The Momenbum
Ampt&%ukedrov\

" Livia Ferro
Ludwig-Maximilians-Universitat Munchen

&

University of ‘H@.r&{ordsmm

Amplitudes 2019
Trinity College Dublin, 04.07.2019

Based own: arXiv:1908.04216
with D, Damgaard, T. Lukowski, M. Parisi




* Inkroduction and Motivation
* Reminder: Ampi.i&ukecircw\

*k Momenkum Ampi.i&ukecircw\

= Exampt&s

k Cownclusions and open ques&ov\s

L. Ferro (LMU & UH) Amplitudes 2019, 04.07.2019



Inkroduckion

Geomelrization of scattering amplitudes:
| Amplitude = Volume of o geometric space
= canonical form on the space

|

Playground: Maximally supersymmelric Yang-mills theory

Interacting 4d QFT with highest degree of symmetry

Geomebrization of ampls in planar N=4 s7M: Ampti&uhedrah
(N. Arkani-Hamed, I, Trika)
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(picture of A. Gilmore)

L. Ferro (LMU & UH) Amplitudes 2019, 04.07.2019



Inkroduckion

Geomelrization of scattering amplitudes:
| Amplitude = Volume of o geometric space
| = cahonical form on the space

Playground: Maximally supersymmelric Yang-mills theory
Interacting 4d QFT with highest degree of symmetry

* Positive gqeometries
% ampii&uhedrom (N. Arkani-Hamed, 3. Triaka)
* kinemakic &SSOﬂEO\thVOM (N. Arkani-Hamed, Y. Bai, S. He, G. Yan)
% ﬂOSMOLOSE,CO\L FOL&&OPQ(M Arkani-Hamed, P, Benincasa, A, Poskinikov)

* CFTs (8. Eden, P. Heslop, L.Masown; N. Arkani-Hamed, Y.=T. Huang, S.-H. Shao)
e T
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Inkroduckion

Greometrization of sca&&em&»\g ampumc&es
| Amplitude = Volume of o geometric space
| = canonical «form on the space

Playground: Maximally supersymmelric Yang-mills theory

Interacting 4d QFT with highest degree of symmetry

* Positive gqeometries
* am Pi.&uhedrom > A—
* kinemakic assoaakedrom
* cosmological Fvotv&oge
* CFTs
*
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Scattering amplitudes in N=4 sYM

Auali&v

Ampt&uc&e <> Wilsown tootze
P1
p?dzxféd_x?fl
qqu = 90“4 eaA X1
on-shell superspace H dual superspace
(AF, AL, ni) (A, 25, 934

Incidence relakions

Fourier transform

~ oo

=% Ao
(0% 7 7
on A;

Xf‘ = H?AAia

twistor superspace H momentum-twistor superspace

W = (u, A&, nit) ZA = (A2, 08, xi)

+ bosownizakion
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Scattering amplitudes in N=4 sYM

du.ali&v

Ampt&uc&e < V\intsom tcm-p
P1
P?d:x?d_x?fl
qqu = eaA eaA X1
on-shell superspace H dual superspace
(AF, AL, ni) (A, 25, 934

Incidence relakions

Fourier transform

,u' = %% \jq
on A}

B X — eaAA

e &\\

twistor superspace. H momen&um--&m;sﬁor superspace |

W = (u$, A3, ) w ZA = (A, 0, x?)

1!
+ bosownization /
‘: ///

——— — s e
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Wilsown Loop
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I womentum—-twistor superspace
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7 Amplituhedron

(picture of A. Gilmore)

Amplituhedron defined as the image of the map
®,: G (k',n) = Gk, k' + m)
glven bj

n

Y=Y cadZ,
a=1

Exkernal daka:

| Posikive wmakrix

= ordered maximal minors » ©
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Amplituhedron

(picture of A. Gilmore)

Amplituhedron defined as the image of the map
®,: G (k',n) = Gk, k' + m)
glven bj

n

Y=Y cadZ,

a=1

QM: volume form with logarithmic singularities on all
boundaries of the space

Found bj pushmforward of canonical forms via O,
Ql(/l”"]’() = Z dlogaj Adlogaj A ... Adlogay,

Lcagar%&hmw differential form
R
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Scattering amplitudes in N=4 sYM

Au&ti&j

Ampt&uc&e <> Wilsown tootze
X2
P1
p?d :x?d_$?f1
N %
on-shell superspace H dual superspace

(AZ,AS i) (A&, 0% goA)

(A ’L

Incidence relakions

Fourier transform

~ oo

=% Ao
(0% 7 7
on A;

Xfl = H?AAia

twistor superspace H momentum-twistor superspace

W = (u, A&, nit) ZA = (A2, 08, xi)

+ bosownizakion
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Scattering amplitudes in N=4 sYM

Amyii&ud@.

on-shell superspace
(AF A, mi)

n

Nown-chiral superspace

(A

~ . . i=1
A m 145, 1;), a,a,r, 7 =12 { = g
eI

i=1

Associate a,a with SURIxSU(R) R-symmetry indices:
;,Ia_>d/1a, ﬁd_)djd

n-point super-amplitude in non-chiral space <-> 2n form

(S. He, C. Zhang)
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Amplitudes as forms

(A, ni’"lef‘fl, i), a,a,r, i =12

l l

n-point super-amplitude in non-chiral space <-> 2n form

A= (A" Ay,

f‘\{
S 204 form

dgt . (12) (23) (34) (41)
o dlogm A dlog (13) A dlog (13) A dlog(l—3>

Ex&mpte: 4--*[&0&&1& MHV

Q4,2 =

Geomelry whose canonical form gives the amplitude form?

B e e ——

Momenkum amgii&ukedromf
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Momenbtum Amplituhedron

Bosonized spinor helicity variables:

/~\A=< A > A=(,a) =1 k+2 AA—< A ) A=(a,a)=1 n—k+?2
I ~ . '. 9 ’ 90 I ¢g-}’]la ’ - 9 - 9

{mo&rix A Posi&ive and  wabrix Al Fosi&ive}

| ?osi&ive regicﬂ

Momentum amplituhedron: Image of the positive Grassmannian
G {lg,n) through the map

DO Gylkn) - Gk k+2)XGn—k,n—k+2)
defined as:

YA Zc AA Yézicji/\?]

i=1
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Momentum Amplituhedron

Checle 1, [ T—
Dimension Pui - Gilkn) = Glkk+2)XGn—k,n—k+2)

dimension 2n

Dinmension of G.(k,n) through the map is lower dimensional:

Momentum ampii&ukecirm\ Lives in the co-dimension 4 surface

1

‘/
| n

L Pei =Y (Y- A)! (P [\)f —0

i=1

_J

Equ&v&i&h& Fo wmomenbum conservakion

Dimension 2n-4 M
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Momentum Amplituhedron

Checle 2.
n n
Sign flips =Y e id vi=Y ekl
Cownjecture from o at =1 @ at- 1
Scatt. Egs i=1 i=1
(S. He, C. Zhang) {ma&rix A Pcsi&ive and  makrix AL ons&&iva}

{([Y12],[Y13],...,[Y1n]} & sign flips ?

{(Y12),(Y13),....,(Y1n)} k-2 sign fu,[as ?
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Momentum Amplituhedron

Checle 2,
Sigﬁf\ “FLLFS YA _ . AA yA — C L AA
(S. He, C. Zhang) T 2 Cai 1N a Z Cai 1¥

=1 =1
{ma&rix A Pcsi&iva and  makrix Al ons&&iv&}

= Ordimarj ampuf:ukadrcm
with m=2, k=l

([7121,[¥13], ..., [V1n]} K sign flips [
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Momentum Amplituhedron

Checle 2.
Sign ﬂftips A — i o AA YA — i ct A4

(S. He, C. Zhang) ¢

i=1 N =1
{ma&rix A Pcsi&iva and ma&ﬁx AL ons&&iv&}

((Y12),(Y13), ... (YIn)} 2

Define X'=(ALldc,, A=1,...k-2,a=1,...k X €Gk—2}k)

f\
\‘ Ordinary amgii&ukedroh

with m=2, lk=>k-2

/"\ {(X12),(X13),...,(X1n)} k-2 sign flips

(Xij) =€, X

a 0! (04 ak 2Cak 1s lcak]

Buk (Xij) = (Yij)

((Y12),(Y13), ... (Y1n)} k=2 sign flips [
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Momentum Amplituhedron

Checle 2.
Sign ﬂftips A — i o AA YA — i ct A4

(S. He, C. Zhang) a ¢ a

{ma&rix A Pcsi&ive and  makrix Al ons&&iva}

{[V12],[V13],...,[V1n]} W sign flips [

((Y12),(Y13),...,(Y1n)} k-2 sign flips [
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Momenbtum Amplituhedron

n n

=Y el vi= Y il
‘ = i=1
Bouhndaries 1
(Yii+1)=0, [Yii+1]=0 Collinear Limiks

Siiv1.ip=0, p=2..,n—4 Factorizakions

l
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Momenbtum Amplituhedron

n n

=Ykl vi= Y

o —1 —1
Roundaries l l

(Yii+1)=0, [Yii+1]=0 Collinear Limiks

Siiv1..i4p=0, p=2,..,n—4 Factorizakions

e R R

Volume form

el

Differential form with log sinqularities on all boundaries

Sum over cells of push%arma&is of canonical diff-form

! Positive geame.&rv -» ho sihgularities inside momentum amplituhedron,
Positivity of A" and A is not enough to quarantee Mandelstams $>0, Buk:

space of allowed kinematics large.
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Momenbtum Amplituhedron

n n

A YA A 1 AA
Ya—zcai/\i Ya_zcaiAi

= Volume function

n—k k
Q Ad'PsP) =] v Y)Y, VdPT 5P Q,,
a=1 a=1

- AMF?LE,&u,de (‘\Referemae subspaces

A2 = 54(p) qus; .dpk Jdgzg.,. At Qn,k(Y*',’ Y# A, N)

= Integral representation

d(”_k)-(n—k)g n—k L - -
(detg)"—* J w”’kH IV — ga (e i A?)Hé(kﬂ)(Yé — ¢ AY)
a=1 el

S'P)Q, ;= [
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Momenbtum Amplituhedron

n n

EX&MPL@.S 17‘3 Z Cyj A‘;‘ Y4 = Z ct A?
i=1 i=1
* MHV4 amplitudes:
(Y12) - (¥23) _(¥34) _ (V14) ?
Ty 2T vy R T sy T (1)
4
(Y12) (Y23) (Y34) (Y14)
Q, ., = loga; = dl ] ] log——
42 Qd oga; = dlog Y13) A dlog Y13) A dlog Y13) A dlog Y13)
2
) (YdY, YY)
(Y12)(Y23)(Y34)(Y41)
|
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Momenbtum Amplituhedron

Examptes =Y cuyhl Yi= ) chAf

* MHV,4 o\mPLLEuc&es:

(123477
[Y12][Y23][Y34][Y41]

L

i
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Momenbtum Amplituhedron

EX&MPL@.S Y‘é = Z C i /1‘1.4 Yg‘ = Z c;. A?
=1 =1
* MHV 4 o\mPLLEuc&es:
1234]° e o e
9 42 =2 ~[ ~] — [deY 1][Yd2Y2] .o
[Y12][Y23][Y34][Y41] Reloted bv
<1234>2 : : momenbum conservation

= (Y33 (TaL)

5*(q)5*(g)
(12),423),[12];231;

(1234)?[1234]?
(Y12)(Y23)[Y12][Y23]

)= A75° = 64(p)

|

e

L. Ferro (LMU & UH) Amplitudes 2019, 04.07.2019



Momenbtum Amplituhedron

- A _ YA A _ 1L AA
Examples =Y eyl Yi= ) chA
=1 =1
sk NMHV, amPLLEudes:
Qs = Y7 + 020+ 00 = 00+ 007 + 0
(r12) (r23) [1734] [Y64] [Y61] [Y41] [Y45] [Y56]
ay = » Ay = > A3 U= O = g = O = =, 0 = ———
(Y13) (Y13) V4E) [V13] [Y13] [713] [Y64] [Y64]
[ SRS S S SR LN
S S K S K )

///V

/

ﬂ{

| |

C 123) ((Y12)[12456] + (Y13)[13456] + (Y23)[23456])2([Y45](12345) + [Y46](12346) + [V56](12356))°

S123{Y12)(Y23)[Y45][V56](Y1|5+ 6|4V (Y3 |4+ 5|6Y]
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Momenbtum Amplituhedron

Exampl&s Pi= Y Al Yi=) chAd
* NMHV, amplitudes:

_ (612 (234) (456) _ (123) (345) (561)
96,3 — Q6,3 * Q6,3 + Q6,3 — Q6,3 + Q@ 3 + Q6,3

Y i S

/

{f

i

b(lm) ((Y12)[12456] + (Y13)[13456] + (Y23)[23456])2([Y45](12345) + [V46](12346) + [V56](12356))*
| 63

S YI2){(Y23)[Y45][Y56 (Y1 |5+ 6|4Y (Y3 |4+ 5|6Y]
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Momenbtum Amplituhedron

Examptes =Y cuyhl Yi= ) chAf

* NMHV ampt&udes:

_ (612 (234) (456) _ (123) (345) (561)
96,3 — Q6,3 * Q6,3 + Q6,3 — Q6,3 + Q6,3 + Q6,3

O123) ((Y12)[12456] + (Y13)[13456] + (Y23)[23456] 2([1745](12345) + [Y46](12346) + [¥56](12356))*
6.3 = . e . -
| i(Yl |

S (Y 12)(Y23)[F451[ 756 (Y1 |5+ 6|47 (Y3|4 +5|67]

e e

s st

Spurwus sinqularities

Divergences on the 1§ boundaries of the momentum amplituhedron:

(Yii+1)y=0,i=1,...,6, [Yi+1]=0,i=1,...6, S, 14,=0,i=123

l
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Momentum Amplituhedron

Eixamptes =Y cuyhl Yi= ) chAf

* NMHV ampti&ud@.s:

_ (612 (234) (456) _ (123) (345) (561)
96,3 — Q6,3 * Q6,3 + Q6,3 — Q6,3 + Q6,3 + Q6,3

N s =~

- ((Y12)[12456] + (Y13)[13456] + (Y23)[23456]) U T451(12345) + [T46](12346) + [F561(12356))
63 %k S (Y12 Y 23) [ YA5|[YS6[{Y1|5+ 6|4V (Y3 |4 +5|6¥]

Reduces to
5*(q) (714561 + 715641 + 71[451;)°
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Momenbtum Amplituhedron

Examptes =Y cuyhl Yi= ) chAf

* NMHV ampt&udes:

_ (612 (234) (456) _ (123) (345) (561)
96,3 — Q6,3 * Q6,3 + Q6,3 — Q6,3 + Q6,3 + Q6,3

023 _ (<Y 12)[12456] + (¥13)] 13456?:(1/23)[23456][Y45](12345)+ 746 (12346)+[Y56](12356>2
> ﬁk T S (Y12 Y23 YASI[YS6I(Y T[S + 6l 4Y (Y34 +516Y1 1
Reduces to Reduces ko

5Hq)(714[56]; + 7js5[641 + 716[4517)° 54 (m(23), +my(31), + 12)1)2

Aqgrees with the one found in (5. He, C. Zhowng):

54Q)EHG)F[56); + Tis[641; + 7161451)2(n,(23), + my(31), + m3(12),)°
5123(12)(23)[45][561(1 |5 + 6 |4](3 |4 + 5| 6]

(123) _
Q6,3
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Conclusions

t New positive geometry for tree-level amplitudes in N=4 sYM |
' U spinor helicity space

¥ Bosonized spinor helicity variables + positivity constraints

o Sign*‘ftip conditions + Mandelstam with additional cownstrs

o Amyti&ud@. from the canonical form with Lloq sinqularities
on the boundaries

O

| Loop amyii&ud&s?

J

- Extension to other theories: e.q. Mo&wpi&h&r, less-,
Movwsupersvmme&rw?
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