
First Result for a Full                  
Two-Loop Five-Gluon Amplitude

Johannes M. Henn
Max-Planck Institute for Physics, Munich

Based on 
arXiv:1812.1160 (accepted for publication in PRL) and arXiv:1905.03733

Amplitudes, July 1-5, 2019 
Trinity College Dublin



The pentagon team

Dmitry 
Chicherin

Simone 
Zoia

Thomas 
Gehrmann

Pascal 
Wasser

Yang 
Zhang

  

Gudrun Heinrich 
Max Planck Institute 
for Physics 

Towards an Era of Precision 
Measurements at the LHC

A new era of precision measurements is dawning. 

CERN’s Large Hadron Collider (LHC) will start Run 3 

in 2021. To fully exploit the machine's potential, 

accurate theoretical predictions are required. These 

can be obtained through the computation of higher 

orders in perturbation theory.

For Many QCD Processes, Next-
to-Leading Order is Insuf3cient

At present, only observables involving up to four 
particles are available at next-to-next-to-leading order.

Bottleneck:Bottleneck: two-loop 3ve-particle amplitudes

Five-Particle Processes at the LHC

Logarithms, dilogarithms, and generalizations thereof 

(Goncharov polylogarithms)

All Feynman Integrals Computed 
Analytically in the Physical Region

➢ Elegant analytic properties

➢ Fast and accurate numerical evaluation

Basis for all QCD amplitudes         pentagon functionspentagon functions

➢ Generalized unitarity for Feynman integrands [4]

➢ Differential equations for Feynman integrals in the 

canonical form [2,5,6]

➢ Algorithmic construction of canonical basis using 

D-dimensional leading singularities [6]

➢ Computational algebraic geometry [7]

➢ Finite 3eldsFinite 3elds  and functional reconstruction [8]

Cutting-Edge Methods

A Re3ned Amplitude Assembly

➢ Precision measurements of the strong coupling

➢ In-depth tests of the Standard Model

➢ Improved background to new physics searches

Feynman 
integrand
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amplitude

Finite hard 
function

Integration-By-
Parts reduction

Master 
integrals

Infrared 
subtraction

Leading 
singularities

Finite 3elds

The code can be parallelized, and runs in a few hours 
using multi-threading on a modern computing node.

New Result: Full-Color All-Plus Helicity Amplitude 
We 3nd a remarkably simple expression for the infrared-subtracted hard function:
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Do you want to learn more?

Listen to our podcast!  

Large theoretical uncertainty!

E.g. strong coupling from 3-jet/2-jet ratio [1]:

(https://pentagonfunctions.hepforge.org/)

(exp.)         (PDF)       (theory)

Valid in all physical scattering regions

Only logarithms and dilogarithms appear:

Surprise: coef3cients of box functions are conformally invariant!

α
S
(M

Z
)=0.1148±0.0014±0.0018±0.0050
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(exp) (PDF) (theory)

Large theoretical uncertainty!

Next-to-Next-to-Leading Order theory predictions needed.



Multi-jet processes at the LHC are 
important for phenomenology

Major theory bottleneck (?):                
virtual two-loop amplitudes

• Determination of strong 
coupling constant

• tests of Standard Model

• search for new physics
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Are virtual corrections the bottleneck?

Dramatic recent progress

• All QCD amplitudes known analytically in the planar limit    
[Gehrmann, Henn, Lo Presti ’15; Dunbar, Perkins ’16; Badger, Brønnum-Hansen, 
Hartanto, Peraro ’18;  Abreu, Dormans, Febres Cordero, Ita, Page ’18; Abreu, Dormans, 
Febres Cordero, Ita, Page, Sotnikov ’19] [— Ben Page’s talk]

• Symbols of N=4 sYM and N=8 supergravity amplitudes          
[Abreu, Dixon, Herrmann, Page, Zeng ’18 ’19]                                                       
[Chicherin, Gehrmann, Henn, Wasser, Zhang, Zoia ’18 ’19]

• Full-color five-gluon all-plus helicity amplitude [— this talk]
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Workflow scattering amplitudes

Integrand

IBP reduction 
identities

Computation of 
master integrals

Analytic 
answer

Simplifications

Bootstrap 
ideas

Numerical 
codes

Expansion 
in limits
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Loop integrand for all-plus amplitude
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[Badger, Mogull, Ochirov, O’Connel ’15]

The 2-loop 5-gluon all-plus integrand

I
[Badger, Mogull, Ochirov, O’Connel ‘15]Naively numerators with up to degree five/six



Color decomposition
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• The amplitudes are vectors in color space

• Basis of single and double traces

T1 = Tr(12345)� Tr(15432)
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T13 = Tr(12) [Tr(345)� Tr(543)]
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truly new piece (due to color relations)



Finite field methods significantly improve 
integration-by-parts (IBP) reduction algorithms

• Finite field and rational reconstruction
[Schabinger, von Manteuffel, ’15][Peraro, ’16, ’19]

 - better scaling for multi scale problems

[Maierhöfer, Usovitch, ’18] [Smirnov, Chukharev, ’19]

- faster IBP’s
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• We further optimise by reconstructing only the 
physical answer

  

Gudrun Heinrich 
Max Planck Institute 
for Physics 

Towards an Era of Precision 
Measurements at the LHC

A new era of precision measurements is dawning. 

CERN’s Large Hadron Collider (LHC) will start Run 3 

in 2021. To fully exploit the machine's potential, 

accurate theoretical predictions are required. These 

can be obtained through the computation of higher 

orders in perturbation theory.

For Many QCD Processes, Next-
to-Leading Order is Insuf3cient

At present, only observables involving up to four 
particles are available at next-to-next-to-leading order.

Bottleneck:Bottleneck: two-loop 3ve-particle amplitudes

Five-Particle Processes at the LHC

Logarithms, dilogarithms, and generalizations thereof 

(Goncharov polylogarithms)

All Feynman Integrals Computed 
Analytically in the Physical Region

➢ Elegant analytic properties

➢ Fast and accurate numerical evaluation

Basis for all QCD amplitudes         pentagon functionspentagon functions

➢ Generalized unitarity for Feynman integrands [4]

➢ Differential equations for Feynman integrals in the 

canonical form [2,5,6]

➢ Algorithmic construction of canonical basis using 

D-dimensional leading singularities [6]

➢ Computational algebraic geometry [7]

➢ Finite 3eldsFinite 3elds  and functional reconstruction [8]

Cutting-Edge Methods

A Re3ned Amplitude Assembly

➢ Precision measurements of the strong coupling

➢ In-depth tests of the Standard Model

➢ Improved background to new physics searches

Feynman 
integrand

Integrated  
amplitude

Finite hard 
function

Integration-By-
Parts reduction

Master 
integrals

Infrared 
subtraction

Leading 
singularities

Finite 3elds

The code can be parallelized, and runs in a few hours 
using multi-threading on a modern computing node.

New Result: Full-Color All-Plus Helicity Amplitude 
We 3nd a remarkably simple expression for the infrared-subtracted hard function:

[1] CMS Collaboration, Eur.Phys.J. C73 (2013) no.10, 2604

[2] Gehrmann, Henn, Lo Presti, Phys.Rev.Lett. 116 (2016) no.6, 062001 

[3] Badger, Brønnum-Hansen, Hartanto, Peraro, Phys.Rev.Lett. 120 (2018) no.9, 092001; Abreu, Febres 

Cordero, Ita, Page, Zeng, Phys.Rev. D97 (2018) no.11, 116014; Abreu,  Febres Cordero, Ita, Page, 
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[Abreu, Dixon, Herrmann, Page, Zeng, ’18]

[Chicherin, Gehrmann, Henn, Wasser, Zhang, Zoia, ’18]

Result described by pentagon functions
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Algorithmic construction of canonical basis

[Arkani-Hamed, Bourjaily, Cachazo, Trnka ’10] [Henn ’13]

[Wasser ’16]

Subtlety: integrands that vanish in D=4 can be important

 11

• Main idea: analyse leading singularities 

• Implementation as algorithm to find all D=4 dlog 
integrands 

Closely related to dlog integrands 
[Arkani-Hamed, Bourjaily, Cachazo, Trnka ’14] 
[Bern, Herrmann, Litsey, Stankowicz, Trnka ’14]

D-dimensional leading singularity analysis 
based on Baikov representation

[Chicherin, Gehrmann, Henn, Wasser, Zhang, Zoia ’18]



Pentagon functions
[Chicherin, Henn, Mitev ’17]• Proposed in

[Chicherin, Gehrmann, Henn, Lo Presti, Mitev, Wasser, ’18]
• Confirmed in [Abreu, Dixon, Herrmann, Page, Zeng, ’18]

Iterated integrals along path

• Planar pentagon functions: fast numerical 
implementations [Gehrmann, Henn, Lo Presti, ’18]

The function space of massless five-particle
integrals at two loops

I Pentagon functions
• Proposed in [Chicherin, Henn, Mitev ’17]
• Confirmed 3 [ADHPZ ’18] [CGHWZZ ’18]

Iterated integrals of logarithmic kernels along contour “
⁄

“
d log Wi1 · · · d log Win

I Planar pentagon functions ∆ Classification and fast numerical
routines [Gehrmann, Henn, Lo Presti ’18]

I Non-planar integrals

symbol =
⁄

d log Wi1 · · · d log Win ≠æ Wi1 ¢ · · · ¢ Win

Symbols encode all analytic properties of the iterated integrals!
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31 integration kernels W related to branch cuts

[https://pentagonfunctions.hepforge.org/]
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Kinematics of five-particle scattering

Scalar invariants:

Kinematics of massless 5-particle scattering
p1

p2

p3
p4

p5

A5

massless particles p
2
i = 0

Mandelstam invariants
sij = (pi + pj)2 = 2pi · pj

I Five independent Mandelstam invariants
s12, s23, s34, s45, s51

I One pseudo-scalar invariant ∆ New feature of 5-particle scattering!
‘5 © ‘µ‹fl‡p

µ
1 p

‹
2 p

fl
3p

‡
4

I Spinor-helicity formalism p
µ
i ≠æ ‡––̇

µ p
µ
i = ⁄–

i
Â⁄–̇

i

ÈijÍ = ⁄–
i ⁄j– =

Ò
|sij |ei„ij [ij] = Â⁄i–̇Â⁄–̇

j =
Ò

|sij |e≠i„ij
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Massless particles: 

Kinematics of massless 5-particle scattering
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One pseudo-scalar

Five independent: (                           )

� ⇠ (✏5)
2
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Integration kernels encode all possible physical 
and spurious singularities of amplitudes

 Integration kernels d logWi i = 1 . . . 31
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adapted from [Gehrmann, Henn, Lo Presti, ’18]

Letter s notation momentum notation cylic

W1 s12 2p1 · p2 + cyclic (4)

W6 s34 + s45 2p4 · (p3 + p5) + cyclic (4)

W11 s12 � s45 2p3 · (p4 + p5) + cyclic (4)

W16 s45 � s12 � s23 2p1 · p3 + cyclic (4)

W21 s34 + s45 � s12 � s23 2p3 · (p1 + p4) + cyclic (4)

W26
s12s23�s23s34+s34s45�s12s15�s45s15�

p
�

s12s23�s23s34+s34s45�s12s15�s45s15+
p
�

tr[(1��5)/p
4
/p
5
/p
1
/p
2
]

tr[(1+�5)/p
4
/p
5
/p
1
/p
2
]

+ cyclic (4)

W31

p
� tr[�5/p1/p2/p3/p4]

Table 1. Interpretation of pentagon alphabet in terms of particle momenta.

Letter s notation momentum notation cylic
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Integration kernels encode all possible physical 
and spurious singularities of amplitudes

 Integration kernels d logWi i = 1 . . . 31
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Soft/
collinear 

limits
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Gram 

determinant

Phases



Physical       channel 

Sketch for kinematics:

Kinematics of massless 5-particle scattering
p1

p2

p3
p4

p5

A5

massless particles p
2
i = 0

Mandelstam invariants
sij = (pi + pj)2 = 2pi · pj

I Five independent Mandelstam invariants
s12, s23, s34, s45, s51

I One pseudo-scalar invariant ∆ New feature of 5-particle scattering!
‘5 © ‘µ‹fl‡p

µ
1 p

‹
2 p

fl
3p

‡
4

I Spinor-helicity formalism p
µ
i ≠æ ‡––̇

µ p
µ
i = ⁄–

i
Â⁄–̇

i

ÈijÍ = ⁄–
i ⁄j– =

Ò
|sij |ei„ij [ij] = Â⁄i–̇Â⁄–̇

j =
Ò

|sij |e≠i„ij

13 / 23

� = 0
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Positive s-channel energies, real particle momenta:    �  0
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si,i+1 = (3,�1 + x, 1, 1,�1 + y)
<latexit sha1_base64="HbVf0ZBqu30U74pPfwUmZQn+9+g=">AAACCHicbZDLSgMxFIYz9VbrbdSlC4OtUGktk7rQjVB047KCvUA7DJk004ZmLiQZcRi6dOOruHGhiFsfwZ1vY3pZaOsJgY//P4fk/G7EmVSW9W1klpZXVtey67mNza3tHXN3rynDWBDaICEPRdvFknIW0IZiitN2JCj2XU5b7vB67LfuqZAsDO5UElHbx/2AeYxgpSXHPCxIJ2VlVkIjeAmLZ+VTVHooI300JCcFx8xbFWtScBHQDPJgVnXH/Or2QhL7NFCEYyk7yIqUnWKhGOF0lOvGkkaYDHGfdjQG2KfSTieLjOCxVnrQC4W+gYIT9fdEin0pE9/VnT5WAznvjcX/vE6svAs7ZUEUKxqQ6UNezKEK4TgV2GOCEsUTDZgIpv8KyQALTJTOLqdDQPMrL0KzWkFWBd1W87WrWRxZcACOQBEgcA5q4AbUQQMQ8AiewSt4M56MF+Pd+Ji2ZozZzD74U8bnD911lWE=</latexit><latexit sha1_base64="HbVf0ZBqu30U74pPfwUmZQn+9+g=">AAACCHicbZDLSgMxFIYz9VbrbdSlC4OtUGktk7rQjVB047KCvUA7DJk004ZmLiQZcRi6dOOruHGhiFsfwZ1vY3pZaOsJgY//P4fk/G7EmVSW9W1klpZXVtey67mNza3tHXN3rynDWBDaICEPRdvFknIW0IZiitN2JCj2XU5b7vB67LfuqZAsDO5UElHbx/2AeYxgpSXHPCxIJ2VlVkIjeAmLZ+VTVHooI300JCcFx8xbFWtScBHQDPJgVnXH/Or2QhL7NFCEYyk7yIqUnWKhGOF0lOvGkkaYDHGfdjQG2KfSTieLjOCxVnrQC4W+gYIT9fdEin0pE9/VnT5WAznvjcX/vE6svAs7ZUEUKxqQ6UNezKEK4TgV2GOCEsUTDZgIpv8KyQALTJTOLqdDQPMrL0KzWkFWBd1W87WrWRxZcACOQBEgcA5q4AbUQQMQ8AiewSt4M56MF+Pd+Ji2ZozZzD74U8bnD911lWE=</latexit><latexit sha1_base64="HbVf0ZBqu30U74pPfwUmZQn+9+g=">AAACCHicbZDLSgMxFIYz9VbrbdSlC4OtUGktk7rQjVB047KCvUA7DJk004ZmLiQZcRi6dOOruHGhiFsfwZ1vY3pZaOsJgY//P4fk/G7EmVSW9W1klpZXVtey67mNza3tHXN3rynDWBDaICEPRdvFknIW0IZiitN2JCj2XU5b7vB67LfuqZAsDO5UElHbx/2AeYxgpSXHPCxIJ2VlVkIjeAmLZ+VTVHooI300JCcFx8xbFWtScBHQDPJgVnXH/Or2QhL7NFCEYyk7yIqUnWKhGOF0lOvGkkaYDHGfdjQG2KfSTieLjOCxVnrQC4W+gYIT9fdEin0pE9/VnT5WAznvjcX/vE6svAs7ZUEUKxqQ6UNezKEK4TgV2GOCEsUTDZgIpv8KyQALTJTOLqdDQPMrL0KzWkFWBd1W87WrWRxZcACOQBEgcA5q4AbUQQMQ8AiewSt4M56MF+Pd+Ji2ZozZzD74U8bnD911lWE=</latexit><latexit sha1_base64="HbVf0ZBqu30U74pPfwUmZQn+9+g=">AAACCHicbZDLSgMxFIYz9VbrbdSlC4OtUGktk7rQjVB047KCvUA7DJk004ZmLiQZcRi6dOOruHGhiFsfwZ1vY3pZaOsJgY//P4fk/G7EmVSW9W1klpZXVtey67mNza3tHXN3rynDWBDaICEPRdvFknIW0IZiitN2JCj2XU5b7vB67LfuqZAsDO5UElHbx/2AeYxgpSXHPCxIJ2VlVkIjeAmLZ+VTVHooI300JCcFx8xbFWtScBHQDPJgVnXH/Or2QhL7NFCEYyk7yIqUnWKhGOF0lOvGkkaYDHGfdjQG2KfSTieLjOCxVnrQC4W+gYIT9fdEin0pE9/VnT5WAznvjcX/vE6svAs7ZUEUKxqQ6UNezKEK4TgV2GOCEsUTDZgIpv8KyQALTJTOLqdDQPMrL0KzWkFWBd1W87WrWRxZcACOQBEgcA5q4AbUQQMQ8AiewSt4M56MF+Pd+Ji2ZozZzD74U8bnD911lWE=</latexit>



Pentagon functions in terms of familiar functions 
(to mathematicians and particle theorists)

• Weight 1:

• Weight 2:

 Boundary point:

• Integration kernels d logWi i = 1 . . . 31
<latexit sha1_base64="8b/7EyFfb91YiwXZCKPEVZPkxLg=">AAACCXicbVDLSgMxFM34rPU16tJNsAgupExU0I1QdOOygn1AZxgymbQNzSRjkhHK0K0bf8WNC0Xc+gfu/BvTdhbaeuDC4Zx7ufeeKOVMG8/7dhYWl5ZXVktr5fWNza1td2e3qWWmCG0QyaVqR1hTzgRtGGY4baeK4iTitBUNrsd+64EqzaS4M8OUBgnuCdZlBBsrhS7M45HPZQ+2Qgb9Y/8+wzFkl8jnsTQanqLQrXhVbwI4T1BBKqBAPXS//FiSLKHCEI617iAvNUGOlWGE01HZzzRNMRngHu1YKnBCdZBPPhnBQ6vEsCuVLWHgRP09keNE62ES2c4Em76e9cbif14nM92LIGcizQwVZLqom3FoJBzHAmOmKDF8aAkmitlbIeljhYmx4ZVtCGj25XnSPKkir4puzyq1qyKOEtgHB+AIIHAOauAG1EEDEPAInsEreHOenBfn3fmYti44xcwe+APn8wdbxpjQ</latexit><latexit sha1_base64="8b/7EyFfb91YiwXZCKPEVZPkxLg=">AAACCXicbVDLSgMxFM34rPU16tJNsAgupExU0I1QdOOygn1AZxgymbQNzSRjkhHK0K0bf8WNC0Xc+gfu/BvTdhbaeuDC4Zx7ufeeKOVMG8/7dhYWl5ZXVktr5fWNza1td2e3qWWmCG0QyaVqR1hTzgRtGGY4baeK4iTitBUNrsd+64EqzaS4M8OUBgnuCdZlBBsrhS7M45HPZQ+2Qgb9Y/8+wzFkl8jnsTQanqLQrXhVbwI4T1BBKqBAPXS//FiSLKHCEI617iAvNUGOlWGE01HZzzRNMRngHu1YKnBCdZBPPhnBQ6vEsCuVLWHgRP09keNE62ES2c4Em76e9cbif14nM92LIGcizQwVZLqom3FoJBzHAmOmKDF8aAkmitlbIeljhYmx4ZVtCGj25XnSPKkir4puzyq1qyKOEtgHB+AIIHAOauAG1EEDEPAInsEreHOenBfn3fmYti44xcwe+APn8wdbxpjQ</latexit><latexit sha1_base64="8b/7EyFfb91YiwXZCKPEVZPkxLg=">AAACCXicbVDLSgMxFM34rPU16tJNsAgupExU0I1QdOOygn1AZxgymbQNzSRjkhHK0K0bf8WNC0Xc+gfu/BvTdhbaeuDC4Zx7ufeeKOVMG8/7dhYWl5ZXVktr5fWNza1td2e3qWWmCG0QyaVqR1hTzgRtGGY4baeK4iTitBUNrsd+64EqzaS4M8OUBgnuCdZlBBsrhS7M45HPZQ+2Qgb9Y/8+wzFkl8jnsTQanqLQrXhVbwI4T1BBKqBAPXS//FiSLKHCEI617iAvNUGOlWGE01HZzzRNMRngHu1YKnBCdZBPPhnBQ6vEsCuVLWHgRP09keNE62ES2c4Em76e9cbif14nM92LIGcizQwVZLqom3FoJBzHAmOmKDF8aAkmitlbIeljhYmx4ZVtCGj25XnSPKkir4puzyq1qyKOEtgHB+AIIHAOauAG1EEDEPAInsEreHOenBfn3fmYti44xcwe+APn8wdbxpjQ</latexit><latexit sha1_base64="8b/7EyFfb91YiwXZCKPEVZPkxLg=">AAACCXicbVDLSgMxFM34rPU16tJNsAgupExU0I1QdOOygn1AZxgymbQNzSRjkhHK0K0bf8WNC0Xc+gfu/BvTdhbaeuDC4Zx7ufeeKOVMG8/7dhYWl5ZXVktr5fWNza1td2e3qWWmCG0QyaVqR1hTzgRtGGY4baeK4iTitBUNrsd+64EqzaS4M8OUBgnuCdZlBBsrhS7M45HPZQ+2Qgb9Y/8+wzFkl8jnsTQanqLQrXhVbwI4T1BBKqBAPXS//FiSLKHCEI617iAvNUGOlWGE01HZzzRNMRngHu1YKnBCdZBPPhnBQ6vEsCuVLWHgRP09keNE62ES2c4Em76e9cbif14nM92LIGcizQwVZLqom3FoJBzHAmOmKDF8aAkmitlbIeljhYmx4ZVtCGj25XnSPKkir4puzyq1qyKOEtgHB+AIIHAOauAG1EEDEPAInsEreHOenBfn3fmYti44xcwe+APn8wdbxpjQ</latexit>

Up to weight 2, logarithms and dilogarithms:

• At NNLO, up to four iterations (weight) needed: 

X0 = (3,�1, 1, 1,�1)
<latexit sha1_base64="sxXjKt42rMn8waJAINej/BzWJBw=">AAACDXicbVDLSgMxFM3UV62vUZduglWo0JaJCroRim5cVrAPaIchk6ZtaOZBkhHKMD/gxl9x40IRt+7d+TdmprPQ1hMCh3Puvbk5bsiZVJb1bRSWlldW14rrpY3Nre0dc3evLYNIENoiAQ9E18WScubTlmKK024oKPZcTjvu5Cb1Ow9USBb492oaUtvDI58NGcFKS455FPezIbHLI5rArhNbCbyClbNqDVXTU0MniWOWrbqVAS4SlJMyyNF0zK/+ICCRR31FOJayh6xQ2TEWihFOk1I/kjTEZIJHtKepjz0q7ThbJIHHWhnAYSD09RXM1N8dMfaknHqurvSwGst5LxX/83qRGl7aMfPDSFGfzB4aRhyqAKbRwAETlCg+1QQTwfSukIyxwETpAEs6BDT/5UXSPq0jq47uzsuN6zyOIjgAh6ACELgADXALmqAFCHgEz+AVvBlPxovxbnzMSgtG3rMP/sD4/AEYHJj0</latexit><latexit sha1_base64="sxXjKt42rMn8waJAINej/BzWJBw=">AAACDXicbVDLSgMxFM3UV62vUZduglWo0JaJCroRim5cVrAPaIchk6ZtaOZBkhHKMD/gxl9x40IRt+7d+TdmprPQ1hMCh3Puvbk5bsiZVJb1bRSWlldW14rrpY3Nre0dc3evLYNIENoiAQ9E18WScubTlmKK024oKPZcTjvu5Cb1Ow9USBb492oaUtvDI58NGcFKS455FPezIbHLI5rArhNbCbyClbNqDVXTU0MniWOWrbqVAS4SlJMyyNF0zK/+ICCRR31FOJayh6xQ2TEWihFOk1I/kjTEZIJHtKepjz0q7ThbJIHHWhnAYSD09RXM1N8dMfaknHqurvSwGst5LxX/83qRGl7aMfPDSFGfzB4aRhyqAKbRwAETlCg+1QQTwfSukIyxwETpAEs6BDT/5UXSPq0jq47uzsuN6zyOIjgAh6ACELgADXALmqAFCHgEz+AVvBlPxovxbnzMSgtG3rMP/sD4/AEYHJj0</latexit><latexit sha1_base64="sxXjKt42rMn8waJAINej/BzWJBw=">AAACDXicbVDLSgMxFM3UV62vUZduglWo0JaJCroRim5cVrAPaIchk6ZtaOZBkhHKMD/gxl9x40IRt+7d+TdmprPQ1hMCh3Puvbk5bsiZVJb1bRSWlldW14rrpY3Nre0dc3evLYNIENoiAQ9E18WScubTlmKK024oKPZcTjvu5Cb1Ow9USBb492oaUtvDI58NGcFKS455FPezIbHLI5rArhNbCbyClbNqDVXTU0MniWOWrbqVAS4SlJMyyNF0zK/+ICCRR31FOJayh6xQ2TEWihFOk1I/kjTEZIJHtKepjz0q7ThbJIHHWhnAYSD09RXM1N8dMfaknHqurvSwGst5LxX/83qRGl7aMfPDSFGfzB4aRhyqAKbRwAETlCg+1QQTwfSukIyxwETpAEs6BDT/5UXSPq0jq47uzsuN6zyOIjgAh6ACELgADXALmqAFCHgEz+AVvBlPxovxbnzMSgtG3rMP/sD4/AEYHJj0</latexit><latexit sha1_base64="sxXjKt42rMn8waJAINej/BzWJBw=">AAACDXicbVDLSgMxFM3UV62vUZduglWo0JaJCroRim5cVrAPaIchk6ZtaOZBkhHKMD/gxl9x40IRt+7d+TdmprPQ1hMCh3Puvbk5bsiZVJb1bRSWlldW14rrpY3Nre0dc3evLYNIENoiAQ9E18WScubTlmKK024oKPZcTjvu5Cb1Ow9USBb492oaUtvDI58NGcFKS455FPezIbHLI5rArhNbCbyClbNqDVXTU0MniWOWrbqVAS4SlJMyyNF0zK/+ICCRR31FOJayh6xQ2TEWihFOk1I/kjTEZIJHtKepjz0q7ThbJIHHWhnAYSD09RXM1N8dMfaknHqurvSwGst5LxX/83qRGl7aMfPDSFGfzB4aRhyqAKbRwAETlCg+1QQTwfSukIyxwETpAEs6BDT/5UXSPq0jq47uzsuN6zyOIjgAh6ACELgADXALmqAFCHgEz+AVvBlPxovxbnzMSgtG3rMP/sD4/AEYHJj0</latexit>

[Wa,Wb,Wc,Wd]X0 =

Z
d logWa

Z
d logWb

Z
d logWc

Z
d logWd

<latexit sha1_base64="HlYjX6zPweslN5feeXxN40NKrOA="></latexit><latexit sha1_base64="HlYjX6zPweslN5feeXxN40NKrOA="></latexit><latexit sha1_base64="HlYjX6zPweslN5feeXxN40NKrOA="></latexit><latexit sha1_base64="HlYjX6zPweslN5feeXxN40NKrOA="></latexit>

[W1]X0 = log(s12/3)
<latexit sha1_base64="/18yqC/UWGV/qyDmEGPuytnNyh8=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbmqmCroRim5cVrAPSEOYTKft0MkkzEyEErJx46+4caGIW//BnX/jtM1CWw9cOJxzL/feE8ScKe0431ZhaXllda24XtrY3NresXf3WipKJKFNEvFIdgKsKGeCNjXTnHZiSXEYcNoORjcTv/1ApWKRuNfjmHohHgjWZwRrI/n2odv2keenHd/J4BXs8mhQUX6Katnp2Ylvl52qMwVcJCgnZZCj4dtf3V5EkpAKTThWykVOrL0US80Ip1mpmygaYzLCA+oaKnBIlZdOv8jgsVF6sB9JU0LDqfp7IsWhUuMwMJ0h1kM1703E/zw30f1LL2UiTjQVZLaon3CoIziJBPaYpETzsSGYSGZuhWSIJSbaBFcyIaD5lxdJq1ZFThXdnZfr13kcRXAAjkAFIHAB6uAWNEATEPAInsEreLOerBfr3fqYtRasfGYf/IH1+QN1d5ab</latexit><latexit sha1_base64="/18yqC/UWGV/qyDmEGPuytnNyh8=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbmqmCroRim5cVrAPSEOYTKft0MkkzEyEErJx46+4caGIW//BnX/jtM1CWw9cOJxzL/feE8ScKe0431ZhaXllda24XtrY3NresXf3WipKJKFNEvFIdgKsKGeCNjXTnHZiSXEYcNoORjcTv/1ApWKRuNfjmHohHgjWZwRrI/n2odv2keenHd/J4BXs8mhQUX6Katnp2Ylvl52qMwVcJCgnZZCj4dtf3V5EkpAKTThWykVOrL0US80Ip1mpmygaYzLCA+oaKnBIlZdOv8jgsVF6sB9JU0LDqfp7IsWhUuMwMJ0h1kM1703E/zw30f1LL2UiTjQVZLaon3CoIziJBPaYpETzsSGYSGZuhWSIJSbaBFcyIaD5lxdJq1ZFThXdnZfr13kcRXAAjkAFIHAB6uAWNEATEPAInsEreLOerBfr3fqYtRasfGYf/IH1+QN1d5ab</latexit><latexit sha1_base64="/18yqC/UWGV/qyDmEGPuytnNyh8=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbmqmCroRim5cVrAPSEOYTKft0MkkzEyEErJx46+4caGIW//BnX/jtM1CWw9cOJxzL/feE8ScKe0431ZhaXllda24XtrY3NresXf3WipKJKFNEvFIdgKsKGeCNjXTnHZiSXEYcNoORjcTv/1ApWKRuNfjmHohHgjWZwRrI/n2odv2keenHd/J4BXs8mhQUX6Katnp2Ylvl52qMwVcJCgnZZCj4dtf3V5EkpAKTThWykVOrL0US80Ip1mpmygaYzLCA+oaKnBIlZdOv8jgsVF6sB9JU0LDqfp7IsWhUuMwMJ0h1kM1703E/zw30f1LL2UiTjQVZLaon3CoIziJBPaYpETzsSGYSGZuhWSIJSbaBFcyIaD5lxdJq1ZFThXdnZfr13kcRXAAjkAFIHAB6uAWNEATEPAInsEreLOerBfr3fqYtRasfGYf/IH1+QN1d5ab</latexit><latexit sha1_base64="/18yqC/UWGV/qyDmEGPuytnNyh8=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbmqmCroRim5cVrAPSEOYTKft0MkkzEyEErJx46+4caGIW//BnX/jtM1CWw9cOJxzL/feE8ScKe0431ZhaXllda24XtrY3NresXf3WipKJKFNEvFIdgKsKGeCNjXTnHZiSXEYcNoORjcTv/1ApWKRuNfjmHohHgjWZwRrI/n2odv2keenHd/J4BXs8mhQUX6Katnp2Ylvl52qMwVcJCgnZZCj4dtf3V5EkpAKTThWykVOrL0US80Ip1mpmygaYzLCA+oaKnBIlZdOv8jgsVF6sB9JU0LDqfp7IsWhUuMwMJ0h1kM1703E/zw30f1LL2UiTjQVZLaon3CoIziJBPaYpETzsSGYSGZuhWSIJSbaBFcyIaD5lxdJq1ZFThXdnZfr13kcRXAAjkAFIHAB6uAWNEATEPAInsEreLOerBfr3fqYtRasfGYf/IH1+QN1d5ab</latexit>

[W2]X0 = log(�s23)
<latexit sha1_base64="yi5JYw+XgrXzTWKrbrwjwazehpQ=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQF5akCroRim5cVrAPSEOYTCft0MlMmJkIJXThxl9x40IRt36EO//GaZuFth64cDjnXu69J0wYVdpxvq3Cyura+kZxs7S1vbO7Z+8ftJVIJSYtLJiQ3RApwignLU01I91EEhSHjHTC0c3U7zwQqajg93qcED9GA04jipE2UmCXvU5Q94OsGzgTeAV7TAyqpyrI6meTk8CuODVnBrhM3JxUQI5mYH/1+gKnMeEaM6SU5zqJ9jMkNcWMTEq9VJEE4REaEM9QjmKi/Gz2xAQeG6UPIyFNcQ1n6u+JDMVKjePQdMZID9WiNxX/87xUR5d+RnmSasLxfFGUMqgFnCYC+1QSrNnYEIQlNbdCPEQSYW1yK5kQ3MWXl0m7XnOdmnt3Xmlc53EUQRkcgSpwwQVogFvQBC2AwSN4Bq/gzXqyXqx362PeWrDymUPwB9bnD/q1ll8=</latexit><latexit sha1_base64="yi5JYw+XgrXzTWKrbrwjwazehpQ=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQF5akCroRim5cVrAPSEOYTCft0MlMmJkIJXThxl9x40IRt36EO//GaZuFth64cDjnXu69J0wYVdpxvq3Cyura+kZxs7S1vbO7Z+8ftJVIJSYtLJiQ3RApwignLU01I91EEhSHjHTC0c3U7zwQqajg93qcED9GA04jipE2UmCXvU5Q94OsGzgTeAV7TAyqpyrI6meTk8CuODVnBrhM3JxUQI5mYH/1+gKnMeEaM6SU5zqJ9jMkNcWMTEq9VJEE4REaEM9QjmKi/Gz2xAQeG6UPIyFNcQ1n6u+JDMVKjePQdMZID9WiNxX/87xUR5d+RnmSasLxfFGUMqgFnCYC+1QSrNnYEIQlNbdCPEQSYW1yK5kQ3MWXl0m7XnOdmnt3Xmlc53EUQRkcgSpwwQVogFvQBC2AwSN4Bq/gzXqyXqx362PeWrDymUPwB9bnD/q1ll8=</latexit><latexit sha1_base64="yi5JYw+XgrXzTWKrbrwjwazehpQ=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQF5akCroRim5cVrAPSEOYTCft0MlMmJkIJXThxl9x40IRt36EO//GaZuFth64cDjnXu69J0wYVdpxvq3Cyura+kZxs7S1vbO7Z+8ftJVIJSYtLJiQ3RApwignLU01I91EEhSHjHTC0c3U7zwQqajg93qcED9GA04jipE2UmCXvU5Q94OsGzgTeAV7TAyqpyrI6meTk8CuODVnBrhM3JxUQI5mYH/1+gKnMeEaM6SU5zqJ9jMkNcWMTEq9VJEE4REaEM9QjmKi/Gz2xAQeG6UPIyFNcQ1n6u+JDMVKjePQdMZID9WiNxX/87xUR5d+RnmSasLxfFGUMqgFnCYC+1QSrNnYEIQlNbdCPEQSYW1yK5kQ3MWXl0m7XnOdmnt3Xmlc53EUQRkcgSpwwQVogFvQBC2AwSN4Bq/gzXqyXqx362PeWrDymUPwB9bnD/q1ll8=</latexit><latexit sha1_base64="yi5JYw+XgrXzTWKrbrwjwazehpQ=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQF5akCroRim5cVrAPSEOYTCft0MlMmJkIJXThxl9x40IRt36EO//GaZuFth64cDjnXu69J0wYVdpxvq3Cyura+kZxs7S1vbO7Z+8ftJVIJSYtLJiQ3RApwignLU01I91EEhSHjHTC0c3U7zwQqajg93qcED9GA04jipE2UmCXvU5Q94OsGzgTeAV7TAyqpyrI6meTk8CuODVnBrhM3JxUQI5mYH/1+gKnMeEaM6SU5zqJ9jMkNcWMTEq9VJEE4REaEM9QjmKi/Gz2xAQeG6UPIyFNcQ1n6u+JDMVKjePQdMZID9WiNxX/87xUR5d+RnmSasLxfFGUMqgFnCYC+1QSrNnYEIQlNbdCPEQSYW1yK5kQ3MWXl0m7XnOdmnt3Xmlc53EUQRkcgSpwwQVogFvQBC2AwSN4Bq/gzXqyXqx362PeWrDymUPwB9bnD/q1ll8=</latexit>

• In general: Goncharov polylogarithms
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To verify that this expression is correct, one computes the partial derivatives, e.g.

@s12 f̃2,1 =[W1/W3]X0 (1.20)

=
log(s12/3)� log s34

s12 � s34
, (1.21)

as well as f̃2,1(X0) = 0. The choice of boundary point introduced certain (somewhat

unnatural boundary constants), both at the weight one and weight two level. We

would expect the latter to cancel in the full result. Note that the function is manifestly

real-valued within the s12 scattering region.

As Simone pointed out, f̃2,1 does not satisfy the first-entry condition at function

level: it has a discontinuity at s12/s34 = 1. This means that the term log
⇣

s12
s34

� 1
⌘
has

to cancel in the amplitude, and in fact already at the level of the Feynman integrals.

This motivates a slightly modified definition,

f2,1 :=[W1/W3,W13/W3]X0 + log 3 [W13/W3]X0

=� Li2

✓
1�

s12
s34

◆
+ Li2(�2) . (1.22)

JMH: corrected sign of second term, March 27, 2019.

As was mentioned already, there are 14 further functions of this type. For example,

f2,5 :=[W5/W2,W12/W2]X0 = �Li2

✓
1�

s15
s23

◆
. (1.23)

All other functions are simply products of weight-one functions considered above.

2 Seed function for H13.

Simone found that the hard function (for the color structure T13) can be written as

H13 =
X

�=S2⇥C3

F (1)F13 , (2.1)
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FIG. 1: Integral topologies for massless five-particle
scattering at two loops.

planar integral family depicted in Fig. 1b was computed
in [25]. (See also [22, 26–28]). In this letter, we compute
the previously unknown master integrals of the double-
pentagon family shown in Fig. 1c.
Genuine five-point functions depend on five indepen-

dent Mandelstam invariants, s12, s23, s34, s45 and s15,
where sij = 2pi · pj , and pi’s are massless external mo-
menta. We will also find the parity odd invariant ϵ5 use-
ful,

ϵ5 = tr
[
γ5/p1/p2/p3/p4

]
. (1)

We denote the loop momenta for the double-pentagon
family by k1 and k2, defined as shown in Fig. 1c.
The inverse propagators are

D1 = k21 , D2 = (−p1 + k1)2 ,

D3 = (−p1 − p2 + k1)2 , D4 = k22 ,

D5 = (p4 + p5 + k2)2 , D6 = (p5 + k2)2 ,

D7 = (k1 − k2)2 , D8 = (p3 + k1 − k2)2 ,

D9 = (p5 + k1)2 , D10 = (−p1 + k2)2 ,

D11 = (−p1 − p2 + k2)2 ,

(2)

where D9, D10 and D11 are irreducible scalar products
(ISPs).

LEADING SINGULARITIES AND UNIFORM
TRANSCENDENTAL WEIGHT INTEGRALS

The integrals of the double-pentagon family, shown in
Fig. 1c, can be related through integration-by-parts re-
lations [29–31] to a basis of 108 master integrals. Out of
these, 9 are in the so-called top sector, namely they have
all 8 possible propagators. Our goal is therefore to find
108 linearly independent uniform transcendental weight
(UT) integrals.
The integrals of the sub-topologies are already known,

because they are either sub-topologies of the penta-
box [6, 24] and of the hexa-box [25] families, or they
correspond to sectors with less than five external mo-
menta. In order to complete the UT basis, we begin by
searching for four -dimensional d log integrals, which are
closely related to UT integrals [19].

An ℓ-loop four-dimensional d log integral is an integral
whose four-dimensional integrand Ω can be cast in the
form

Ω =
∑

I=(i1,...,i4ℓ)

cI d logRi1 ∧ . . . ∧ d logRi4ℓ , (3)

where the Q-valued constants cI are the leading singu-
larities of Ω. In many cases, it is sufficient to “upgrade”
the loop momenta in this analysis of d log integrands
from four- to D-dimensional, in order to obtain a UT ba-
sis. This method to find the UT basis is quite powerful,
and indeed it has already found many successful applica-
tions [18, 32]. However, for the reasons mentioned in the
introduction, we name this momentum rewriting “näıve
upgrade” of a 4D integrand.
In this letter, we use two techniques to find four-

dimensional d log integrals.
1) The algorithm [20], which can decide if a given ra-

tional integrand can be cast in d log form (3). Starting
from a generic ansatz for the numerator, this algorithm
can classify all possible 4D d log integrals in a given fam-
ily.
2) Computational algebraic geometry. Let us consider

a generic ansatz for the numerator Neven =
∑

α cαmα of
the parity-even, or Nodd =

∑
α cαmα/ϵ5 of the parity-

odd d log integrals. Each cα is a polynomial in sij , and
mα is a monomial in the scalar products. By requiring
the 4D leading singularities of the ansatz to match a
given list of rational numbers, we can use the module lift
techniques [33] in computational algebraic geometry to
calculate all cα’s and obtain a 4D d log. This method
usually needs only a very simple ansatz, and the module
lift can then be performed through the computer algebra
system Singular [34].
One interesting phenomenon is that, for the double-

pentagon family, the näıve upgrade of a 4D d log is in
general not UT. Let us take the 4D d logs presented
in ref. [35] as examples. The sum of the first and the
fifth d log numerators for the double-pentagon diagram
in ref. [35], which we denote by B1 + B5, does not yield
a UT integral after the näıve upgrade. This can be as-
sessed from the explicit computation of the differential
equation.
The obstruction of the näıve upgrade implies that, in

order to obtain UT integrals, we have to consider terms
in the integrands which vanish as D = 4. These terms
can be conveniently constructed from Gram determinants
involving the loop momenta k1 and k2,

Gij = G

(
ki, p1, p2, p3, p4
kj , p1, p2, p3, p4

)

, with i, j ∈ {1, 2} . (4)

An integrand whose numerator is proportional to a com-
bination of the Gij ’s explicitly vanishes in the D → 4
limit. UT integral criteria based on 4D cuts or 4D d log
constructions can not detect these Gram determinants,
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• We define an infrared finite hard function

• Truly new piece of information

• Much simpler than finite part of amplitude

Infrared singularities factorize
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Captures all IR singularities (poles in !)
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We can define an IR safe hard function
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Much simpler than the amplitude

Relevant for cross sections
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ms and dilogarith

ms appear: Surprise: coef3cients of box functions are
 conformally invarian
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•  Formula is valid in all physical regions sij ! sij + i0
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Gluon spin dimension:  =
gµµ � 2
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Finite part of one-mass box function:

•  Correct factorisation in collinear limit
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leading transcendental weight part

II

Manifestly conformally invariant rational factors

Generator of conformal boosts

One-mass box functions entirely fixed by conformal symmetry
[Chicherin, Henn, Sokatchev ‘18,  S.Z. ‘18 arXiv:1807.06020]
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• Coefficients of box functions are conformally invariant!

• Box functions satisfy anomalous 
conformal Ward identities

[Chicherin, Sokatchev ’17; 
Chicherin, Henn, Sokatchev ’18]

[Witten ’03]
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Towards an Era of Precision 
Measurements at the LHC

A new era of precision measurements is dawning. 

CERN’s Large Hadron Collider (LHC) will start Run 3 

in 2021. To fully exploit the machine's potential, 

accurate theoretical predictions are required. These 

can be obtained through the computation of higher 

orders in perturbation theory.

For Many QCD Processes, Next-
to-Leading Order is Insuf3cient

At present, only observables involving up to four 
particles are available at next-to-next-to-leading order.

Bottleneck:Bottleneck: two-loop 3ve-particle amplitudes

Five-Particle Processes at the LHC

Logarithms, dilogarithms, and generalizations thereof 

(Goncharov polylogarithms)

All Feynman Integrals Computed 
Analytically in the Physical Region

➢ Elegant analytic properties

➢ Fast and accurate numerical evaluation

Basis for all QCD amplitudes         pentagon functionspentagon functions

➢ Generalized unitarity for Feynman integrands [4]

➢ Differential equations for Feynman integrals in the 

canonical form [2,5,6]

➢ Algorithmic construction of canonical basis using 

D-dimensional leading singularities [6]

➢ Computational algebraic geometry [7]

➢ Finite 3eldsFinite 3elds  and functional reconstruction [8]

Cutting-Edge Methods

A Re3ned Amplitude Assembly

➢ Precision measurements of the strong coupling

➢ In-depth tests of the Standard Model

➢ Improved background to new physics searches

Feynman 
integrand

Integrated  
amplitude

Finite hard 
function

Integration-By-
Parts reduction

Master 
integrals

Infrared 
subtraction

Leading 
singularities

Finite 3elds

The code can be parallelized, and runs in a few hours 
using multi-threading on a modern computing node.

New Result: Full-Color All-Plus Helicity Amplitude 
We 3nd a remarkably simple expression for the infrared-subtracted hard function:
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First Result for a Full
Two-Loop Five-Gluon Amplitude
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Do you want to learn more?

Listen to our podcast!  

Large theoretical uncertainty!

E.g. strong coupling from 3-jet/2-jet ratio [1]:

(https://pentagonfunctions.hepforge.org/)

(exp.)         (PDF)       (theory)

Valid in all physical scattering regions

Only logarithms and dilogarithms appear:

Surprise: coef3cients of box functions are conformally invariant!

α
S
(M

Z
)=0.1148±0.0014±0.0018±0.0050
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New, manifestly conformal form 
of one-loop amplitude
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Rational factors from 
the planar two-loop hard function

30

They generate a 76-dimensional space 
upon permutations of the external legs

⟹ 6-dimensional subspace

❖ Covers the one-loop amplitude as well
❖ Manifestly conformally invariant

[45]$
12 23 31
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4
2
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 One-loop formula is conformally invariant:

k↵↵̇ A1,0
1 = 0
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Summary
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• Very first full five-gluon two-amplitude

• Result fits on only two lines,                               
and has intriguing conformal symmetry properties!

• All master integrals for generic five-particle QCD 
amplitudes are known in the physical region 

Full analytical and numerical control

Including non-planar part and at function level
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