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Black holes



Black hole spacetime

• Black hole region, B = M − J−(=+).

• Event horizon, H = ∂B.
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Rotating Black holes

• The line element of Kerr black hole spacetime in Boyer-Lindquist

coordinate (t, r , θ, φ) can be expressed as follows

ds2 = −∆r

Σ

[
dt − a sin2 θ dφ

]2

+ Σ

[
dr 2

∆r
+ dθ2

]
+

sin2 θ

Σ

[
adt − (r 2 + a2) dφ

]2

where,

∆r (r) = r 2 + a2 − 2Mr , Σ = r 2 + a2 cos2 θ ,

• The position of the horizon is given by the solution of

∆r (r) = r 2 + a2 − 2Mr = 0

r+− = M +−
√

M2 − a2

• Extremal black holes correponds to r+ = r− i.e. a = M
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Throne limit



Throne limit

• When a black hole is formed due to collapse of a massive star, there should

be an unavoidable presence of matter that accretes around the black hole.

• Throne studied the evolution of black holes in presence of accreting

matters.

• When a black hole absorbs matter and radiation from the accreting disk,

its mass and angular momenta evolves.

• Throne modeled the accreting matters as a very thin disk of gas in the

equatorial plane.

• From the inner edge of the disk, gas particles are dumped into the black

hole.

• The radius of this inner edge is given by the innermost stable circular orbit

(ISCO) radius.
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Throne limit

• If each of these particles carries a

specific energy Ems and angular

momenta Lms , the evolution of the

black hole is governed by the

following equation

da∗
d lnM

=
1

M

Lms

Ems
− 2a∗

dM

dM0
= Ems
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III. RESULTS 
Figures 1 and 2 depict the evolution of a black hole, as calculated (see Appendix) from the assumptions of § II. 

Notice that the effect of the photons is to “buffer” a* away from the extreme Kerr value of 1. If a* is initially 
very close to 1 (0.999 < a* < 1), a small amount of accretion (AM/M ^ 0.05) quickly spins the hole down to a 
limiting state of a*iim ^ 0.998. If a% is initially below this limiting value, accretion spins the hole up toward it. 
So long as a* is less than 0.90 (region not shown in fig. 1), the photons have negligible effect, and the evolution 
(spin-up) follows the Bardeen law closely. But as a* rises above 0.90, photon effects come into play, deflecting the 
evolution away from the Bardeen law and toward a*lim ^ 0.998. 

Notice that the limiting value of a* is not very sensitive to large (factor of 3) changes in the photon emission law : 
it is 0.9978 for isotropic emission (“I”; eq. [5a]) and 0.9982 for the electron-scattering emission law (“ES”; eq. 
[5b]). For further discussion see § IV. 

We shall use the word “canonical” to describe a black hole and its accreting disk in the limiting case of a* = 
ö*iim — 0.998. Although the canonical value of a* (^0.998) is very near the extreme-Kerr value (1.0), the spacetime 
geometry of a canonical hole and the structure of its disk are significantly different from those of extreme Kerr. 
This is because the properties of the Kerr metric change very rapidly as one moves away from a* = 1. 

Table 1 lists the efficiencies with which various types of holes (Schwarzschild, canonical, extreme-Kerr) convert 
rest mass into outgoing radiation. The efficiency is defined by 

Efficiency = 

/rate, as measured at “infinity,” at which photon energy) 
las measured at “ infinity,” emerges from disk to “infinity ”/ 

/rate, as measured at “infinity,” at which rest) 
Imass-energy is being deposited into disk/ 

(6) 

— M/M¡ — 

— M/M¡^ 

Fig. 1.—The evolution of a black hole during disk accretion: Angular momentum divided by square of mass, a* = JjM2 = a¡M 
(dimensionless), as a function of mass M in units of M¿. For the solid curves (horizontal scale given at bottom of figure) Mi is the 
value of M when a* = 0. For the dashed curves (horizontal scale given at top of figure), M¿ is the value of M when a* = 1. The 
solid curve B is the Bardeen evolution law (eq. [2a] ; capture of photons by hole forbidden, or at least ignored). The curves I and ES 
are the evolution laws taking account of captured photons; I is for a disk with isotropic local photon emission (eq. [5a]); ES is for 
a disk with the electron-scattering emission law (eq. [5b]). The dashed curves are the predicted evolution when a* is initially larger 
than 0.9978 (I) or 0.9982 (ES). The solid curves are for initial ¿z*’s less than 0.9978 (I) or 0.9982 (ES). 
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Throne limit

• The other effect that contributes significantly in determining the final

state of the black hole is capture of photons by the black hole.

• The BH’s capture cross section is greater for the photons of negative

angular momentum than the photon of positive angular momentum. As a

result this effect decreases the angular momentum of the BH.

• Considering both of these two effects, Throne showed that it is impossible

spin up the BH beyond a∗ ≈ 0.998.
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Primordial black holes and Throne limit

• Depending on the mechanism of production of PBH at the end of

inflation, there is no restriction on the initial spin of the black hole.

• Moreover, since the PBH does not come from the collapse of the star, it

does not naccesarily evolve in a matter rich environment2.

• So the PBH are not subject to the Throne limit.

• So the only way that a PBH can lose its angular momentum is via

Hawking radiation.

2Alexandre Arbey, Jrmy Auffinger, Joseph Silk (2019)
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Hawking Radiation



Hawking radiation

• Using semi-classical approximation, Hawking showed that black holes acts

as perfect thermodynamic object.

• The expectation value < ns(E) > for the number of particles of a given

species, emitted in a mode with energy E and angular momentum m as

measured by an observer sitting at infinity , is given by

< nsm(E) >=
Γsm(E)

exp[ E
TH

] +− 1
(1)

• The grey body factor Γsm(E) is the probability for an outgoing mode of s

species with energy E and angular momenta m to reach an asymptotic

observer at infinity.
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Greybody factor

• A wave like equation for radial and time variables usually has the

Schrödinger-like form for stationary backgrounds

d2φE

dr 2
∗

+ (E 2 − V (E , r))φE = 0

• Now let φE be the solution of the equation which describes the scattering

of an outgoing wave originating at r∗ → −∞ (i.e., the outer black hole

horizon). Then we must have

φE → T e−iEr∗ , r∗ →∞

φE → e−iEr∗ + R e iEr∗ , r∗ → −∞

• Then Γsj(E) = T 2.

9



Mass and Angular momentum loss due to Hawking radiation

• Mass and angular momentum loss of the BH due to Hawking radiation, is

given by

−M2 dM

dt
= f (M, a∗) = M2

∫ inf

0

∑
dof

E

2π

Γsm(E)

exp[ E ′
TH

] +− 1
dE (2)

−M

a∗

dJ

dt
= g(M, a∗) =

M

a∗

∫ inf

0

∑
dof

m

2π

Γsm(E)

exp[ E ′
TH

] +− 1
dE (3)

here, E ′ = E −mΩ.

• The authors solved the above equation using the package BlackHawk

starting from different initial mass and spin of the black hole.
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Results

Alexandre Arbey, Jrmy Auffinger, Joseph Silk (2019)
3

and integrating to space infinity where the solution is

Z∞ =
r∗→+∞

Ae−iEr∗ +BeiEr∗ , (13)

we identify the transmission coefficient

Γ ≡ 1

|A|2
. (14)

This allows us to perform the integrals (6) and (7).
BlackHawk uses an adaptative time step method to

compute accurately the last stages of the BH life, when
its mass goes down to the Planck mass MP very quickly.
When M ∼MP, we consider that the Hawking evapora-
tion is complete and does not leave any remnant.

III. RESULTS

A. Evolution of Kerr BHs

The main difference between Kerr (a∗ 6= 0) and
Schwarzschild (a∗ = 0) BHs is that Kerr BHs are axially
symmetric and not spherically symmetric. This gives a
favored axial direction when computing the Hawking ra-
diation. The emission of particles with an angular mo-
mentum spinning in the same direction as that of the BH
is enhanced when a∗ increases. Moreover, for sufficiently
small energies and high angular momentum

E < ESR ≡
a∗m

2r+
, (15)

we enter the regime of superradiance (SR), with even
enhanced emission. This asymmetry in the Hawking ra-
diation causes a net spin loss by the BH (hence the pos-
itivity of the g factor defined in Eq. (7)) through the
emission of high angular momentum particles. This en-
hanced radiation also causes a mass loss higher than in
the Schwarzschild case. Thus, Kerr BHs have a shorter
lifetime than Schwarzschild BHs, and it gets shorter and
shorter as the initial spin a∗i gets close to 1.

Fig. 1 shows an example of the evolution of a Kerr BH
mass and spin through time. We see that the reduced
spin a∗ has a slightly shorter timescale than the mass
M . This is easy to understand when looking at Eqs. (8)
and (9). The first stage of the evolution is a strong de-
crease of both mass and spin, corresponding to the Kerr
regime when the Hawking radiation is enhanced. When
we leave the high-spin region (a∗ . 0.2), the emission be-
comes similar that of a Schwarzschild BH and the mass
evolution is more monotonic. At the end of the BH life
(the last 10%), a final stage of very fast evaporation oc-
curs, during which the BH loses the major part of its
mass (∼ 50%). This is in agreement with the results of
[7]. When reaching the Planck mass, Hawking’s theory
does not tell what happens of the BH.

Fig. 2 shows the mass evolution for the same initial
mass Mi but different initial spins a∗i . We see that
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FIG. 1. Kerr BH mass M (normalized over the initial mass
Mi = 1016 g) and reduced spin a∗ (starting from an initial
spin a∗i = 0.9) as functions of time t (normalized to the BH
lifetime t0).
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FIG. 2. Comparison of Kerr BH mass M evolutions (normal-
ized to the initial mass Mi = 1016 g which is the same for all
curves) as functions of time t (normalized to the Schwarzschild
BH lifetime t0), for different values of the initial spin a∗

ranging (right to left) from a∗ = 0 (Schwarzschild case) to
a∗ = 0.999 (near extremal case).

the lifetime of a Kerr BH can be reduced by almost
∼ 60% when going from the Schwarzschild case a∗i = 0
to the near extremal case a∗i = 0.999. This is compatible
with the results of [10]. The higher the initial spin, the
stronger the initial mass loss. We can see that after most
of the spin is radiated away, all curves share the same
shape as the Schwarzschild one.

Fig. 3 shows the evolution of the lifetime as a function
of the initial spin a∗i . We have reversed the x-axis to
focus on the near-extremal region a∗i . 1. We see that
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FIG. 3. Kerr BH lifetime tBH (normalized to the
Schwarzschild case t0) as a function of the initial spin a∗i for
Mi = 1016 g. The x-axis has been reversed to show 1− a∗i in
a logarithmic scale.

the lifetime decreases as the initial spin increases, but
this saturates as we come closer to the extremal Kerr
case a∗i . 1.

B. Maximum spin

Using these data on the Kerr BH evolution, which is a
function of both mass and spin, we can estimate the max-
imum spin a BH can still have today, starting from some
initial spin, and depending on its initial mass. We know
that the Thorne limit prevents stellar BHs from having
a spin higher than a∗lim ≈ 0.998, due to accretion and
superradiance effects [5]. We also know that the same
limit applies to the results of BH mergers due to general
relativistic dynamics [6]. Thus, the only possibility of
overcoming this limit must be to form a Kerr BH with
an initial spin a∗i > a∗lim and to maintain this spin over
time until today.

However, we have seen that the spin decrease time-
scale corresponds roughly to that of the mass decrease
tBH ∝ M3

i . That means that in order to maintain a
spin value really close to the extremal Kerr case, the
BH initial mass must be sufficiently high. Fig. 4 shows
the minimum initial mass needed as a function of the
initial spin, for different values of the desired relative spin
change ε ≡ ∆a∗/a∗i . As expected, the more we want to
have a spin today close to the initial one (ε → 0) the
more massive the BH has to have been originally. As
ε→ 1 (all initial spin is lost), the minimum mass, for all
initial spins, goes to Mlim(a∗i ) ∼ 1015 g the mass of the
BHs just evaporating today.

Fig. 5 gives a reversed view of Fig. 4: starting from
a fixed initial spin a∗i = 0.9999 ( ⇐⇒ 1 − a∗i = 10−4)
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FIG. 4. Minimum initial mass Mi needed to have a relative
spin loss today ε ≡ ∆a∗/a∗i for different values of ε. The
x-axis has been reversed to show 1−a∗i in a logarithmic scale.
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FIG. 5. Value of the spin today a∗0 as a function of the initial
mass Mi for a fixed initial spin a∗i = 0.9999 ( ⇐⇒ 1 −
a∗i = 10−4). The Thorne limit a∗lim ≈ 0.998 is shown as an
horizontal dashed line. The y-axis has been reversed to show
1− a∗0 on a logarithmic scale.

above the Thorne limit, it shows the value of the spin
today a∗0 as a function of the initial mass. We see that
for masses Mi & 1017 g, the value of the spin has barely
changed, as could be already guessed from Fig. 4. For
initial masses Mi > M lim

i ≈ 2 × 1016 g, the spin value
today is still higher than the Thorne limit. That means
that a Kerr PBH of initial spin a∗i > a∗lim could still
have a spin a∗0 > a∗lim today if it were sufficiently heavy.
The same picture could be drawn for even higher initial
spins a∗i = 0.999999... with a decrease of M lim

i when a∗i
increases. Indeed, starting from a higher spin, a smaller
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Formation threshold of rotating primordial black holes

• PBHs are directly produced in the very early Universe by the gravitational

collapse of large primordial density perturbations generated during

inflation.

• For the time being ignore the mechanism for rotating PBH production and

lets focus on the threshold criteria for PBH production in the radiation

dominated era.

• A starting point is to assume that the overdense region, whose proper size

is initially super Hubble and to approximate the region as part of the

closed FLRW Universe by choosing a coordinate system where the energy

density of the fluid is used as a clock, so that t = const. surfaces coincide

with ρ = const. surfaces3.

• The evolution of this overdense region is given by the Friedmann equation

H2 =
8πG

3
ρ̄(1 + δ)− 1

a2
(4)

3Minxi Hea, Teruaki Suyamac (2019)
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Formation threshold for rotating black

holes



Formation threshold and Jeans length

• This region continues to grow in accordance with Friedmann equation.

• However, when the size of the overdense region becomes greater than

Jeans length, gravity wins against pressure and the system undergoes

gravitional collapse.

• Size of the region at the time of maximum expansion

λmax =
amax

ahc

1

Hhc
(5)

Hhc is the horizon radius, ahc is the scale factor at Hubble crossing.

• Gravitational collapse happens when

λmax > RJ (6)
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Non-rotating case

• In this scenario, the dispersion relation takes the form

ω2 = c2
s k

2 − 8πG ρ̄max(1 + δmax) (7)

cs is the sound speed of the radiation.

• The Jeans length,

RJ =
cs√

8πG ρ̄max(1 + δmax)
≈ csamax (8)

• Then the criteria for PBH formation redues to

amax

ahc

1

Hhc
> csamax (9)

• In terms of density contrast

δhc > δth = c2
s (10)
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Rotating case

• Add small rotation in the overdense region. In this scenario, the dispersion

relation takes the form

ω2 = c2
s k

2 + 4Ω2 − 8πG ρ̄max(1 + δmax) (11)

Ω is the angular velocity of the rotating system.

• The Jeans length,

RJ ≈
cs√
Gρ

(1 +
Ω2

2πGρ
) (12)

• Then the criteria for PBH formation redues to

amax

ahc

1

Hhc
>

cs√
Gρ

(1 +
Ω2

2πGρ
) (13)

• In terms of density contrast

δhc > δth = c2
s (1 +

25c2
s a

2
∗

6(1 + c2
s )3

) (14)
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