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1 Cosmological Constant Problem

Dark Clouds hanging over the two well-established theories
Quantum Field Theory <= Einstein Gravity Theory

[ first explain my view point on WHAT' IS actually the PROBLEM.

Presently observed Dark Energy Ag, looks like a small Cosmological Con-
stant (CC):

Present observed CC 10™gr/em® ~ 10747GeV* ~ (1meV)* = Ay (1)

[ do NOT try to explain this tiny CC now, which will eventually be explained
after our CC problem is solved. However, we use it as the scale unit A\, of
our discussion in the Introduction.



What is the true problem?

—  Essential point: multiple mass scales are involved!

There are several dynamical symmetry breakings and they are necessarily
accompanied by Vacuum Condensation Energy (potential energy):

In particular, from the success of the Standard Model, we are confident of
the existence of at least TWO symmetry breakings:

Higgs Condensation ~ (200 GeV )* ~ 10°GeV* ~ 1074,
QCD Chiral Condensation (q‘q>4/3 ~  (200MeV )* ~ 1073GeV?t ~ 10*A

Nevertheless, these seem not contributing to the Cosmological Constant!

It is a Super fine tuning problem:
¢ : initially prepared CC (> 0)
¢ — 10°°A; : should cancell, but leaving 1 part per 102 i.e., ~ 10%A,

)

¢ — 10°%Ay — 107, : should cancell, but leaving 1 part per 10*: i.e., ~ A
¢ — 10°°Ay — 10*Ag ~ Ay : present Dark Energy



¢ = initially prepared CC

123456, 789012 3456, 7890123456, 7890123456, 7890123456, 7890123456 x Ay ~ 10°9A
12 digits

C + Vnggs =

1234, 5678901234, 5678901234, 5678901234, 5678901234 x Ay ~ 10%A,
44 digits
¢ + Vhiges + Voep = present Dark Energy

1><A0 NAO

Note that the vacuum energy is almost TOTALLY CANCELLED at each

stage of spontancous symmetry breaking as far as the the relevant energy
scale order.
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In this context, the use of quantum scale-invariant prescription was proposed by
M. Shaposhnikov and D. Zenhausern, Phys. Lett. B 671 (2009) 162
cf. 1. Antoniadis and N. C. Tsamis, E. T. Tomboulis, C. Wetterich, etc.

[ discuss the point mainly (solely) following the S-Z paper.



Part I: Scale Invariance is Necessary

2 Vacuum Energy ~ Potential energy

People may suspect: there are “T'WO” origins of Cosmological Constant

(Quantum) Vacuum Energy

Infinite, No controle, simply discarded

!

(Classical) Potential Energy

V(¢.) : potential (3)

Finite, vacuum condensation energy

They are separately stored in our (or my, at least) memory, but actually, almost the same
object, as we see now.
We now show for the vacuum energies in the SM that

quantum Vacuum Energy = Higgs Potential Energy (4)



Let us see this more explicitly. For that purpose, consider

Simplified SM:

Er — &(Wltau — y¢ )¢( )
+

Lo, o A 4
5(8 o(2)0,0(x) —m x0 (l’)> — @gb (x) — hm”.

Effective Action (Effective Potential) is calculated prior to the vacuum choice.
(i.e., calculable independently of the choice of the vacuum)

1-loop effective potential in the Simplified SM

Use dimensional regularization for doing Mass-Independent (MI) renormalization

1
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Using dimensional formula
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Colenlan—Wei;{berg potential

_ 1 1
and dropping the 1/& parts in MS renormalization scheme (j =——~vy+Indr, e =2— g),
5

€
we get finite well-known renormalized 1-loop effective potential:
1 A
V(p,m?) = §m2gb2 + Egb4 + hm*
2 | 1y 422 2 | 1y 42 4 2 49
+5A +5A
6472 g 2 6472 w2

The divergences:
4 2, A o2 4 2 12 N 4
M(¢) = (m +§¢) =m' +AmG + 9
4
Mi(¢) = (y¢) =y" ¢
(7)
These divergences are renormalized into A and m?, and h; The main part of quantum
vacuum energies are already included in the classical potential V(¢).



3 Conclusions from these simple observation

As far as the matter fields and gauge fields are concerned, whose mass comes solely from
the Higgs condensation (¢),

Their vacuum energies are calculable and finite quantities
in terms of the renormalized A parameters!

Note that this is because their divergences are proportional to ¢*. (At 1-loop, only ¢
divergences appear.)

However, the Higgs itself is an exception! The divergences of the Higgs vacuum energy are
not only m?¢? and ¢* but also the zero-point function proprtional to m*. In order to cancel
that part, we have to prepare the counterterm:

homg = ZnZy, hm'* = (1+ F)hm' SRV q/ e
Wy -~ = /I *m m !/ *m
r h_647r25 Nt ot

And the renormalized CC term hm* is a Free Pa-
rameter. Then, there is no chance to explain CC.

Figure 1: ocm

Thus, for the calculability of CC, we need m? = 0, or

No dimensionful parameters in the theory = (Classical) Scale-Invariance
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Part II: Scale Invariance is a Sufficient Condition?

4 Scale Invariance may solve the problem

Our world is almost scale invariant: that is, the standard model Lagrangian is scale
invariant except for the Higgs mass term!

If the Higgs mass term comes from the spontaneous breaking of scale invariance at higher
energy scale physics, the total system can be really be scale invariant:

MhTh—m?)?  —  AhTh —ed?)? (8)

where @ may be a field which appear also in front of Einstein-Hilbert term:

/ d'z/—g P* R (9)

This idea is proposed by many authors including
M. Shaposhnikov and D. Zenhausern, Phys. Lett. B 671 (2009) 162
[. Antoniadis and N. C. Tsamis, Phys. Lett. 144B (1984) 55.
E. T. Tomboulis, Nucl. Phys. B 329 (1990) 410.
C. Wetterich, Nucl. Phys. B 302 (1988) 668
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4.1 Classical Scale Invariance : wishful scenario

Suppose that our world has no dimensionful parameters.
Suppose that the effective potential V' of the total system looks like

Vig) = W(®) + Vi(®,h) + VA(D, h, o)

} } }
M > 7 > m

and it is scale invariant. Then, classically, it satisfies the scale invariance relation :

> 6 V() = 1V (6) (10

so that the vacuum energy vanishes at any stationary point <¢Z> = @)

V(go) = 0.

Important point is that this holds at every stages of spontancous symmetry breaking.

This miracle is realized since the scale invariance holds at each energy scale of spontaneous
symmetry breaking.
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For example, we can write a toy model of potentials.

Vo(P) = 3A0(DT — £0D7)?,

in terms of two real scalars @y, ®;, to realize a VEV
(Og) =M and (D) = \/egM = M;. (11)

This M is totally spontaneous and we suppose it be Planck mass giving the Newton coupling
constant via the scale invariant Einstein-Hilbert term

Seff:/d455\/ —9{01®3R+62R2+C3RMVR“V_{_...}

If GUT stage exists, £p may be a constant as small as 10~* and then ®; gives the scalar
field breaking GUT symmetry; e.g., @1 : 24 causing SU(5) — SU(3) x SU(2) x U(1).
Vi(P, h) part causes the electroweak symmetry breaking;

Vi(®, h) = $A; (hTh — £,82)° |

with very small parameter £; ~ 10~?%. This reproduces the Higgs potential when A is the

Higgs doublet field and ;®7 term is replaced by the VEV e M7 = p? /A1 ~ (10°GeV)?.
Vo (D, h, ) part causes the chiral symmetry breaking, e.g., SU(2)p, xSU(2)g — SU(2)y.

Using the 2 x 2 matrix scalar field ¢ = o + i7 - 7 (chiral sigma-model field), we may
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similarly write the potential

Va(®,h, @) = N2 (tr(nggp) - 52@%)2 + Virear(®, b, @)

with another small parameter ey ~ 1073*. The first term reproduces the linear o-model
potential invariant under the chiral SU(2), xSU(2)g transformation ¢ — grpgr when e9®%
is replaced by the VEV ey M 12 = m? /A2. The last term Veqi stands for the chiral symmetry
breaking term which is caused by the explicit quark mass terms appearing as the result of
tiny Yukawa couplings of u, d quarks, v, y4, to the Higgs doublet h; e.g.,

‘/break(q): h, 90) - %EQCD% tr (SOT (yUEh* ydh> + h-C->
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4.2 Quantum Mechanically

[s there Anomaly for the Scale Invariance?

Usual answer is YES in quantum field theory. If we take account of the renormalization
point u, so that we have dimension counting identity

d d
— : =4 :
<u ADNE ¢> V() = 4V (9)
The anomaly p(9/0u)V term may be replaced by RGE:

<u% +> Ba(A)é% + ZZ: %(M@%) V(g)=0

a

Shaposhnikov-Zenhausern’s New Idea is: SI exists even quantum mechanically.

Quantum Scale Invariance

O Englert-Truffin-Gastmans, Nuc. Phys. B177(1976)407.
[0 M. Shaposhnikov and D. Zenhausern, Phys. Lett. B 671 (2009) 162

Extension to n-dimension keeping S.I. is possible by introducing dilaton field & —
NO ANOMALY.
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1. Usual dimensional regularization

AR (@)h()? = Ap' (Wi (@)h(@)? (B =

yo(@(@)h(z) — yu T P@)@h(z) ] = (12)

2. SI prescription Using ‘dilaton’ field ®(z),

AR (@)h(@)? = A[@(@)*]=2 (B (2)h(x))*
yo@)(@)h(z) —  y[@@)]2Y(@)d()h(z) (13)

This introduces
FAINT but Non-Polynomial “evanescent” (fading-out) interactions o< 2¢ =4 — n

. . 1 2
O =M™ (=M — [(D(x”m:Ml_ﬁ(”1;%**5(1;)2@2*'”)
(14)

This scenario would give quantum scale invariant theory, which might realize the vanish-

ing CC.



5 Quantum scale-invariant renormalization

Explicit calculations were performed by
0 1-loop: D.M. Ghilencea, Phys.Rev. D93(2016)105006.
[0 2-loop: Ghilencea, Lalak and Olszewski, Fur.Phys.J. C(2016)76:656.
[0 2.5-loop: Ghilencea, Phys.Rev. D97(2018)075015.
O c.f. RGE: C. Tamarit, JHEP 12(2013)098.

in a simple 2-scalar model: (h — ¢, & — o)
1 1
£:§ qu-@“¢+§aua-3“0—V(gb,0)

with scale-invariant potential in n dimension:

A A Ay
V(h, ) = plo)=" (f& gt 104)

with )
p(o) = zon-2 (2 : renormalization point parameter)

At tree level, A2, = Ay, is assumed so that

Ap

V(6,0) = (o) "L (¢ - 0?)

A =gy, Ay = €20y

2

16

(15)

(16)

(17)

(18)
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Ghilencea has shown:

1. Non-renormalizability: higher and higher order non-polynomial interaction terms of the

form
¢4+2p

2P (p: 172737"') <19>
are induced by the evanescent interactions at higher loop level, and they must also be
included as counterterms, can be neglected in the low-energy region £ < (o) ~ Mpy.

2. Mass hierarchy is stable: If we put

Ao =iy Am =M, Ao = 7N, (20)
with \;’s (i = ¢, m,0): O(1) and very tiny & = (%)2 = 107%2, then, \;’s remain

O(1) stably against radiative corrections. This is essentially because o*¢? term comes
only through the \,,¢?c? interaction.

One-loop potential at n = 4' scale Invariant!

A Ao
Vig, o) = % - —cb o’ + 104 (21)
h M? 3 M; 3
647r {M1 (111 ke 5) + My (hl —2202 — 5) + AV}

6
AV = = AAm s + (16AsA, — 6AZ, + 30\,
g

+ (=16, + 250, A0 — 21\ 0" (22)
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However, the problem, (which Ghilencia has missed), is that

3. Vanishing CC again requires fine tuning! owing to quantum corrections.
V(p,o) = o'W (x) with x = ¢*/0?.

)
0
qb@—V = W' (x) - 2 =0
Since the stationarity < 8¢ (23)
o2V = gt (4W(:U) LW (z) - (—290)) — 0
\ do
requires
W'(x) =0and W(z) =0 are satisfied. (24)
Let us examine these conditions with the above 1-loop potential
Ao 9 Am Ao

N ho(M}/ M 3 N My | My 3
n——-  — — n — =
6472 | ot 2202 2 ol 2202 2

— A 4 (16X, — 62 + 3As A )22 + (= 16N, + 250\ — 2102
o) ) m ) o
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At tree level, the stationary point x = x is

( )\ )\m A772
W/(CE()>:—¢SL’0——:O — Ty = —

< S i 25)
2
W(ﬂfo)—ﬁxo—A—mxowL&:O — )\U:/\_m

Note that W'(z) = 0 determined x = ﬁ but W (x) = 0 imposed a constraint on \;’s.

At one-loop level, the stationary point may be shifted and the coupling constants may
be adjusted:
r =z + hxy, ANi = Ni+hoN (1=¢,m,o0) (26)

W' (x) = 0 requires, at O(h),

O(h) 2 2 Jr2

21
[4>\¢>\ (3 + 229 — 22) (m Am(1 + o)

>2

o 2
647T 1) + 167 (1 + xo)]

— consistent with the VEV (mass) hierarchy; i.e., no fine tuning necessary

2
:@ = O(e) since Ay, 0Ay, ~ O(€), Ap,0Ay ~ O(1), = 291 ~ O(e). (27)

(0)°
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Next,
0N 5 OAy Oy
_ 279 Ztm
W (x) o 7 %o + 5 %0 + 1
1 2\ (1—|—£U()) 3
41 2(p 22m _ 2 2
+647T2[ Ao (1 + ) (n > 2)] (28)

All the terms are consistently of O(g?), so that W(x) = 0 is realized up to o(?) by
O(1) tuning of Ay, A, Ao. However, the Vacuum Energy o'W (z) at the stationary
point is made vanish only in the sense of O(g?) x ot = O((100GeV)?).

If we require the vanishingness up to the order of Ag ~ (1meV)* ~ 107°% x (100GeV)*,
then, we have still to tune 5\¢, Am, Ao i 56 digits!

We still need Superfine Tuning even in quantum Scale-Invariant theory

(29)

This is nothing but the original CC problem!
Quantum SI is not enough to solve the CC problem.

Note also, however, that this is also the problem beyond the perturbation theory. We
are discussing the Vacuum energy in much much finer precision than the purturbation
expansion parameter O(h/1672).
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What happens?

If the theory is quantum scale-invariant, then

> 0is V() = AV (6) (30)

09;

implying V(¢!) = 0 at any stationary point ¢!, and any point in that direction, p¢
with Vp € R also realizes the vanishing energy V(pg!) = p*V(¢?) = 0. (flat direction)

If V(o) # 0 at J¢, then the potential is not stationary at ¢.

In the above: V (¢, o) = o'W () was flat in the direction xg at the tree level, W (zq)=0),
but, at one-loop, did not exactly satisty W (xy + hx1) = 0 at the ‘stationary point’
realizing W'(xo+ hxy) = 0 exactly, unless the coupling constants were superfine-tuned.

This means from the above Eq. (23) that the point xy + Az realizes the stationarity
with respect to ¢ but not necessarily to o. If W (xo+ hz1) = 0 is not exactly satisfied,
then the potential has a small gradient o(0/00)V = 45 W (z) = 0*0O(e?) # 0 in the
o-direction, implying that the potential is stationary only at the origin o = 0!

The flat direction is lifted by the radiative correction

(31)

Quantum scale invariance alone does not protect the flat direction, automatically!

We need keep flat direction against quantum radiative corrections.
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6 Can dynamical breaking of SI occur?
We may still need other symmetry to realize flat directions. (SUSY?)

Or, we need dynamical breaking of scale-invariance in quantum scale-invariant theory:.
If the scale invariance can be broken dynamically, i.e., ¢ # 0, then V' = 0 is automatic
In any case.

So, let us examine (quantum) SI NJ-L model:

\ )
L = iy + = (u%) — g+ [(Wﬁ) + (Yiyse)?]
41

Ncbo

= i 0 + ( o)’ — %gbf; + Zcb%(UZ +7°) — gip(o + ism)).

supplemented with the UV cut-off set at A? = ¢7. ¢y = dilaton xe.
The 1/N-leading potential is found to be

N A %N dk
Viom.on) = 630>+ 1) + 64— 2N / WE [k + g%(0” + %)
0

7
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with o = g%(0? + m2) /P2,

V = Ngju(z; g, ).

Note the structure

Stationary conditions:

ov A2 oV
a) —=0 = — = f(z bh) — =0 = =0 o
gure
Agr? 272
37%0(T) = —7 — f(7) %A:

g

1.5; -

1.0? /////

0'55 ///// /

N I E—

So, still here, v(z) = 0 is achieved only with fine tuning of coupling constants g, .

Driving force of causing spontaneous symmetry breaking (chiral and scale invariance)
only works to make a minimum of v(x) at = # 0, but not to make a flat direction i.e.,
direction of v(x) = 0.



THANK YOU
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