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Figure 16. A 4-point sub-graph where SI1 , SI2 , and SI3 , and SI4 are external propagators while
SI1,I2 ,SI1,I3 , and SI1,I4 are the internal propagators. The 7-term identity imposes a relation between
the external and internal propagators for any 4-point sub-amplitude.

and Jacobi/commutation identities

0 = W (g|I1I2I3I4) + W (g|I1I3I4I2) + W (g|I1I3I4I2) ,

0 = C(g|I1I2I3I4) + C(g|I1I3I4I2) + C(g|I1I3I4I2) .
(6.4)

The sign relations in Eq. (6.3) follow from Eq. (6.2). However, the Jacobi/commutation
relation for the differential forms is more non-trivial and follows from the 7-term identity,
which is discussed below. For completeness, we also review how projectivity implies the
Jacobi relations between kinematic numerator factors, N(g|↵).

6.1.1 Review 7-term Identity and Color Jacobi Identity

Just as the kinematic Jacobi identity emerges from projectivity of the scattering form, the
color Jacobi/commutation identities emerge from imposing the 7-term identity. The 7-term
identity is effectively the same as the massless case

SI1I2 + SI2I3 + SI3I1 = SI1 + SI2 + SI3 + SI4 , (6.5)

where I1[I2[I3[I4 = {1, . . . , n}. This can be visualized as the sum of 3 graphs which are
identical except for a 4-point sub-graph, as shown in Fig. 16. Eq. (6.5) can be thought of as
an axiomatic identity that pullbacks the scattering form from K

M,?
n to K

M
n . We denote sI as

basis elements of small kinematic space. The 7-term identity holds for massive propagators
if the massive theory can be derived from the dimensional reduction of a massless theory,
so the massive propagators obey momentum conservation.

The 7-term identity subsequently implies the color Jacobi/commutation relations of
the differential forms. Take the sum of 3 graphs that lead to the 7-term identity. Let sjb

for b = 1, . . . , n � 4 denote the other propagators shared by the triplet. We then take the
product of the differentials of these propagators and Eq. (6.5):
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c2,5 = X2,5 +X1,3 �X1,5 �X3,5

c1,4 = X1,4 +X3,5 �X1,3 �X1,5

c3,6 = X3,6 +X1,5 �X1,3 �X3,5
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Quad-Fundamental �3 Theory

Example: 5-Point
Key Points: 
1. Analogous to the Coulomb branch of N=4 SYM.  
2. Can kinematically be interpreted as a dimensional 

reduction of bi-adjoint theory. 
3. The positive geometry is also the associahedron 
4. In planar variable coordinates, the boundaries are 

simply shifted by an amount proportional to the 
mass of the state. 
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Towards the Massive Amplituhedron

Key Points: 
1. Small kinematic space encodes the color and flavor 

structure of the theory.  
1.1.Planar variables forbidden by flavor or fundamental 

charge conservation are set to constants. 
1.2.The 7-term identity only applies to a sub-set of 4-point 

sub-graphs 
2. The mass generation mechanism must be equivalent to a 

dimensional reduction procedure. 

Key Points: 
1. Conjecture: A projection through the Positive Lagrangian 

Grassmannian, with an additional restriction, into Gr(n,n+2)  
2. Future work: 

2.1. Confirming the exact structure of the massive Amplituhedron  
2.2. Understanding how band structure emerges from the massive 

Amplituhedron. 
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Figure 7. The 6-gon associated with the partial amplitude m[ a ̃a b ̃b c ̃c]. Red diagonals
correspond to planar variables forbidden by flavor conservation.

Eq. (5.10) is not the unique subspace, but the one found use a compuational search. 10 It
is easy to visually confirm Eq. (5.10) obeys the first two restrictions in Section 5.2. The
last restriction can be checked algebraically. In the basis Y = (1, X1,3, X3,5, X1,5), the facet
vectors are

W1,3 = (0, 1, 0, 0)

W3,5 = (0, 0, 1, 0)

W1,5 = (0, 0, 0, 1)

W2,5 = (c2,5,�1, 1, 1)

W1,4 = (c1,4, 1,�1, 1)

W3,6 = (c3,6, 1, 1,�1)

(5.12)

The Feynman diagram expansion of m[ a ̃a b ̃b c ̃c] is

1

X1,3X3,5X1,5
+

1

X1,3X3,5X3,6
+

1

X1,3X1,4X1,5
+

1

X2,5X3,5X1,5
, (5.13)

which implies the vertex structure

10 The most general subspace is actually

c2,5 = X2,5 +X1,3 � ↵1,1X1,5 � ↵1,2X3,5 > 0

c1,4 = X1,4 +X3,5 � ↵2,1X1,3 � ↵2,2X1,5 > 0

c3,6 = X3,6 +X1,5 � ↵3,1X1,3 � ↵3,2X3,5 > 0

↵i,j � 1

(5.11)

where ↵ variables are constants. However, there does not seem to be any additional physical content working
with Eq. (5.11) than Eq. (5.10).
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