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For Many QCD Processes, Next-to-Leading
Order is Insufficient

E.g. strong coupling from 3-jet/2-jet ratio:

as(Mz) = 0.1148 + 0.0014 + 0.0018}-
(exp) (PDF) |

Large theoretical uncertainty!

Next-to-Next-to-Leading Order theory predictions needed.



Multi-jet processes at the LHC are
important for phenomenology

® Determination of strong oy T
coupling constant o >

® tests of Standard Model /%@}\

® search for new physics

Major theory bottleneck (?):

virtual two-loop amplitudes




Are virtual corrections the bottleneck!?

Dramatic recent progress

e All QCD amplitudes known analytically in the planar limit

[Gehrmann, Henn, Lo Presti ’| 5; Dunbar, Perkins ’ | 6; Badger, Breannum-Hansen,
Hartanto, Peraro ’|8; Abreu, Dormans, Febres Cordero, Ita, Page ’|8; Abreu, Dormans,
Febres Cordero, Ita, Page, Sotnikov ' | 9] [— Ben Page’s talk]

e Symbols of N=4 sYM and N=8 supergravity amplitudes

[Abreu, Dixon, Herrmann, Page, Zeng ’18 ’ 1 9]
[Chicherin, Gehrmann, Henn,Wasser, Zhang, Zoia 18 ’| 9]

* Full-color five-gluon all-plus helicity amplitude [— this talk]
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Loop integrand for all-plus amplitude

Badger, Mogull, Ochirov, O’Connel ’| 5
8 8
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Naively numerators with up to degree five/six
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Color decomposition

* The amplitudes are vectors in color space

12 22
AL =N NATOT + YT AT

A=1 A=13 | _

12 | 22 J}

A= 35 (AP 4 A2 35
A=1 IA=13

2,1 . .
Ag\ ) truly new piece (due to color relations)

* Basis of single and double traces
Ty = Tr(12345) — Tr(15432)

(and permutations thereof)
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Finite field methods significantly improve
integration-by-parts (IBP) reduction algorithms

e Finite field and rational reconstruction

[Schabinger, von Manteuffel,’15][Peraro,’16,’19]
[Maierhofer, Usovitch, ’ | 8] [Smirnov, Chukharey, ' | 9]

- faster IBP’s
- better scaling for multi scale problems

* We further optimise by reconstructing only the
physical answer  ;--oooooooooeeeeoeenn R
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All master integrals known for
massless two-loop five-particle scattering

[Gehrmann, Henn, Lo Presti ’|5, | 8]

[Papadopoulos, Tommasini, VWever ’ | 5]

[Bohm, Georgoudis, Larsen, Schonemann, Zhang,’ | 8]

[Abreu, Page, Zeng,’ | 8]

'Chicherin, Gehrmann, Henn, Lo Presti, Mitev,Wasser, ’ | 8]

Abreu, Dixon, Herrmann, Page, Zeng,’ | 8]

[Chicherin, Gehrmann, Henn,Wasser, Zhang, Zoia, | 8]

— Result described by pentagon functions
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Algorithmic construction of canonical basis

* Main idea: analyse leading singularities
[Arkani-Hamed, Bourjaily, Cachazo, Trnka ’10] [Henn ’1 3]

Closely related to dlog integrands

[Arkani-Hamed, Bourjaily, Cachazo, Trnka ’ 1 4]
[Bern, Herrmann, Litsey, Stankowicz, Trnka ’ | 4]

* Implementation as algorithm to find all D=4 dlog
integrands [Wasser "16]
Subtlety: integrands that vanish in D=4 can be important

— D-dimensional leading singularity analysis
based on Baikov representation
[Chicherin, Gehrmann, Henn,Wasser, Zhang, Zoia ’| 8]
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Pentagon functions

L PI"OPOSed IN [Chicherin, Henn, Mitev ’17]

® Conﬁrmed IN [Abreu, Dixon, Herrmann, Page, Zeng, | 8]
[Chicherin, Gehrmann, Henn, Lo Presti, Mitev, Wasser, ’ | 8]

Iterated integrals along path 7

| diog W, - dlog W,
:

31 integration kernels W related to branch cuts

* Planar pentagon functions: fast numerical

Im Plementations [Gehrmann, Henn, Lo Presti, 18]
[https://pentagonfunctions.hepforge.org/]
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Kinematics of five-particle scattering

P2

p3
D4

Massless particles: p7 = 0
Scalar invariants: s; = (p; + p;)? = 2p; - p;

Five independent: ( si2, 523, s34, s45, Ss51 )

V P O

One pseudo-scalar €5 = €upopi P3P5P4
2
A~ (€5)
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Integration kernels encode all possible physical
and spurious singularities of amplitudes

Integration kernels dlogW, i=1...31

Letter s notation momentum notation cylic
Wi S12 2p1 * P2 + (4)
W S34 + Sy45 2p4 - (ps + ps) + (4)
Wi 512 — 545 2p3 - (pa + ps) + (4)
Wie S45 — S12 — S23 2p1 - p3 + (4)
War S34 + Sa5 — S12 — S23 2p3 - (p1 + pa) + (4)
W | suesemsutsusn s sen s | COSOBPBB) |

S12525 523534 1 534545 512515845515 1 VA [P PP P,
Wi VA tf[%Z/‘lZ%%M

Table 2. Interpretation of pentagon alphabet in terms of particle momenta.

adapted from [Gehrmann, Henn, Lo Presti,’ | 8]
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Integration kernels encode all possible physical
and spurious singularities of amplitudes

Integration kernels

d lOg W@

1 =1...31

momentum notation{ |

Gram

Vaishin

Letter s notation
Wi 512
W S34 T S45
Wiy S12 — S45
Wie S45 — S12 — S23

§341+534545—512815—S45815—V A

$34 1534545

2515—545515+V A

| Soft/ |
i collinear |
I limits

| determinant [—

Table 2. Interpretation of pentagon alphabet in terms of particle momenta.

adapted from [Gehrmann, Henn, Lo Presti,’ | 8]
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Physical si2 channel

Positive s-channel energies, real particle momenta: A <0

Sketch for kinematics: s; ;11 = (3,—1+,1,1,—1 +y)
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Pentagon functions in terms of familiar functions
(to mathematicians and particle theorists)

* Integration kernels dlogW; i=1...31
e At NNLO, up to four iterations (weight) needed:

W, Wy, We, Wy x, = /dlogWa/dlong/dlogWC/dlong

\

Boundary point: Xy = (3,—-1,1,1, —1)
Up to weight 2, logarithms and dilogarithms:
* Weight |: [Wi|x, = log(s12/3) [Wa]x, = log(—s23)
* Weight 2:

| S
W/ Wo, Wia /Ws|x, = —Lis (1 15>

* |n general: Goncharov polylogarithms

17



Numerical evaluation in physical region

2 4

Boundary point: *

r=1y=~0
3
Integration
Z

, ki ko . TV T 2
. ) Re(/100)
® Expressed in terms of B e
pentagon functions

® Boundary values from physical | ..
consistency conditions

® Result in terms of
Goncharov polylogarithms

® Numerical evaluation:
GINAC

® Checks using SecDec
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Infrared singularities factorize

A =2 A \
/ Finite

Captures all IR singularities (poles in &)
Matrix in color space

e WWe define an infrared finite hard function

H = lim A

E—0(

* Truly new piece of information

 Much simpler than finite part of amplitude
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Simple final result for two-loop hard function

Permutations of the external legs Color SU(N) Gluon spin dimension / Spinor-helicity variables

™\ / / (24)[14]
@t _ 23] (24)[12][23]
Yol = o U TRGRSD = T z {6 < 2xz3yasy O iz Eaasy ]

trace Se
/x

[15]2
* (23)(34)(42) |

4

+

Finite part of one-mass box function:

3 4 -
S S S T
= Li, (1 —ﬁ) + Li, (1 —ﬁ) + log? (ﬁ) + —
W 1 S45 S45 S23 6 A
gt — 2

Gluon spin dimension: Kk =

6
* Formula is valid in all physical regions si; — si; +i0

e Correct factorisation in collinear limit

20



Hints of conformal symmetry in
highest transcendental weight part

[15]° : 5 3 o 5 5 2 "2 8 =
+ K + g = Y —4 ]
23BRGI 2 4 2 2 3 4 3 5 3 3 4

o Coefficients of box functions are conformally invariant!

M G
7‘* (12)(23)(31)

0

52
0A% 9%

Generator of conformal boosts k., = Z
[Witten 03] 1=1

* Box functions satisfy anomalous cpicherin, Sokatchey '17:
conformal Ward identities Chicherin, Henn, Sokatchev ’ | 8]
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New, manifestly conformal form
of one-loop amplitude

(10) _ K S12523 + 523534 + S34545 + S45S51 + S51512 + tr(¥Ys P4PsP1P2)
2 (12){23)(34){45)(51)

[23]
Z [(13)(35)(51) (14)(45)(51)

cyc ic

One-loop formula is conformally invariant:

5)
- 1.0
T—1 a)\i (9)\,&-
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Summary

* Very first full five-gluon two-amplitude

Including non-planar part and at function level

e Result fits on only two lines,
and has intriguing conformal symmetry properties!

* All master integrals for generic five-particle QCD
amplitudes are known in the physical region

Full analytical and numerical control
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