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Motivation: reduced SUSY amplitudes

Construction of N=2 SQCD 4-gluon 2-loop amplitude
Supersymmetric decomposition & C-K duality
Integration of full amplitude 

Inspection of result à transcendentality properties

Supergravity amplitudes with reduced SUSY
Double copy with SQCD
Which theories do have we access to ?

Conclusion

Outline



Motivation: maximal supersymmetry
Two theories frequently studied:

At tree-level
QCD effectively
super-conformal

At loop-level
certain terms
of maximal
transcendentality
are the same

N=4 suggest
natural integral 
basis, e.g.
DCI integrals

We learn how to compute in QCD by studying its maximal SUSY cousin 



Motivation: reduced supersymmetry
However, there are many interesting theories ”inbetween”

à related by SUSY decomposition at loop level 
à many unexplored oppertunities, in models closer to the real world



Motivation: supergravity w/ red. SUSY
Double copy: gravity from gauge th. à need reduced SUSY amplitudes

unique theories à no free parameters  (ungauged SG)

uniquely specified by spectrum  à one free parameter  

in 5D uniqely specified by 3pt ampl.     (4D: many parameters) 



Gauge theory amplitudes w/ reduced SUSY
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State of the Art

Gauge theory amplitudes at 2 loops with 4 gluons:
QCD [helicity avg.]  Glover, Oleari, Tejeda-Yeomans (2001)

Pure N=1 SYM and QCD Bern, De Freitas, Dixon (2002)

N=1,2 SQED:   Binoth, Glover, Marquard, van der Bij (2002)

Planar N=2 SCQCD: Leoni, Mauri, Santambrogio (2015)

Complete N=2 SQCD: Duhr, HJ, Kälin, Mogull, Verbeek (2019)

Also 5-gluon 2-loop amplitude in pure YM 
Badger, Frellesvig, Zhang; 
Badger, Mogull, Ochirov, O’Connell; 
Dunbar, Jehu,  Perkins;
Gehrmann, Henn, Lo Presti;
Badger, Brønnum-Hansen, Bayu Hartanto, Peraro; 
Abreu, Febres Cordero, Ita, Page, Sotnikov

(Dixon, Kosower, Vergu, 2008)



Complete N=2 SQCD calculation
HJ, Kälin, Mogull

e.g. simple SQCD 
numerators

- two-loop SQCD amplitude
- color-kinematics manifest
- planar + non-planar
- massless quarks
- integrand valid in D ≤ 6

Integrand computed 2017 using color-kinematics duality 
and supersymmetric decomposition

trace-rep. from
1811.09604
Kälin, Mogull, 
Ochirov
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Figure 5: A complete list of non-vanishing graphs and graphs corresponding to master

numerators. The eight master graphs that we choose to work with are (1)–(5), (13), (19)

and (22). While tadpoles and external bubbles are dropped from the final amplitudes it is

useful to consider them at intermediate steps of the calculation.

In the MHV sector we provide two alternative solutions. The first of these

includes non-zero numerators corresponding to bubble-on-external-leg and tadpole

diagrams — diagrams (17)–(24) in fig. 5. All of these diagrams have propagators of

the form 1/p2 ⇠ 1/0 that are ill-defined in the on-shell limit (unless amputated away).

Their appearance in the solution follow from certain desirable but auxiliary relations

that we choose to impose on the color-dual numerators, making them easier to find

through an ansatz. As we shall see, contributions from these diagrams either vanish

upon integration or can be dropped because the physical unitarity cuts are insensitive

to them. However, as they potentially can give non-vanishing contributions to the

ultraviolet (UV) divergences in N = 2 SQCD, we also provide an alternative color-

dual solution in which such terms are manifestly absent. The two solutions may be

found in separate ancillary files.

To aid the discussion we generally represent numerators pictorially (as we have
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Color-kinematics duality

Bern, Carrasco, HJ 

Color & kinematic 
numerators satisfy 
same relations:

Jacobi
identity

propagators

color factors

numerators

commutation
identity

T aT b � T bT a = fabcT c

fdacf cbe � fdbcf cae = fabcfdce

ni � nj = nk

color

kinematics ni

ci

2 THE DUALITY BETWEEN COLOR AND KINEMATICS

(a) � =

(b) � =

Figure 5: Color-algebra relations in the adjoint (a) and fundamental representation (b). The curly
lines represent adjoint representation states and the straight lines fundamental representation. The
vertices correspond to the color matrices in Eq. (2.4).

of the line uniquely specifies the mass mj of the propagator. Cases with di↵ering masses, but
the same color representation, are easily taken into account by setting appropiate masses
and representations equal at the end. The adjoint representation is by default massless
corresponding to gluons. The remaining non-trivial kinematic dependence is collected in the
kinematic numerator ni associated with each graph. The numerators ni are in general gauge-
dependent functions that depend on external momenta pj, loop momenta `j, polarizations
"j, spinors, flavor, etc., everything except for the color degrees of freedom. Finally, Si are
standard symmetry factors that remove internal overcounts of loop diagrams; they can be
computed by counting the number of discrete symmetries of each graph with fixed external
legs.

The color factors ci are in general not independent. They satisfy linear relations that
are inherited from the Lie algebra structure, such as the Jacobi identity, and the defining
commutation relation,

fdaef ebc � fdbef eac = fabef ecd ,

(ta) k
i (tb) j

k � (tb) k
i (ta) j

k = ifabc(tc) j
i , (2.2)

and similar identities for other color tensors that might appear in the theory. In Eq. (2.2)
we follow the standard textbook normalization of color generators [99],

Tr(tatb) =
�ab

2
. (2.3)

Such Lie-algebra relations are directly tied to gauge invariance of amplitudes.
In general in the amplitudes community color generators di↵ers from the textbook defi-

nition by a
p
2 absorbed into each generator [86] and group theory structure constant. It is

also useful to rescale the group-theory structure constants,

T a ⌘
p
2ta , f̃abc ⌘ i

p
2fabc , (2.4)

so that
Tr(T aT b) = �ab , (2.5)

With these changes in normalization the defining commutation relations are,

f̃daef̃ ebc � f̃dbef̃ eac = f̃abef̃ ecd ,

(T a) k
i (T b) j

k � (T b) k
i (T a) j

k = f̃abc(T c) j
i , (2.6)
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Supersymmetric decomposition

3 Trees and cuts in N = 2 SQCD

In this section we introduce N = 2 super-QCD (SQCD) in D = 4 dimensions.

This theory consists of N = 2 SYM coupled to supersymmetric matter multiplets

(hypermultiplets) in the fundamental representation of a generic gauge group G. For

simplicity, we consider the limit of massless hypers.2 N = 2 SQCD’s particle content

is similar to that of N = 4 SYM, so we refrain from describing its full Lagrangian;

instead, we project its tree amplitudes out of the well-known ones in N = 4 SYM. We

then proceed to calculate generalized unitarity cuts. As our intention is to evaluate

cuts in D = 4 � 2✏ dimensions, we also consider six-dimensional trees. These are

carefully extracted from the N = (1, 1) SYM theory — the six-dimensional uplift of

four-dimensional N = 4 SYM.

The on-shell vector multiplet of N = 4 SYM contains 2N = 16 states:

VN=4(⌘
I) = A+ + ⌘I +

I +
1

2
⌘I⌘J'IJ +

1

3!
✏IJKL⌘

I⌘J⌘K L
� + ⌘1⌘2⌘3⌘4A�, (3.1)

where we have introduced chiral superspace coordinates ⌘I with SU(4) R-symmetry

indices {I, J, . . .}. The N = 4 multiplet is CPT self-conjugate and thus it is not

chiral. The apparent chirality is an artifact of the notation; it can equally well be

expressed in terms of anti-chiral superspace coordinates ⌘̄I :

VN=4(⌘̄I) = ⌘̄1⌘̄2⌘̄3⌘̄4A
+ + · · ·+ A�. (3.2)

The on-shell spectrum of N = 2 SYM contains 2 ⇥ 2N = 8 states, which can

be packaged into one chiral VN=2 and one anti-chiral V N=2 multiplet, each with

four states. As explained in ref. [6], it is convenient to combine them into a single

non-chiral multiplet VN=2 using the already-introduced superspace coordinates:

VN=2(⌘
I) = VN=2 + ⌘3⌘4V N=2, (3.3a)

VN=2(⌘
I) = A+ + ⌘I +

I + ⌘1⌘2'12, (3.3b)

V N=2(⌘
I) = '34 + ✏I34J⌘

I J
� + ⌘1⌘2A�, (3.3c)

where the SU(2) indices I, J = 1, 2 are inherited from SU(4). As is obvious, this is

a subset of the full N = 4 multiplet:

VN=4 = VN=2 + �N=2 + �N=2, (3.4)

where we have introduced a hypermultiplet and its conjugate parametrized as

�N=2(⌘
I) = ( +

3 + ⌘I'I3 + ⌘1⌘2 4
�)⌘

3, (3.5a)

�N=2(⌘
I) = ( +

4 + ⌘I'I4 � ⌘1⌘2 3
�)⌘

4. (3.5b)

2Amplitudes with massive hypers can be recovered from the massless case by considering the
D = 6 version of the theory and reinterpreting the extra-dimensional momenta of the hypers as a
mass.
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Figure 5: A complete list of non-vanishing graphs and graphs corresponding to master

numerators. The eight master graphs that we choose to work with are (1)–(5), (13), (19)

and (22). While tadpoles and external bubbles are dropped from the final amplitudes it is

useful to consider them at intermediate steps of the calculation.

In the MHV sector we provide two alternative solutions. The first of these

includes non-zero numerators corresponding to bubble-on-external-leg and tadpole

diagrams — diagrams (17)–(24) in fig. 5. All of these diagrams have propagators of

the form 1/p2 ⇠ 1/0 that are ill-defined in the on-shell limit (unless amputated away).

Their appearance in the solution follow from certain desirable but auxiliary relations

that we choose to impose on the color-dual numerators, making them easier to find

through an ansatz. As we shall see, contributions from these diagrams either vanish

upon integration or can be dropped because the physical unitarity cuts are insensitive

to them. However, as they potentially can give non-vanishing contributions to the

ultraviolet (UV) divergences in N = 2 SQCD, we also provide an alternative color-

dual solution in which such terms are manifestly absent. The two solutions may be

found in separate ancillary files.

To aid the discussion we generally represent numerators pictorially (as we have
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For example, the double box decomposes as:

Decompose on-shell
supsersymmetric states:

Pictorially:

This constraint was already used in ref. [6]: it is made possible by the N = 2

fundamental and antifundamental hypermultiplets (3.5) having the same particle

content up to the R-symmetry index.

4.4.2 Two-term identities

The two-term identities were first introduced in eq. (2.7); they are consistent with

all unitarity cuts given that Nf = 1. They e↵ectively reduce the number of master

numerators to five due to these three relations:

n

✓

3

4

2

1←ℓ2ℓ1→
◆

= n

✓
↖ℓ2ℓ1↗

3

4

2

1
◆
, (4.11a)

n

✓
ℓ1→

4

3

2

1
ℓ2↙

◆
= n

✓
←ℓ2

4

3

2

1
↗
ℓ1

◆
, (4.11b)

n

✓
ℓ2
↓

3

2

1

4

ℓ1↗
◆

= n

✓
ℓ2

↓

4

1

3

2ℓ1↗

◆
, (4.11c)

where each numerator on the right-hand side is a master. Numerators of diagrams

containing two hypermultiplet loops are completely determined in terms of those

containing only a single hypermultiplet loop.

4.4.3 Matching with the N = 4 limit

The observation that N = 2 SQCD’s field content is contained by that of N = 4

SYM has already proved useful: we used it in section 3 to obtain four-dimensional

tree amplitudes by projecting out of those in N = 4 SYM. The connection between

these theories o↵ers another constraint on our color-dual numerators: that summing

N = 2 SQCD numerators over internal multiplets corresponding to the field content

of N = 4 SYM should reproduce those color-dual numerators. Again taking the

double-box numerator as an example, we demand that
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where the factors of 2 come from our implementation of matter-reversal symmetry.

Similar identities should hold for all other topologies.

In the all-chiral sector this is easily implemented as the corresponding N = 4

SYM numerators are all zero. In the MHV sector there are two non-zero numera-

tors [2]:
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à can solve for pure N=2 SYM in terms of N=4 SYM and matter graphs

à only matter graphs needed!

Works similarly for any loop
order and for N=0,1,2 SYM  

cf. BDK
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Interesting features:
- only 10 diagrams contribute (6 contain matter à SUSY dec.)
- terms non-trivially absent  
- For                      bubbles and triangles cancel out à conformal point
- Leading color, conformal point, only one diagram needed

4

is non-zero and IR finite. At four points, we read o↵ the

coe�cient of M (0)
(��++)N

0
c Tr(T a1T a2) Tr(T a3T a4), which

we denote by R
(1)[0]
(��)(++) (and analogously for other he-

licity configurations), giving [49]

R
(1)[0]
(��)(++) = 2⌧

⇥
(T � U)2 + 6⇣2

⇤
+O(✏) , (10a)

R
(1)[0]
(�+)(�+) =

2⌧

�2
T (T + 2i⇡) +O(✏) , (10b)

where we have introduced the shorthand notation ⌧ =
�t/s, � = �u/s, T = log(⌧), and U = log(�). We recall
that s > 0; t, u < 0, so T and U are real. We see that the
one-loop remainders have uniform transcendental weight
two, just like the corresponding N = 4 SYM amplitudes.

The two-loop remainder functions are finite and non-
zero already at leading color [55, 56]. Beyond leading
color, the two-loop remainders develop IR divergences
which can be cast in a form reminiscent of Eq. (7),

R(2)
n = R(2)fin

n + I(1)(✏)R(1)
n , (11)

with R(2)fin
n finite as ✏ ! 0. Using the integrand in

Eq. (2) we can easily isolate individual diagrams that

contribute to R(2)
n at di↵erent orders of Nc. For exam-

ple, at leading color O(N2
c ), only graph (b) is needed

to compute the SCQCD remainder. The coe�cient of
N2

c Tr(T a1T a2T a3T a4) can be compactly written as

R
(2)[2]
(1234) =

�i

⇡D
e2✏�

X

cyclic

Z
d2D`

Db
n

 
1

23

4

#`1`2 #

!
, (12)

where the numerators are given in Eq. (3), and Db con-
tains the propagator denominators of diagram (b).

As the integral with the µ12 factor in Eq. (3a) begins
at O(✏), we need only integrate the two Dirac traces in
Eqs. (3b) and (3c). They are manifestly IR finite, giving
the leading-color remainders (for s > 0; t, u < 0)

R
(2)[2]
(��++) = 12⇣3 +

⌧

6

�
48Li4(⌧)� 24TLi3(⌧)

� 24TLi3(�) + 24Li2(⌧) (⇣2 + TU) + 24TULi2(�)

� 24ULi3(⌧)� 24S2,2(⌧) + T 4 � 4T 3U + 18T 2U2

� 12⇣2T
2 + 24⇣2TU + 24⇣3U � 168⇣4 � 4i⇡

⇥
6Li3(⌧)

+ 6Li3(�)� 6ULi2(⌧)� 6ULi2(�)� T 3 + 3T 2U

� 6TU2 � 6⇣2T + 6⇣2U
⇤ 

+O(✏) , (13a)

R
(2)[2]
(�+�+) = 12⇣3 +

1

6

⌧

�2
T 2(T + 2i⇡)2 +O(✏) , (13b)

where Lin(z) are the classical polylogarithms and Sn,p(z)

are Nielsen generalized polylogarithms. R(2)[2]
(�+�+) is com-

paratively simpler as cancellations occur between two
cyclic permutations of the numerator (3b). The leading-
color remainder of N = 2 SCQCD was presented in

Ref. [55], and the R(2)[2]
(��++) remainder was first published

in Ref. [56]; we confirm the correctness of those results.
Furthermore, the diagrams in (12) precisely match the
simple IR finite integrals considered in Ref. [57].
Inspecting the leading-color result, it is clear that re-

mainder does not have uniform weight four, in agreement
with Refs. [55, 56]. The deviation from uniform weight,
however, is very minimal and entirely captured by a con-
stant 12⇣3 times the tree amplitude. This leads to some
hope that the deviation from maximal weight is simple
enough that it can be understood in general, at least at
leading color.

The subleading-color part of R(2)
4 is given by the coef-

ficients of M (0)
(��++)Nc Tr(T a1T a2) Tr(T a3T a4). We find

for the finite parts

R
(2)[1]fin
(��)(++) =

2⌧

3

�
96Li4(⌧)� 72TLi3(⌧) + 24TLi3(�)
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+ 24ULi3(⌧)� 72ULi3(�) + T 4 + 4T 3U � 18T 2U2

+ 4TU3 + U4 + 24⇣2TU � 12⇣2T
2 � 12⇣2U

2 � 654⇣4

� 4i⇡
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+O(✏) , (14a)
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�
48Li4(⌧)� 24TLi3(⌧)� 24S2,2(⌧)
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� 8i⇡
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3T ⇣2 � T 3

⇤ � 8⌧
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6⌧Li3(⌧)� 6⌧Li3(�)
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+ 3i⇡
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2(� � ⌧)Li2(⌧) + ⌧T 2 + 2T�U + �U2 + 2⌧⇣2
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+O(✏) . (14b)

Finally, the subsubleading-color parts of R(2)
4 are, for all

helicity configurations, given by the relation

R
(2)[0]
(1234) = R

(2)[2]
(1234) �R

(2)[1]
(13)(24) +

1

2

⇣
R

(2)[1]
(12)(34) +R

(2)[1]
(14)(23)

⌘
.

(15)

It follows from consistency conditions on the SU(Nc)
color algebra, and using the fact that only four diagrams

(b,c,g,h) are required to fully specify R(2)
4 . We have ex-

plicitly checked that this relation is satisfied by the inte-
grated amplitude.
Equations (11) and (13)–(15) give the full analytic re-

sult for the remainder R(2)
4 . We find it striking that the

complete result for four-gluon scattering at two loops in
N = 2 SCQCD can be cast in a compact form which
fits into a few lines. Analyzing the weight properties of

R(2)
4 , we observe that the finite terms of the subleading-

color part involve MPLs of weight 2, 3 and 4, but no
lower-weight MPLs are present. Moreover, we observe a



Decomposing using superconformal theory
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FIG. 1: Ten cubic diagrams that describe the four-gluon two-loop amplitude of N = 2 SQCD. At the conformal point,
Nf = 2Nc, diagrams (d), (e), (i), and (j) manifestly cancel out from the integrand.

THE COLOR-DUAL INTEGRAND

N = 2 SQCD has a running coupling constant ↵S(µ2
R),

and loop amplitudes need to be renormalized to remove
ultraviolet (UV) divergences. Prior to renormalization,
we may perturbatively expand n-point amplitudes in
terms of the bare coupling ↵0

S ,

Mn = (4⇡↵0
S)

n�2
2

1X

L=0

✓
↵0
SS✏

4⇡

◆L

M(L)
n , (1)

where S✏ = (4⇡)✏e�✏� anticipates dimensional regular-
ization in D = 4 � 2✏ dimensions. At multiplicity four,
we will always use kinematics defined by s > 0; t, u < 0,
where s = (p1+ p2)2, t = (p2+ p3)2, u = (p1+ p3)2, with
s+ t+ u = 0, and all momenta are outgoing.

The two-loop integrand of Ref. [34] was constructed
to make manifest separations at the diagrammatic level
between distinct gauge-invariant contributions. For ex-
ample, it manifests the di↵erence between N = 4 SYM
and the N = 2 superconformal theory (SCQCD), with
Nf = 2Nc, as a combination of simple diagrams that are
manifestly UV finite. The diagrammatic separation will
allow us to have a clear partition of the integrated answer
into terms with distinct physical interpretation.

The integrand of Ref. [34] consists of 19 cubic dia-
grams. Of these only ten, shown in Fig. 1, give rise to
non-vanishing integrals. Using these ten diagrams (a–j)
the N = 2 SQCD amplitude is assembled, with an S4

permutation sum over external particle labels, as

iM(2)
4 = e2✏�

X

S4

X

i2{a,...,j}

Z
d2D`

(i⇡D/2)2
(Nf )|i|

Si

nici
Di

, (2)

where d2D` ⌘ dD`1dD`2 is the two-loop integration mea-
sure and |i| is the number of matter loops in the given
diagram. Diagrams are described by kinematic numera-
tor factors ni, color factors ci, symmetry factors Si, and
propagator denominators Di [34, 37].

Color-kinematics duality requires that the kinematic
numerators ni satisfy the same general Lie algebra re-
lations as the color factors ci [35]. Through these rela-
tions the numerators of diagrams (e–j) were completely
determined by the four planar diagrams (a–d). The in-
tegrand was constructed through an Ansatz constrained
to satisfy (D  6)-dimensional unitarity cuts. The upper

bound corresponds to the D = 6, N = (1, 0) SQCD the-
ory, which is the unique supersymmetric maximal uplift
of the four-dimensional N = 2 SQCD theory.
For later convenience we quote the relevant numerator

contributions to diagram (b) for di↵erent gluon helicities,

n
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= �12µ12 , (3a)
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n

 
1�

2+3+

4�

#`1`2 #

!
=

14

t2
tr�(1`123`24) , (3c)

where ij is proportional to the color-stripped tree ampli-
tude — for instance, in the purely gluonic case we have

12 = istM
(0)
(��++), and M

(0)
(��++) = �ih12i2[34]2/st.

The tr± are chirally projected Dirac traces taken strictly
over the four-dimensional parts of the momenta, and

µij = �`
[�2✏]
i · `[�2✏]

j contain the extra-dimensional loop
momenta. Numerators of the other diagrams are of com-
parable simplicity, see Refs. [34, 37]. Note that four-gluon
amplitudes with helicity (±+++) exactly vanish in su-
persymmetric theories due to Ward identities, so we need
not consider them. Without loss of generality we focus on
gluon amplitudes with helicity configurations (��++)
and (�+�+); the general vector multiplet cases are ob-
tained from these by supersymmetric Ward identities.

In general, we note that any gluon amplitude in N = 2
SQCD can be decomposed into three independent blocks
that have di↵erent characteristics after integration,
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n = M(L)[N=4]

n +R(L)
n + (CA �Nf )S(L)

n . (4)

CA is the quadratic Casimir; for SU(Nc) we normalize it
as CA = 2Nc. The decomposition involves three terms:

M(L)[N=4]
n is a gluon amplitude in N = 4 SYM, R(L)

n is a
remainder function that survives at the conformal point

Nf = 2Nc, and S(L)
n is a term that contributes away from

the conformal point. By definition the first term will have
the same (uniform) weight property as N = 4 SYM, and
the first two terms will be free of UV divergences. The
two-loop integrand of Eq. (2) is particularly well suited
to this decomposition: only four diagrams (b,c,g,h) con-

tribute to R(2)
4 , and six diagrams (b,c,e,g,h,j) contribute
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is non-zero and IR finite. At four points, we read o↵ the

coe�cient of M (0)
(��++)N
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c Tr(T a1T a2) Tr(T a3T a4), which

we denote by R
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(��)(++) (and analogously for other he-
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where we have introduced the shorthand notation ⌧ =
�t/s, � = �u/s, T = log(⌧), and U = log(�). We recall
that s > 0; t, u < 0, so T and U are real. We see that the
one-loop remainders have uniform transcendental weight
two, just like the corresponding N = 4 SYM amplitudes.

The two-loop remainder functions are finite and non-
zero already at leading color [55, 56]. Beyond leading
color, the two-loop remainders develop IR divergences
which can be cast in a form reminiscent of Eq. (7),

R(2)
n = R(2)fin

n + I(1)(✏)R(1)
n , (11)

with R(2)fin
n finite as ✏ ! 0. Using the integrand in

Eq. (2) we can easily isolate individual diagrams that

contribute to R(2)
n at di↵erent orders of Nc. For exam-

ple, at leading color O(N2
c ), only graph (b) is needed

to compute the SCQCD remainder. The coe�cient of
N2

c Tr(T a1T a2T a3T a4) can be compactly written as
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where the numerators are given in Eq. (3), and Db con-
tains the propagator denominators of diagram (b).

As the integral with the µ12 factor in Eq. (3a) begins
at O(✏), we need only integrate the two Dirac traces in
Eqs. (3b) and (3c). They are manifestly IR finite, giving
the leading-color remainders (for s > 0; t, u < 0)
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where Lin(z) are the classical polylogarithms and Sn,p(z)

are Nielsen generalized polylogarithms. R(2)[2]
(�+�+) is com-

paratively simpler as cancellations occur between two
cyclic permutations of the numerator (3b). The leading-
color remainder of N = 2 SCQCD was presented in

Ref. [55], and the R(2)[2]
(��++) remainder was first published

in Ref. [56]; we confirm the correctness of those results.
Furthermore, the diagrams in (12) precisely match the
simple IR finite integrals considered in Ref. [57].
Inspecting the leading-color result, it is clear that re-

mainder does not have uniform weight four, in agreement
with Refs. [55, 56]. The deviation from uniform weight,
however, is very minimal and entirely captured by a con-
stant 12⇣3 times the tree amplitude. This leads to some
hope that the deviation from maximal weight is simple
enough that it can be understood in general, at least at
leading color.
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It follows from consistency conditions on the SU(Nc)
color algebra, and using the fact that only four diagrams

(b,c,g,h) are required to fully specify R(2)
4 . We have ex-

plicitly checked that this relation is satisfied by the inte-
grated amplitude.
Equations (11) and (13)–(15) give the full analytic re-

sult for the remainder R(2)
4 . We find it striking that the

complete result for four-gluon scattering at two loops in
N = 2 SCQCD can be cast in a compact form which
fits into a few lines. Analyzing the weight properties of

R(2)
4 , we observe that the finite terms of the subleading-

color part involve MPLs of weight 2, 3 and 4, but no
lower-weight MPLs are present. Moreover, we observe a
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(1)[0]
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where we have introduced the shorthand notation ⌧ =
�t/s, � = �u/s, T = log(⌧), and U = log(�). We recall
that s > 0; t, u < 0, so T and U are real. We see that the
one-loop remainders have uniform transcendental weight
two, just like the corresponding N = 4 SYM amplitudes.

The two-loop remainder functions are finite and non-
zero already at leading color [55, 56]. Beyond leading
color, the two-loop remainders develop IR divergences
which can be cast in a form reminiscent of Eq. (7),

R(2)
n = R(2)fin

n + I(1)(✏)R(1)
n , (11)

with R(2)fin
n finite as ✏ ! 0. Using the integrand in

Eq. (2) we can easily isolate individual diagrams that

contribute to R(2)
n at di↵erent orders of Nc. For exam-

ple, at leading color O(N2
c ), only graph (b) is needed

to compute the SCQCD remainder. The coe�cient of
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R
(2)[2]
(1234) =

�i

⇡D
e2✏�

X

cyclic

Z
d2D`

Db
n

 
1

23

4

#`1`2 #

!
, (12)

where the numerators are given in Eq. (3), and Db con-
tains the propagator denominators of diagram (b).

As the integral with the µ12 factor in Eq. (3a) begins
at O(✏), we need only integrate the two Dirac traces in
Eqs. (3b) and (3c). They are manifestly IR finite, giving
the leading-color remainders (for s > 0; t, u < 0)
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where Lin(z) are the classical polylogarithms and Sn,p(z)

are Nielsen generalized polylogarithms. R(2)[2]
(�+�+) is com-

paratively simpler as cancellations occur between two
cyclic permutations of the numerator (3b). The leading-
color remainder of N = 2 SCQCD was presented in

Ref. [55], and the R(2)[2]
(��++) remainder was first published

in Ref. [56]; we confirm the correctness of those results.
Furthermore, the diagrams in (12) precisely match the
simple IR finite integrals considered in Ref. [57].
Inspecting the leading-color result, it is clear that re-

mainder does not have uniform weight four, in agreement
with Refs. [55, 56]. The deviation from uniform weight,
however, is very minimal and entirely captured by a con-
stant 12⇣3 times the tree amplitude. This leads to some
hope that the deviation from maximal weight is simple
enough that it can be understood in general, at least at
leading color.

The subleading-color part of R(2)
4 is given by the coef-

ficients of M (0)
(��++)Nc Tr(T a1T a2) Tr(T a3T a4). We find
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It follows from consistency conditions on the SU(Nc)
color algebra, and using the fact that only four diagrams

(b,c,g,h) are required to fully specify R(2)
4 . We have ex-

plicitly checked that this relation is satisfied by the inte-
grated amplitude.
Equations (11) and (13)–(15) give the full analytic re-

sult for the remainder R(2)
4 . We find it striking that the

complete result for four-gluon scattering at two loops in
N = 2 SCQCD can be cast in a compact form which
fits into a few lines. Analyzing the weight properties of
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where we have introduced the shorthand notation ⌧ =
�t/s, � = �u/s, T = log(⌧), and U = log(�). We recall
that s > 0; t, u < 0, so T and U are real. We see that the
one-loop remainders have uniform transcendental weight
two, just like the corresponding N = 4 SYM amplitudes.

The two-loop remainder functions are finite and non-
zero already at leading color [55, 56]. Beyond leading
color, the two-loop remainders develop IR divergences
which can be cast in a form reminiscent of Eq. (7),
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where the numerators are given in Eq. (3), and Db con-
tains the propagator denominators of diagram (b).

As the integral with the µ12 factor in Eq. (3a) begins
at O(✏), we need only integrate the two Dirac traces in
Eqs. (3b) and (3c). They are manifestly IR finite, giving
the leading-color remainders (for s > 0; t, u < 0)
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Furthermore, the diagrams in (12) precisely match the
simple IR finite integrals considered in Ref. [57].
Inspecting the leading-color result, it is clear that re-

mainder does not have uniform weight four, in agreement
with Refs. [55, 56]. The deviation from uniform weight,
however, is very minimal and entirely captured by a con-
stant 12⇣3 times the tree amplitude. This leads to some
hope that the deviation from maximal weight is simple
enough that it can be understood in general, at least at
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It follows from consistency conditions on the SU(Nc)
color algebra, and using the fact that only four diagrams

(b,c,g,h) are required to fully specify R(2)
4 . We have ex-

plicitly checked that this relation is satisfied by the inte-
grated amplitude.
Equations (11) and (13)–(15) give the full analytic re-

sult for the remainder R(2)
4 . We find it striking that the

complete result for four-gluon scattering at two loops in
N = 2 SCQCD can be cast in a compact form which
fits into a few lines. Analyzing the weight properties of
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4 , we observe that the finite terms of the subleading-

color part involve MPLs of weight 2, 3 and 4, but no
lower-weight MPLs are present. Moreover, we observe a
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(a) (b) (c) (d) (e) (f) (g) (h) (i) (j)

FIG. 1: Ten cubic diagrams that describe the four-gluon two-loop amplitude of N = 2 SQCD. At the conformal point,
Nf = 2Nc, diagrams (d), (e), (i), and (j) manifestly cancel out from the integrand.

THE COLOR-DUAL INTEGRAND

N = 2 SQCD has a running coupling constant ↵S(µ2
R),

and loop amplitudes need to be renormalized to remove
ultraviolet (UV) divergences. Prior to renormalization,
we may perturbatively expand n-point amplitudes in
terms of the bare coupling ↵0

S ,

Mn = (4⇡↵0
S)

n�2
2

1X

L=0

✓
↵0
SS✏

4⇡

◆L

M(L)
n , (1)

where S✏ = (4⇡)✏e�✏� anticipates dimensional regular-
ization in D = 4 � 2✏ dimensions. At multiplicity four,
we will always use kinematics defined by s > 0; t, u < 0,
where s = (p1+ p2)2, t = (p2+ p3)2, u = (p1+ p3)2, with
s+ t+ u = 0, and all momenta are outgoing.

The two-loop integrand of Ref. [34] was constructed
to make manifest separations at the diagrammatic level
between distinct gauge-invariant contributions. For ex-
ample, it manifests the di↵erence between N = 4 SYM
and the N = 2 superconformal theory (SCQCD), with
Nf = 2Nc, as a combination of simple diagrams that are
manifestly UV finite. The diagrammatic separation will
allow us to have a clear partition of the integrated answer
into terms with distinct physical interpretation.

The integrand of Ref. [34] consists of 19 cubic dia-
grams. Of these only ten, shown in Fig. 1, give rise to
non-vanishing integrals. Using these ten diagrams (a–j)
the N = 2 SQCD amplitude is assembled, with an S4

permutation sum over external particle labels, as

iM(2)
4 = e2✏�

X

S4

X

i2{a,...,j}

Z
d2D`

(i⇡D/2)2
(Nf )|i|

Si

nici
Di

, (2)

where d2D` ⌘ dD`1dD`2 is the two-loop integration mea-
sure and |i| is the number of matter loops in the given
diagram. Diagrams are described by kinematic numera-
tor factors ni, color factors ci, symmetry factors Si, and
propagator denominators Di [34, 37].

Color-kinematics duality requires that the kinematic
numerators ni satisfy the same general Lie algebra re-
lations as the color factors ci [35]. Through these rela-
tions the numerators of diagrams (e–j) were completely
determined by the four planar diagrams (a–d). The in-
tegrand was constructed through an Ansatz constrained
to satisfy (D  6)-dimensional unitarity cuts. The upper

bound corresponds to the D = 6, N = (1, 0) SQCD the-
ory, which is the unique supersymmetric maximal uplift
of the four-dimensional N = 2 SQCD theory.
For later convenience we quote the relevant numerator
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where ij is proportional to the color-stripped tree ampli-
tude — for instance, in the purely gluonic case we have
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In general, we note that any gluon amplitude in N = 2
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that have di↵erent characteristics after integration,
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CA is the quadratic Casimir; for SU(Nc) we normalize it
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n is a
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tribute to R(2)
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is non-zero and IR finite. At four points, we read o↵ the
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where we have introduced the shorthand notation ⌧ =
�t/s, � = �u/s, T = log(⌧), and U = log(�). We recall
that s > 0; t, u < 0, so T and U are real. We see that the
one-loop remainders have uniform transcendental weight
two, just like the corresponding N = 4 SYM amplitudes.

The two-loop remainder functions are finite and non-
zero already at leading color [55, 56]. Beyond leading
color, the two-loop remainders develop IR divergences
which can be cast in a form reminiscent of Eq. (7),
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with R(2)fin
n finite as ✏ ! 0. Using the integrand in

Eq. (2) we can easily isolate individual diagrams that

contribute to R(2)
n at di↵erent orders of Nc. For exam-

ple, at leading color O(N2
c ), only graph (b) is needed

to compute the SCQCD remainder. The coe�cient of
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c Tr(T a1T a2T a3T a4) can be compactly written as
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where the numerators are given in Eq. (3), and Db con-
tains the propagator denominators of diagram (b).

As the integral with the µ12 factor in Eq. (3a) begins
at O(✏), we need only integrate the two Dirac traces in
Eqs. (3b) and (3c). They are manifestly IR finite, giving
the leading-color remainders (for s > 0; t, u < 0)
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where Lin(z) are the classical polylogarithms and Sn,p(z)

are Nielsen generalized polylogarithms. R(2)[2]
(�+�+) is com-

paratively simpler as cancellations occur between two
cyclic permutations of the numerator (3b). The leading-
color remainder of N = 2 SCQCD was presented in

Ref. [55], and the R(2)[2]
(��++) remainder was first published

in Ref. [56]; we confirm the correctness of those results.
Furthermore, the diagrams in (12) precisely match the
simple IR finite integrals considered in Ref. [57].
Inspecting the leading-color result, it is clear that re-

mainder does not have uniform weight four, in agreement
with Refs. [55, 56]. The deviation from uniform weight,
however, is very minimal and entirely captured by a con-
stant 12⇣3 times the tree amplitude. This leads to some
hope that the deviation from maximal weight is simple
enough that it can be understood in general, at least at
leading color.
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It follows from consistency conditions on the SU(Nc)
color algebra, and using the fact that only four diagrams

(b,c,g,h) are required to fully specify R(2)
4 . We have ex-

plicitly checked that this relation is satisfied by the inte-
grated amplitude.
Equations (11) and (13)–(15) give the full analytic re-

sult for the remainder R(2)
4 . We find it striking that the

complete result for four-gluon scattering at two loops in
N = 2 SCQCD can be cast in a compact form which
fits into a few lines. Analyzing the weight properties of

R(2)
4 , we observe that the finite terms of the subleading-

color part involve MPLs of weight 2, 3 and 4, but no
lower-weight MPLs are present. Moreover, we observe a
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where we have introduced the shorthand notation ⌧ =
�t/s, � = �u/s, T = log(⌧), and U = log(�). We recall
that s > 0; t, u < 0, so T and U are real. We see that the
one-loop remainders have uniform transcendental weight
two, just like the corresponding N = 4 SYM amplitudes.

The two-loop remainder functions are finite and non-
zero already at leading color [55, 56]. Beyond leading
color, the two-loop remainders develop IR divergences
which can be cast in a form reminiscent of Eq. (7),
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n + I(1)(✏)R(1)
n , (11)

with R(2)fin
n finite as ✏ ! 0. Using the integrand in

Eq. (2) we can easily isolate individual diagrams that

contribute to R(2)
n at di↵erent orders of Nc. For exam-

ple, at leading color O(N2
c ), only graph (b) is needed

to compute the SCQCD remainder. The coe�cient of
N2

c Tr(T a1T a2T a3T a4) can be compactly written as
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where the numerators are given in Eq. (3), and Db con-
tains the propagator denominators of diagram (b).

As the integral with the µ12 factor in Eq. (3a) begins
at O(✏), we need only integrate the two Dirac traces in
Eqs. (3b) and (3c). They are manifestly IR finite, giving
the leading-color remainders (for s > 0; t, u < 0)
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where Lin(z) are the classical polylogarithms and Sn,p(z)

are Nielsen generalized polylogarithms. R(2)[2]
(�+�+) is com-

paratively simpler as cancellations occur between two
cyclic permutations of the numerator (3b). The leading-
color remainder of N = 2 SCQCD was presented in

Ref. [55], and the R(2)[2]
(��++) remainder was first published

in Ref. [56]; we confirm the correctness of those results.
Furthermore, the diagrams in (12) precisely match the
simple IR finite integrals considered in Ref. [57].
Inspecting the leading-color result, it is clear that re-

mainder does not have uniform weight four, in agreement
with Refs. [55, 56]. The deviation from uniform weight,
however, is very minimal and entirely captured by a con-
stant 12⇣3 times the tree amplitude. This leads to some
hope that the deviation from maximal weight is simple
enough that it can be understood in general, at least at
leading color.

The subleading-color part of R(2)
4 is given by the coef-
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It follows from consistency conditions on the SU(Nc)
color algebra, and using the fact that only four diagrams

(b,c,g,h) are required to fully specify R(2)
4 . We have ex-

plicitly checked that this relation is satisfied by the inte-
grated amplitude.
Equations (11) and (13)–(15) give the full analytic re-

sult for the remainder R(2)
4 . We find it striking that the

complete result for four-gluon scattering at two loops in
N = 2 SCQCD can be cast in a compact form which
fits into a few lines. Analyzing the weight properties of

R(2)
4 , we observe that the finite terms of the subleading-

color part involve MPLs of weight 2, 3 and 4, but no
lower-weight MPLs are present. Moreover, we observe a
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where we have introduced the shorthand notation ⌧ =
�t/s, � = �u/s, T = log(⌧), and U = log(�). We recall
that s > 0; t, u < 0, so T and U are real. We see that the
one-loop remainders have uniform transcendental weight
two, just like the corresponding N = 4 SYM amplitudes.

The two-loop remainder functions are finite and non-
zero already at leading color [55, 56]. Beyond leading
color, the two-loop remainders develop IR divergences
which can be cast in a form reminiscent of Eq. (7),
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with R(2)fin
n finite as ✏ ! 0. Using the integrand in

Eq. (2) we can easily isolate individual diagrams that

contribute to R(2)
n at di↵erent orders of Nc. For exam-

ple, at leading color O(N2
c ), only graph (b) is needed

to compute the SCQCD remainder. The coe�cient of
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where the numerators are given in Eq. (3), and Db con-
tains the propagator denominators of diagram (b).

As the integral with the µ12 factor in Eq. (3a) begins
at O(✏), we need only integrate the two Dirac traces in
Eqs. (3b) and (3c). They are manifestly IR finite, giving
the leading-color remainders (for s > 0; t, u < 0)
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where Lin(z) are the classical polylogarithms and Sn,p(z)
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paratively simpler as cancellations occur between two
cyclic permutations of the numerator (3b). The leading-
color remainder of N = 2 SCQCD was presented in
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in Ref. [56]; we confirm the correctness of those results.
Furthermore, the diagrams in (12) precisely match the
simple IR finite integrals considered in Ref. [57].
Inspecting the leading-color result, it is clear that re-

mainder does not have uniform weight four, in agreement
with Refs. [55, 56]. The deviation from uniform weight,
however, is very minimal and entirely captured by a con-
stant 12⇣3 times the tree amplitude. This leads to some
hope that the deviation from maximal weight is simple
enough that it can be understood in general, at least at
leading color.
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It follows from consistency conditions on the SU(Nc)
color algebra, and using the fact that only four diagrams

(b,c,g,h) are required to fully specify R(2)
4 . We have ex-

plicitly checked that this relation is satisfied by the inte-
grated amplitude.
Equations (11) and (13)–(15) give the full analytic re-

sult for the remainder R(2)
4 . We find it striking that the

complete result for four-gluon scattering at two loops in
N = 2 SCQCD can be cast in a compact form which
fits into a few lines. Analyzing the weight properties of
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4 , we observe that the finite terms of the subleading-

color part involve MPLs of weight 2, 3 and 4, but no
lower-weight MPLs are present. Moreover, we observe a
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that s > 0; t, u < 0, so T and U are real. We see that the
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two, just like the corresponding N = 4 SYM amplitudes.
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where the numerators are given in Eq. (3), and Db con-
tains the propagator denominators of diagram (b).

As the integral with the µ12 factor in Eq. (3a) begins
at O(✏), we need only integrate the two Dirac traces in
Eqs. (3b) and (3c). They are manifestly IR finite, giving
the leading-color remainders (for s > 0; t, u < 0)
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where Lin(z) are the classical polylogarithms and Sn,p(z)

are Nielsen generalized polylogarithms. R(2)[2]
(�+�+) is com-

paratively simpler as cancellations occur between two
cyclic permutations of the numerator (3b). The leading-
color remainder of N = 2 SCQCD was presented in

Ref. [55], and the R(2)[2]
(��++) remainder was first published

in Ref. [56]; we confirm the correctness of those results.
Furthermore, the diagrams in (12) precisely match the
simple IR finite integrals considered in Ref. [57].
Inspecting the leading-color result, it is clear that re-

mainder does not have uniform weight four, in agreement
with Refs. [55, 56]. The deviation from uniform weight,
however, is very minimal and entirely captured by a con-
stant 12⇣3 times the tree amplitude. This leads to some
hope that the deviation from maximal weight is simple
enough that it can be understood in general, at least at
leading color.
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It follows from consistency conditions on the SU(Nc)
color algebra, and using the fact that only four diagrams

(b,c,g,h) are required to fully specify R(2)
4 . We have ex-

plicitly checked that this relation is satisfied by the inte-
grated amplitude.
Equations (11) and (13)–(15) give the full analytic re-

sult for the remainder R(2)
4 . We find it striking that the

complete result for four-gluon scattering at two loops in
N = 2 SCQCD can be cast in a compact form which
fits into a few lines. Analyzing the weight properties of
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4 , we observe that the finite terms of the subleading-

color part involve MPLs of weight 2, 3 and 4, but no
lower-weight MPLs are present. Moreover, we observe a
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�t/s, � = �u/s, T = log(⌧), and U = log(�). We recall
that s > 0; t, u < 0, so T and U are real. We see that the
one-loop remainders have uniform transcendental weight
two, just like the corresponding N = 4 SYM amplitudes.

The two-loop remainder functions are finite and non-
zero already at leading color [55, 56]. Beyond leading
color, the two-loop remainders develop IR divergences
which can be cast in a form reminiscent of Eq. (7),
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c ), only graph (b) is needed
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where the numerators are given in Eq. (3), and Db con-
tains the propagator denominators of diagram (b).

As the integral with the µ12 factor in Eq. (3a) begins
at O(✏), we need only integrate the two Dirac traces in
Eqs. (3b) and (3c). They are manifestly IR finite, giving
the leading-color remainders (for s > 0; t, u < 0)
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where Lin(z) are the classical polylogarithms and Sn,p(z)

are Nielsen generalized polylogarithms. R(2)[2]
(�+�+) is com-

paratively simpler as cancellations occur between two
cyclic permutations of the numerator (3b). The leading-
color remainder of N = 2 SCQCD was presented in

Ref. [55], and the R(2)[2]
(��++) remainder was first published

in Ref. [56]; we confirm the correctness of those results.
Furthermore, the diagrams in (12) precisely match the
simple IR finite integrals considered in Ref. [57].
Inspecting the leading-color result, it is clear that re-

mainder does not have uniform weight four, in agreement
with Refs. [55, 56]. The deviation from uniform weight,
however, is very minimal and entirely captured by a con-
stant 12⇣3 times the tree amplitude. This leads to some
hope that the deviation from maximal weight is simple
enough that it can be understood in general, at least at
leading color.
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It follows from consistency conditions on the SU(Nc)
color algebra, and using the fact that only four diagrams

(b,c,g,h) are required to fully specify R(2)
4 . We have ex-

plicitly checked that this relation is satisfied by the inte-
grated amplitude.
Equations (11) and (13)–(15) give the full analytic re-

sult for the remainder R(2)
4 . We find it striking that the

complete result for four-gluon scattering at two loops in
N = 2 SCQCD can be cast in a compact form which
fits into a few lines. Analyzing the weight properties of

R(2)
4 , we observe that the finite terms of the subleading-

color part involve MPLs of weight 2, 3 and 4, but no
lower-weight MPLs are present. Moreover, we observe a
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two, just like the corresponding N = 4 SYM amplitudes.

The two-loop remainder functions are finite and non-
zero already at leading color [55, 56]. Beyond leading
color, the two-loop remainders develop IR divergences
which can be cast in a form reminiscent of Eq. (7),

R(2)
n = R(2)fin

n + I(1)(✏)R(1)
n , (11)

with R(2)fin
n finite as ✏ ! 0. Using the integrand in

Eq. (2) we can easily isolate individual diagrams that

contribute to R(2)
n at di↵erent orders of Nc. For exam-

ple, at leading color O(N2
c ), only graph (b) is needed

to compute the SCQCD remainder. The coe�cient of
N2

c Tr(T a1T a2T a3T a4) can be compactly written as

R
(2)[2]
(1234) =

�i

⇡D
e2✏�

X

cyclic

Z
d2D`

Db
n

 
1

23

4

#`1`2 #

!
, (12)

where the numerators are given in Eq. (3), and Db con-
tains the propagator denominators of diagram (b).

As the integral with the µ12 factor in Eq. (3a) begins
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It follows from consistency conditions on the SU(Nc)
color algebra, and using the fact that only four diagrams

(b,c,g,h) are required to fully specify R(2)
4 . We have ex-

plicitly checked that this relation is satisfied by the inte-
grated amplitude.
Equations (11) and (13)–(15) give the full analytic re-

sult for the remainder R(2)
4 . We find it striking that the

complete result for four-gluon scattering at two loops in
N = 2 SCQCD can be cast in a compact form which
fits into a few lines. Analyzing the weight properties of

R(2)
4 , we observe that the finite terms of the subleading-

color part involve MPLs of weight 2, 3 and 4, but no
lower-weight MPLs are present. Moreover, we observe a
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Mogull, Verbeek
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generators same as 
structure constantsReps. have same size 



Supergravity amplitudes w/ reduced SUSY

15



Double copy of N=2 super-QCD

- two-loop SQCD amplitude
- color-kinematics manifest
- massless quarks
- integrand valid in D ≤ 6

HJ, Kälin, Mogull

Identical formulas apply for the MHV-sector supergravity numerators, and there

are two more:
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As already explained, we drop the remaining bubble-on-external-leg and tadpole

diagrams since they integrate to zero in dimensional regularization (see section 4.6).

Pure half-maximal supergravity numerators (including N = (1, 1) but not N =

(2, 0)) are obtained by setting Ds = D. The N = (2, 0) supergravity two-loop

numerators can be obtained from the above formulas by replacing the modulus square

with an ordinary square and (Ds � 6) with (NT � 1).

5.3 Enhanced ultraviolet cancellations in D = 5� 2✏ dimensions

In D = 5�2✏ the two-loop pure half-maximal supergravity amplitude is known to be

UV-finite for all external helicity configurations. This was demonstrated in ref. [72] as

an example of an enhanced cancellation. While a potentially valid counterterm seems

to exist, recent arguments confirm that half-maximal D = 5 supergravity is finite

at two loops [72, 99–101]. Using the obtained pure supergravity amplitude (5.2)

we confirm this enhanced UV cancelation. In the all-chiral sector, the only UV-

divergent integrals are the planar and non-planar double boxes, divergences for which

may be found in ref. [72]. It is a simple exercise to show that these contributions,

when substituted into the two-loop supergravity amplitude (5.2), give an overall

cancellation.

In the MHV sector, where there is a wider range of non-trivial integrals involved,

the UV calculation provides a useful check on our results. Following the procedure

outlined in ref. [102], we consider the limit of small external momenta with respect

to the loop momenta |pi| ⌧ |`j| in the integrand (5.2). This is formally achieved by

taking pi ! �pi for a small parameter �, keeping only the leading term. The resulting

integrand is then reduced to a sum of vacuum-like integrands of the form [103]

Z
dD`1dD`2�
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D
2
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(�`21)
⌫1(�`22)

⌫2(�(`1 + `2 + k)2)⌫3
= HD(⌫1, ⌫2, ⌫3)(�k2)D�⌫1�⌫2�⌫3 ,

(5.29)
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As already explained, we drop the remaining bubble-on-external-leg and tadpole

diagrams since they integrate to zero in dimensional regularization (see section 4.6).

Pure half-maximal supergravity numerators (including N = (1, 1) but not N =

(2, 0)) are obtained by setting Ds = D. The N = (2, 0) supergravity two-loop

numerators can be obtained from the above formulas by replacing the modulus square

with an ordinary square and (Ds � 6) with (NT � 1).

5.3 Enhanced ultraviolet cancellations in D = 5� 2✏ dimensions

In D = 5�2✏ the two-loop pure half-maximal supergravity amplitude is known to be

UV-finite for all external helicity configurations. This was demonstrated in ref. [72] as

an example of an enhanced cancellation. While a potentially valid counterterm seems

to exist, recent arguments confirm that half-maximal D = 5 supergravity is finite

at two loops [72, 99–101]. Using the obtained pure supergravity amplitude (5.2)

we confirm this enhanced UV cancelation. In the all-chiral sector, the only UV-

divergent integrals are the planar and non-planar double boxes, divergences for which

may be found in ref. [72]. It is a simple exercise to show that these contributions,

when substituted into the two-loop supergravity amplitude (5.2), give an overall

cancellation.

In the MHV sector, where there is a wider range of non-trivial integrals involved,

the UV calculation provides a useful check on our results. Following the procedure

outlined in ref. [102], we consider the limit of small external momenta with respect

to the loop momenta |pi| ⌧ |`j| in the integrand (5.2). This is formally achieved by

taking pi ! �pi for a small parameter �, keeping only the leading term. The resulting

integrand is then reduced to a sum of vacuum-like integrands of the form [103]
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D
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�2
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(�`21)
⌫1(�`22)

⌫2(�(`1 + `2 + k)2)⌫3
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(5.29)
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Pure supergravities given by cf. HJ, Ochirov (‘14)
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Figure 5: A complete list of non-vanishing graphs and graphs corresponding to master

numerators. The eight master graphs that we choose to work with are (1)–(5), (13), (19)

and (22). While tadpoles and external bubbles are dropped from the final amplitudes it is

useful to consider them at intermediate steps of the calculation.

In the MHV sector we provide two alternative solutions. The first of these

includes non-zero numerators corresponding to bubble-on-external-leg and tadpole

diagrams — diagrams (17)–(24) in fig. 5. All of these diagrams have propagators of

the form 1/p2 ⇠ 1/0 that are ill-defined in the on-shell limit (unless amputated away).

Their appearance in the solution follow from certain desirable but auxiliary relations

that we choose to impose on the color-dual numerators, making them easier to find

through an ansatz. As we shall see, contributions from these diagrams either vanish

upon integration or can be dropped because the physical unitarity cuts are insensitive

to them. However, as they potentially can give non-vanishing contributions to the

ultraviolet (UV) divergences in N = 2 SQCD, we also provide an alternative color-

dual solution in which such terms are manifestly absent. The two solutions may be

found in separate ancillary files.

To aid the discussion we generally represent numerators pictorially (as we have
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Extracted 5D UV divergence à vanishes à enhanced cancellation

cf. Bern, Davies, Dennen, Huang 



N =(1,1) vs N =(2,0)  supergravity
In 6D there are two half-maximal supergravities: HJ, Kälin, Mogull

(graviton + vector multiplets) 

(graviton + tensor multiplets) 

five-dimensional loop momenta, the two alternative double copies become identical

as mi = emi and ✏(µi, µj) = 0.

Since the external states of our numerators carry four-dimensional momenta,

they can be properly identified using the four-dimensional double copy (5.15). The

chiral and anti-chiral supergravity multiplets, HN=4 and HN=4, are associated with

the chiral and anti-chiral N = 2 multiplets, VN=2 and V N=2, respectively:

HN=4 = VN=2 ⌦ VN=2, HN=4 = V N=2 ⌦ V N=2. (5.21)

The cross terms between external states VN=2 and V N=2 give the extra two VN=4

multiplets that should be manually truncated away in the pure four-dimensional

theory.

In terms of the helicity sectors of SQCD the double copy can be performed in

each sector separately since the cross-terms between the sectors should integrate to

zero. This vanishing is necessary in order for the gravitational R-symmetry SU(4) to

emerge out of the R-symmetry of the two gauge-theory factors SU(2)⇥SU(2). Thus

the all-chiral and MHV sectors of N = 4 supergravity can be isolated by considering

color-dual numerators of N = 2 SQCD belonging to the all-chiral and MHV sectors

respectively. At two loops, these are the sets of numerators provided in the previous

section.

5.2.1 One loop

In the all-chiral sector the only non-zero one-loop numerators are boxes. The relevant

N = (1, 1)-type double copy gives the following half-maximal supergravity numerator

in generic dimensions:
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, (5.22)

where we have replaced Nf using NV = 2(1 +Nf ) and NV = Ds � 4. The modulus-

square notation of the numerators indicates multiplication between the chiral and

chiral-conjugate numerators: these are related bymi $ emi and ✏(µi, µj) ! �✏(µi, µj)

(for real external states chiral conjugation is the same as complex conjugation).

Pure theories in D = 4, 5, 6 dimensions can be obtained by setting Ds = D. After

plugging in the N = 2 SQCD numerators given earlier (4.15) into eq. (5.22), and

using µ2 = emm, one recovers the box numerator (5.10) of the (N = 0) ⌦ (N = 4)

construction.

The N = (2, 0)-type double copy gives the following N = (2, 0) supergravity

box numerator in six dimensions:8

N [N=(2,0) SG]
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n
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, (5.23)

8The Grassmann-odd parameters ⌘Ii should not be literally squared in eq. (5.23) or eq. (5.22);
instead, they should be shifted ⌘i ! ⌘i+4 in one of the copies
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8The Grassmann-odd parameters ⌘Ii should not be literally squared in eq. (5.23) or eq. (5.22);
instead, they should be shifted ⌘i ! ⌘i+4 in one of the copies
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In terms of gravity numerators:

(1,1) à

(2,0) à

same simple relation at two loops!



N=2 supergravity double copies
Recall that double copy works 
if one side obeys C-K duality 

2

(a) (b) (c) (d) (e) (f) (g) (h) (i) (j)

FIG. 1: Ten cubic diagrams that describe the four-gluon two-loop amplitude of N = 2 SQCD. At the conformal point,
Nf = 2Nc, diagrams (d), (e), (i), and (j) manifestly cancel out from the integrand.

THE COLOR-DUAL INTEGRAND

N = 2 SQCD has a running coupling constant ↵S(µ2
R),

and loop amplitudes need to be renormalized to remove
ultraviolet (UV) divergences. Prior to renormalization,
we may perturbatively expand n-point amplitudes in
terms of the bare coupling ↵0

S ,

Mn = (4⇡↵0
S)

n�2
2

1X

L=0

✓
↵0
SS✏

4⇡

◆L

M(L)
n , (1)

where S✏ = (4⇡)✏e�✏� anticipates dimensional regular-
ization in D = 4 � 2✏ dimensions. At multiplicity four,
we will always use kinematics defined by s > 0; t, u < 0,
where s = (p1+ p2)2, t = (p2+ p3)2, u = (p1+ p3)2, with
s+ t+ u = 0, and all momenta are outgoing.

The two-loop integrand of Ref. [34] was constructed
to make manifest separations at the diagrammatic level
between distinct gauge-invariant contributions. For ex-
ample, it manifests the di↵erence between N = 4 SYM
and the N = 2 superconformal theory (SCQCD), with
Nf = 2Nc, as a combination of simple diagrams that are
manifestly UV finite. The diagrammatic separation will
allow us to have a clear partition of the integrated answer
into terms with distinct physical interpretation.

The integrand of Ref. [34] consists of 19 cubic dia-
grams. Of these only ten, shown in Fig. 1, give rise to
non-vanishing integrals. Using these ten diagrams (a–j)
the N = 2 SQCD amplitude is assembled, with an S4

permutation sum over external particle labels, as

iM(2)
4 = e2✏�

X

S4

X

i2{a,...,j}

Z
d2D`

(i⇡D/2)2
(Nf )|i|

Si

nici
Di

, (2)

where d2D` ⌘ dD`1dD`2 is the two-loop integration mea-
sure and |i| is the number of matter loops in the given
diagram. Diagrams are described by kinematic numera-
tor factors ni, color factors ci, symmetry factors Si, and
propagator denominators Di [34, 37].

Color-kinematics duality requires that the kinematic
numerators ni satisfy the same general Lie algebra re-
lations as the color factors ci [35]. Through these rela-
tions the numerators of diagrams (e–j) were completely
determined by the four planar diagrams (a–d). The in-
tegrand was constructed through an Ansatz constrained
to satisfy (D  6)-dimensional unitarity cuts. The upper

bound corresponds to the D = 6, N = (1, 0) SQCD the-
ory, which is the unique supersymmetric maximal uplift
of the four-dimensional N = 2 SQCD theory.
For later convenience we quote the relevant numerator

contributions to diagram (b) for di↵erent gluon helicities,

n
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where ij is proportional to the color-stripped tree ampli-
tude — for instance, in the purely gluonic case we have

12 = istM
(0)
(��++), and M

(0)
(��++) = �ih12i2[34]2/st.

The tr± are chirally projected Dirac traces taken strictly
over the four-dimensional parts of the momenta, and

µij = �`
[�2✏]
i · `[�2✏]

j contain the extra-dimensional loop
momenta. Numerators of the other diagrams are of com-
parable simplicity, see Refs. [34, 37]. Note that four-gluon
amplitudes with helicity (±+++) exactly vanish in su-
persymmetric theories due to Ward identities, so we need
not consider them. Without loss of generality we focus on
gluon amplitudes with helicity configurations (��++)
and (�+�+); the general vector multiplet cases are ob-
tained from these by supersymmetric Ward identities.

In general, we note that any gluon amplitude in N = 2
SQCD can be decomposed into three independent blocks
that have di↵erent characteristics after integration,

M(L)
n = M(L)[N=4]

n +R(L)
n + (CA �Nf )S(L)

n . (4)

CA is the quadratic Casimir; for SU(Nc) we normalize it
as CA = 2Nc. The decomposition involves three terms:

M(L)[N=4]
n is a gluon amplitude in N = 4 SYM, R(L)

n is a
remainder function that survives at the conformal point

Nf = 2Nc, and S(L)
n is a term that contributes away from

the conformal point. By definition the first term will have
the same (uniform) weight property as N = 4 SYM, and
the first two terms will be free of UV divergences. The
two-loop integrand of Eq. (2) is particularly well suited
to this decomposition: only four diagrams (b,c,g,h) con-

tribute to R(2)
4 , and six diagrams (b,c,e,g,h,j) contribute
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numerators. The eight master graphs that we choose to work with are (1)–(5), (13), (19)

and (22). While tadpoles and external bubbles are dropped from the final amplitudes it is

useful to consider them at intermediate steps of the calculation.

In the MHV sector we provide two alternative solutions. The first of these

includes non-zero numerators corresponding to bubble-on-external-leg and tadpole

diagrams — diagrams (17)–(24) in fig. 5. All of these diagrams have propagators of

the form 1/p2 ⇠ 1/0 that are ill-defined in the on-shell limit (unless amputated away).

Their appearance in the solution follow from certain desirable but auxiliary relations

that we choose to impose on the color-dual numerators, making them easier to find

through an ansatz. As we shall see, contributions from these diagrams either vanish

upon integration or can be dropped because the physical unitarity cuts are insensitive

to them. However, as they potentially can give non-vanishing contributions to the

ultraviolet (UV) divergences in N = 2 SQCD, we also provide an alternative color-

dual solution in which such terms are manifestly absent. The two solutions may be

found in separate ancillary files.

To aid the discussion we generally represent numerators pictorially (as we have

– 18 –

à N=2 Luciani Model 

N=2 SQCD  � 4D Feynman

(1978)
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In the MHV sector we provide two alternative solutions. The first of these

includes non-zero numerators corresponding to bubble-on-external-leg and tadpole

diagrams — diagrams (17)–(24) in fig. 5. All of these diagrams have propagators of

the form 1/p2 ⇠ 1/0 that are ill-defined in the on-shell limit (unless amputated away).

Their appearance in the solution follow from certain desirable but auxiliary relations

that we choose to impose on the color-dual numerators, making them easier to find

through an ansatz. As we shall see, contributions from these diagrams either vanish

upon integration or can be dropped because the physical unitarity cuts are insensitive

to them. However, as they potentially can give non-vanishing contributions to the

ultraviolet (UV) divergences in N = 2 SQCD, we also provide an alternative color-

dual solution in which such terms are manifestly absent. The two solutions may be

found in separate ancillary files.

To aid the discussion we generally represent numerators pictorially (as we have
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à N=2 Generic non-Jordan family 

N=2 SQCD  � 5D Feynman

2

(a) (b) (c) (d) (e) (f) (g) (h) (i) (j)

FIG. 1: Ten cubic diagrams that describe the four-gluon two-loop amplitude of N = 2 SQCD. At the conformal point,
Nf = 2Nc, diagrams (d), (e), (i), and (j) manifestly cancel out from the integrand.

THE COLOR-DUAL INTEGRAND

N = 2 SQCD has a running coupling constant ↵S(µ2
R),

and loop amplitudes need to be renormalized to remove
ultraviolet (UV) divergences. Prior to renormalization,
we may perturbatively expand n-point amplitudes in
terms of the bare coupling ↵0

S ,

Mn = (4⇡↵0
S)

n�2
2

1X

L=0

✓
↵0
SS✏

4⇡

◆L

M(L)
n , (1)

where S✏ = (4⇡)✏e�✏� anticipates dimensional regular-
ization in D = 4 � 2✏ dimensions. At multiplicity four,
we will always use kinematics defined by s > 0; t, u < 0,
where s = (p1+ p2)2, t = (p2+ p3)2, u = (p1+ p3)2, with
s+ t+ u = 0, and all momenta are outgoing.

The two-loop integrand of Ref. [34] was constructed
to make manifest separations at the diagrammatic level
between distinct gauge-invariant contributions. For ex-
ample, it manifests the di↵erence between N = 4 SYM
and the N = 2 superconformal theory (SCQCD), with
Nf = 2Nc, as a combination of simple diagrams that are
manifestly UV finite. The diagrammatic separation will
allow us to have a clear partition of the integrated answer
into terms with distinct physical interpretation.

The integrand of Ref. [34] consists of 19 cubic dia-
grams. Of these only ten, shown in Fig. 1, give rise to
non-vanishing integrals. Using these ten diagrams (a–j)
the N = 2 SQCD amplitude is assembled, with an S4

permutation sum over external particle labels, as

iM(2)
4 = e2✏�

X

S4

X

i2{a,...,j}

Z
d2D`

(i⇡D/2)2
(Nf )|i|

Si

nici
Di

, (2)

where d2D` ⌘ dD`1dD`2 is the two-loop integration mea-
sure and |i| is the number of matter loops in the given
diagram. Diagrams are described by kinematic numera-
tor factors ni, color factors ci, symmetry factors Si, and
propagator denominators Di [34, 37].

Color-kinematics duality requires that the kinematic
numerators ni satisfy the same general Lie algebra re-
lations as the color factors ci [35]. Through these rela-
tions the numerators of diagrams (e–j) were completely
determined by the four planar diagrams (a–d). The in-
tegrand was constructed through an Ansatz constrained
to satisfy (D  6)-dimensional unitarity cuts. The upper

bound corresponds to the D = 6, N = (1, 0) SQCD the-
ory, which is the unique supersymmetric maximal uplift
of the four-dimensional N = 2 SQCD theory.
For later convenience we quote the relevant numerator

contributions to diagram (b) for di↵erent gluon helicities,

n

 
1�

2�3+

4+

#`1`2 #

!
= �12µ12 , (3a)

n

 
1�

2+3�

4+

#`1`2 #

!
=

13

u2
tr�(1`124`23) , (3b)

n

 
1�

2+3+

4�

#`1`2 #

!
=

14

t2
tr�(1`123`24) , (3c)

where ij is proportional to the color-stripped tree ampli-
tude — for instance, in the purely gluonic case we have

12 = istM
(0)
(��++), and M

(0)
(��++) = �ih12i2[34]2/st.

The tr± are chirally projected Dirac traces taken strictly
over the four-dimensional parts of the momenta, and

µij = �`
[�2✏]
i · `[�2✏]

j contain the extra-dimensional loop
momenta. Numerators of the other diagrams are of com-
parable simplicity, see Refs. [34, 37]. Note that four-gluon
amplitudes with helicity (±+++) exactly vanish in su-
persymmetric theories due to Ward identities, so we need
not consider them. Without loss of generality we focus on
gluon amplitudes with helicity configurations (��++)
and (�+�+); the general vector multiplet cases are ob-
tained from these by supersymmetric Ward identities.

In general, we note that any gluon amplitude in N = 2
SQCD can be decomposed into three independent blocks
that have di↵erent characteristics after integration,

M(L)
n = M(L)[N=4]

n +R(L)
n + (CA �Nf )S(L)

n . (4)

CA is the quadratic Casimir; for SU(Nc) we normalize it
as CA = 2Nc. The decomposition involves three terms:

M(L)[N=4]
n is a gluon amplitude in N = 4 SYM, R(L)

n is a
remainder function that survives at the conformal point

Nf = 2Nc, and S(L)
n is a term that contributes away from

the conformal point. By definition the first term will have
the same (uniform) weight property as N = 4 SYM, and
the first two terms will be free of UV divergences. The
two-loop integrand of Eq. (2) is particularly well suited
to this decomposition: only four diagrams (b,c,g,h) con-

tribute to R(2)
4 , and six diagrams (b,c,e,g,h,j) contribute
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Figure 5: A complete list of non-vanishing graphs and graphs corresponding to master

numerators. The eight master graphs that we choose to work with are (1)–(5), (13), (19)

and (22). While tadpoles and external bubbles are dropped from the final amplitudes it is

useful to consider them at intermediate steps of the calculation.

In the MHV sector we provide two alternative solutions. The first of these

includes non-zero numerators corresponding to bubble-on-external-leg and tadpole

diagrams — diagrams (17)–(24) in fig. 5. All of these diagrams have propagators of

the form 1/p2 ⇠ 1/0 that are ill-defined in the on-shell limit (unless amputated away).

Their appearance in the solution follow from certain desirable but auxiliary relations

that we choose to impose on the color-dual numerators, making them easier to find

through an ansatz. As we shall see, contributions from these diagrams either vanish

upon integration or can be dropped because the physical unitarity cuts are insensitive

to them. However, as they potentially can give non-vanishing contributions to the

ultraviolet (UV) divergences in N = 2 SQCD, we also provide an alternative color-

dual solution in which such terms are manifestly absent. The two solutions may be

found in separate ancillary files.

To aid the discussion we generally represent numerators pictorially (as we have
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à N=2 Generic Jordan family 

N=2 SQCD  � 6D Feynman

2
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FIG. 1: Ten cubic diagrams that describe the four-gluon two-loop amplitude of N = 2 SQCD. At the conformal point,
Nf = 2Nc, diagrams (d), (e), (i), and (j) manifestly cancel out from the integrand.

THE COLOR-DUAL INTEGRAND

N = 2 SQCD has a running coupling constant ↵S(µ2
R),

and loop amplitudes need to be renormalized to remove
ultraviolet (UV) divergences. Prior to renormalization,
we may perturbatively expand n-point amplitudes in
terms of the bare coupling ↵0

S ,

Mn = (4⇡↵0
S)

n�2
2

1X

L=0

✓
↵0
SS✏

4⇡

◆L

M(L)
n , (1)

where S✏ = (4⇡)✏e�✏� anticipates dimensional regular-
ization in D = 4 � 2✏ dimensions. At multiplicity four,
we will always use kinematics defined by s > 0; t, u < 0,
where s = (p1+ p2)2, t = (p2+ p3)2, u = (p1+ p3)2, with
s+ t+ u = 0, and all momenta are outgoing.

The two-loop integrand of Ref. [34] was constructed
to make manifest separations at the diagrammatic level
between distinct gauge-invariant contributions. For ex-
ample, it manifests the di↵erence between N = 4 SYM
and the N = 2 superconformal theory (SCQCD), with
Nf = 2Nc, as a combination of simple diagrams that are
manifestly UV finite. The diagrammatic separation will
allow us to have a clear partition of the integrated answer
into terms with distinct physical interpretation.

The integrand of Ref. [34] consists of 19 cubic dia-
grams. Of these only ten, shown in Fig. 1, give rise to
non-vanishing integrals. Using these ten diagrams (a–j)
the N = 2 SQCD amplitude is assembled, with an S4

permutation sum over external particle labels, as

iM(2)
4 = e2✏�

X

S4

X

i2{a,...,j}

Z
d2D`

(i⇡D/2)2
(Nf )|i|

Si

nici
Di

, (2)

where d2D` ⌘ dD`1dD`2 is the two-loop integration mea-
sure and |i| is the number of matter loops in the given
diagram. Diagrams are described by kinematic numera-
tor factors ni, color factors ci, symmetry factors Si, and
propagator denominators Di [34, 37].

Color-kinematics duality requires that the kinematic
numerators ni satisfy the same general Lie algebra re-
lations as the color factors ci [35]. Through these rela-
tions the numerators of diagrams (e–j) were completely
determined by the four planar diagrams (a–d). The in-
tegrand was constructed through an Ansatz constrained
to satisfy (D  6)-dimensional unitarity cuts. The upper

bound corresponds to the D = 6, N = (1, 0) SQCD the-
ory, which is the unique supersymmetric maximal uplift
of the four-dimensional N = 2 SQCD theory.
For later convenience we quote the relevant numerator

contributions to diagram (b) for di↵erent gluon helicities,

n
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= �12µ12 , (3a)
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n

 
1�

2+3+

4�

#`1`2 #

!
=

14

t2
tr�(1`123`24) , (3c)

where ij is proportional to the color-stripped tree ampli-
tude — for instance, in the purely gluonic case we have

12 = istM
(0)
(��++), and M

(0)
(��++) = �ih12i2[34]2/st.

The tr± are chirally projected Dirac traces taken strictly
over the four-dimensional parts of the momenta, and

µij = �`
[�2✏]
i · `[�2✏]

j contain the extra-dimensional loop
momenta. Numerators of the other diagrams are of com-
parable simplicity, see Refs. [34, 37]. Note that four-gluon
amplitudes with helicity (±+++) exactly vanish in su-
persymmetric theories due to Ward identities, so we need
not consider them. Without loss of generality we focus on
gluon amplitudes with helicity configurations (��++)
and (�+�+); the general vector multiplet cases are ob-
tained from these by supersymmetric Ward identities.

In general, we note that any gluon amplitude in N = 2
SQCD can be decomposed into three independent blocks
that have di↵erent characteristics after integration,

M(L)
n = M(L)[N=4]

n +R(L)
n + (CA �Nf )S(L)

n . (4)

CA is the quadratic Casimir; for SU(Nc) we normalize it
as CA = 2Nc. The decomposition involves three terms:

M(L)[N=4]
n is a gluon amplitude in N = 4 SYM, R(L)

n is a
remainder function that survives at the conformal point

Nf = 2Nc, and S(L)
n is a term that contributes away from

the conformal point. By definition the first term will have
the same (uniform) weight property as N = 4 SYM, and
the first two terms will be free of UV divergences. The
two-loop integrand of Eq. (2) is particularly well suited
to this decomposition: only four diagrams (b,c,g,h) con-

tribute to R(2)
4 , and six diagrams (b,c,e,g,h,j) contribute

Günaydin, Sierra, Townsend (1984)

HJ, Ochirov;
Chiodaroli, Gunaydin, HJ, Roiban;
Ben-Shahar, Chiodaroli;
Mogull, Kälin, HJ (in progress)



Magical and homogeneous SUGRAs
Maxwell-Einstein 5d supergravity theories

e�1L = �R
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Günaydin, Sierra, Townsend

Lagrangian is entirely determined by constants                à 3pt amplitudes

Chiodaroli, Günaydin, 
HJ, Roiban (‘15)

Homogeneous supergravities

#fD = � #fD = � #fD = � #fD = � · · ·
D = � — Luciani model (?) —
D = � — Generic non-Jordan Family —
D = � — Generic Jordan Family —
D = � R
D = � C
D = �

D = �� H
· · ·

D = �� O
· · ·

I Theories identified from symmetry considerations and �pt amplitudes

I Two different realizations for generic Jordan family

I Twin double-copy construction. Pairs of “twin supergravities" obtained replacing adjoint
with matter representation [Anastasiou, Borsten, Duff, Hughes, Marrani, Nagy, Zoccali, ����]

Marco Chiodaroli (Uppsala Universitet) Maxwell-Einstein and YM-Einstein sugras as double copies Dec �, ���� � / ��

- Homogenous scalar manifold 

- Double copy: 

- Magical theories

de Wit, Van Proeyen

à see talk by Borsten



What about gauged supergravity ?
Need more parameters even in N=4 SYM !

unique theories à no free parameters  (ungauged SG)

uniquely specified by spectrum  à one free parameter  

in 5D uniqely specified by 3pt ampl.     (4D: many parameters) 



Gauged supergravity -- U(1) gauging
Make gravitini charged under some local U(1) -- subgroup of R-symmetry
à Covariantize derivatives 

à Add terms to Lagrangian to not explicitly break SUSY 
à SUSY spontaneously broken in flat space à massive gravitini

From double copy: Günaydin, Chiodaroli, HJ, Roiban

For example: 

Several other known DC examples, including non-abelian gaugings



Non-SUSY massive (QCD)x(QCD)

Gluon:

Massive quarks:

What is the square of QCD ? HJ, Ochirov [1906.12292]

Lagrangian determined by matching to double copy of QCD ampl. 

non-Jordan family” (in 5D) [76] and the Luciani model (in 4D) [77]. More precisely, the

double copy (QCD) ⌦ (N = 2 SQCD) between two four-dimensional massless theories

gives amplitudes in the N = 2 Luciani model [34, 37]. Truncating away the N = 2

supersymmetry should give the double copy (QCD)⌦ (QCD) albeit in the massless case.

In sections 2, 3 and 4, we work out much of the structure of the Lagrangian that results

from double copy (QCD)⌦ (QCD), by matching a Lagrangian ansatz with the amplitudes

from the double copy. To construct the amplitudes, we exploit the little-group structure

of the massive particles by using the massive spinor-helicity formalism [78]. The resulting

Lagrangian inherits non-trivial matter interactions from the supersymmetric parent theory.

However, the non-zero masses make the interactions considerably more complicated than in

the Luciani model [77]. See refs. [35, 79] for other recent massive double-copy construction

for gauged supergravity theories which may o↵er some guidance to the massive Lagrangian.

The gravitational Lagrangian has to satisfy certain properties in order to be compatible

with the double copy (QCD) ⌦ (QCD). First, for N
f

= 0 the Lagrangian should match

Einstein gravity coupled to a dilaton and axion, called “axiodilaton gravity” henceforth.

The 4D renormalizability of QCD imposes, by dimensional analysis, that the resulting

gravitational Lagrangian have at most two derivatives in each term. Similarly, masses can

appear at most quadratically, and each power of m lowers the number of derivatives by

one. Moreover, the massive vector fields contain longitudinal modes, which in the massless

limit behave as "µL ⇠ pµ/m. Since they must produce well-behaved scalar interactions in

the massless limit, each explicit vector field V
µ

must be multiplied by one power of m, or,

alternatively, be part of a covariant field strength V
µ⌫

= 2@[µV⌫] that is insensitive to V µ ⇠
pµ. By dimensional analysis, this limits the vector fields to appear at most quadratically

in the Lagrangian. Finally, one should expect to obtain interactions consistent with a

truncation of the Luciani model [77] in the massless limit. However, this is quite a delicate

matching, both because of the needed supersymmetric truncation and since the longitudinal

vector mode should non-trivially combine with the scalar modes to form the complex scalars

of the Luciani model. More work is required to work out the details of this last matching.

For convenience of the reader, below we quote all the determined terms in the gravi-

tational Lagrangian obtained from the double copy of QCD,
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Summary
Argued that amplitudes with reduced supersymmetry in SYM and SG 
are interesting and rich objects to study

Computed the first complete N=2 SQCD 2-loop amplitude 
à general Nf and Nc
à superconformal decomposition:  compact result for SCQC sector 
à violates U.T. mildly – only       in planar sector
à identified two U.T. theories - U(1) SQED and SO(3) SQCD

Considered supergravity amplitudes with reduced SUSY
à SQCD amplitudes critical for double copy
à Infinite families of N=2 Maxwell-Einstein homogeneous SGs

Gauged supergravities à R-symmetry is gauged
(spontaneously broken gauge sym.)       (explicitly broken SUSY)
Need to generalize to AdS vacua à preserves SUSY

Looking forward to future “data mining” of reduced SUSY ampl.
Simple-to-obtain gauge ampl. à landscape of SG theories


