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What can lattice QCD tell us about properties of hot and dense matter and the internal
structure of hadrons ?



• Chiral symmetry : 

• Center (Z3) symmetry : invariance under global gauge transformation

Exact symmetry for infinitely heavy quarks and the order parameter is the
Expectation value of the Polyakov loop:

restored

broken

spontaneous symmetry breaking or Nambu-Goldstone symmetry realization 
2008

hadrons with  opposite parity have very different  
masses, 
interactions between hadrons are weak  at low E

η’ meson mass, π-a0 mass difference

• Axial or UA(1) symmetry:  

is broken by anomaly (ABJ) : 

Effectively
restored ?

topology

Symmetries of QCD in the vacuum at high T



QCD phase diagram as function of the quark mass

relation to spin models

For very large quark masses there 
is a 1st order deconfining phase transition 

Chiral transition: 
• For vanishing u,d -quark masses the 
Chiral transition is either 1st order or 2nd

order phase  transition

• For physical quark masses the transition
is an analytic crossover
Aoki et al, Nature 443 (2006) 675
HotQCD, PRL 113 (2014) 082001

Evidence for 2nd order transition in the chiral limit
=> universal properties of QCD transition:

Pisarski, Wilczek,  PD29 (1984) 338 

transition is a  crossover 
for physical quark masses 

mPS < 50 MeV
Bazavov et al, PRD 95 074505



evolution operator in 
imaginary time

Finite Temperature QCD and its Lattice Formulation 

Integral over functions 
Lattice 

integral with very large (but finite)
dimension  ( > 1000000 )

Costs :

Monte-Carlo Methods

sign problem (Taylor expansion in 𝜇 )

a ! 0



Deconfinement transition in QCD  
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) define Tdeconf from SQ
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SQ = �@FQ

@T

TUMQCD,  PRD 93 (2016) 114502
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Renormalized Polyakov loop is an order parameter for deconfinement transition
in pure gluo-dynamics
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Entropy of a static quark:
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No apparent remnants of the
deconfinement phase transition in QCD
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Chiral and deconfinement
crossover temperatures agree
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Chiral transition transition in QCD  
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Bazavov et al (HotQCD), PRD85 (2012) 054503;
Bazavov et al, PRD 87(2013)094505, 
Borsányi et al, JHEP 1009 (2010) 073  

Phase transition for mu,d ! 0
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O(N) scaling and the chiral transition temperature 

For sufficiently small ml and in the vicinity of the transition temperature:  
governed by universal O(4) scaling 

Tc0 is critical temperature in the mass-less limit, h0 and t0  are scale parameters 
Pseudo-critical temperatures for non-zero quark mass are defined as peaks in the susceptibilities

=  Tc0 in the zero quark mass limit

universal scaling function has a peak at z=zp
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<latexit sha1_base64="K63vh51MEyp5QTWacQh9eRNUl0o="></latexit><latexit sha1_base64="K63vh51MEyp5QTWacQh9eRNUl0o="></latexit><latexit sha1_base64="K63vh51MEyp5QTWacQh9eRNUl0o="></latexit><latexit sha1_base64="K63vh51MEyp5QTWacQh9eRNUl0o="></latexit>

SU(2)V ⌦ SU(2)A ⇠ O(4)
<latexit sha1_base64="eIMjDNDXRy6J1a24K5hyk4stF+4=">AAACF3icbVC7TsMwFHXKq5RXgJHFokJqlyqpKsFYxMJGEaSt1ESR4zqtVTuJbAepivoXLPwKCwMIscLG3+CmGaDlSJaOz7nX9/oECaNSWda3UVpb39jcKm9Xdnb39g/Mw6OujFOBiYNjFot+gCRhNCKOooqRfiII4gEjvWByNfd7D0RIGkf3apoQj6NRREOKkdKSbzbc/I0sYCmZwTun1qz7XejGinIii/sldCXl8KbWqvtm1WpYOeAqsQtSBQU6vvnlDmOcchIpzJCUA9tKlJchoShmZFZxU0kShCdoRAaaRkiP9bJ8pxk808oQhrHQJ1IwV393ZIhLOeWBruRIjeWyNxf/8wapCi+8jEZJqkiEF4PClEEVw3lIcEgFwYpNNUFYUL0rxGMkEFY6yooOwV7+8irpNhu25retartZxFEGJ+AU1IANzkEbXIMOcAAGj+AZvII348l4Md6Nj0VpySh6jsEfGJ8/BL6dMw==</latexit><latexit sha1_base64="eIMjDNDXRy6J1a24K5hyk4stF+4=">AAACF3icbVC7TsMwFHXKq5RXgJHFokJqlyqpKsFYxMJGEaSt1ESR4zqtVTuJbAepivoXLPwKCwMIscLG3+CmGaDlSJaOz7nX9/oECaNSWda3UVpb39jcKm9Xdnb39g/Mw6OujFOBiYNjFot+gCRhNCKOooqRfiII4gEjvWByNfd7D0RIGkf3apoQj6NRREOKkdKSbzbc/I0sYCmZwTun1qz7XejGinIii/sldCXl8KbWqvtm1WpYOeAqsQtSBQU6vvnlDmOcchIpzJCUA9tKlJchoShmZFZxU0kShCdoRAaaRkiP9bJ8pxk808oQhrHQJ1IwV393ZIhLOeWBruRIjeWyNxf/8wapCi+8jEZJqkiEF4PClEEVw3lIcEgFwYpNNUFYUL0rxGMkEFY6yooOwV7+8irpNhu25retartZxFEGJ+AU1IANzkEbXIMOcAAGj+AZvII348l4Md6Nj0VpySh6jsEfGJ8/BL6dMw==</latexit><latexit sha1_base64="eIMjDNDXRy6J1a24K5hyk4stF+4=">AAACF3icbVC7TsMwFHXKq5RXgJHFokJqlyqpKsFYxMJGEaSt1ESR4zqtVTuJbAepivoXLPwKCwMIscLG3+CmGaDlSJaOz7nX9/oECaNSWda3UVpb39jcKm9Xdnb39g/Mw6OujFOBiYNjFot+gCRhNCKOooqRfiII4gEjvWByNfd7D0RIGkf3apoQj6NRREOKkdKSbzbc/I0sYCmZwTun1qz7XejGinIii/sldCXl8KbWqvtm1WpYOeAqsQtSBQU6vvnlDmOcchIpzJCUA9tKlJchoShmZFZxU0kShCdoRAaaRkiP9bJ8pxk808oQhrHQJ1IwV393ZIhLOeWBruRIjeWyNxf/8wapCi+8jEZJqkiEF4PClEEVw3lIcEgFwYpNNUFYUL0rxGMkEFY6yooOwV7+8irpNhu25retartZxFEGJ+AU1IANzkEbXIMOcAAGj+AZvII348l4Md6Nj0VpySh6jsEfGJ8/BL6dMw==</latexit><latexit sha1_base64="eIMjDNDXRy6J1a24K5hyk4stF+4=">AAACF3icbVC7TsMwFHXKq5RXgJHFokJqlyqpKsFYxMJGEaSt1ESR4zqtVTuJbAepivoXLPwKCwMIscLG3+CmGaDlSJaOz7nX9/oECaNSWda3UVpb39jcKm9Xdnb39g/Mw6OujFOBiYNjFot+gCRhNCKOooqRfiII4gEjvWByNfd7D0RIGkf3apoQj6NRREOKkdKSbzbc/I0sYCmZwTun1qz7XejGinIii/sldCXl8KbWqvtm1WpYOeAqsQtSBQU6vvnlDmOcchIpzJCUA9tKlJchoShmZFZxU0kShCdoRAaaRkiP9bJ8pxk808oQhrHQJ1IwV393ZIhLOeWBruRIjeWyNxf/8wapCi+8jEZJqkiEF4PClEEVw3lIcEgFwYpNNUFYUL0rxGMkEFY6yooOwV7+8irpNhu25retartZxFEGJ+AU1IANzkEbXIMOcAAGj+AZvII348l4Md6Nj0VpySh6jsEfGJ8/BL6dMw==</latexit>



The chiral cross-over temperature for physical masses  

hqq̄i = T (@lnZ)/@mf
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Chiral order parameter:  

and the corresponding susceptibilities:

For non-zero chemical potential we use Taylor expansion
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<latexit sha1_base64="SjbY7AzhEWryjso6wQXZ15fRdpc=">AAAB+HicdZDLSgMxFIYz9VbrpaMu3QSL4KokRWy7EArduKxgL9COQyZN29BMZkgyQh36JG5cKOLWR3Hn25hpK6jogYSP/z+HnPxBLLg2CH04ubX1jc2t/HZhZ3dvv+geHHZ0lCjK2jQSkeoFRDPBJWsbbgTrxYqRMBCsG0ybmd+9Y0rzSN6YWcy8kIwlH3FKjJV8t9j00W06oBM+v8xu3y2hMkIIYwwzwNULZKFer1VwDeLMslUCq2r57vtgGNEkZNJQQbTuYxQbLyXKcCrYvDBINIsJnZIx61uUJGTaSxeLz+GpVYZwFCl7pIEL9ftESkKtZ2FgO0NiJvq3l4l/ef3EjGpeymWcGCbp8qFRIqCJYJYCHHLFqBEzC4QqbneFdEIUocZmVbAhfP0U/g+dShlbvj4vNSqrOPLgGJyAM4BBFTTAFWiBNqAgAQ/gCTw7986j8+K8LltzzmrmCPwo5+0TeHuS7A==</latexit><latexit sha1_base64="SjbY7AzhEWryjso6wQXZ15fRdpc=">AAAB+HicdZDLSgMxFIYz9VbrpaMu3QSL4KokRWy7EArduKxgL9COQyZN29BMZkgyQh36JG5cKOLWR3Hn25hpK6jogYSP/z+HnPxBLLg2CH04ubX1jc2t/HZhZ3dvv+geHHZ0lCjK2jQSkeoFRDPBJWsbbgTrxYqRMBCsG0ybmd+9Y0rzSN6YWcy8kIwlH3FKjJV8t9j00W06oBM+v8xu3y2hMkIIYwwzwNULZKFer1VwDeLMslUCq2r57vtgGNEkZNJQQbTuYxQbLyXKcCrYvDBINIsJnZIx61uUJGTaSxeLz+GpVYZwFCl7pIEL9ftESkKtZ2FgO0NiJvq3l4l/ef3EjGpeymWcGCbp8qFRIqCJYJYCHHLFqBEzC4QqbneFdEIUocZmVbAhfP0U/g+dShlbvj4vNSqrOPLgGJyAM4BBFTTAFWiBNqAgAQ/gCTw7986j8+K8LltzzmrmCPwo5+0TeHuS7A==</latexit><latexit sha1_base64="SjbY7AzhEWryjso6wQXZ15fRdpc=">AAAB+HicdZDLSgMxFIYz9VbrpaMu3QSL4KokRWy7EArduKxgL9COQyZN29BMZkgyQh36JG5cKOLWR3Hn25hpK6jogYSP/z+HnPxBLLg2CH04ubX1jc2t/HZhZ3dvv+geHHZ0lCjK2jQSkeoFRDPBJWsbbgTrxYqRMBCsG0ybmd+9Y0rzSN6YWcy8kIwlH3FKjJV8t9j00W06oBM+v8xu3y2hMkIIYwwzwNULZKFer1VwDeLMslUCq2r57vtgGNEkZNJQQbTuYxQbLyXKcCrYvDBINIsJnZIx61uUJGTaSxeLz+GpVYZwFCl7pIEL9ftESkKtZ2FgO0NiJvq3l4l/ef3EjGpeymWcGCbp8qFRIqCJYJYCHHLFqBEzC4QqbneFdEIUocZmVbAhfP0U/g+dShlbvj4vNSqrOPLgGJyAM4BBFTTAFWiBNqAgAQ/gCTw7986j8+K8LltzzmrmCPwo5+0TeHuS7A==</latexit><latexit sha1_base64="SjbY7AzhEWryjso6wQXZ15fRdpc=">AAAB+HicdZDLSgMxFIYz9VbrpaMu3QSL4KokRWy7EArduKxgL9COQyZN29BMZkgyQh36JG5cKOLWR3Hn25hpK6jogYSP/z+HnPxBLLg2CH04ubX1jc2t/HZhZ3dvv+geHHZ0lCjK2jQSkeoFRDPBJWsbbgTrxYqRMBCsG0ybmd+9Y0rzSN6YWcy8kIwlH3FKjJV8t9j00W06oBM+v8xu3y2hMkIIYwwzwNULZKFer1VwDeLMslUCq2r57vtgGNEkZNJQQbTuYxQbLyXKcCrYvDBINIsJnZIx61uUJGTaSxeLz+GpVYZwFCl7pIEL9ftESkKtZ2FgO0NiJvq3l4l/ef3EjGpeymWcGCbp8qFRIqCJYJYCHHLFqBEzC4QqbneFdEIUocZmVbAhfP0U/g+dShlbvj4vNSqrOPLgGJyAM4BBFTTAFWiBNqAgAQ/gCTw7986j8+K8LltzzmrmCPwo5+0TeHuS7A==</latexit>

e.g. @TC
�
0 ⇠ C�

2
<latexit sha1_base64="pYs1ep+kR9zz1MXqkjOLgQMyUPA=">AAACFHicdVDLSgMxFM3UV62vUZdugkUQhCFTFF0WunFZoS/o1CGTZtrQZGZIMkIZ6j+48VfcuFDErQt3/o2ZdgQVPRA495x7ubknSDhTGqEPq7S0vLK6Vl6vbGxube/Yu3sdFaeS0DaJeSx7AVaUs4i2NdOc9hJJsQg47QaTRu53b6hULI5aeprQgcCjiIWMYG0k3z6hzsi5hV6CpWaY+y3Y8NF15pExm0FPMWHqWlH7dhU5ZygHRA76IoXiFkoVFGj69rs3jEkqaKQJx0r1XZToQZavIpzOKl6qaILJBI9o39AIC6oG2fyoGTwyyhCGsTQv0nCufp/IsFBqKgLTKbAeq99eLv7l9VMdXgwyFiWpphFZLApTDnUM84TgkElKNJ8agolk5q+QjLHERJscKyaEr0vh/6RTc1zDr06r9VoRRxkcgENwDFxwDurgEjRBGxBwBx7AE3i27q1H68V6XbSWrGJmH/yA9fYJFlidjA==</latexit><latexit sha1_base64="pYs1ep+kR9zz1MXqkjOLgQMyUPA=">AAACFHicdVDLSgMxFM3UV62vUZdugkUQhCFTFF0WunFZoS/o1CGTZtrQZGZIMkIZ6j+48VfcuFDErQt3/o2ZdgQVPRA495x7ubknSDhTGqEPq7S0vLK6Vl6vbGxube/Yu3sdFaeS0DaJeSx7AVaUs4i2NdOc9hJJsQg47QaTRu53b6hULI5aeprQgcCjiIWMYG0k3z6hzsi5hV6CpWaY+y3Y8NF15pExm0FPMWHqWlH7dhU5ZygHRA76IoXiFkoVFGj69rs3jEkqaKQJx0r1XZToQZavIpzOKl6qaILJBI9o39AIC6oG2fyoGTwyyhCGsTQv0nCufp/IsFBqKgLTKbAeq99eLv7l9VMdXgwyFiWpphFZLApTDnUM84TgkElKNJ8agolk5q+QjLHERJscKyaEr0vh/6RTc1zDr06r9VoRRxkcgENwDFxwDurgEjRBGxBwBx7AE3i27q1H68V6XbSWrGJmH/yA9fYJFlidjA==</latexit><latexit sha1_base64="pYs1ep+kR9zz1MXqkjOLgQMyUPA=">AAACFHicdVDLSgMxFM3UV62vUZdugkUQhCFTFF0WunFZoS/o1CGTZtrQZGZIMkIZ6j+48VfcuFDErQt3/o2ZdgQVPRA495x7ubknSDhTGqEPq7S0vLK6Vl6vbGxube/Yu3sdFaeS0DaJeSx7AVaUs4i2NdOc9hJJsQg47QaTRu53b6hULI5aeprQgcCjiIWMYG0k3z6hzsi5hV6CpWaY+y3Y8NF15pExm0FPMWHqWlH7dhU5ZygHRA76IoXiFkoVFGj69rs3jEkqaKQJx0r1XZToQZavIpzOKl6qaILJBI9o39AIC6oG2fyoGTwyyhCGsTQv0nCufp/IsFBqKgLTKbAeq99eLv7l9VMdXgwyFiWpphFZLApTDnUM84TgkElKNJ8agolk5q+QjLHERJscKyaEr0vh/6RTc1zDr06r9VoRRxkcgENwDFxwDurgEjRBGxBwBx7AE3i27q1H68V6XbSWrGJmH/yA9fYJFlidjA==</latexit><latexit sha1_base64="pYs1ep+kR9zz1MXqkjOLgQMyUPA=">AAACFHicdVDLSgMxFM3UV62vUZdugkUQhCFTFF0WunFZoS/o1CGTZtrQZGZIMkIZ6j+48VfcuFDErQt3/o2ZdgQVPRA495x7ubknSDhTGqEPq7S0vLK6Vl6vbGxube/Yu3sdFaeS0DaJeSx7AVaUs4i2NdOc9hJJsQg47QaTRu53b6hULI5aeprQgcCjiIWMYG0k3z6hzsi5hV6CpWaY+y3Y8NF15pExm0FPMWHqWlH7dhU5ZygHRA76IoXiFkoVFGj69rs3jEkqaKQJx0r1XZToQZavIpzOKl6qaILJBI9o39AIC6oG2fyoGTwyyhCGsTQv0nCufp/IsFBqKgLTKbAeq99eLv7l9VMdXgwyFiWpphFZLApTDnUM84TgkElKNJ8agolk5q+QjLHERJscKyaEr0vh/6RTc1zDr06r9VoRRxkcgENwDFxwDurgEjRBGxBwBx7AE3i27q1H68V6XbSWrGJmH/yA9fYJFlidjA==</latexit>

5 di↵erent definitions of T pc:
<latexit sha1_base64="oVvL8p4bRCxvO+E+52VdNOsPcw4=">AAACDXicdZDLSgMxFIYzXmu9jbp0E2wFV2WmUBRXBTcuK/QGbS2ZzJk2NDMZkoxQhr6AG1/FjQtF3Lp359uYaaegogcCP/9/TpLzeTFnSjvOp7Wyura+sVnYKm7v7O7t2weHbSUSSaFFBRey6xEFnEXQ0kxz6MYSSOhx6HiTqyzv3IFUTERNPY1hEJJRxAJGiTbW0C7XsM+CACREGvsQsIhlgcIiwOXmbRrTWflyaJecSs3JCj sVZylyx82dEsqrMbQ/+r6gSWgupZwo1XOdWA9SIjWjHGbFfqIgJnRCRtAzMiIhqEE632aGT43j40BIc8yn5u73iZSESk1Dz3SGRI/V7ywz/8p6iQ4uBimL4kRDRBcPBQnHWuAMjQEhgWo+NYJQaThQTMdEEqoNwKKBsNwU/y/a1Ypr9E21VK/mOAroGJ2gM+Sic1RH16iBWoiie/SIntGL9WA9Wa/W26J1xcpnjtCPst6/ACY9muc=</latexit><latexit sha1_base64="oVvL8p4bRCxvO+E+52VdNOsPcw4=">AAACDXicdZDLSgMxFIYzXmu9jbp0E2wFV2WmUBRXBTcuK/QGbS2ZzJk2NDMZkoxQhr6AG1/FjQtF3Lp359uYaaegogcCP/9/TpLzeTFnSjvOp7Wyura+sVnYKm7v7O7t2weHbSUSSaFFBRey6xEFnEXQ0kxz6MYSSOhx6HiTqyzv3IFUTERNPY1hEJJRxAJGiTbW0C7XsM+CACREGvsQsIhlgcIiwOXmbRrTWflyaJecSs3JCj sVZylyx82dEsqrMbQ/+r6gSWgupZwo1XOdWA9SIjWjHGbFfqIgJnRCRtAzMiIhqEE632aGT43j40BIc8yn5u73iZSESk1Dz3SGRI/V7ywz/8p6iQ4uBimL4kRDRBcPBQnHWuAMjQEhgWo+NYJQaThQTMdEEqoNwKKBsNwU/y/a1Ypr9E21VK/mOAroGJ2gM+Sic1RH16iBWoiie/SIntGL9WA9Wa/W26J1xcpnjtCPst6/ACY9muc=</latexit><latexit sha1_base64="oVvL8p4bRCxvO+E+52VdNOsPcw4=">AAACDXicdZDLSgMxFIYzXmu9jbp0E2wFV2WmUBRXBTcuK/QGbS2ZzJk2NDMZkoxQhr6AG1/FjQtF3Lp359uYaaegogcCP/9/TpLzeTFnSjvOp7Wyura+sVnYKm7v7O7t2weHbSUSSaFFBRey6xEFnEXQ0kxz6MYSSOhx6HiTqyzv3IFUTERNPY1hEJJRxAJGiTbW0C7XsM+CACREGvsQsIhlgcIiwOXmbRrTWflyaJecSs3JCj sVZylyx82dEsqrMbQ/+r6gSWgupZwo1XOdWA9SIjWjHGbFfqIgJnRCRtAzMiIhqEE632aGT43j40BIc8yn5u73iZSESk1Dz3SGRI/V7ywz/8p6iQ4uBimL4kRDRBcPBQnHWuAMjQEhgWo+NYJQaThQTMdEEqoNwKKBsNwU/y/a1Ypr9E21VK/mOAroGJ2gM+Sic1RH16iBWoiie/SIntGL9WA9Wa/W26J1xcpnjtCPst6/ACY9muc=</latexit><latexit sha1_base64="oVvL8p4bRCxvO+E+52VdNOsPcw4=">AAACDXicdZDLSgMxFIYzXmu9jbp0E2wFV2WmUBRXBTcuK/QGbS2ZzJk2NDMZkoxQhr6AG1/FjQtF3Lp359uYaaegogcCP/9/TpLzeTFnSjvOp7Wyura+sVnYKm7v7O7t2weHbSUSSaFFBRey6xEFnEXQ0kxz6MYSSOhx6HiTqyzv3IFUTERNPY1hEJJRxAJGiTbW0C7XsM+CACREGvsQsIhlgcIiwOXmbRrTWflyaJecSs3JCj sVZylyx82dEsqrMbQ/+r6gSWgupZwo1XOdWA9SIjWjHGbFfqIgJnRCRtAzMiIhqEE632aGT43j40BIc8yn5u73iZSESk1Dz3SGRI/V7ywz/8p6iQ4uBimL4kRDRBcPBQnHWuAMjQEhgWo+NYJQaThQTMdEEqoNwKKBsNwU/y/a1Ypr9E21VK/mOAroGJ2gM+Sic1RH16iBWoiie/SIntGL9WA9Wa/W26J1xcpnjtCPst6/ACY9muc=</latexit>

@TC
�
0 = 0, @TC

⌃
0 = 0 , C�

2 = 0
<latexit sha1_base64="CpmcjZKYDZyEZNt7hymk9k8VirQ="></latexit><latexit sha1_base64="CpmcjZKYDZyEZNt7hymk9k8VirQ="></latexit><latexit sha1_base64="CpmcjZKYDZyEZNt7hymk9k8VirQ="></latexit><latexit sha1_base64="CpmcjZKYDZyEZNt7hymk9k8VirQ="></latexit>

@2
TC

⌃
0 = 0, @TC

⌃
2 = 0

<latexit sha1_base64="X9oZsOz3KK+GBSrPfPuy9cb+zsk="></latexit><latexit sha1_base64="X9oZsOz3KK+GBSrPfPuy9cb+zsk="></latexit><latexit sha1_base64="X9oZsOz3KK+GBSrPfPuy9cb+zsk="></latexit><latexit sha1_base64="X9oZsOz3KK+GBSrPfPuy9cb+zsk="></latexit>

Derivatives in µ2
X are similar to derivatives in T

) the following quantities will peak at Tc
<latexit sha1_base64="DhF8FP5AbRQtEAOJGLk9EI20t3s=">AAACY3icdVHBbtNAEF27UIoL1JTeENKKGIlT5ERCcKxEDxxL1bSR4mCNN5Nkld212R0nClZ+khs3LvwH69aVoIKRVnr73jzN7NuiUtJRmv4Iwr0HD/cfHTyODp88fXYUPz++cmVtBY5EqUo7LsChkgZHJEnhuLIIulB4Xaw+tvr1Gq2TpbmkbYVTDQsj51IAeSqPv52hlWt/WaPj0vAk03U+/jJMOFjkTmqpwHIq+exe32XCsy yKkuxCLpYE1pabhNMS+bxUqtxIs+BfazB+JekdG6kUrxBWHMh780bskjzupf13aVs87ad3oGMGHdNjXZ3n8fdsVopaoyGhwLnJIK1o2oAlKRTuoqx2WIFYwQInHhrQ6KbNTUY7/sYzM7+c9ccQv2H/dDSgndvqwndqoKW7r7Xkv7RJTfMP00aaqiY04nbQvFZtZm3gfCYtClJbD0BYH4fgYgkWBPlviXwIdy/l/wdXw/7A48/D3umwi+OAvWSv2Vs2YO/ZKfvEztmICfYz2A+Ogjj4FR6Gx+HJbWsYdJ4X7K8KX/0Ga4+1Mw==</latexit><latexit sha1_base64="DhF8FP5AbRQtEAOJGLk9EI20t3s=">AAACY3icdVHBbtNAEF27UIoL1JTeENKKGIlT5ERCcKxEDxxL1bSR4mCNN5Nkld212R0nClZ+khs3LvwH69aVoIKRVnr73jzN7NuiUtJRmv4Iwr0HD/cfHTyODp88fXYUPz++cmVtBY5EqUo7LsChkgZHJEnhuLIIulB4Xaw+tvr1Gq2TpbmkbYVTDQsj51IAeSqPv52hlWt/WaPj0vAk03U+/jJMOFjkTmqpwHIq+exe32XCsy yKkuxCLpYE1pabhNMS+bxUqtxIs+BfazB+JekdG6kUrxBWHMh780bskjzupf13aVs87ad3oGMGHdNjXZ3n8fdsVopaoyGhwLnJIK1o2oAlKRTuoqx2WIFYwQInHhrQ6KbNTUY7/sYzM7+c9ccQv2H/dDSgndvqwndqoKW7r7Xkv7RJTfMP00aaqiY04nbQvFZtZm3gfCYtClJbD0BYH4fgYgkWBPlviXwIdy/l/wdXw/7A48/D3umwi+OAvWSv2Vs2YO/ZKfvEztmICfYz2A+Ogjj4FR6Gx+HJbWsYdJ4X7K8KX/0Ga4+1Mw==</latexit><latexit sha1_base64="DhF8FP5AbRQtEAOJGLk9EI20t3s=">AAACY3icdVHBbtNAEF27UIoL1JTeENKKGIlT5ERCcKxEDxxL1bSR4mCNN5Nkld212R0nClZ+khs3LvwH69aVoIKRVnr73jzN7NuiUtJRmv4Iwr0HD/cfHTyODp88fXYUPz++cmVtBY5EqUo7LsChkgZHJEnhuLIIulB4Xaw+tvr1Gq2TpbmkbYVTDQsj51IAeSqPv52hlWt/WaPj0vAk03U+/jJMOFjkTmqpwHIq+exe32XCsy yKkuxCLpYE1pabhNMS+bxUqtxIs+BfazB+JekdG6kUrxBWHMh780bskjzupf13aVs87ad3oGMGHdNjXZ3n8fdsVopaoyGhwLnJIK1o2oAlKRTuoqx2WIFYwQInHhrQ6KbNTUY7/sYzM7+c9ccQv2H/dDSgndvqwndqoKW7r7Xkv7RJTfMP00aaqiY04nbQvFZtZm3gfCYtClJbD0BYH4fgYgkWBPlviXwIdy/l/wdXw/7A48/D3umwi+OAvWSv2Vs2YO/ZKfvEztmICfYz2A+Ogjj4FR6Gx+HJbWsYdJ4X7K8KX/0Ga4+1Mw==</latexit><latexit sha1_base64="DhF8FP5AbRQtEAOJGLk9EI20t3s=">AAACY3icdVHBbtNAEF27UIoL1JTeENKKGIlT5ERCcKxEDxxL1bSR4mCNN5Nkld212R0nClZ+khs3LvwH69aVoIKRVnr73jzN7NuiUtJRmv4Iwr0HD/cfHTyODp88fXYUPz++cmVtBY5EqUo7LsChkgZHJEnhuLIIulB4Xaw+tvr1Gq2TpbmkbYVTDQsj51IAeSqPv52hlWt/WaPj0vAk03U+/jJMOFjkTmqpwHIq+exe32XCsy yKkuxCLpYE1pabhNMS+bxUqtxIs+BfazB+JekdG6kUrxBWHMh780bskjzupf13aVs87ad3oGMGHdNjXZ3n8fdsVopaoyGhwLnJIK1o2oAlKRTuoqx2WIFYwQInHhrQ6KbNTUY7/sYzM7+c9ccQv2H/dDSgndvqwndqoKW7r7Xkv7RJTfMP00aaqiY04nbQvFZtZm3gfCYtClJbD0BYH4fgYgkWBPlviXwIdy/l/wdXw/7A48/D3umwi+OAvWSv2Vs2YO/ZKfvEztmICfYz2A+Ogjj4FR6Gx+HJbWsYdJ4X7K8KX/0Ga4+1Mw==</latexit>
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The 5 di↵erent Tc values reduce to Tl,m and Tl,t if regular part is zero
<latexit sha1_base64="EzAp9MXcQfFSrCm/mL2+ReOoyBo="></latexit><latexit sha1_base64="EzAp9MXcQfFSrCm/mL2+ReOoyBo="></latexit><latexit sha1_base64="EzAp9MXcQfFSrCm/mL2+ReOoyBo="></latexit><latexit sha1_base64="EzAp9MXcQfFSrCm/mL2+ReOoyBo="></latexit>
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Lattice calculations based on 100K - 500 K configurations, N⌧ = 6 � 12, and
4K configurations for N⌧ = 16
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(156.5± 1.5) MeV

Di↵erent definitions of Tc surprisingly agree in the continuum limit and we for
zero chemical potential we get Tc = 156± 1.5 MeV
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little change in peak-height & width with increasing baryon chemical 
potential: no indication of a stronger transition becoming stronger

The chiral susceptibility at baryon density non-zero density  

Conditions in heavy ion collisions: nB > 0, nS = 0, nQ = 0.4nB (for Au, Pb)
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The chiral cross-over temperature at non-zero density  

Tc(µB) = Tc(0)
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The µB dependence of Tc is small
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The freeze-out condition corresponding
to constant energy density or constant
entropy density agrees with the crossover
line within errors
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Chiral phase transition in 2+1 flavor QCD  
What is the nature of the chiral transition in 2+1 flavor QCD for fixed ms and
ml ! 0 ?
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Finite volume:

New estimators:



0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

 125  130  135  140  145  150  155  160  165  170

H⋅χM/M

T [MeV]

Nτ=12

ms/ml=80

1/δ

Nσ=48

Nσ=60

Nσ=72

H�M (T�, H, L)

M(T�, H, L)
=

1

�
,

�M (T60, H) = 0.6�max
M .

<latexit sha1_base64="PChN3KTwmpT/Ka4haDPioy7F9rs="></latexit><latexit sha1_base64="PChN3KTwmpT/Ka4haDPioy7F9rs="></latexit><latexit sha1_base64="PChN3KTwmpT/Ka4haDPioy7F9rs="></latexit><latexit sha1_base64="PChN3KTwmpT/Ka4haDPioy7F9rs="></latexit>

TX(H,L) = T
0
c

✓
1 +

✓
zX(zL)

z0

◆
H

1/��

◆

+cXH
1�1/�+1/��

, X = �, 60
<latexit sha1_base64="imdYeLA6YvzbKXHpvV834R5pTgY="></latexit><latexit sha1_base64="imdYeLA6YvzbKXHpvV834R5pTgY="></latexit><latexit sha1_base64="imdYeLA6YvzbKXHpvV834R5pTgY="></latexit><latexit sha1_base64="imdYeLA6YvzbKXHpvV834R5pTgY="></latexit>

 125

 130

 135

 140

 145

 150

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

T
δ 

[M
e
V

]

[Nτ/Nσ(ms/ml)
ν/βδ]3

ms/ml=80 : filled

1/271/40

1/40

1/40

1/160

1/27

1/40

1/40

1/27

1/401/60

Nτ=6, 8, 12

Nτ=8, 12

Nτ=6
8

12
T 0
c = 132+3

�6 MeV
<latexit sha1_base64="HN0SC6q3T3xQ50WHFG95HADYT9k="></latexit><latexit sha1_base64="HN0SC6q3T3xQ50WHFG95HADYT9k="></latexit><latexit sha1_base64="HN0SC6q3T3xQ50WHFG95HADYT9k="></latexit><latexit sha1_base64="HN0SC6q3T3xQ50WHFG95HADYT9k="></latexit>

Use O(4) fits for ml and volume dependence
<latexit sha1_base64="MvlWEbmjlVCe85dSBlTHs+gnb5A=">AAACGHicbVDLTgIxFO3gC/GFunTTCCa4wRlioksSN+7ExAESIKTTuQMNnXbSdkgI4TPc+CtuXGiMW3b+jeWxUPCsTs65t73nBAln2rjut5PZ2Nza3snu5vb2Dw6P8scndS1TRcGnkkvVDIgGzgT4hhkOzUQBiQMOjWBwN/MbQ1CaSfFkRgl0YtITLGKUGCt181e+Blx8KF1fFnHEjMaRVLgYd3kRExHioeRpDDiEBEQIgkI3X3DL7hx4nXhLUkBL1Lr5aTuU1D4iDOVE65bnJqYzJsowymGSa6caEkIHpActSwWJQXfG82ATfGGVcH5SJIXBc/X3xpjEWo/iwE7GxPT1qjcT//NaqYluO2MmktTYVIuPopRjI/GsJRwyBdTwkSWEKmZvxbRPFKHGdpmzJXirkddJvVL2LH+sFKqVZR1ZdIbOUQl56AZV0T2qIR9R9Ixe0Tv6cF6cN+fT+VqMZpzlzin6A2f6Aw/Fnes=</latexit><latexit sha1_base64="MvlWEbmjlVCe85dSBlTHs+gnb5A=">AAACGHicbVDLTgIxFO3gC/GFunTTCCa4wRlioksSN+7ExAESIKTTuQMNnXbSdkgI4TPc+CtuXGiMW3b+jeWxUPCsTs65t73nBAln2rjut5PZ2Nza3snu5vb2Dw6P8scndS1TRcGnkkvVDIgGzgT4hhkOzUQBiQMOjWBwN/MbQ1CaSfFkRgl0YtITLGKUGCt181e+Blx8KF1fFnHEjMaRVLgYd3kRExHioeRpDDiEBEQIgkI3X3DL7hx4nXhLUkBL1Lr5aTuU1D4iDOVE65bnJqYzJsowymGSa6caEkIHpActSwWJQXfG82ATfGGVcH5SJIXBc/X3xpjEWo/iwE7GxPT1qjcT//NaqYluO2MmktTYVIuPopRjI/GsJRwyBdTwkSWEKmZvxbRPFKHGdpmzJXirkddJvVL2LH+sFKqVZR1ZdIbOUQl56AZV0T2qIR9R9Ixe0Tv6cF6cN+fT+VqMZpzlzin6A2f6Aw/Fnes=</latexit><latexit sha1_base64="MvlWEbmjlVCe85dSBlTHs+gnb5A=">AAACGHicbVDLTgIxFO3gC/GFunTTCCa4wRlioksSN+7ExAESIKTTuQMNnXbSdkgI4TPc+CtuXGiMW3b+jeWxUPCsTs65t73nBAln2rjut5PZ2Nza3snu5vb2Dw6P8scndS1TRcGnkkvVDIgGzgT4hhkOzUQBiQMOjWBwN/MbQ1CaSfFkRgl0YtITLGKUGCt181e+Blx8KF1fFnHEjMaRVLgYd3kRExHioeRpDDiEBEQIgkI3X3DL7hx4nXhLUkBL1Lr5aTuU1D4iDOVE65bnJqYzJsowymGSa6caEkIHpActSwWJQXfG82ATfGGVcH5SJIXBc/X3xpjEWo/iwE7GxPT1qjcT//NaqYluO2MmktTYVIuPopRjI/GsJRwyBdTwkSWEKmZvxbRPFKHGdpmzJXirkddJvVL2LH+sFKqVZR1ZdIbOUQl56AZV0T2qIR9R9Ixe0Tv6cF6cN+fT+VqMZpzlzin6A2f6Aw/Fnes=</latexit><latexit sha1_base64="MvlWEbmjlVCe85dSBlTHs+gnb5A=">AAACGHicbVDLTgIxFO3gC/GFunTTCCa4wRlioksSN+7ExAESIKTTuQMNnXbSdkgI4TPc+CtuXGiMW3b+jeWxUPCsTs65t73nBAln2rjut5PZ2Nza3snu5vb2Dw6P8scndS1TRcGnkkvVDIgGzgT4hhkOzUQBiQMOjWBwN/MbQ1CaSfFkRgl0YtITLGKUGCt181e+Blx8KF1fFnHEjMaRVLgYd3kRExHioeRpDDiEBEQIgkI3X3DL7hx4nXhLUkBL1Lr5aTuU1D4iDOVE65bnJqYzJsowymGSa6caEkIHpActSwWJQXfG82ATfGGVcH5SJIXBc/X3xpjEWo/iwE7GxPT1qjcT//NaqYluO2MmktTYVIuPopRjI/GsJRwyBdTwkSWEKmZvxbRPFKHGdpmzJXirkddJvVL2LH+sFKqVZR1ZdIbOUQl56AZV0T2qIR9R9Ixe0Tv6cF6cN+fT+VqMZpzlzin6A2f6Aw/Fnes=</latexit>

Continuum extrapolations:
<latexit sha1_base64="iTWEamQddKbolMpiXmFrFz+ROvU=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWwVWZ6UZxVejGZQV7gXYomTTThmaSITkjllLc+CpuXCji1qdw59uYTmehrQcCH/9/DifnDxPBDXjet1NYW9/Y3Cpul3Z29/YP3MOjllGppqxJlVC6ExLDBJesCRwE6ySakTgUrB2O63O/fc+04UrewSRhQUyGkkecErBS3z2pKwlcpmmM2QNokiiROea675a9ipcVXgU/hzLKq9F3v3oDRdOYSaCCGNP1vQSCKdHAqWCzUi81LCF0TIasa1GSmJlgmp0ww+dWGeBIafsk4Ez9PTElsTGTOLSdMYGRWfbm4n9eN4XoKphymaTAJF0silKBQeF5HnjANaMgJhYI1dz+FdMR0YSCTa1kQ/CXT16FVrXiW76tlmvVPI4iOkVn6AL56BLV0A1qoCai6BE9o1f05jw5L86787FoLTj5zDH6U87nD+OJl6w=</latexit><latexit sha1_base64="iTWEamQddKbolMpiXmFrFz+ROvU=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWwVWZ6UZxVejGZQV7gXYomTTThmaSITkjllLc+CpuXCji1qdw59uYTmehrQcCH/9/DifnDxPBDXjet1NYW9/Y3Cpul3Z29/YP3MOjllGppqxJlVC6ExLDBJesCRwE6ySakTgUrB2O63O/fc+04UrewSRhQUyGkkecErBS3z2pKwlcpmmM2QNokiiROea675a9ipcVXgU/hzLKq9F3v3oDRdOYSaCCGNP1vQSCKdHAqWCzUi81LCF0TIasa1GSmJlgmp0ww+dWGeBIafsk4Ez9PTElsTGTOLSdMYGRWfbm4n9eN4XoKphymaTAJF0silKBQeF5HnjANaMgJhYI1dz+FdMR0YSCTa1kQ/CXT16FVrXiW76tlmvVPI4iOkVn6AL56BLV0A1qoCai6BE9o1f05jw5L86787FoLTj5zDH6U87nD+OJl6w=</latexit><latexit sha1_base64="iTWEamQddKbolMpiXmFrFz+ROvU=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWwVWZ6UZxVejGZQV7gXYomTTThmaSITkjllLc+CpuXCji1qdw59uYTmehrQcCH/9/DifnDxPBDXjet1NYW9/Y3Cpul3Z29/YP3MOjllGppqxJlVC6ExLDBJesCRwE6ySakTgUrB2O63O/fc+04UrewSRhQUyGkkecErBS3z2pKwlcpmmM2QNokiiROea675a9ipcVXgU/hzLKq9F3v3oDRdOYSaCCGNP1vQSCKdHAqWCzUi81LCF0TIasa1GSmJlgmp0ww+dWGeBIafsk4Ez9PTElsTGTOLSdMYGRWfbm4n9eN4XoKphymaTAJF0silKBQeF5HnjANaMgJhYI1dz+FdMR0YSCTa1kQ/CXT16FVrXiW76tlmvVPI4iOkVn6AL56BLV0A1qoCai6BE9o1f05jw5L86787FoLTj5zDH6U87nD+OJl6w=</latexit><latexit sha1_base64="iTWEamQddKbolMpiXmFrFz+ROvU=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWwVWZ6UZxVejGZQV7gXYomTTThmaSITkjllLc+CpuXCji1qdw59uYTmehrQcCH/9/DifnDxPBDXjet1NYW9/Y3Cpul3Z29/YP3MOjllGppqxJlVC6ExLDBJesCRwE6ySakTgUrB2O63O/fc+04UrewSRhQUyGkkecErBS3z2pKwlcpmmM2QNokiiROea675a9ipcVXgU/hzLKq9F3v3oDRdOYSaCCGNP1vQSCKdHAqWCzUi81LCF0TIasa1GSmJlgmp0ww+dWGeBIafsk4Ez9PTElsTGTOLSdMYGRWfbm4n9eN4XoKphymaTAJF0silKBQeF5HnjANaMgJhYI1dz+FdMR0YSCTa1kQ/CXT16FVrXiW76tlmvVPI4iOkVn6AL56BLV0A1qoCai6BE9o1f05jw5L86787FoLTj5zDH6U87nD+OJl6w=</latexit>

HotQCD,  PRL 123 (2019) 062002

z60 ' z� ' 0
<latexit sha1_base64="yyJhb4ogA2U0k7B5pbZuFQWTCdk=">AAACCXicdZDLSgMxFIYz9VbrrerSTbAIrkpSpJddwY3LCvYCbSmZ9LQNzVxMMkIdunXjq7hxoYhb38Cdb2OmHUFFDwS+/P85JOd3Qym0IeTDyaysrq1vZDdzW9s7u3v5/YOWDiLFockDGaiOyzRI4UPTCCOhEypgniuh7U7PE799A0qLwL8ysxD6Hhv7YiQ4M1Ya5PHtIC6TeU8LD66TS28I0rA5ThUyyBdIkRBCKcUJ0EqZWKjVqiVaxTSxbBVQWo1B/r03DHjkgW+4ZFp3KQlNP2bKCC5hnutFGkLGp2wMXYs+80D348Umc3xilSEeBcoe3+CF+n0iZp7WM8+1nR4zE/3bS8S/vG5kRtV+LPwwMuDz5UOjSGIT4CQWPBQKuJEzC4wrYf+K+YQpxo0NL2dD+NoU/w+tUpFavjwr1EtpHFl0hI7RKaKoguroAjVQE3F0hx7QE3p27p1H58V5XbZmnHTmEP0o5+0TSz2aBQ==</latexit><latexit sha1_base64="yyJhb4ogA2U0k7B5pbZuFQWTCdk=">AAACCXicdZDLSgMxFIYz9VbrrerSTbAIrkpSpJddwY3LCvYCbSmZ9LQNzVxMMkIdunXjq7hxoYhb38Cdb2OmHUFFDwS+/P85JOd3Qym0IeTDyaysrq1vZDdzW9s7u3v5/YOWDiLFockDGaiOyzRI4UPTCCOhEypgniuh7U7PE799A0qLwL8ysxD6Hhv7YiQ4M1Ya5PHtIC6TeU8LD66TS28I0rA5ThUyyBdIkRBCKcUJ0EqZWKjVqiVaxTSxbBVQWo1B/r03DHjkgW+4ZFp3KQlNP2bKCC5hnutFGkLGp2wMXYs+80D348Umc3xilSEeBcoe3+CF+n0iZp7WM8+1nR4zE/3bS8S/vG5kRtV+LPwwMuDz5UOjSGIT4CQWPBQKuJEzC4wrYf+K+YQpxo0NL2dD+NoU/w+tUpFavjwr1EtpHFl0hI7RKaKoguroAjVQE3F0hx7QE3p27p1H58V5XbZmnHTmEP0o5+0TSz2aBQ==</latexit><latexit sha1_base64="yyJhb4ogA2U0k7B5pbZuFQWTCdk=">AAACCXicdZDLSgMxFIYz9VbrrerSTbAIrkpSpJddwY3LCvYCbSmZ9LQNzVxMMkIdunXjq7hxoYhb38Cdb2OmHUFFDwS+/P85JOd3Qym0IeTDyaysrq1vZDdzW9s7u3v5/YOWDiLFockDGaiOyzRI4UPTCCOhEypgniuh7U7PE799A0qLwL8ysxD6Hhv7YiQ4M1Ya5PHtIC6TeU8LD66TS28I0rA5ThUyyBdIkRBCKcUJ0EqZWKjVqiVaxTSxbBVQWo1B/r03DHjkgW+4ZFp3KQlNP2bKCC5hnutFGkLGp2wMXYs+80D348Umc3xilSEeBcoe3+CF+n0iZp7WM8+1nR4zE/3bS8S/vG5kRtV+LPwwMuDz5UOjSGIT4CQWPBQKuJEzC4wrYf+K+YQpxo0NL2dD+NoU/w+tUpFavjwr1EtpHFl0hI7RKaKoguroAjVQE3F0hx7QE3p27p1H58V5XbZmnHTmEP0o5+0TSz2aBQ==</latexit><latexit sha1_base64="yyJhb4ogA2U0k7B5pbZuFQWTCdk=">AAACCXicdZDLSgMxFIYz9VbrrerSTbAIrkpSpJddwY3LCvYCbSmZ9LQNzVxMMkIdunXjq7hxoYhb38Cdb2OmHUFFDwS+/P85JOd3Qym0IeTDyaysrq1vZDdzW9s7u3v5/YOWDiLFockDGaiOyzRI4UPTCCOhEypgniuh7U7PE799A0qLwL8ysxD6Hhv7YiQ4M1Ya5PHtIC6TeU8LD66TS28I0rA5ThUyyBdIkRBCKcUJ0EqZWKjVqiVaxTSxbBVQWo1B/r03DHjkgW+4ZFp3KQlNP2bKCC5hnutFGkLGp2wMXYs+80D348Umc3xilSEeBcoe3+CF+n0iZp7WM8+1nR4zE/3bS8S/vG5kRtV+LPwwMuDz5UOjSGIT4CQWPBQKuJEzC4wrYf+K+YQpxo0NL2dD+NoU/w+tUpFavjwr1EtpHFl0hI7RKaKoguroAjVQE3F0hx7QE3p27p1H58V5XbZmnHTmEP0o5+0TSz2aBQ==</latexit>



Topological Susceptibility and Instanton gas   

The amount of UA(1) breaking at high T is reduced because of the reduced instanton 
density => dilute instanton gas approximation (DIGA), 

Gross, Pisarski, Yaffe, RMP 53 (1981) 43
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Schadler, Sharma, PP, PLB 762 (2016) 498  

Topological susceptibility with HISQ action using 
Symanzik flow

DIGA is compatible with 
the lattice results  if
a K factor ~1.79 is included 

Similar K factor was found for SU(3) 
gauge theory, 
Borsányi et al, PLB 752 (2016) 175
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stout: Borsányi et al, Nature 539 (2016) no.7627, 69-71

HISQ:  PP, Sharma, Schadler, PLB 762 (2016) 498
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Topological Susceptibility and Instanton gas (cont’d)  

Also confirmed by recent lattice calculations: Burger et al, arXiv:1805.06001, Bonati et al, arXiv:1807.07954 

Constraint on axion
decay constant:

fa < 1.2 · 1012 GeV
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Set the lower integration limit to T0=130 MeV and take p0=pHRG(T=130 MeV)          p(T)

✏proton ' 450MeV/fm3

✏nucl ' 150MeV/fm3

QCD thermodynamics in the continuum limit  

Bazavov et al, PRD 90 (2014) 094503 
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Tc = 156± 1.5 MeV
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✏c = 420(60) MeV/fm3
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HRG: all resonances
from PDG treated
as stable (zero width)
particles in an ideal
gas
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Continuum results obtained with stout and HISQ action agree reasonably well given their
errors (some tension for the entropy density)

Even in the transition region the speed of sound is not much smaller than the 
HRG speed of sound (the EoS is never really soft)

Comparison of different continuum limit  

HISQ: Bazavov et al, PRD 90 (2014) 094503
stout: Borsányi et al, PLB730 (2014) 99



Equation of state at high temperatures  

Charm quark contribution to QCD pressure is significant for T>400 MeV
The pressure is well described by weak coupling calculations for T>1000 MeV

Lattice results
are extrapolated
to continuum (a=0)

T [MeV]

p/T4 (2+1+1)-f LQCD

ideal
3-loop, HTL

O(g6) EQCD
hadron gas
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2+1 flavor: Bazavov, PP, Weber, PRD  97 (2018) 014510
2+1+1 flavor (with charm quark): Borsányi et al (BW Coll.), Nature 539 (2016) 69  



QCD thermodynamics at non-zero chemical potential 

Taylor expansion : 

hadronic

quark

Taylor expansion coefficients give the susceptibilities, i.e. the fluctuations and 
correlations of conserved charges, e.g.  

information about carriers of the conserved charges ( hadrons or quarks )  

probes of deconfinement 
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Deconfinement : fluctuations of conserved charges  

baryon number

electric charge

strangeness

conserved charges are carried by massive hadrons

conserved charges carried
by light quarks

HISQ: Bazavov et al, PRD86 (2012) 034509
PRD 95 (2017) 054504  

stout: Borsányi et al. JHEP 1201 (2012) 138

HRG: includes missing states 
and repulsivemean field, 
work with Huovinen

�B =
1

V T 3

�
hB2i � hBi2

�

�Q =
1

V T 3

�
hQ2i � hQi2

�

�S =
1

V T 3

�
hS2i � hSi2

�

�ideal
B =

1

3
<latexit sha1_base64="WoxiRtDUJfwgZWZfjANL2d4WWHc=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclUQLuhGKblxWsA9oYphMJu3QmUmYmQglZOfGX3HjQhG3/oI7/8bpA9HWAxcO59zLvfeEKaNKO86XtbC4tLyyWlorr29sbm3bO7stlWQSkyZOWCI7IVKEUUGammpGOqkkiIeMtMPB1chv3xOpaCJu9TAlPkc9QWOKkTZSYB94uE+Dy7vckxzSiCBWXHixRDh3i/y0COyKU3XGgD/EnSUVMEUjsD+9KMEZJ0JjhpTquk6q/RxJTTEjRdnLFEkRHqAe6RoqECfKz8d/FPDIKBGME2lKaDhWf0/kiCs15KHp5Ej31aw3Ev/zupmOz/2cijTTRODJojhjUCdwFAqMqCRYs6EhCEtqboW4j0wK2kRXNiHMvTxPWidV16m6N7VKvTaNowT2wSE4Bi44A3VwDRqgCTB4AE/gBbxaj9az9Wa9T1oXrOnMHvgD6+MbyhyZNA==</latexit><latexit sha1_base64="WoxiRtDUJfwgZWZfjANL2d4WWHc=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclUQLuhGKblxWsA9oYphMJu3QmUmYmQglZOfGX3HjQhG3/oI7/8bpA9HWAxcO59zLvfeEKaNKO86XtbC4tLyyWlorr29sbm3bO7stlWQSkyZOWCI7IVKEUUGammpGOqkkiIeMtMPB1chv3xOpaCJu9TAlPkc9QWOKkTZSYB94uE+Dy7vckxzSiCBWXHixRDh3i/y0COyKU3XGgD/EnSUVMEUjsD+9KMEZJ0JjhpTquk6q/RxJTTEjRdnLFEkRHqAe6RoqECfKz8d/FPDIKBGME2lKaDhWf0/kiCs15KHp5Ej31aw3Ev/zupmOz/2cijTTRODJojhjUCdwFAqMqCRYs6EhCEtqboW4j0wK2kRXNiHMvTxPWidV16m6N7VKvTaNowT2wSE4Bi44A3VwDRqgCTB4AE/gBbxaj9az9Wa9T1oXrOnMHvgD6+MbyhyZNA==</latexit><latexit sha1_base64="WoxiRtDUJfwgZWZfjANL2d4WWHc=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclUQLuhGKblxWsA9oYphMJu3QmUmYmQglZOfGX3HjQhG3/oI7/8bpA9HWAxcO59zLvfeEKaNKO86XtbC4tLyyWlorr29sbm3bO7stlWQSkyZOWCI7IVKEUUGammpGOqkkiIeMtMPB1chv3xOpaCJu9TAlPkc9QWOKkTZSYB94uE+Dy7vckxzSiCBWXHixRDh3i/y0COyKU3XGgD/EnSUVMEUjsD+9KMEZJ0JjhpTquk6q/RxJTTEjRdnLFEkRHqAe6RoqECfKz8d/FPDIKBGME2lKaDhWf0/kiCs15KHp5Ej31aw3Ev/zupmOz/2cijTTRODJojhjUCdwFAqMqCRYs6EhCEtqboW4j0wK2kRXNiHMvTxPWidV16m6N7VKvTaNowT2wSE4Bi44A3VwDRqgCTB4AE/gBbxaj9az9Wa9T1oXrOnMHvgD6+MbyhyZNA==</latexit><latexit sha1_base64="WoxiRtDUJfwgZWZfjANL2d4WWHc=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclUQLuhGKblxWsA9oYphMJu3QmUmYmQglZOfGX3HjQhG3/oI7/8bpA9HWAxcO59zLvfeEKaNKO86XtbC4tLyyWlorr29sbm3bO7stlWQSkyZOWCI7IVKEUUGammpGOqkkiIeMtMPB1chv3xOpaCJu9TAlPkc9QWOKkTZSYB94uE+Dy7vckxzSiCBWXHixRDh3i/y0COyKU3XGgD/EnSUVMEUjsD+9KMEZJ0JjhpTquk6q/RxJTTEjRdnLFEkRHqAe6RoqECfKz8d/FPDIKBGME2lKaDhWf0/kiCs15KHp5Ej31aw3Ev/zupmOz/2cijTTRODJojhjUCdwFAqMqCRYs6EhCEtqboW4j0wK2kRXNiHMvTxPWidV16m6N7VKvTaNowT2wSE4Bi44A3VwDRqgCTB4AE/gBbxaj9az9Wa9T1oXrOnMHvgD6+MbyhyZNA==</latexit>

�ideal
Q =

2

3
<latexit sha1_base64="Q4GHaGiyMYReKnXlb6QP/fPBtb0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiS1oBuh4MZlC/YBTQyT6aQdOjMJMxOhhOzc+CtuXCji1l9w5984fSDaeuDC4Zx7ufeeMGFUacf5sgorq2vrG8XN0tb2zu6evX/QVnEqMWnhmMWyGyJFGBWkpalmpJtIgnjISCccXU/8zj2RisbiVo8T4nM0EDSiGGkjBfaxh4c0aN5lnuSQ9gli+ZUXSYSzap6d54FddirOFPCHuIukDOZoBPan149xyonQmCGleq6TaD9DUlPMSF7yUkUShEdoQHqGCsSJ8rPpHzk8NUofRrE0JTScqr8nMsSVGvPQdHKkh2rRm4j/eb1UR5d+RkWSaiLwbFGUMqhjOAkF9qkkWLOxIQhLam6FeIhMCtpEVzIhLL28TNrViutU3GatXK/N4yiCI3ACzoALLkAd3IAGaAEMHsATeAGv1qP1bL1Z77PWgjWfOQR/YH18A+PImUQ=</latexit><latexit sha1_base64="Q4GHaGiyMYReKnXlb6QP/fPBtb0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiS1oBuh4MZlC/YBTQyT6aQdOjMJMxOhhOzc+CtuXCji1l9w5984fSDaeuDC4Zx7ufeeMGFUacf5sgorq2vrG8XN0tb2zu6evX/QVnEqMWnhmMWyGyJFGBWkpalmpJtIgnjISCccXU/8zj2RisbiVo8T4nM0EDSiGGkjBfaxh4c0aN5lnuSQ9gli+ZUXSYSzap6d54FddirOFPCHuIukDOZoBPan149xyonQmCGleq6TaD9DUlPMSF7yUkUShEdoQHqGCsSJ8rPpHzk8NUofRrE0JTScqr8nMsSVGvPQdHKkh2rRm4j/eb1UR5d+RkWSaiLwbFGUMqhjOAkF9qkkWLOxIQhLam6FeIhMCtpEVzIhLL28TNrViutU3GatXK/N4yiCI3ACzoALLkAd3IAGaAEMHsATeAGv1qP1bL1Z77PWgjWfOQR/YH18A+PImUQ=</latexit><latexit sha1_base64="Q4GHaGiyMYReKnXlb6QP/fPBtb0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiS1oBuh4MZlC/YBTQyT6aQdOjMJMxOhhOzc+CtuXCji1l9w5984fSDaeuDC4Zx7ufeeMGFUacf5sgorq2vrG8XN0tb2zu6evX/QVnEqMWnhmMWyGyJFGBWkpalmpJtIgnjISCccXU/8zj2RisbiVo8T4nM0EDSiGGkjBfaxh4c0aN5lnuSQ9gli+ZUXSYSzap6d54FddirOFPCHuIukDOZoBPan149xyonQmCGleq6TaD9DUlPMSF7yUkUShEdoQHqGCsSJ8rPpHzk8NUofRrE0JTScqr8nMsSVGvPQdHKkh2rRm4j/eb1UR5d+RkWSaiLwbFGUMqhjOAkF9qkkWLOxIQhLam6FeIhMCtpEVzIhLL28TNrViutU3GatXK/N4yiCI3ACzoALLkAd3IAGaAEMHsATeAGv1qP1bL1Z77PWgjWfOQR/YH18A+PImUQ=</latexit><latexit sha1_base64="Q4GHaGiyMYReKnXlb6QP/fPBtb0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiS1oBuh4MZlC/YBTQyT6aQdOjMJMxOhhOzc+CtuXCji1l9w5984fSDaeuDC4Zx7ufeeMGFUacf5sgorq2vrG8XN0tb2zu6evX/QVnEqMWnhmMWyGyJFGBWkpalmpJtIgnjISCccXU/8zj2RisbiVo8T4nM0EDSiGGkjBfaxh4c0aN5lnuSQ9gli+ZUXSYSzap6d54FddirOFPCHuIukDOZoBPan149xyonQmCGleq6TaD9DUlPMSF7yUkUShEdoQHqGCsSJ8rPpHzk8NUofRrE0JTScqr8nMsSVGvPQdHKkh2rRm4j/eb1UR5d+RkWSaiLwbFGUMqhjOAkF9qkkWLOxIQhLam6FeIhMCtpEVzIhLL28TNrViutU3GatXK/N4yiCI3ACzoALLkAd3IAGaAEMHsATeAGv1qP1bL1Z77PWgjWfOQR/YH18A+PImUQ=</latexit>

�ideal
S = 1

<latexit sha1_base64="9ne17f0A2tr96lE6vZ7mYfb4aeY=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIQTdCwY3LivYBbQyTyU07dDIJMxOhhuKvuHGhiFv/w51/4/SBaOuBC4dz7uXee4KUM6Ud58sqLC2vrK4V10sbm1vbO/buXlMlmaTQoAlPZDsgCjgT0NBMc2inEkgccGgFg8ux37oHqVgibvUwBS8mPcEiRok2km8fdGmf+Td3eVfGmIVA+OjC9e2yU3EmwD/EnSdlNEPdtz+7YUKzGISmnCjVcZ1UezmRmlEOo1I3U5ASOiA96BgqSAzKyyfXj/CxUUIcJdKU0Hii/p7ISazUMA5MZ0x0X817Y/E/r5Pp6NzLmUgzDYJOF0UZxzrB4yhwyCRQzYeGECqZuRXTPpGEahNYyYSw8PIiaZ5WXKfiXlfLteosjiI6REfoBLnoDNXQFaqjBqLoAT2hF/RqPVrP1pv1Pm0tWLOZffQH1sc32siUxg==</latexit><latexit sha1_base64="9ne17f0A2tr96lE6vZ7mYfb4aeY=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIQTdCwY3LivYBbQyTyU07dDIJMxOhhuKvuHGhiFv/w51/4/SBaOuBC4dz7uXee4KUM6Ud58sqLC2vrK4V10sbm1vbO/buXlMlmaTQoAlPZDsgCjgT0NBMc2inEkgccGgFg8ux37oHqVgibvUwBS8mPcEiRok2km8fdGmf+Td3eVfGmIVA+OjC9e2yU3EmwD/EnSdlNEPdtz+7YUKzGISmnCjVcZ1UezmRmlEOo1I3U5ASOiA96BgqSAzKyyfXj/CxUUIcJdKU0Hii/p7ISazUMA5MZ0x0X817Y/E/r5Pp6NzLmUgzDYJOF0UZxzrB4yhwyCRQzYeGECqZuRXTPpGEahNYyYSw8PIiaZ5WXKfiXlfLteosjiI6REfoBLnoDNXQFaqjBqLoAT2hF/RqPVrP1pv1Pm0tWLOZffQH1sc32siUxg==</latexit><latexit sha1_base64="9ne17f0A2tr96lE6vZ7mYfb4aeY=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIQTdCwY3LivYBbQyTyU07dDIJMxOhhuKvuHGhiFv/w51/4/SBaOuBC4dz7uXee4KUM6Ud58sqLC2vrK4V10sbm1vbO/buXlMlmaTQoAlPZDsgCjgT0NBMc2inEkgccGgFg8ux37oHqVgibvUwBS8mPcEiRok2km8fdGmf+Td3eVfGmIVA+OjC9e2yU3EmwD/EnSdlNEPdtz+7YUKzGISmnCjVcZ1UezmRmlEOo1I3U5ASOiA96BgqSAzKyyfXj/CxUUIcJdKU0Hii/p7ISazUMA5MZ0x0X817Y/E/r5Pp6NzLmUgzDYJOF0UZxzrB4yhwyCRQzYeGECqZuRXTPpGEahNYyYSw8PIiaZ5WXKfiXlfLteosjiI6REfoBLnoDNXQFaqjBqLoAT2hF/RqPVrP1pv1Pm0tWLOZffQH1sc32siUxg==</latexit><latexit sha1_base64="9ne17f0A2tr96lE6vZ7mYfb4aeY=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIQTdCwY3LivYBbQyTyU07dDIJMxOhhuKvuHGhiFv/w51/4/SBaOuBC4dz7uXee4KUM6Ud58sqLC2vrK4V10sbm1vbO/buXlMlmaTQoAlPZDsgCjgT0NBMc2inEkgccGgFg8ux37oHqVgibvUwBS8mPcEiRok2km8fdGmf+Td3eVfGmIVA+OjC9e2yU3EmwD/EnSdlNEPdtz+7YUKzGISmnCjVcZ1UezmRmlEOo1I3U5ASOiA96BgqSAzKyyfXj/CxUUIcJdKU0Hii/p7ISazUMA5MZ0x0X817Y/E/r5Pp6NzLmUgzDYJOF0UZxzrB4yhwyCRQzYeGECqZuRXTPpGEahNYyYSw8PIiaZ5WXKfiXlfLteosjiI6REfoBLnoDNXQFaqjBqLoAT2hF/RqPVrP1pv1Pm0tWLOZffQH1sc32siUxg==</latexit>

 0

 0.2

 0.4

 0.6

 0.8

 1

 150  200  250  300  350

ri/ri
ideal

T [MeV]

filled : HISQ
open : stout

i=B
Q
S



Quark number fluctuations at high T 
At high temperatures quark number fluctuations can be described by weak 
coupling approach due to asymptotic freedom of QCD

• Good agreement between continuum extrapolated lattice results and the weak 
coupling approach   

• Quark number correlations vanish at any loop order but can be calculated in EQCD
and the EQCD calculations agree with the continuum extrapolated lattice results

quark number fluctuations

Bazavov et al, PRD88 (2013) 094021, Ding et at, PRD92 (2015)  074043 
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Fluctuation and correlations and deconfinement of charm  

Bazavov et al, PLB 737 (2014) 210 

mc � T only |C|=1 sector contributes
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In the hadronic phase all BC-correlations
are the same !

Hadronic description breaks down just above Tc
Þ open charn deconfines above Tc
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The charm-light quark correlations can be 
understood in terms of weak coupling 
calculations for T>250 MeV but are much
larger than the weak coupling result 
close to Tc



Quasi-particle model for charm degrees of freedom   

Charm dof are good quasi-particles at all T because Mc>>T and  Boltzmann 
approximation holds
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Partial meson and baryon pressures described by HRG at Tc and dominate the charm pressure 
then drop gradually, charm quark only dominant dof at T>200 MeV

pC(T, µB , µc) = pCq (T ) cosh(µ̂C + µ̂B/3) + pCB(T ) cosh(µ̂C + µ̂B) + pCM (T ) cosh(µ̂C)

µ̂X = µX/T
�C
2 , �BC

13 , �BC
22 ) pCq (T ), p

C
M (T ), pCB(T )

Partial pressures
drop because hadronic
cxcitations become 
broad at high temperatures
(bound state peaks merge
with the continuum)

Vice versa for quarks

Mukherjee, PP, Sharma, 
PRD93 (2016) 014502  



Spatial correlation functions can be calculated for arbitrarily large separations z → ∞

but related to the same spectral functions

Low T limit :  
High T limit :

Spatial Meson Correlators  

G(z, T ) = 2
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See talk by S. Sharma in parallel 



Equation of state  at non-zero net baryon density   
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6th order Taylor expansion, HotQCD, PRD 95 (2017) 054504

Truncation errors of the 6th order Taylor expansions are small for μB/T<2.5



Temperature dependence of Taylor expansion coefficients   
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Karsch, arXiv:1905.03936

Derivative in T are very similar to derivatives in µ
2
B ; expected if O(4) scaling

holds t = (T � T
0
c )/T

0
c + B(µB/T

0
c )

2, @T ⇠ @t ⇠ @µ2
B
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Higher order Taylor expansion coe�cients are likely to be negative

for T > 130 MeV ) the only singularity the expansion coe�cients

are sensitive to is O(4) transition ) T
CEP
c < T

0
c < 132 MeV
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See also Mukherjee, Skokov, arXiv:1909.04639

https://arxiv.org/abs/1905.03936


Q2 = �q2 = O(few GeV) ↵S(Q2) = O(0.1) Perturbative

Parton Distribution Functions

Hadrons X
Parton model: 
At a high resolution Q2, 
hadron = ensemble of massless 
partons each carrying fraction x 
of hadron momentum.  

(Feynman ’69)Parton Model

xP
P

Q

e
{
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Hadron H

“Total inclusive cross-section = probability to find a parton X cross-section to       
                                                                                                        scatter from a parton”

Factorization between UV and IR:

� =
X

i

fi(x,Q
2)~ � {eqi(xP ) ! eqi(xP + q)}
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Parton distribution functions             



PDF as light-like separated q-q correlation

Field theoretic Gauge-invariant and Lorentz invariant construction:

 (0)
t

z

= “Number of on-shell massless partons with energy x P+”

f(x) =

Z
d⇠

�

4⇡
e
�ixP+⇠�hH(P )| (⇠�)�+W�(0, ⇠�)⌧ (0)|H(P )i

 (⇠�)

W�(0, ⇠�)

= exp(i

Z 0

⇠�

A+d⇠�)

(Soper ’77)

+ -

Cannot be studied on
the lattice
(sign problem)

Light cone definition of PDF                     



quasi-PDF approach to obtain PDF using Euclidean 
lattice

Equal time correlation function that can be determined on lattice: 

t

z

q̃(x) =

Z
dz

4⇡
e
�ixPzzhH(Pz, E)| (0)�µWẑ(0, z)⌧ (z)|H(Pz, E)i

for µ = z or t.

 (z)
Wẑ(0, z)

 (0)

Light cone PDF, quasi-PDF (qPDF) and the           
Euclidean lattice



Issue of limits

In 3+1d, PDF operator already is on the light-cone before 
regularization and renormalization.

one has finite lattice spacing a 

At any finite a, q(x) has to be renormalized at a scale PR         

Take a    0 first, then  Pz ! 1

On 4d lattice… 

Obtaining PDF from qPDF: the issue of limits



1. Ensure               and

2. Reliable extraction of M.E. of a fast moving hadron

3. First take continuum limit, then take                                                                      
In practice:  Keep                and renormalize

4. Matching currently to 1-loop order for quasi-PDF. Enough?

5. Extract PDF without using large quark-antiquark separations, and without 
modeling bias.

LaMET*

(aPz) < 1
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Pz � M
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Pz � ⇤QCD
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Pz ! 1
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*Conditions apply

Large Momentum Effective Theory (LaMET)



Resolutions:

Compute moments of PDF which are related by OPE to twist-2 
local operators.   

            Mixing of operators on lattice due to rotational symmetry                
            breaking not tractable 

Quasi-PDF approach (this talk), pseudo-PDF and factorization 
of lattice cross-sections.

Martinelli and Sachrajda ’88, W. Detmold et al, d > ‘01

X. Ji ’13, A. Radyushkin ’17, Ma and Qiu ‘17 

!

⌦
H(P )

�� (x)�{µD⌫ . . . D⇢} (x)� trace
��H(P )

↵
= Pµ . . . P⇢hxni
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Issue of limits

In 3+1d, PDF operator already is on the light-cone before 
regularization and renormalization.

one has finite lattice spacing a 

At any finite a, q(x) has to be renormalized at a scale PR         

Take a    0 first, then  Pz ! 1

On 4d lattice… 

Perturbative matching (or LaMET)

Not hopeless…

Perturbative matching between q(x,PR) in a regulator independent 
renormalization scheme at finite        to the infinite momentum MS-bar 
PDF f(x,   )

Pz

q(x;Pz, P
R) =

Z 1

�1

dy

|y|C
✓
x

y
,

µ

yPz
,
PR
?

PR
z

,
yPz

PR
z

◆
f(x, µ)

with the matching coefficient  C(⇠) = �(1� ⇠) + ↵S(µ)C
(1)(⇠)

µ2

X. Ji ’13, Stewart and Zhao ‘17  

Perturbative matching of qPDF and PDF.     



Simulation details

HISQ sea quark from HotQCD gauge field ensemble  

1-HYP smeared Wilson-Clover valence quark tuned to 
300 MeV pion 

Lattice spacing a=0.06 fm  (=3.28 GeV) 

1-HYP smeared Wilson line 

Volume:  3.84 x 2.883 fm4   

Glossary: 
sea quark: (noun)  det(D) used in Monte Carlo. 
valence quark: (noun)   D-1 used in propagators. 
HYP : (Abbr.)  A procedure to suppress UV lattice-like gluons. 

M⇡L = 4.4

Ensuring Pz � Mhadron,⇤QCD
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0.3 GeV Pion 
a=0.06fm

Even with optimal smearing: Tsink ~ 8a-12a for pion on a=0.06 fm lattice


a=0.06 fm       =>  Can push Pz ~ 3 GeV.   But, only Pz =1.29 and 1.72  GeV usable


arXiv:1905.06349

Highly boosted hadrons in lattice QCD   



Current status of pion PDF from lattice QCD 



Summary
• The chiral transition temperature at the physical quark mass can be pre-

cisely determined: Tc = 156± 1.5 MeV and can be related to chiral phase
transition temperature For mu,d = 0: Tc = 132+3

�6 MeV

• Equation of state at non-zero baryon density can be obtained from the
Taylor expansion and no indication of limited convergence radius for
µB < 300 MeV

• The dependence of Tc on µB is very small and is consistent with freeze-out
curve in HI, the width of the chiral susceptibility and the peak height does
not change with µB

• Higher order Taylor expansion coe�cients are likely negative for
T > 130 MeV ) TCEP

c < 130 MeV

• At high temperature QCD thermodynamics can be understood in terms of
weak coupling calculations, while at low temperature it can be understood
in terms of hadron gas

• LaMET may provide an unique insight into hadron structure from lattice
QCD, in particular in terms of 3D imaging of hadrons

• Open challenge: real time quantities at T > 0 (see parallel talks)
<latexit sha1_base64="YPczi7TXYVu0AFFOA4ueDX4hUrE="></latexit><latexit sha1_base64="YPczi7TXYVu0AFFOA4ueDX4hUrE="></latexit><latexit sha1_base64="YPczi7TXYVu0AFFOA4ueDX4hUrE="></latexit><latexit sha1_base64="YPczi7TXYVu0AFFOA4ueDX4hUrE="></latexit>



BACKUP SLIDES



Strong CP problem and axions

✓
g2

16⇡2
F a
µ,⌫ F̃

µ,⌫,aA term                                  can be added to QCD Largangian that break CP invariance

✓ ⇠ 1 is natural but neutron EDM suggests ✓ < 10�10

) fine tuning or strong CP problem

Peccei-Quinn mechanism:

✓
g2

16⇡2
F a
µ,⌫ F̃

µ,⌫,a ! (✓ + a(x)/fA)
g2

16⇡2
F a
µ,⌫ F̃

µ,⌫,a +
1

2
(@µa)

2

✓ + hai/fA = 0

Initially axion field can assume some “random” value and as the Universe cools down
it starts to feel the potential => it slowly rolls down and oscillate around the minimun
at temperatures 

3H(Tosc) = mA(Tosc), m
2
A(T ) = �t(T )/fA



Implications for axion cosmomolgy

3H(Tosc) = mA(Tosc) ) Tosc = Tosc(fA)

✓20 = ⇡2/3

fA < 1.2⇥ 1012GeV

PP, Sharma, Schadler,
PLB 762 (2016) 498



Reliable extraction of matrix element

Strategies for quasi-PDF:  plateau, 2- and 3-state fits to  t and 𝜏
dependence, summation methods.



Reliable extraction of matrix element

• Strategies for quasi-PDF:  plateau, 2- and 3-state fits to          and  
dependence, summation methods.  (0)
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 (z)
<latexit sha1_base64="zeZQV5hg7pv99u5KmMLz6c+t0x0=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BItQL2VXBD0WvXisYD+gXUo2zbah2WxIskJd+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8UAlurOd9o8La+sbmVnG7tLO7t39QPjxqmSTVlDVpIhLdCYlhgkvWtNwK1lGakTgUrB2Ob2d++5FpwxP5YCeKBTEZSh5xSqyT2j1lePXpvF+ueDVvDrxK/JxUIEejX/7qDRKaxkxaKogxXd9TNsiItpwKNi31UsMUoWMyZF1HJYmZCbL5uVN85pQBjhLtSlo8V39PZCQ2ZhKHrjMmdmSWvZn4n9dNbXQdZFyq1DJJF4uiVGCb4NnveMA1o1ZMHCFUc3crpiOiCbUuoZILwV9+eZW0Lmq+V/PvLyv1mzyOIpzAKVTBhyuowx00oAkUxvAMr/CGFHpB7+hj0VpA+cwx/AH6/AHMgI8z</latexit><latexit sha1_base64="zeZQV5hg7pv99u5KmMLz6c+t0x0=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BItQL2VXBD0WvXisYD+gXUo2zbah2WxIskJd+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8UAlurOd9o8La+sbmVnG7tLO7t39QPjxqmSTVlDVpIhLdCYlhgkvWtNwK1lGakTgUrB2Ob2d++5FpwxP5YCeKBTEZSh5xSqyT2j1lePXpvF+ueDVvDrxK/JxUIEejX/7qDRKaxkxaKogxXd9TNsiItpwKNi31UsMUoWMyZF1HJYmZCbL5uVN85pQBjhLtSlo8V39PZCQ2ZhKHrjMmdmSWvZn4n9dNbXQdZFyq1DJJF4uiVGCb4NnveMA1o1ZMHCFUc3crpiOiCbUuoZILwV9+eZW0Lmq+V/PvLyv1mzyOIpzAKVTBhyuowx00oAkUxvAMr/CGFHpB7+hj0VpA+cwx/AH6/AHMgI8z</latexit><latexit sha1_base64="zeZQV5hg7pv99u5KmMLz6c+t0x0=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BItQL2VXBD0WvXisYD+gXUo2zbah2WxIskJd+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8UAlurOd9o8La+sbmVnG7tLO7t39QPjxqmSTVlDVpIhLdCYlhgkvWtNwK1lGakTgUrB2Ob2d++5FpwxP5YCeKBTEZSh5xSqyT2j1lePXpvF+ueDVvDrxK/JxUIEejX/7qDRKaxkxaKogxXd9TNsiItpwKNi31UsMUoWMyZF1HJYmZCbL5uVN85pQBjhLtSlo8V39PZCQ2ZhKHrjMmdmSWvZn4n9dNbXQdZFyq1DJJF4uiVGCb4NnveMA1o1ZMHCFUc3crpiOiCbUuoZILwV9+eZW0Lmq+V/PvLyv1mzyOIpzAKVTBhyuowx00oAkUxvAMr/CGFHpB7+hj0VpA+cwx/AH6/AHMgI8z</latexit><latexit sha1_base64="zeZQV5hg7pv99u5KmMLz6c+t0x0=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BItQL2VXBD0WvXisYD+gXUo2zbah2WxIskJd+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8UAlurOd9o8La+sbmVnG7tLO7t39QPjxqmSTVlDVpIhLdCYlhgkvWtNwK1lGakTgUrB2Ob2d++5FpwxP5YCeKBTEZSh5xSqyT2j1lePXpvF+ueDVvDrxK/JxUIEejX/7qDRKaxkxaKogxXd9TNsiItpwKNi31UsMUoWMyZF1HJYmZCbL5uVN85pQBjhLtSlo8V39PZCQ2ZhKHrjMmdmSWvZn4n9dNbXQdZFyq1DJJF4uiVGCb4NnveMA1o1ZMHCFUc3crpiOiCbUuoZILwV9+eZW0Lmq+V/PvLyv1mzyOIpzAKVTBhyuowx00oAkUxvAMr/CGFHpB7+hj0VpA+cwx/AH6/AHMgI8z</latexit>

H(t)
<latexit sha1_base64="lNyuTtr2it5ufJrJLhqkq8TGG5I=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXnqsYD+gDWWz3bRLN5uwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuc/8zhPXRsTqEacJ9yM6UiIUjGImNap4OShX3Jq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9GdUo2CSz0v91PCEsgkd8Z6likbc+LPFrXNyYZUhCWNtSyFZqL8nZjQyZhoFtjOiODarXib+5/VSDG/9mVBJilyx5aIwlQRjkj1OhkJzhnJqCWVa2FsJG1NNGdp4SjYEb/XlddK+qnluzXu4rtTv8jiKcAbnUAUPbqAODWhCCxiM4Rle4c2JnBfn3flYthacfOYU/sD5/AE4eY2v</latexit><latexit sha1_base64="lNyuTtr2it5ufJrJLhqkq8TGG5I=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXnqsYD+gDWWz3bRLN5uwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuc/8zhPXRsTqEacJ9yM6UiIUjGImNap4OShX3Jq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9GdUo2CSz0v91PCEsgkd8Z6likbc+LPFrXNyYZUhCWNtSyFZqL8nZjQyZhoFtjOiODarXib+5/VSDG/9mVBJilyx5aIwlQRjkj1OhkJzhnJqCWVa2FsJG1NNGdp4SjYEb/XlddK+qnluzXu4rtTv8jiKcAbnUAUPbqAODWhCCxiM4Rle4c2JnBfn3flYthacfOYU/sD5/AE4eY2v</latexit><latexit sha1_base64="lNyuTtr2it5ufJrJLhqkq8TGG5I=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXnqsYD+gDWWz3bRLN5uwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuc/8zhPXRsTqEacJ9yM6UiIUjGImNap4OShX3Jq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9GdUo2CSz0v91PCEsgkd8Z6likbc+LPFrXNyYZUhCWNtSyFZqL8nZjQyZhoFtjOiODarXib+5/VSDG/9mVBJilyx5aIwlQRjkj1OhkJzhnJqCWVa2FsJG1NNGdp4SjYEb/XlddK+qnluzXu4rtTv8jiKcAbnUAUPbqAODWhCCxiM4Rle4c2JnBfn3flYthacfOYU/sD5/AE4eY2v</latexit><latexit sha1_base64="lNyuTtr2it5ufJrJLhqkq8TGG5I=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXnqsYD+gDWWz3bRLN5uwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuc/8zhPXRsTqEacJ9yM6UiIUjGImNap4OShX3Jq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9GdUo2CSz0v91PCEsgkd8Z6likbc+LPFrXNyYZUhCWNtSyFZqL8nZjQyZhoFtjOiODarXib+5/VSDG/9mVBJilyx5aIwlQRjkj1OhkJzhnJqCWVa2FsJG1NNGdp4SjYEb/XlddK+qnluzXu4rtTv8jiKcAbnUAUPbqAODWhCCxiM4Rle4c2JnBfn3flYthacfOYU/sD5/AE4eY2v</latexit>

H
†(0)

<latexit sha1_base64="F9uAy6x+mp8QiSg/nXOLf0wxxTk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLz1WsLXQxLLZTNKlm03Y3Qil9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QcaZ0o7zbZXW1jc2t8rblZ3dvf2D6uFRV6W5pNihKU9lLyAKORPY0Uxz7GUSSRJwfAhGtzP/4QmlYqm41+MM/YTEgkWMEm0kr/XohSSOUdad80G15jScOexV4hakBgXag+qXF6Y0T1BoyolSfdfJtD8hUjPKcVrxcoUZoSMSY99QQRJU/mR+89Q+M0poR6k0JbQ9V39PTEii1DgJTGdC9FAtezPxP6+f6+janzCR5RoFXSyKcm7r1J4FYIdMItV8bAihkplbbTokklBtYqqYENzll1dJ96LhOg337rLWvCniKMMJnEIdXLiCJrSgDR2gkMEzvMKblVsv1rv1sWgtWcXMMfyB9fkD0c6Q3w==</latexit><latexit sha1_base64="F9uAy6x+mp8QiSg/nXOLf0wxxTk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLz1WsLXQxLLZTNKlm03Y3Qil9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QcaZ0o7zbZXW1jc2t8rblZ3dvf2D6uFRV6W5pNihKU9lLyAKORPY0Uxz7GUSSRJwfAhGtzP/4QmlYqm41+MM/YTEgkWMEm0kr/XohSSOUdad80G15jScOexV4hakBgXag+qXF6Y0T1BoyolSfdfJtD8hUjPKcVrxcoUZoSMSY99QQRJU/mR+89Q+M0poR6k0JbQ9V39PTEii1DgJTGdC9FAtezPxP6+f6+janzCR5RoFXSyKcm7r1J4FYIdMItV8bAihkplbbTokklBtYqqYENzll1dJ96LhOg337rLWvCniKMMJnEIdXLiCJrSgDR2gkMEzvMKblVsv1rv1sWgtWcXMMfyB9fkD0c6Q3w==</latexit><latexit sha1_base64="F9uAy6x+mp8QiSg/nXOLf0wxxTk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLz1WsLXQxLLZTNKlm03Y3Qil9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QcaZ0o7zbZXW1jc2t8rblZ3dvf2D6uFRV6W5pNihKU9lLyAKORPY0Uxz7GUSSRJwfAhGtzP/4QmlYqm41+MM/YTEgkWMEm0kr/XohSSOUdad80G15jScOexV4hakBgXag+qXF6Y0T1BoyolSfdfJtD8hUjPKcVrxcoUZoSMSY99QQRJU/mR+89Q+M0poR6k0JbQ9V39PTEii1DgJTGdC9FAtezPxP6+f6+janzCR5RoFXSyKcm7r1J4FYIdMItV8bAihkplbbTokklBtYqqYENzll1dJ96LhOg337rLWvCniKMMJnEIdXLiCJrSgDR2gkMEzvMKblVsv1rv1sWgtWcXMMfyB9fkD0c6Q3w==</latexit><latexit sha1_base64="F9uAy6x+mp8QiSg/nXOLf0wxxTk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLz1WsLXQxLLZTNKlm03Y3Qil9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QcaZ0o7zbZXW1jc2t8rblZ3dvf2D6uFRV6W5pNihKU9lLyAKORPY0Uxz7GUSSRJwfAhGtzP/4QmlYqm41+MM/YTEgkWMEm0kr/XohSSOUdad80G15jScOexV4hakBgXag+qXF6Y0T1BoyolSfdfJtD8hUjPKcVrxcoUZoSMSY99QQRJU/mR+89Q+M0poR6k0JbQ9V39PTEii1DgJTGdC9FAtezPxP6+f6+janzCR5RoFXSyKcm7r1J4FYIdMItV8bAihkplbbTokklBtYqqYENzll1dJ96LhOg337rLWvCniKMMJnEIdXLiCJrSgDR2gkMEzvMKblVsv1rv1sWgtWcXMMfyB9fkD0c6Q3w==</latexit>

Tsink
<latexit sha1_base64="BSeJVATRvzOJ7pH3SB1L7rFs4Bs=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48R8oLsEmYns8mQmdllHkJY8htePCji1Z/x5t84SfagiQUNRVU33V1xxpk2vv/tlTY2t7Z3yruVvf2Dw6Pq8UlHp1YR2iYpT1UvxppyJmnbMMNpL1MUi5jTbjy5n/vdJ6o0S2XLTDMaCTySLGEEGyeFrUEeKoE0k5PZoFrz6/4CaJ0EBalBgeag+hUOU2IFlYZwrHU/8DMT5VgZRjidVUKraYbJBI9o31GJBdVRvrh5hi6cMkRJqlxJgxbq74kcC62nInadApuxXvXm4n9e35rkNsqZzKyhkiwXJZYjk6J5AGjIFCWGTx3BRDF3KyJjrDAxLqaKCyFYfXmddK7qgV8PHq9rjbsijjKcwTlcQgA30IAHaEIbCGTwDK/w5lnvxXv3PpatJa+YOYU/8D5/AAulka0=</latexit><latexit sha1_base64="BSeJVATRvzOJ7pH3SB1L7rFs4Bs=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48R8oLsEmYns8mQmdllHkJY8htePCji1Z/x5t84SfagiQUNRVU33V1xxpk2vv/tlTY2t7Z3yruVvf2Dw6Pq8UlHp1YR2iYpT1UvxppyJmnbMMNpL1MUi5jTbjy5n/vdJ6o0S2XLTDMaCTySLGEEGyeFrUEeKoE0k5PZoFrz6/4CaJ0EBalBgeag+hUOU2IFlYZwrHU/8DMT5VgZRjidVUKraYbJBI9o31GJBdVRvrh5hi6cMkRJqlxJgxbq74kcC62nInadApuxXvXm4n9e35rkNsqZzKyhkiwXJZYjk6J5AGjIFCWGTx3BRDF3KyJjrDAxLqaKCyFYfXmddK7qgV8PHq9rjbsijjKcwTlcQgA30IAHaEIbCGTwDK/w5lnvxXv3PpatJa+YOYU/8D5/AAulka0=</latexit><latexit sha1_base64="BSeJVATRvzOJ7pH3SB1L7rFs4Bs=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48R8oLsEmYns8mQmdllHkJY8htePCji1Z/x5t84SfagiQUNRVU33V1xxpk2vv/tlTY2t7Z3yruVvf2Dw6Pq8UlHp1YR2iYpT1UvxppyJmnbMMNpL1MUi5jTbjy5n/vdJ6o0S2XLTDMaCTySLGEEGyeFrUEeKoE0k5PZoFrz6/4CaJ0EBalBgeag+hUOU2IFlYZwrHU/8DMT5VgZRjidVUKraYbJBI9o31GJBdVRvrh5hi6cMkRJqlxJgxbq74kcC62nInadApuxXvXm4n9e35rkNsqZzKyhkiwXJZYjk6J5AGjIFCWGTx3BRDF3KyJjrDAxLqaKCyFYfXmddK7qgV8PHq9rjbsijjKcwTlcQgA30IAHaEIbCGTwDK/w5lnvxXv3PpatJa+YOYU/8D5/AAulka0=</latexit><latexit sha1_base64="BSeJVATRvzOJ7pH3SB1L7rFs4Bs=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48R8oLsEmYns8mQmdllHkJY8htePCji1Z/x5t84SfagiQUNRVU33V1xxpk2vv/tlTY2t7Z3yruVvf2Dw6Pq8UlHp1YR2iYpT1UvxppyJmnbMMNpL1MUi5jTbjy5n/vdJ6o0S2XLTDMaCTySLGEEGyeFrUEeKoE0k5PZoFrz6/4CaJ0EBalBgeag+hUOU2IFlYZwrHU/8DMT5VgZRjidVUKraYbJBI9o31GJBdVRvrh5hi6cMkRJqlxJgxbq74kcC62nInadApuxXvXm4n9e35rkNsqZzKyhkiwXJZYjk6J5AGjIFCWGTx3BRDF3KyJjrDAxLqaKCyFYfXmddK7qgV8PHq9rjbsijjKcwTlcQgA30IAHaEIbCGTwDK/w5lnvxXv3PpatJa+YOYU/8D5/AAulka0=</latexit>

⌧
<latexit sha1_base64="rx/s5aCvXUP35GpplwAkBrTmD4o=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPaRpv1rz6/4cZJUEBalBgWa/+tUbxCxVXCOT1Npu4CcYZtSgYJLPKr3U8oSyCR3xrqOaKm7DbH7rjJw5ZUCGsXGlkczV3xMZVdZOVeQ6FcWxXfZy8T+vm+LwOsyETlLkmi0WDVNJMCb542QgDGcop45QZoS7lbAxNZShi6fiQgiWX14l7Yt64NeD+8ta46aIowwncArnEMAVNOAOmtACBmN4hld485T34r17H4vWklfMHMMfeJ8/IS2OSA==</latexit><latexit sha1_base64="rx/s5aCvXUP35GpplwAkBrTmD4o=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPaRpv1rz6/4cZJUEBalBgWa/+tUbxCxVXCOT1Npu4CcYZtSgYJLPKr3U8oSyCR3xrqOaKm7DbH7rjJw5ZUCGsXGlkczV3xMZVdZOVeQ6FcWxXfZy8T+vm+LwOsyETlLkmi0WDVNJMCb542QgDGcop45QZoS7lbAxNZShi6fiQgiWX14l7Yt64NeD+8ta46aIowwncArnEMAVNOAOmtACBmN4hld485T34r17H4vWklfMHMMfeJ8/IS2OSA==</latexit><latexit sha1_base64="rx/s5aCvXUP35GpplwAkBrTmD4o=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPaRpv1rz6/4cZJUEBalBgWa/+tUbxCxVXCOT1Npu4CcYZtSgYJLPKr3U8oSyCR3xrqOaKm7DbH7rjJw5ZUCGsXGlkczV3xMZVdZOVeQ6FcWxXfZy8T+vm+LwOsyETlLkmi0WDVNJMCb542QgDGcop45QZoS7lbAxNZShi6fiQgiWX14l7Yt64NeD+8ta46aIowwncArnEMAVNOAOmtACBmN4hld485T34r17H4vWklfMHMMfeJ8/IS2OSA==</latexit><latexit sha1_base64="rx/s5aCvXUP35GpplwAkBrTmD4o=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPaRpv1rz6/4cZJUEBalBgWa/+tUbxCxVXCOT1Npu4CcYZtSgYJLPKr3U8oSyCR3xrqOaKm7DbH7rjJw5ZUCGsXGlkczV3xMZVdZOVeQ6FcWxXfZy8T+vm+LwOsyETlLkmi0WDVNJMCb542QgDGcop45QZoS7lbAxNZShi6fiQgiWX14l7Yt64NeD+8ta46aIowwncArnEMAVNOAOmtACBmN4hld485T34r17H4vWklfMHMMfeJ8/IS2OSA==</latexit>

• Require finer lattices (a<0.05 fm) and larger Pz (>2GeV) ?                                         
Fits indispensable. Check for fit ansatz independence.

Tsink
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Renormalizability means:

hR
�t
(z;Pz, P

R) = Z�t�t(z;P
R) · hb

�t
(z;Pz, a)

bare hadron qPDFrenormalized hadron qPDF

Non-perturbative Z-factor 

LaMET perturbative framework

How to renormalize the quasi-PDF ?





Renormalization in real-space         WL self-energy divergence e-c|z|


Issue for 1-loop perturbation theory?

RI-MOM Z-factor for q-PDF RI-MOM Z-factor  
modulo WL divergence

The residual piece modulo WL divergence is O(1)

Perturbative renormalization and NPR 
compatible?

(q-q separation)

(BNL-SBU-U.Conn) T.Izubuchi et al, arXiv:1905.06349



Can this residual dependence on z be described by perturbation theory?

1-loop result
Z(z, pR)� Z(z, p)

Z(z, p)
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“Z-factor modulo 
 WL divergence”

a
!
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(q-q separation)

Only qualitative agreement between actual lattice data and 1-loop

Both continuum limit as well as inclusion of 2-loop contributions could be important. 

(BNL-SBU-U.Conn) T.Izubuchi et al, arXiv:1905.06349



Summary and outlook
• Theoretical framework of LaMET is now established.                           

Issues that remain are about practical implementation on lattice 


                         Renormalization                         Yes

                                                                            Yes

                         Target mass corrections             Yes

                                                                            ~Ok

                         Excited state analysis:                Tsink <1 fm.  Fits required

                         Continuum limit:                          Not studied

                         Finite volume effects:                  Not studied

                         Analysis methods:                       No consensus

                         Matching:                                    1-loop. Convergence?


Things to look out for: 

Combined analysis of quasi-, pseudo- and other lattice cross-sections for 
PDF

More work on GPDs and gluon PDFs  — Still in very early stages

Effects on global analysis of PDF — Sensitivity to determination of qPDF at 
even one value of x.

Usage of overlap/domain wall fermion advantageous? 

Complementing experimental determination of PDF is ok. But, we also need 
to use lattice to actually understand why PDFs are the way they are!                                             

Pz � ⇤QCD
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<latexit sha1_base64="IziEheeg+J1aOfgmFuIqr7sZM6Q=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthbSUDbbTbt0swm7E6GG/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhHN1P/4ZFrIxJ1j+OUBzEdKBEJRtFKfrP3RLpSEu+M9qo1t+7OQJaJV5AaFGj2ql/dfsKymCtkkhrje26KQU41Cib5pNLNDE8pG9EB9y1VNOYmyGcnT8iJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif52cYXQW5UGmGXLH5oiiTBBMy/Z/0heYM5dgSyrSwtxI2pJoytClVbAje4svLpH1e99y6d3dRa1wXcZThCI7hFDy4hAbcQhNawCCBZ3iFNwedF+fd+Zi3lpxi5hD+wPn8Ac55kEY=</latexit><latexit sha1_base64="IziEheeg+J1aOfgmFuIqr7sZM6Q=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthbSUDbbTbt0swm7E6GG/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhHN1P/4ZFrIxJ1j+OUBzEdKBEJRtFKfrP3RLpSEu+M9qo1t+7OQJaJV5AaFGj2ql/dfsKymCtkkhrje26KQU41Cib5pNLNDE8pG9EB9y1VNOYmyGcnT8iJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif52cYXQW5UGmGXLH5oiiTBBMy/Z/0heYM5dgSyrSwtxI2pJoytClVbAje4svLpH1e99y6d3dRa1wXcZThCI7hFDy4hAbcQhNawCCBZ3iFNwedF+fd+Zi3lpxi5hD+wPn8Ac55kEY=</latexit><latexit sha1_base64="IziEheeg+J1aOfgmFuIqr7sZM6Q=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthbSUDbbTbt0swm7E6GG/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhHN1P/4ZFrIxJ1j+OUBzEdKBEJRtFKfrP3RLpSEu+M9qo1t+7OQJaJV5AaFGj2ql/dfsKymCtkkhrje26KQU41Cib5pNLNDE8pG9EB9y1VNOYmyGcnT8iJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif52cYXQW5UGmGXLH5oiiTBBMy/Z/0heYM5dgSyrSwtxI2pJoytClVbAje4svLpH1e99y6d3dRa1wXcZThCI7hFDy4hAbcQhNawCCBZ3iFNwedF+fd+Zi3lpxi5hD+wPn8Ac55kEY=</latexit><latexit sha1_base64="IziEheeg+J1aOfgmFuIqr7sZM6Q=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cKthbSUDbbTbt0swm7E6GG/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhHN1P/4ZFrIxJ1j+OUBzEdKBEJRtFKfrP3RLpSEu+M9qo1t+7OQJaJV5AaFGj2ql/dfsKymCtkkhrje26KQU41Cib5pNLNDE8pG9EB9y1VNOYmyGcnT8iJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif52cYXQW5UGmGXLH5oiiTBBMy/Z/0heYM5dgSyrSwtxI2pJoytClVbAje4svLpH1e99y6d3dRa1wXcZThCI7hFDy4hAbcQhNawCCBZ3iFNwedF+fd+Zi3lpxi5hD+wPn8Ac55kEY=</latexit>

(T.J.Hobbs et al, 1904.00022)


