
One-Loop Angularity Distributions with Recoil using SCET

Ankita Budhraja (IISERB)

in collaboration with:
Ambar Jain (IISERB) and Massimiliano Procura (UNIVIE)

JHEP 1908 (2019) 144

XVI Workshop on High Energy Physics Phenomenology, IIT Guwahati

December 04, 2019

ankitab@iiserb.ac.in One-Loop Angularity Distributions with Recoil using SCET



Jets in e+ e− annihilations

• Electroweak Processes: hard scattering process e+ e− → γ∗,Z 0 → q q̄

• QCD: shower development calculated in perturbation theory (fixed order;
(N)LL)

• Hadronization: phenomenological models of string-, cluster- or dipole
fragmentation/or appropriate shape functions
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Formation of Jets

iM = −ig ū(p)/ε(k) ta
i(/p + /k)

(p + k)2
M (1)

Singularities: (p + k)2 → 0⇒ 2p0k0(1− cosθpk )→ 0

Three potential regions of enhancement:

1. k0 → 0⇒ kµ → 0 Soft/Infrared
2. cosθpk → 1 Collinear

3. p0 → 0 Never a problem

Jet formation governed by infrared dynamics of QCD. Need inclusive observables
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Event Shapes in e+ e−-Thrust

T = max
n̂

1

Q

∑
iε X

|~pi · n̂| (2)

n̂ is the thrust axis, giving the direction of net momentum flow.

For two back-to-back particles of equal mass m,

T = max
n̂

1

Q

∑
iε X

|~pi · n̂|

=
2p

2E
≈ 1− m2

2E 2

⇒ the more pencil-like an event is T → 1, while for a spread out multi-jet
event, T is farther away from 1 (with T ∼ 0.5 for spherical distribution of
particles).

In literature, commonly used τ = 1− T ⇒ τ → 0 specifies collimated
back-to-back jets.
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Event Shapes in e+ e−- Broadening

B =
1

Q

∑
iε X

|~p i
⊥| =

1

Q

∑
iε X

|~pi × n̂| (3)

pT defined relative to the thrust axis, n̂.

Jet broadening probes the transverse spread in a jet.

For collimated back-to-back jets, B is close to 0.
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Event Shapes contd..

p± = E ∓pz

q

q

L: p+>p-

R: p+<p-

Thrust: τ =
1

Q

[∑
iεL

|p−i |+
∑
iεR

|p+
i |

]

Broadening: B =
1

Q

[∑
iεL

√
p+
i p
−
i +

∑
iεR

√
p−i p+

i

]
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Jet Angularities

Thrust: τ =
1

Q

[∑
iεL

|p−i |+
∑
iεR

|p+
i |

]

Broadening: B =
1

Q

[∑
iεL

√
p+
i p
−
i +

∑
iεR

√
p−i p+

i

]

Berger, Kucs, Sterman, 03

τb =
1

Q

[∑
iεL

(p+
i )

1−b
2 (p−i )

1+b
2 +

∑
iεR

(p+
i )

1+b
2 (p−i )

1−b
2

]
(4)

For Infrared safety : −1 < b <∞.

Generalization to ’thrust’ (b = 1) and jet ’broadening’ (b = 0).

Varying ’b’ changes the sensitivity of the observable to the substructure of
the jet.
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Tools - Effective Theories

k and p are massless particles, introduce
light-like vectors
nµ = (1, 0, 0, 1), n̄µ = (1, 0, 0,−1) s.t.
n2 = n̄2 = 0, n · n̄ = 2
⇒ kµ = En̄µ and pµ = Enµ

If pµ is mainly in the nµ direction, p− � p+ and p− � p⊥

Defining a dimensionless parameter λ,
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Tools - Effective Theories

k and p are massless particles, introduce
light-like vectors
nµ = (1, 0, 0, 1), n̄µ = (1, 0, 0,−1) s.t.
n2 = n̄2 = 0, n · n̄ = 2
⇒ kµ = En̄µ and pµ = Enµ

If pµ is mainly in the nµ direction, p− � p+ and p− � p⊥

Defining a dimensionless parameter λ,

⇒ pµn ∼ Q(λ2, 1, λ), kµn̄ ∼ Q(1, λ2, λ)
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EFT contd.

The possible allowed scalings for momentum lµ

l ∼ Q(λ2, 1, λ) n-collinear

l ∼ Q(1, λ2, λ) n̄-collinear

l ∼ Q(λ2, λ2, λ2) ultra-soft
l ∼ Q(λ, λ, λ) soft
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EFT modes

pµ ≡ (p+, p−, p⊥)

Thrust:

τ = 1
Q

[∑
iεL

|p−i |+
∑
iεR

|p+
i |
]

On-shell ⇒ p+ p− = p2
⊥

p+
i ∼ τ ∀ i εR

& p−i ∼ τ ∀ i ε L

λ ∼
√
τ

⇒ pn̄(p−>p⊥>p
+) ∼ Q(λ2, 1, λ),

pn(p−<p⊥<p
+) ∼ Q(1, λ2, λ),

ps(p
−∼p⊥∼p+) ∼ Q(λ2, λ2, λ2)

SCETI

Broadening:

B = 1
Q

[∑
iεL

√
p+
i p
−
i +

∑
iεR

√
p−i p+

i

]
On-shell ⇒ p+ p− = p2

⊥

p⊥i ∼ B ∀ i ε L,R

λ ∼ B

⇒ pn̄(p−>p⊥>p
+) ∼ Q(λ2, 1, λ),

pn(p−<p⊥<p
+) ∼ Q(1, λ2, λ),

ps(p
−∼p⊥∼p+) ∼ Q(λ, λ, λ)

SCETII
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Thrust:

Broadening:

Jet Angularities are novel observables that allow us to transform between
recoil-insensitive to recoil-sensitive observables in a continuous manner
making a unified framework particularly challenging.
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State-of-the-art for jet angularities

Thrust*
Broadening# Angularities@

b>1

(NNLL')(N3LL')

b=-1 b=0 b=1

?

(NNLL)

*Catani, Trentadue, Turnock, Webber, 93; Florian, Grazzini, 04; Schwartz, 07; Becher, Schwartz,
08; Abbate, Fickinger, Hoang, Mateu, Stewart, 10

#Dokshitzer, Lucenti, Marchesini, Salam, 98; Becher, Bell, Neubert, 11; Chiu, Jain, Neill,
Rothstein, 11; Becher and Bell, 12

@Hornig, Lee, Ovanesyan, 09; Bell, Hornig, Lee, Talbert, 18
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Scale Separation - Factorization

[Image Courtesy: B.O. Lange]
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Thrust vs Broadening factorization

Thrust factorization:

1

σ0

dσ

dτLdτR
= H(Q;µ)

∫
dτn dτn̄ dτ

s
n dτ

s
n̄ δ(τR − τn − τ sn ) δ(τL − τn̄ − τ sn̄ )

J (τn;µ)J (τn̄;µ)S(τ sn , τ
s
n̄ ;µ)

Broadening factorization:

1

σ0

dσ

dτLdτR
= H(Q;µ)

∫
dτn dτn̄ dτ

s
n dτ

s
n̄ δ(τR − τn − τ sn ) δ(τL − τn̄ − τ sn̄ )∫

d~p 2
t d~k 2

t J (τn, ~p
2
t ;µ, ν)J (τn̄, ~k

2
t ;µ, ν)S(τ sn , τ

s
n̄ , ~p

2
t , ~k

2
t ;µ, ν)
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Rapidity divergence and Regularization

Appears when k+ k− is fixed but the ratio
k+/k− diverges.

Dimensional regularization does not
suffice.

Need a regulator that essentially breaks
boost-invariance.

No rapidity divergence in the full theory.
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Rapidity divergence and Regularization

Consider the diagram:

p = p1 + k ∼ Q(1, 1, λ)⇒ hard(nµ
2
n̄ · Aa

) i( /p1 + /k)

(p1 + k)2
(i g γµT

a)

=− g(n̄ · Aa)
( /p1 + /k)

(p1 + k)+ (p1 + k)− − (p1⊥ + k⊥)2

/n

2
T a

=− g(n̄ · Aa)
( /n

2
n̄ · p1 + /̄n

2
n · k)

k+ p−1

/n

2
T a = −g n̄ · A

n̄ · p1
(5)

I =

∫ µL

µS

dp−1
p−1

=

∫ Λ

µS

dp−1
p−1

+

∫ µL

Λ

dp−1
p−1

=

∫ ∞
µS

dp−1
p−1

+

∫ µL

0

dp−1
p−1
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Rapidity divergence and Regularization

Wn =
[∑
perm

exp
(
− g

n̄ · An

n̄ · p

)]
⇒ For regulating the divergence,

Wn =
[∑
perm

exp
(
− g

n̄ · pw
|n̄ · p|−η

ν−η
n̄ · An

)]
(5)
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Broadening-like factorization for Jet Angularities

1

σ0

dσ

dτLdτR
= H(Q;µ)

∫
dτn dτn̄ dτ

s
n dτ

s
n̄ δ(τR − τn − τ sn ) δ(τL − τn̄ − τ sn̄ )∫

d~p 2
t d~k 2

t J (τn, ~p
2
t ;µ, ν)J (τn̄, ~k

2
t ;µ, ν)S(τ sn , τ

s
n̄ , ~p

2
t , ~k

2
t ;µ, ν)
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Broadening-like factorization for Jet Angularities

p

�

p

�

(a) (b) (c)

(d) (e)

�

p−� p

J (τn, pt) = 1
η
fJ(τn, pt) + 1

ε2 gJ(τn, pt) + 1
ε
hJ(τn, pt)+ finite-terms
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Broadening-like factorization for Jet Angularities

(a) (b) (c) (d)

S(τ sn , τ
s
n̄ , pt , kt) = 1

η
fS(τn, τ

s
n̄ , pt , kt) + 1

ε2 gS(τn, τ
s
n̄ , pt , kt) + 1

ε
hS(τn, τ

s
n̄ , pt , kt)+

finite-terms
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Jet Angularity Cross-Section

b > 0[
1

σ0

dσ

dτb

]NLO

=
αs CF

π

{
−

3

(1 + b)

1

τb
−

4

1 + b

ln τb

τb
−

4

(1 + b)

ln(1− r)

τb

}
thrust recoil
⇓ ⇓

leading-singular ?
where, r is given by the solution of

r

(1− r)1+b
= (τb)b (6)
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The Recoil Contribution

r

(1− r)1+b
= τ b

Small-τ limit:

r = a1τ
b + a2τ

2b + a3τ
3b + a4τ

4b + . . . (7)

⇒ ln(1− r)

τ
=
∞∑
n=1

cn
τ 1−n b

=

d1/be−1∑
m=1

cm
τ 1−m b

+ power− corrections (8)
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The Recoil Contribution

r

(1− r)1+b
= τ b

Small-b limit:

r = r0 + b r1 + b2 r2 + . . . where,
r0

1− r0
= τ b

⇒ ln(1− r)

τ
= −ln 2

[ 1

τ

]
+
− b

2

[ ln τ

τ

]
+
+
b ln 2

2

[ 1

τ

]
+
+O(b2) (7)

⇒Recoil term provides a leading singular contribution for jet broadening (b=0)
and reduces to only power corrections for thrust (b=1) while other angularities
0 < b < 1 contain new additional singularities.

ankitab@iiserb.ac.in One-Loop Angularity Distributions with Recoil using SCET



Numerical Size of the recoil term

b % correction for τb = 0.05 % correction for τb = 0.1
1 2 6

0.5 8 16
0.25 16 26

0 31 45
-0.2 15 24
-0.5 2 5

Table: Relative size of the extra singular contribution compared to the leading singular
contribution in the peak region for the τb distribution, for various values of b. A
2− 6% correction for b = 1 or −0.5 shows the typical size of the power corrections
due to the additional term.
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Comparison against Event2

b=0
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b=0.5 broadening-like fact.

b=0.5 thrust-like fact.
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Figure: Differences between Event2 and our results from broadening-like factorization at NLO
for dσ/d log10 τ for different b values.

ankitab@iiserb.ac.in One-Loop Angularity Distributions with Recoil using SCET



Summary

Jet angularities provide a novel way of looking into the substructure which
remains unexposed while looking at a single event shape observable.

A broadening-like factorization for angularities provides the correct
distribution for all b > −1 angularities while a thrust-like factorization
works only in a certain range.

Our analysis allows to smoothly interpolate between the thrust and jet
broadening limits which have been defined within different effective
theories so far.

The fixed order angularity distributions with a broadening-like factorization
suggest that the recoil effects are always important for b < 1 angularities.

The recoil contributions, in the form of sub-leading singular terms, for
0 < b < 1 provide a non-negligible contribution in the peak region. This is
expected to effect the resummation of these observables.
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Future directions

The fixed order results provided by SCET framework contain large
logarithms of the angularity exponent which become dominant in the
τ → 0 region and an all-order resummation is essential for obtaining
predictive theoretical results, which is my next immediate goal.

Resummation of these recoil-sensitive angularities will shed further light on
the yet unexplored recoil effects.

This analysis will open up the b < 0.5 range of angularities exponents
which can then be utilized for high precision αs extractions from
angularities, using the present and future LEP data.
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