇤ may pick up a minus

sign depending on the conventions for the branches of the square root. Finally, the kernels

entering the pure eMPLs depend on the function G⇤(~a), which is simply the image of the

point z⇤ under g(1) (see eq. (2.23)),

G⇤(~a) ⌘
1

!1
g
(1)(z⇤, ⌧) . (2.28)

As shown in ref. [52], G⇤ can be integrated explicitly in terms of (incomplete) elliptic

integrals of the first and second kind. In the situation where the branch points ~a are real

and ordered according to a1 < a2 < a3 < a4 one finds

G⇤(~a) =

✓
2⌘1
!1

� �

3
+

2

3

◆
F
�p

↵|�
�
� E

�p
↵|�

�
+

r
↵(↵�� 1)

↵� 1
. (2.29)

In the special case where the point z⇤ is of the form3

z⇤ = a+ b ⌧(�) , (2.30)

for a and b constants, then G⇤(~a) admits an even simpler form, namely

G⇤(~a) =
(1� �) [�↵

0(�) + ↵]p
↵(1� ↵)(1� ↵�)

� b
2⇡i

!1
. (2.31)

This follows because eq. (2.27) together with eq. (2.30) imply that ↵ = ↵(�).

At last, we are now ready to write down the expressions for the kernels. For n = 0,

there is only one kernel,

 0(0, x,~a) =
c4

!1 y
. (2.32)

3The situation with a, b 2 Q is common in applications, and a point on the elliptic curve of this form is

called a torsion point.
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For n = 1, we have instead four kernels (with c 6= 1)

 1(c, x,~a) =
1

x� c
,

 �1(c, x,~a) =
yc

y(x� c)
+ Z4(c,~a)

c4

y
, (2.33)

 1(1, x,~a) = �Z4(x,~a)
c4

y
,

 �1(1, x,~a) =
x

y
� 1

y
[a1 + 2c4G⇤(~a)] ,

where yc ⌘
p

P4(c). Finally, for n = 2, we have (with c 6= 1),

 2(c, x,~a) =
!1

12(x� c)

h6 (a1 � c)Z4(x,~a)

x� a1
+

6ycZ4(c,~a) (�a1 + 2c� x)

(c� a1)y

� 2(c� x)(yc(3a13a24(Z
(2)
4 (c,~a) + Z

(2)
4 (x,~a)) + a1(2(a2 + a3 + a4)� 3(c+ x))

c4ycy

�a2a3 � (a2 + a3)a4 + 3cx) + 3
p
a13a24(c� a2)

�
c� a3)(c� a4)Z4(c,~a)

�

c4ycy

i
,

 �2(c, x,~a) =
!1

2(x� c)

h�ycZ4(x,~a)

y
+ Z4(c,~a)

✓
c4(c� x)Z4(x,~a)

y
+ 1

◆i
,

 2(1, x,~a) =
1

4

!1

c4y

h
2a13a24Z

(2)
4 (x,~a) + 4c4G⇤(~a) (a1 � x) + a13a24G⇤(~a)

2

+ 2(�a1 + a2 + a3 + a4)x+ a
2
1 � a2a3 � a2a4 � a3a4 � 2x2

i
� 1

2
!1

Z4(x,~a)

a1 � x
,

 �2(1, x,~a) =
!1

2c4

h
1 +

Z4(x,~a) (2c4 (a1 � x) + a13a24G⇤(~a))

2y

i
,

(2.34)

where Z
(2)
4 (x,~a) stands for a degree-two polynomial in Z4(x,~a),

Z
(2)
4 (x,~a) =

1

8
Z4(x,~a)

2 +
(a2 � x) (a3 � x) (a4 � x)Z4(x,~a)

c4x

+
�3a3x� 3a4x� a1 (a2 + a3 + a4 � 3x) + a2 (2a3 + 2a4 � 3x) + 2a3a4 + 3x2

6a13a24
.

(2.35)

We conclude this short exposition of pure eMPLs with a comment: much like with

ordinary MPLs, one can associate a concept of length and of weight to eMPLs and to

quantities which arise from evaluating eMPLs at special points, for example the periods

and quasi-periods of the elliptic curve defined in eqs. (2.7) and (2.8). In summary we have

the values shown in Table 1.

Using the formalism revised in this section, in the rest of this paper we will show

how certain Feynman integrals which evaluate to functions beyond MPLs can be brought

to neat expressions in terms of combinations of pure eMPLs (2.24) of uniform weight by

direct integration of their Feynman parametrisation.
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di↵erential equation which is identical to the definition of the elliptic curve in eq. (2.6),

namely

(c4
0(z))2 = P4((z)) , (2.20)

and thus one may identify (x, y) $ ((z), c40(z)). The inverse of the -function is known

as Abel’s map, which takes a point (x, y) on the elliptic curve to a point zx on the complex

torus,

zx =
c4

!1

Z
x

a1

dx
0

y
=

p
a13a24

4K(�)

Z
x

a1

dx
0

y
. (2.21)

Since elliptic curves are isomorphic to complex tori, eMPLs can be described as iterated

integrals over functions related to the torus, and were originally defined as such in refs. [25,

68, 69]. In this context, eMPLs are defined as iterated integrals given by

e�( n1 ... nk
z1 ... zk ; z, ⌧) =

Z
z

0
dz

0
g
(n1)(z0 � z1, ⌧) e�

�
n2 ... nk
z2 ... zk ; z

0
, ⌧
�
, (2.22)

where the integration kernels are the coe�cients in the expansion of theKronecker-Eisenstein

series F (z,↵, ⌧),

F (z,↵, ⌧) =
1

↵

X

n�0

g
(n)(z, ⌧)↵n =

✓
0
1(0, ⌧) ✓1(z + ↵, ⌧)

✓1(z, ⌧) ✓1(↵, ⌧)
, (2.23)

and ✓1(z, ⌧) is the odd Jabobi theta function with ✓
0
1(z, ⌧) denoting a derivative with respect

to its first argument.

The eMPLs (2.22) behave similarly to ordinary MPLs in that they also form a shu✏e

algebra and are unipotent. Moreover, they are pure according to the definition of ref. [52],

namely: A function is called pure if it is unipotent and its total di↵erential involves only

pure functions and one-forms with at most logarithmic singularities.

In the calculation of Feynman integrals that evaluate to functions of the elliptic kind,

the representation of elliptic polylogarithms in terms of a polynomial equation y
2 = P (x)

appears more naturally than the torus picture. Therefore in this paper we use the definition

of pure eMPLs on the elliptic curve recently put forward in ref. [52]. They are defined as

iterated integrals of kernels that are rational functions on the elliptic curve with at most

logarithmic singularities in all variables,

E4( n1 ... nk
c1 ... ck ;x,~a) =

Z
x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) . (2.24)

In contrast with MPLs, for the elliptic case the requirement that all integrations over

rational functions on the elliptic curve close on the same space of functions put together

with the requirement that all integrals must have at most logarithmic singularities leads

to an infinite tower of independent kernels  n for n 2 Z. This fact can also be seen from

the torus description, where an infinite number of kernels are generated by eq. (2.23).

In particular, the kernels in eq. (2.24) depend on a certain kind of functions which are

themselves transcendental, namely

Z4(x,~a) ⌘
Z

x

a1

dx
0�4(x

0
,~a) , with �4(x,~a) ⌘ e�4(x,~a) + 4c4

⌘1

!1

1

y
, (2.25)
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with the requirement that all integrals must have at most logarithmic singularities leads

to an infinite tower of independent kernels  n for n 2 Z. This fact can also be seen from

the torus description, where an infinite number of kernels are generated by eq. (2.23).
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and e�4(x,~a) given in eq. (2.11).

The kernels  n entering the eMPLs in eq. (2.24) are spelled out below for |n| = 0, 1, 2.

Higher values of n do not appear in the present applications since the corresponding func-

tions would satisfy higher-order di↵erential equations. Before writing down the expressions

for the kernels, we introduce some functions which appear as ingredients. The first is the

function Z4(x,~a) defined in eq. (2.25). Likewise, an important element is the image of the

point x = �1 under Abel’s map (2.21),

z⇤ =
c4

!1

Z �1

a1

dx
0

y
. (2.26)

It is possible to represent z⇤ in terms of elliptic integrals. In the situation where all roots

are real and ordered, it is given by [52],

z⇤ = Z⇤(↵,�) ⌘
1

2
� F(

p
↵|�)

2K(�)
, ↵ =

a13

a14
, (2.27)

and for other configuration of the branch points (or complex ones), z⇤ may pick up a minus

sign depending on the conventions for the branches of the square root. Finally, the kernels

entering the pure eMPLs depend on the function G⇤(~a), which is simply the image of the

point z⇤ under g(1) (see eq. (2.23)),

G⇤(~a) ⌘
1

!1
g
(1)(z⇤, ⌧) . (2.28)

As shown in ref. [52], G⇤ can be integrated explicitly in terms of (incomplete) elliptic

integrals of the first and second kind. In the situation where the branch points ~a are real

and ordered according to a1 < a2 < a3 < a4 one finds

G⇤(~a) =

✓
2⌘1
!1

� �

3
+

2

3

◆
F
�p

↵|�
�
� E

�p
↵|�

�
+

r
↵(↵�� 1)

↵� 1
. (2.29)

In the special case where the point z⇤ is of the form3

z⇤ = a+ b ⌧(�) , (2.30)

for a and b constants, then G⇤(~a) admits an even simpler form, namely

G⇤(~a) =
(1� �) [�↵

0(�) + ↵]p
↵(1� ↵)(1� ↵�)

� b
2⇡i

!1
. (2.31)

This follows because eq. (2.27) together with eq. (2.30) imply that ↵ = ↵(�).

At last, we are now ready to write down the expressions for the kernels. For n = 0,

there is only one kernel,

 0(0, x,~a) =
c4

!1 y
. (2.32)

3The situation with a, b 2 Q is common in applications, and a point on the elliptic curve of this form is

called a torsion point.
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Upon total di↵erentiation, MPLs undergo a length drop, and their di↵erential takes a

particularly simple form,

dG(a1, . . . , an; z) =
nX

i=1

G(a1, . . . , âi, . . . , an; z) d log
ai�1 � ai

ai+1 � ai
, (2.5)

where we defined a0 ⌘ 0 and an+1 ⌘ z. Functions whose total di↵erential does not contain

any homogeneous term are referred to as unipotent, and this concept will become important

in the following discussions.

Elliptic generalisations of MPLs are functions which behave like MPLs but accommo-

date (in addition to the kernels 1/(x � a)) functions which are rational in the variables x

and y which define an elliptic curve, i.e. [x, y, 1] 2 CP2 where x and y satisfy a polynomial

equation y
2 = Pn(x) of degree n = 3, 4. For our purposes, we consider only the case with

n = 4 since the n = 3 case can be seen a gauge-fixed version of the former and the examples

we consider arise naturally as square roots of degree-four polynomials. Therefore, we are

interested in iterated integrals of rational functions in the variables (x, y) subject to the

constraint

y
2 = P4(x) = (x� a1)(x� a2)(x� a3)(x� a4) . (2.6)

The elements of the vector ~a ⌘ (a1, a2, a3, a4) are referred to as the branch points of the

elliptic curve. The periods and quasi-periods of the elliptic curve are chosen according to

!1 = 2 c4

Z
a3

a2

dx

y
= 2K(�) ,

!2 = 2 c4

Z
a2

a1

dx

y
= 2iK(1� �) ,

(2.7)

⌘1 = �1

2

Z
a3

a2

dx e�4(x,~a) = E(�)� 2� �

3
K(�) ,

⌘2 = �1

2

Z
a2

a1

dx e�4(x,~a) = �iE(1� �) + i
1 + �

3
K(1� �) ,

(2.8)

where

� =
a14 a23

a13 a24
, c4 =

1

2

p
a13a24 , aij = ai � aj , (2.9)

and K and E denote the complete elliptic integrals of the first and second kind, respectively,

K(�) =

Z 1

0

dtp
(1� t2)(1� �t2)

, E(�) =

Z 1

0
dt

r
1� �t2

1� t2
. (2.10)

The function e�4(x,~a) entering the integrand of the quasi-periods is defined as

e�4(x,~a) ⌘
1

c4 y

⇣
x
2 � s1

2
x+

s2

6

⌘
, (2.11)

where sn ⌘ sn(~a) denotes the n
th elementary symmetric polynomial in the branch points.

The periods and quasi-periods are not independent and satisfy the Legendre relation,

!1 ⌘2 � !2 ⌘1 = �i⇡ . (2.12)
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and e�4(x,~a) given in eq. (2.11).

The kernels  n entering the eMPLs in eq. (2.24) are spelled out below for |n| = 0, 1, 2.

Higher values of n do not appear in the present applications since the corresponding func-

tions would satisfy higher-order di↵erential equations. Before writing down the expressions

for the kernels, we introduce some functions which appear as ingredients. The first is the

function Z4(x,~a) defined in eq. (2.25). Likewise, an important element is the image of the

point x = �1 under Abel’s map (2.21),

z⇤ =
c4

!1

Z �1

a1

dx
0

y
. (2.26)

It is possible to represent z⇤ in terms of elliptic integrals. In the situation where all roots

are real and ordered, it is given by [52],

z⇤ = Z⇤(↵,�) ⌘
1

2
� F(

p
↵|�)

2K(�)
, ↵ =

a13

a14
, (2.27)

and for other configuration of the branch points (or complex ones), z⇤ may pick up a minus

sign depending on the conventions for the branches of the square root. Finally, the kernels

entering the pure eMPLs depend on the function G⇤(~a), which is simply the image of the

point z⇤ under g(1) (see eq. (2.23)),

G⇤(~a) ⌘
1

!1
g
(1)(z⇤, ⌧) . (2.28)

As shown in ref. [52], G⇤ can be integrated explicitly in terms of (incomplete) elliptic

integrals of the first and second kind. In the situation where the branch points ~a are real

and ordered according to a1 < a2 < a3 < a4 one finds

G⇤(~a) =

✓
2⌘1
!1

� �

3
+

2

3

◆
F
�p

↵|�
�
� E

�p
↵|�

�
+

r
↵(↵�� 1)

↵� 1
. (2.29)

In the special case where the point z⇤ is of the form3

z⇤ = a+ b ⌧(�) , (2.30)

for a and b constants, then G⇤(~a) admits an even simpler form, namely

G⇤(~a) =
(1� �) [�↵

0(�) + ↵]p
↵(1� ↵)(1� ↵�)

� b
2⇡i

!1
. (2.31)

This follows because eq. (2.27) together with eq. (2.30) imply that ↵ = ↵(�).

At last, we are now ready to write down the expressions for the kernels. For n = 0,

there is only one kernel,

 0(0, x,~a) =
c4

!1 y
. (2.32)

3The situation with a, b 2 Q is common in applications, and a point on the elliptic curve of this form is

called a torsion point.
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ELLIPTIC MULTIPLE POLYLOGARITHMS

di↵erential equation which is identical to the definition of the elliptic curve in eq. (2.6),

namely

(c4
0(z))2 = P4((z)) , (2.20)

and thus one may identify (x, y) $ ((z), c40(z)). The inverse of the -function is known

as Abel’s map, which takes a point (x, y) on the elliptic curve to a point zx on the complex

torus,

zx =
c4

!1

Z
x

a1

dx
0

y
=

p
a13a24

4K(�)

Z
x

a1

dx
0

y
. (2.21)

Since elliptic curves are isomorphic to complex tori, eMPLs can be described as iterated

integrals over functions related to the torus, and were originally defined as such in refs. [25,

68, 69]. In this context, eMPLs are defined as iterated integrals given by

e�( n1 ... nk
z1 ... zk ; z, ⌧) =

Z
z

0
dz

0
g
(n1)(z0 � z1, ⌧) e�

�
n2 ... nk
z2 ... zk ; z

0
, ⌧
�
, (2.22)

where the integration kernels are the coe�cients in the expansion of theKronecker-Eisenstein

series F (z,↵, ⌧),

F (z,↵, ⌧) =
1

↵

X

n�0

g
(n)(z, ⌧)↵n =

✓
0
1(0, ⌧) ✓1(z + ↵, ⌧)

✓1(z, ⌧) ✓1(↵, ⌧)
, (2.23)

and ✓1(z, ⌧) is the odd Jabobi theta function with ✓
0
1(z, ⌧) denoting a derivative with respect

to its first argument.

The eMPLs (2.22) behave similarly to ordinary MPLs in that they also form a shu✏e

algebra and are unipotent. Moreover, they are pure according to the definition of ref. [52],

namely: A function is called pure if it is unipotent and its total di↵erential involves only

pure functions and one-forms with at most logarithmic singularities.

In the calculation of Feynman integrals that evaluate to functions of the elliptic kind,

the representation of elliptic polylogarithms in terms of a polynomial equation y
2 = P (x)

appears more naturally than the torus picture. Therefore in this paper we use the definition

of pure eMPLs on the elliptic curve recently put forward in ref. [52]. They are defined as

iterated integrals of kernels that are rational functions on the elliptic curve with at most

logarithmic singularities in all variables,

E4( n1 ... nk
c1 ... ck ;x,~a) =

Z
x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) . (2.24)

In contrast with MPLs, for the elliptic case the requirement that all integrations over

rational functions on the elliptic curve close on the same space of functions put together

with the requirement that all integrals must have at most logarithmic singularities leads

to an infinite tower of independent kernels  n for n 2 Z. This fact can also be seen from

the torus description, where an infinite number of kernels are generated by eq. (2.23).

In particular, the kernels in eq. (2.24) depend on a certain kind of functions which are

themselves transcendental, namely

Z4(x,~a) ⌘
Z

x

a1

dx
0�4(x

0
,~a) , with �4(x,~a) ⌘ e�4(x,~a) + 4c4

⌘1

!1

1

y
, (2.25)
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Iterated integrals of rational functions on the elliptic curve 

➤ Only single poles, similarly to multiple polylogarithms (log-singularities) 

➤ Definite parity (invariant as y-> -y, results do not depend on choice of branch cuts) 

➤ Manifestly contain MPLs 

➤ Require an infinite tower of kernels. Only a small number shows up in physical applications!

Essentially equivalent to the elliptic polylogarithms introduced in math by Brown and Levin  

and studied in string theory as iterated integrals on the Torus [Broedel, Mafra, Matthes, Schlotterer ’14]



Elliptic Polylogarithms and Feynman Integrals

A more interesting example: [M. Czakon, A. Mitov ’08; A. von Manteu↵el, L. Tancredi ’17]

T (d ; p2, m2) = �
�

@
@

-

-

-
p

p1

p2

�
�

�
�

AA

AA

- p2
1 = p2

2 = 0, four massive lines

- a = �m2/p2

- 2 master integrals, T1(a), T2(a)

- Satisfy 2 coupled di↵. eqs

- Needed for NNLO ��, tt̄, ...

Again, it can be computed in terms of E4 by direct integration over Feynman
parameters.

40 / 47

Figure 5. Kite integral with three internal massive propagators with masses m1, m2 and m3.

in D = 2� 2✏. A simpler version of this integral, when all three internal masses have the

same value m1 = m2 = m3 = m, has been computed in the literature in terms of iterated

integrals over products of elliptic integrals and polylogarithms [31] or modular forms [35], in

terms of elliptic generalisations of polylogarithms [35] and finally, more recently, in terms

of the eMPLs considered here [52]. We consider here the more general case with three

di↵erent internal masses. We encode the kinematic dependence is the three dimensionless

ratios

ai = �m
2
i

p2
, i = 1, 2, 3 . (5.2)

We compute the kite integral in the region 0 < p
2
< min(m2

1,m
2
2,m

2
3). The branch points

are complex and given by
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�
a�, a

⇤
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⇤
+

 
, (5.3)
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�� +

p
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�+ � i
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�+(↵+ + �+)

2(1 + a3)3
,
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⇣
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p
a3 � i)2 � a1 + a2

⌘
(
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a3 � i) (

p
a3 + i)3 ,

�� =
⇣
(
p
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⌘
(
p
a3 � i)3 (

p
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⇣
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p
a3 � i)2

⌘
, ↵� = �2a1

⇣
a2 + (

p
a3 + i)2

⌘
, (5.4)
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2
1 +

⇣
a2 � (

p
a3 � i)2

⌘2
, �� = a

2
1 +

⇣
a2 � (

p
a3 + i)2

⌘2
,

�+ = � (
p
a3 � i)2 (

p
a3 + i)6 , �� = (

p
a3 � i)6 (

p
a3 + i)2 .

As in the previous applications for three-point functions, the kite integral can be computed

in terms of a pure combination of eMPLs of uniform weight three. In order to arrive at

the final expressions, we make use of the following relations valid for the kinematic region
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Z ′m

m

Figure 1: Feynman diagram for the annihilation of a pair of massless fermions with the
exchange of two massive quanta with equal mass m. The thin lines represent the massless
fermions, while the thick lines represent the massive quanta. The outgoing dashed line
represents the probe (for instance a Z ′).

4 Reduction to Master Integrals

By standard decomposition into invariant form factors and rotation of the scalar products,
one can show that the computation of the two equal-mass crossed ladder diagram (see fig. 1)
is equivalent to the computation of the following independent scalar amplitudes:

F (n1, n2, n3, n4, n5, n6, s) =

∫

Sr

P n1

1 P n2

2 P n3

3 P n4

4 P n5

5 P n6

6

DDk1DDk2, (16)

where D is the space-time dimension, the scalar product is defined as

a · b ≡ a⃗ · b⃗ − a0 b0, (17)

the loop measure is

DDk ≡
1

Γ(3−D/2)

dDk

4πD/2
, (18)

with Γ(z) the Euler Gamma function. We consider a routing of the loop momenta kµ
1 and

kν
2 which results in the following denominators:

P1 = k2
1 + m2, (19)

P2 = k2
2 + m2, (20)

P3 = (p1 − k1)
2 , (21)

P4 = (p2 − k2)
2 , (22)

P5 = (p1 − k1 + k2)
2 , (23)

P6 = (p2 + k1 − k2)
2 , (24)

and the following irreducible numerator (scalar product):

S = p2 · k1 . (25)

The indices of the denominators are assumed to be all positive2, ni > 0 while the index of
the scalar product can be positive or zero, r ≥ 0.

2 If ni ≤ 0 for some i we have a sub-topology in which line i is shrinked to a point.
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Figure 1. The integral B(s, t,m2) in eq. (2.11). Thick lines denote massive propagators.

The number n of integrations is called the length of the iterated integral. In general, this

integral will not be homotopy-invariant, but it will depend on the details of the path �.

There is a necessary and su�cient condition, often called the integrability condition, for a

combination of iterated integrals to be homotopy-invariant [5]. The details of this criterion

are not important in the following. Here it su�ces to say that it is always satisfied for

the solutions in eq. (2.7). The corresponding Chen iterated integrals as then multi-valued

functions of the end point (x, y) of the path �, where the multi-valuedness only comes from

choosing two non-homotopic paths from (x0, y0) to (x, y).

The master integrals g(x, y; ✏) can be expressed at every order in terms of Chen-iterated

integrals where the one-forms are logarithmic one-forms !i = d logRi and the arguments

Ri run over the letters, i.e., the arguments of the logarithms, in eq. (2.4). The coe�cient

of ✏n in the path-ordered exponential in eq. (2.7) only involves iterated integrals of length

n. Chen iterated integrals are a very general class of functions, and it can be useful to

express the results in terms of a class of functions that are well-studied in the literature.

In ref. [1] it was shown that up to length four (which is su�cient if we are interested in

results in four dimensions) all the master integrals but one can be expressed in terms of

multiple polylogarithms (MPLs). MPLs are defined by the iterated integrals [6–8]

Ga1,...,an(x) = G(a1, . . . , an;x) =

Z x

0

dt

t� a1
G(a2, . . . , an; t) , (2.9)

and the recursion starts with G(;x) ⌘ 1. In the special case where all the ai’s are zero, we

define

G(0, . . . , 0| {z }
n times

;x) =
1

n!
logn x . (2.10)

The only master integral in four dimensions that the authors of ref. [1] were not able

to express in terms of MPLs is (see fig. 1),

B(s, t,m2) = G0,1,1,0,1,1,1,0,0(s, t,m
2;D) (2.11)

=
e2�E✏

⇡D

Z
dDk1 dDk2

[(k1 + p1 + p2)2 �m2][k2
2 �m2](k1 + p1)2(k1 � k2)2(k2 � p3)2

.

If we write

B(s, t,m2) =
1

4
p
(�s� t)(4m2 � s� t)

eB(x, y) +O(✏) , (2.12)
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Figure 2: Two-loop topologies. Thin lines represent massless external particles and

propagators, while thick lines represent massive propagators.

momenta, and pi (i = 1, . . . , 4) are the external momenta:

• One-mass topologies. For the one-loop one-mass integrals (figure 1 b), we have:

D1 = k
2
1, D2 = (k1 � p1)

2
, D3 = (k1 + p2)

2
�m

2
, D4 = (k1 � p1 + p3)

2
.

At two loops (figure 2 b1–b3), instead, we have:

D1 = k
2
1, D2 = k

2
2, D3 = (k1 + k2)

2
, D4 = (k1 � p1)

2
,

D5 = (k1 + p2)
2
, D6 = (k1 + k2 � p1)

2
�m

2
, D7 = (k1 + k2 + p2)

2
,

D8 = (k1 + k2 � p1 + p3)
2
, D9 = (k1 � p1 + p3)

2
. (2.7)

• Two-mass topologies. For the one-loop two-mass integrals (figure 1 c), we have:

D1 = k
2
1, D2 = (k1 � p1)

2
�m

2
, D3 = (k1 + p2)

2
�m

2
, D4 = (k1 � p1 + p3)

2
.

At two loops (figure 2 c1 and c2), instead, we have:

D1 = k
2
1, D2 = k

2
2, D3 = (k1 + k2)

2
, D4 = (k1 � p1)

2
,

D5 = (k1 + p2)
2
, D6 = (k1 + k2 � p1)

2
�m

2
, D7 = (k1 + k2 + p2)

2
�m

2
,

D8 = (k1 + k2 � p1 + p3)
2
, D9 = (k1 � p1 + p3)

2
. (2.8)
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QCD-EW Drell-Yan…Bhabha scattering in QED

Kite integral (self-energies…) EW form factorQCD with top quarks

In all these cases, there is always an elliptic curve lurking somewhere

THE ELLIPTIC WORLD



EW FORM FACTOR: A VERY NON-TRIVIAL EXAMPLE

[Aglietti, Bonciani, Remiddi ’07; Broedel, Duhr, Dulat, Penante, Tancredi ’19]
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Figure 1: Feynman diagram for the annihilation of a pair of massless fermions with the
exchange of two massive quanta with equal mass m. The thin lines represent the massless
fermions, while the thick lines represent the massive quanta. The outgoing dashed line
represents the probe (for instance a Z ′).

4 Reduction to Master Integrals

By standard decomposition into invariant form factors and rotation of the scalar products,
one can show that the computation of the two equal-mass crossed ladder diagram (see fig. 1)
is equivalent to the computation of the following independent scalar amplitudes:

F (n1, n2, n3, n4, n5, n6, s) =

∫

Sr

P n1

1 P n2

2 P n3

3 P n4

4 P n5

5 P n6

6

DDk1DDk2, (16)

where D is the space-time dimension, the scalar product is defined as

a · b ≡ a⃗ · b⃗ − a0 b0, (17)

the loop measure is

DDk ≡
1

Γ(3−D/2)

dDk

4πD/2
, (18)

with Γ(z) the Euler Gamma function. We consider a routing of the loop momenta kµ
1 and

kν
2 which results in the following denominators:

P1 = k2
1 + m2, (19)

P2 = k2
2 + m2, (20)

P3 = (p1 − k1)
2 , (21)

P4 = (p2 − k2)
2 , (22)

P5 = (p1 − k1 + k2)
2 , (23)

P6 = (p2 + k1 − k2)
2 , (24)

and the following irreducible numerator (scalar product):

S = p2 · k1 . (25)

The indices of the denominators are assumed to be all positive2, ni > 0 while the index of
the scalar product can be positive or zero, r ≥ 0.

2 If ni ≤ 0 for some i we have a sub-topology in which line i is shrinked to a point.
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expansions around all singular points was obtained. We define the integral family as

Ja1,...,a7 =

Z
d
D
k1d

D
k2

(i⇡)D
D

�a7
7Q6

i=1D
ai
i

, (4.1)

where as before a7 < 0 and the remaining ai > 0 are the powers of the propagators below,

D1 = k
2
1 �m

2
, D3 = (k1 � p1)

2
, D5 = (k1 � k2 � p1)

2
,

D2 = k
2
2 �m

2
, D4 = (k2 � p2)

2
, D6 = (k2 � k1 � p2)

2
, D7 = k1 · p2 .

(4.2)

As for the previous family of integrals, we define q
2 = (p1 + p2)2 = �m

2
/a, where a is

a dimensionless ratio. In contrast with the integrals discussed in Section 3, in this case

the top-sector is reduced to three master integrals which satisfy a coupled system of three

di↵erential equations. We choose the three master integrals as follows

N1 = J1,1,1,1,1,1,0 , N2 = J2,1,1,1,1,1,0 , N3 = J1,1,1,1,1,1,�1 , (4.3)

where we notice that all three master integrals are finite in D = 4 space-time dimensions.

We proceed similarly to the previous example and integrate all three master integrals

explicitly starting from their Feynman parameter representation. As before, in order to be

able to express all three master integrals in terms eMPLs, we need to find an ordering of

Feynman parameters (or more precisely an application of the Cheng-Wu theorem) which

allows us to perform all integrations either in terms of standard MPLs or by introducing

at most one square root of a quartic polynomial in one of the integration variables. This

square root will define the elliptic curve associated to the problem. By direct inspection

we find that the same application of the Cheng-Wu theorem as in the previous section does

the trick. The polynomial equation defining the elliptic curve resulting from it, though,

appears to be substantially more complicated, at least once its roots are seen as functions

of the kinematic invariant a defined in eq. (3.8) above. The elliptic curve is defined by

y
2 = (x� d�)(x� d+)(x� 1 + d�)(x� 1 + d+) , (4.4)

where the roots are defined as

d± =
1

2

✓
1�

q
1� 4a(1 + 2a)± 8

p
a3(a+ 1)

◆
. (4.5)

Moreover, in the intermediate integration steps we find standard MPLs which have branch

cuts in the special points x 2 {a,�a, 1 + a, 1� a, r�, 1� r�} with

r� =
1

2
(1�

p
1� 4a) . (4.6)

Similarly to the integrals considered in the previous section, since the integration over

the last Feynman parameter varies in the interval (0, 1), it is convenient to work in a

kinematical region where there are no explicit poles on their integration contour. Since, in

order to implement Feynman’s prescription, the dimensionless ratio a becomes a complex

number with a small negative imaginary part, we choose to work with Re(a) > 1, such
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Top-sector can be reduced to three master integrals



DIFFERENTIAL EQUATIONS - COUPLED! -

The integrals are FINITE in d=4 and satisfy three coupled diff. eqs.:
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Three master integrals depend on one dimensionless ratio:
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Three master integrals depend on one dimensionless ratio:

Solution given by Maximal Cut of the graphs! [Primo, Tancredi ’16,’17]
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where we notice that all three master integrals are finite in D = 4 space-time dimensions.

We proceed similarly to the previous example and integrate all three master integrals

explicitly starting from their Feynman parameter representation. As before, in order to be

able to express all three master integrals in terms eMPLs, we need to find an ordering of

Feynman parameters (or more precisely an application of the Cheng-Wu theorem) which

allows us to perform all integrations either in terms of standard MPLs or by introducing

at most one square root of a quartic polynomial in one of the integration variables. This

square root will define the elliptic curve associated to the problem. By direct inspection

we find that the same application of the Cheng-Wu theorem as in the previous section does

the trick. The polynomial equation defining the elliptic curve resulting from it, though,

appears to be substantially more complicated, at least once its roots are seen as functions

of the kinematic invariant a defined in eq. (3.8) above. The elliptic curve is defined by

y
2 = (x� d�)(x� d+)(x� 1 + d�)(x� 1 + d+) , (4.4)

where the roots are defined as

d± =
1

2
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p
a3(a+ 1)

◆
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Moreover, in the intermediate integration steps we find standard MPLs which have branch

cuts in the special points x 2 {a,�a, 1 + a, 1� a, r�, 1� r�} with

r� =
1

2
(1�

p
1� 4a) . (4.6)

Similarly to the integrals considered in the previous section, since the integration over

the last Feynman parameter varies in the interval (0, 1), it is convenient to work in a

kinematical region where there are no explicit poles on their integration contour. Since, in

order to implement Feynman’s prescription, the dimensionless ratio a becomes a complex

number with a small negative imaginary part, we choose to work with Re(a) > 1, such
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expansions around all singular points was obtained. We define the integral family as
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And call MaxCut(Nj) = ⌦ew
j
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p1

p2

Z ′m

m

Figure 1: Feynman diagram for the annihilation of a pair of massless fermions with the
exchange of two massive quanta with equal mass m. The thin lines represent the massless
fermions, while the thick lines represent the massive quanta. The outgoing dashed line
represents the probe (for instance a Z ′).

4 Reduction to Master Integrals

By standard decomposition into invariant form factors and rotation of the scalar products,
one can show that the computation of the two equal-mass crossed ladder diagram (see fig. 1)
is equivalent to the computation of the following independent scalar amplitudes:

F (n1, n2, n3, n4, n5, n6, s) =

∫

Sr

P n1

1 P n2

2 P n3

3 P n4

4 P n5

5 P n6

6

DDk1DDk2, (16)

where D is the space-time dimension, the scalar product is defined as

a · b ≡ a⃗ · b⃗ − a0 b0, (17)

the loop measure is

DDk ≡
1

Γ(3−D/2)

dDk

4πD/2
, (18)

with Γ(z) the Euler Gamma function. We consider a routing of the loop momenta kµ
1 and

kν
2 which results in the following denominators:

P1 = k2
1 + m2, (19)

P2 = k2
2 + m2, (20)

P3 = (p1 − k1)
2 , (21)

P4 = (p2 − k2)
2 , (22)

P5 = (p1 − k1 + k2)
2 , (23)

P6 = (p2 + k1 − k2)
2 , (24)

and the following irreducible numerator (scalar product):

S = p2 · k1 . (25)

The indices of the denominators are assumed to be all positive2, ni > 0 while the index of
the scalar product can be positive or zero, r ≥ 0.

2 If ni ≤ 0 for some i we have a sub-topology in which line i is shrinked to a point.

5

! ⌦ew
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THE HOMOGENEOUS SOLUTIONS (AND THE ELLIPTIC CURVE)
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The three master integrals in eq. (4.3) corresponding to the top-dimensional topologies

of this family of integrals follow a structure similar to that observed in the previous section

for the triangle with a massive loop. Indeed, after computing the second and third master

integrals also through direct integration of the Feynman-parametric integral, it is possible

to transform them into a basis of functions which are pure combinations of eMPLs of

uniform weight, 0

B@
N1

N2

N3

1

CA =

0

B@
⌦(ew)
1 0 0

⌦(ew)
2 H

(ew)
2 0

⌦(ew)
3 0 X

(ew)
3

1
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0
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Ñ3

1

CA . (4.11)

The entries of the matrix in eq. (4.11) are given by
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a
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72m2
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(4.12)

Similarly to the triangle considered in the previous section, the ⌦(ew)
i

above satisfy the

di↵erential equations for the maximal cuts of the three master integrals (see eq. (3.36)),

namely:
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2
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The pure function Ñ2 is a weight-four function which we can decompose into a part

that depends on the variable r� as well as a part with dependence only on the variable a

and a piece which is purely polylogarithmic. It is given by

Ñ2 =18Q2�(a) + 9Q2(a) +Q2,MPL(a) +O(✏) ,

Q2�(a) = �2E4
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that the all poles lie outside of the integration contour and, in particular, r+/� are complex

conjugate to each other. In this situation, two of the branch points of the elliptic curve in

eq. (4.4) are real and located between 0 and 1, whereas the two remaining branch points

are complex conjugate to each other and have real part equal to 1/2. We order the branch

points of the elliptic curve according to the conventions of Section 2 such that eqs. (2.14)

and (2.15) are satisfied, namely

~d = (d�, 1� d+, d+, 1� d�) , (4.7)

with d± given in eq. (4.5). In order to arrive at compact expressions for the integrals in

terms of pure eMPLs, we use the fact that the functions c4(~d), Z4(x, ~d) and G⇤(~d) admit

particularly simple representations in this case, namely

c4(~d) = � 1

2
d+� ,
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3 d+�
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8⇡i

3!1
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+

4⇡i

3!1
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2d� � 1

2 d+�
,

(4.8)

where we defined d+� = d+ � d�. While the evaluation of the three master integrals

proceeds at least conceptually along the same lines described in detail in Section 3, the

individual manipulations and the final results are more cumbersome, mainly due to the

explicit form of the branch points of the elliptic curve.

The result for the first master integral in terms of pure eMPLs is given by
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1 Ñ1 , (4.9)
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expansions around all singular points was obtained. We define the integral family as

Ja1,...,a7 =

Z
d
D
k1d

D
k2

(i⇡)D
D

�a7
7Q6

i=1D
ai
i

, (4.1)

where as before a7 < 0 and the remaining ai > 0 are the powers of the propagators below,

D1 = k
2
1 �m

2
, D3 = (k1 � p1)

2
, D5 = (k1 � k2 � p1)

2
,

D2 = k
2
2 �m

2
, D4 = (k2 � p2)

2
, D6 = (k2 � k1 � p2)

2
, D7 = k1 · p2 .

(4.2)

As for the previous family of integrals, we define q
2 = (p1 + p2)2 = �m

2
/a, where a is

a dimensionless ratio. In contrast with the integrals discussed in Section 3, in this case

the top-sector is reduced to three master integrals which satisfy a coupled system of three

di↵erential equations. We choose the three master integrals as follows

N1 = J1,1,1,1,1,1,0 , N2 = J2,1,1,1,1,1,0 , N3 = J1,1,1,1,1,1,�1 , (4.3)

where we notice that all three master integrals are finite in D = 4 space-time dimensions.

We proceed similarly to the previous example and integrate all three master integrals

explicitly starting from their Feynman parameter representation. As before, in order to be

able to express all three master integrals in terms eMPLs, we need to find an ordering of

Feynman parameters (or more precisely an application of the Cheng-Wu theorem) which

allows us to perform all integrations either in terms of standard MPLs or by introducing

at most one square root of a quartic polynomial in one of the integration variables. This

square root will define the elliptic curve associated to the problem. By direct inspection

we find that the same application of the Cheng-Wu theorem as in the previous section does

the trick. The polynomial equation defining the elliptic curve resulting from it, though,

appears to be substantially more complicated, at least once its roots are seen as functions

of the kinematic invariant a defined in eq. (3.8) above. The elliptic curve is defined by

y
2 = (x� d�)(x� d+)(x� 1 + d�)(x� 1 + d+) , (4.4)

where the roots are defined as

d± =
1

2
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q
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p
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Moreover, in the intermediate integration steps we find standard MPLs which have branch

cuts in the special points x 2 {a,�a, 1 + a, 1� a, r�, 1� r�} with

r� =
1

2
(1�

p
1� 4a) . (4.6)

Similarly to the integrals considered in the previous section, since the integration over

the last Feynman parameter varies in the interval (0, 1), it is convenient to work in a

kinematical region where there are no explicit poles on their integration contour. Since, in

order to implement Feynman’s prescription, the dimensionless ratio a becomes a complex

number with a small negative imaginary part, we choose to work with Re(a) > 1, such
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Where

THE HOMOGENEOUS SOLUTIONS (AND THE ELLIPTIC CURVE)

Then the max-cut of the three master integrals read:

Periods and quasi-periods of the elliptic curve defined by:



EW 3-POINT FUNCTION: SOLUTION!

All three master integrals can be computed by direct integration over their Feynman 
parameter representation. First master reads:
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2
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where we defined d+� = d+ � d�. While the evaluation of the three master integrals

proceeds at least conceptually along the same lines described in detail in Section 3, the

individual manipulations and the final results are more cumbersome, mainly due to the
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The three master integrals in eq. (4.3) corresponding to the top-dimensional topologies

of this family of integrals follow a structure similar to that observed in the previous section

for the triangle with a massive loop. Indeed, after computing the second and third master

integrals also through direct integration of the Feynman-parametric integral, it is possible

to transform them into a basis of functions which are pure combinations of eMPLs of

uniform weight, 0
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Similarly to the triangle considered in the previous section, the ⌦(ew)
i

above satisfy the

di↵erential equations for the maximal cuts of the three master integrals (see eq. (3.36)),
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The pure function Ñ2 is a weight-four function which we can decompose into a part

that depends on the variable r� as well as a part with dependence only on the variable a

and a piece which is purely polylogarithmic. It is given by
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Similarly for the other two master integrals we find by direct calculation
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Similarly to the triangle considered in the previous section, the ⌦(ew)
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above satisfy the

di↵erential equations for the maximal cuts of the three master integrals (see eq. (3.36)),
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The pure function Ñ2 is a weight-four function which we can decompose into a part

that depends on the variable r� as well as a part with dependence only on the variable a

and a piece which is purely polylogarithmic. It is given by

Ñ2 =18Q2�(a) + 9Q2(a) +Q2,MPL(a) +O(✏) ,
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And the        are pure linear combinations of eMPLs !eNj
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The three master integrals in eq. (4.3) corresponding to the top-dimensional topologies
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integrals also through direct integration of the Feynman-parametric integral, it is possible
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Define a new basis of master integrals of uniform transcendental weight 

Rational/Algebraic functions in pre-factors substituted by periods of 
corresponding algebraic surface (in this case elliptic curve!) 

Overall structure remains the same as with MPLs

This suggests to perform the basis change
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Electron-positron scattering in QED @ 2 loops

[Henn, Smirnov ‘13]
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Figure 1. The integral B(s, t,m2) in eq. (2.11). Thick lines denote massive propagators.

The number n of integrations is called the length of the iterated integral. In general, this

integral will not be homotopy-invariant, but it will depend on the details of the path �.

There is a necessary and su�cient condition, often called the integrability condition, for a

combination of iterated integrals to be homotopy-invariant [5]. The details of this criterion

are not important in the following. Here it su�ces to say that it is always satisfied for

the solutions in eq. (2.7). The corresponding Chen iterated integrals as then multi-valued

functions of the end point (x, y) of the path �, where the multi-valuedness only comes from

choosing two non-homotopic paths from (x0, y0) to (x, y).

The master integrals g(x, y; ✏) can be expressed at every order in terms of Chen-iterated

integrals where the one-forms are logarithmic one-forms !i = d logRi and the arguments

Ri run over the letters, i.e., the arguments of the logarithms, in eq. (2.4). The coe�cient

of ✏n in the path-ordered exponential in eq. (2.7) only involves iterated integrals of length

n. Chen iterated integrals are a very general class of functions, and it can be useful to

express the results in terms of a class of functions that are well-studied in the literature.

In ref. [1] it was shown that up to length four (which is su�cient if we are interested in

results in four dimensions) all the master integrals but one can be expressed in terms of

multiple polylogarithms (MPLs). MPLs are defined by the iterated integrals [6–8]

Ga1,...,an(x) = G(a1, . . . , an;x) =

Z x

0

dt

t� a1
G(a2, . . . , an; t) , (2.9)

and the recursion starts with G(;x) ⌘ 1. In the special case where all the ai’s are zero, we

define

G(0, . . . , 0| {z }
n times

;x) =
1

n!
logn x . (2.10)

The only master integral in four dimensions that the authors of ref. [1] were not able

to express in terms of MPLs is (see fig. 1),

B(s, t,m2) = G0,1,1,0,1,1,1,0,0(s, t,m
2;D) (2.11)

=
e2�E✏

⇡D

Z
dDk1 dDk2

[(k1 + p1 + p2)2 �m2][k2
2 �m2](k1 + p1)2(k1 � k2)2(k2 � p3)2

.

If we write

B(s, t,m2) =
1

4
p
(�s� t)(4m2 � s� t)

eB(x, y) +O(✏) , (2.12)
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then eB satisfies the di↵erential equation2 [1],

d eB(x, y) (2.13)

= g1 d log
1�Q

1 +Q
+ g2 d log

(1 + x) + (1� x)Q

(1 + x)� (1� x)Q
+ g3 d log

(1 + y) + (1� y)Q

(1 + y)� (1� y)Q
.

The functions gi appearing in the right-hand side of eq. (2.13) are pure combinations of

MPLs of weight three,

g1 = �16G0(y)G0,0(x) + 32G1(y)G0,0(x) + 8G0,0,0(y) + 16G0,0,1(y)

� 32G0,�1,0(x) + 8G0,0,0(x) + 16G1,0,0(x) +
8

3
⇡2 G0(y)�

16

3
⇡2 G1(y)

�
8

3
⇡2 G0(x)� 32 ⇣3 ,

g2 = �16G0,0,0(x)�
8

3
⇡2 G0(x) ,

g3 = 8G0(x)G� 1
x ,0

(y) + 16G0(x)G� 1
x ,1

(y)� 8G0(x)G�x,0(y)�
4

3
⇡2 G0(x)

� 16G0(x)G�x,1(y) + 16G�1,0(x)G� 1
x
(y)� 16G�1,0(x)G�x(y)� 24 ⇣3

� 8G0(y)G0,0(x)� 8G0,0(x)G� 1
x
(y) + 8G0,0(x)G�x(y) + 8G� 1

x ,0,0
(y)

+ 16G� 1
x ,0,1

(y) + 8G�x,0,0(y) + 16G�x,0,1(y)� 16G�1,0,0(y)� 32G�1,0,1(y)

� 16G0,�1,0(x) + 8G0,0,0(x) +
20

3
⇡2 G� 1

x
(y) + 4⇡2 G�x(y)�

32

3
⇡2 G�1(y) .

(2.14)

The initial condition satisfied by the integral is eB(1, 1) = 0 [1]. In ref. [1] it was also shown

that on the line x = 1, y 2 [0, 1] the function eB can be expressed in terms of classical

polylogarithms,

eB(1, y) = 64⇣4 � 32⇣2Li2(y) + 16Li4(y) + 8⇣2 log
2 y +

1

3
log4 y . (2.15)

where Lin(y) denotes the classical polylogarithm function,

Lin(y) = �G(0, . . . , 0| {z }
n�1

, 1; y) =
1X

i=1

yi

in
. (2.16)

Although it is straightforward to obtain a solution for eB in terms of Chen iterated

integrals [1], no expression in terms of MPLs is known. One of the goals of this paper is

to how that eq. (2.13) can naturally be solved in terms of a more general class of special

functions known as elliptic MPLs. Before we define this class of functions in more detail,

we discuss in the next section more generally when Chen iterated integrals of d log-forms

can be expressed in terms of MPLs.

2The function eB is denoted f (4)
11 in ref. [1].
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with s + t + u = 4m2. Using integration-by-parts (IBP) identities [2, 3] one can show

that every integral in this family can be expressed as a linear combination of 23 linearly

independent master integrals [1]. It is possible to choose the basis of master integrals in

such a way that they satisfy a system of di↵erential equations in canonical form [4], i.e., if

g = (g1, . . . , g23)T denotes the vector of master integrals, then we have

dg = ✏ dÃ g , (2.3)

where the matrix Ã is independent of ✏. In our case Ã has the form [1]

Ã = B1 log x+B2 log(1 + x) +B3 log(1� x) +B4 log y +B5 log(1 + y)

+B6 log(1� y) +B7 log(x+ y) +B8 log(1 + xy)

+B9 log(x+ y � 4xy + x2y + xy2) +B10 log
1 +Q

1�Q

+B11 log
1 + x+ (1� x)Q

1 + x� (1� x)Q
+B12 log

1 + y + (1� y)Q

1 + y � (1� y)Q
,

(2.4)

and the Bi are constant matrices whose explicit form can be found in ref. [1]. The ar-

guments of the logarithms, often referred to as the letters of the alphabet, depend on the

dimensionless variables x and y related to the Madelstam invariants by

�s

m2
=

(1� x)2

x
and

�t

m2
=

(1� y)2

y
, (2.5)

and Q is an algebraic function of x and y,

Q =

s
(x+ y)(1 + xy)

x+ y � 4xy + x2y + xy2
. (2.6)

In terms of these variables the Euclidean region s, t < 0 corresponds to 0  x, y  1 (using

the symmetry of eq. (2.5) under (x, y) ! (1/x, 1/y)). For simplicity, we focus here on the

Euclidean region, though extending our results to other regions is straightforward.

It is easy to write down a solution to eq. (2.3),

g(x, y; ✏) = Pexp

✏

Z

�
dÃ

�
g0(✏) , (2.7)

where Pexp denotes the path-ordered exponential and g0(✏) encodes the initial condition

and is related to the value of g at a specific point (x0, y0). The path � connects the initial

point (x0, y0) to the generic point (x, y).

When expanding eq. (2.7) in ✏, then at each order we can write g in terms of Chen

iterated integrals [5], defined in the following way: consider a path � and a collection of

one-forms !i. If t denotes a local coordinate on �, we can pull each !i back to � and write

�⇤!i = dt fi(t). We can then define the iterated integral of a sequence !i1 . . .!in (usually

referred to as a word) by

Z

�
!i1 . . .!in =

Z

0t1...tn1
dtn fin(tn)

Z tn

0
. . .

Z t2

0
dt1 fi1(t1) . (2.8)
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to how that eq. (2.13) can naturally be solved in terms of a more general class of special

functions known as elliptic MPLs. Before we define this class of functions in more detail,

we discuss in the next section more generally when Chen iterated integrals of d log-forms
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~

Differential equation in canonical form

With non-rationalisable square root!



4-POINT FUNCTIONS: BHABHA SCATTERING

Q(x,y) turns out to describe an elliptically fibered K3 surface

In deriving the relations in eq. (5.1) we have used the identities

Z4(0,~a) =
1� y2

2yc4
, Z4(1,~a) =

(1� y)2

4yc4
, G⇤(~a) =

1� 2y � 3y2

8yc4
. (5.5)

The derivation of these identities can be found in ref. [14] and in Appendix ??. We stress

that these identities hold for 0  y  1 and the ordering of the branch points in eq. (5.2),

and the choice of the branches of the square root discussed above. We see that in this

case all the transcendental quantities in the definition of the integration kernels in eq. (4.8)

reduce to simple algebraic algebraic functions,

 �1(1, x̄,~a) =
x̄

w
�

(y + 1)2

4wy
,

 �1(0, x̄,~a) =
y2

� 1

wx̄y
�

y2
� 1

2wy
,

 �1(1, x̄,~a) =
(y � 1)2

4wy
�

1

w(x̄� 1)
,

(5.6)

with w2 = P4(x̄).

Since the d log-forms in the di↵erential equation (2.13) for eB can be expressed on �2

in terms of the integration kernels that define eMPLs, it is natural to expect that the

solution to the di↵erential equation can also be expressed in terms of eMPLs. In order to

integrate the di↵erential equation on �2 in terms of eMPLs, however, we need to express

also the inhomogeneous terms gi in eq. (2.13) in terms of the same class of functions. This

is indeed possible due to eq. (4.9) and the fact that we can always express MPLs of the

form G(. . . ;x) in terms of G(. . . , x̄). For example, we have

G(1, 0, 0;x) = G(1, 0, 0; 1� x̄) = G(0, 1, 1; x̄)� ⇣3 = E4( 1 1 1
0 1 1 ; x̄,~a)� ⇣3 . (5.7)

After this step, it is now trivial to integrate the di↵erential equation (2.13) on �2 in terms

of eMPLs. The final result for eB reads,

eB(x, y) = 16 log
�t

m2

h
E4

⇣
�1 1 1
0 1+1/y 1 ; x̄,~a

⌘
� E4

��1 1 1
0 1+y 1 ; x̄,~a

�
(5.8)

+ E4
��1 1 1

1 1 1 ; x̄,~a
�
+ E4

��1 1 1
1 1 1 ; x̄,~a

�
+ ⇣2 E4(�1

1 ; x̄,~a) + ⇣2 E4
��1

1 ; x̄,~a
� i

� 8
�
8⇣2 + 4Li2(y) + log2 y

�h
E4

⇣
�1 1
0 1+1/y ; x̄,~a

⌘
+ E4

��1 1
0 1+y ; x̄,~a

�
� E4

��1 1
0 1 ; x̄,~a

�i

� 32 ⇣2
⇥
E4
��1 1

1 1 ; x̄,~a
�
� E4

��1 1
1 1 ; x̄,~a

�⇤
+ 16 E4

⇣
�1 1 1 1
0 1+1/y 1 1 ; x̄,~a

⌘

� 32 E4

⇣
�1 1 1 1
0 1+1/y 2 1 ; x̄,~a

⌘
� 16 E4

��1 1 1 1
0 1+y 1 1 ; x̄,~a

�
+ 32 E4

��1 1 1 1
0 1+y 2 1 ; x̄,~a

�

+ 16 E4
��1 1 1 1

1 0 1 1 ; x̄,~a
�
� 24 E4

��1 1 1 1
1 1 1 1 ; x̄,~a

�
� 32 E4

��1 1 1 1
1 1 2 1 ; x̄,~a

�

+ 16 E4
��1 1 1 1

1 0 1 1 ; x̄,~a
�
+ 40 E4

��1 1 1 1
1 1 1 1 ; x̄,~a

�
� 32 E4

��1 1 1 1
1 1 2 1 ; x̄,~a

�

+
4

3

�
12Li3(y) + 24⇣2 log y + log3 y

� ⇥
E4(�1

1 ; x̄,~a) + E4
��1

1 ; x̄,~a
�⇤

+ 64⇣4 � 32⇣2Li2(y) + 16Li4(y) + 8⇣2 log
2 y +

1

3
log4 y .
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Integrating in x first and then in y, we can write compact result in terms of eMPLs 

[Broedel, Dulat, Duhr, Penante, Tancredi: to appear]Pure functions weight 4 !



CONCLUSIONS AND SUMMARY

We are developing a new framework to compute Feynman integrals beyond MPLs 
which is 

Robust and apparently quite general in the elliptic case (more calculations 
underway, four point functions for bhabha and drell-yan, etc…) 

Its construction, inspired mainly by work of Brown and Levin, suggests a way to 
generalise it further to more complicated geometries 

Direct connection to iterated integrals of modular forms (Eisenstein series) and 
other classes of functions 

It is allowing us to make important steps towards the generalisation of the 
concept of pure functions/pure Feynman integrals to the elliptic case!



THANK YOU!


