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Electroweak contribution to muon g-2

4.1.2 Vacuum Polarization with e± and ⌧± (VP)

Figure 5: Two-loop light
VP QED contribution.

Vacuum polarization is an example of when internal fermion loops and ex-
ternal lines do not possess the same flavor. Contribution depends on the
type of internal lepton. In Figure 5 the internal lepton is electron e and
this contribution is called light contribution. For internal leptons µ and ⌧
contributions are called equal and heavy, respectively. It is important to note
that the heavier the internal lepton, the smaller the contribution, therefore
diagram from Figure 5 represents the largest contribution of this kind [5].

4.1.3 Light-by-light scattering (LbL)

Figure 6: Example 1 of
LbL QED contribution.

At three-loops the light–by–light scattering (LbL) contributions appear (Fig-
ure 6). These contributions are represented as closed fermion loops with four
photons attached. Again, contribution depends on type of internal lepton.
To see more clearly why this is light-by-light scattering (�� ! ��), one can
consider another diagram (Figure 7). Due to very suppressed cross section
(/ ↵4 ⇡ 3 · 10�9), LbL scattering was unobserved up until recently in PbPb
collision at LHC [5, 6].

4.2 Electroweak corrections (EW)

Figure 7: Example 2 of
LbL QED contribution.

So far, the electroweak contribution has been calculated up to two-loop level.
Diagrams representing electroweak corrections involve W±, Z0 and even the
Higgs boson H (Figures 8 and 9). Because of high masses of the bosons,
these particles are highly virtual and interactions are suppressed, resulting
in a very small contributions [7].

4.3 Hadronic Vacuum Polarization contributions (H
VP)

Figure 8: Example of one-
loop EW QED contribu-
tion.

Following from diagrams of QED VP contributions, one can obtain the
hadronic vacuum polarization contribution by replacing internal lepton loops
by quark loops. Due to quarks exhibiting strong interaction via gluons, the
perturbation theory breaks down at low energies which prevents calculating
perturbative expansions of strong coupling constants ↵s. Thus, quark loops
are almost negligible when it comes to hadronic contributions. It is actu-
ally the non-perturbative approach to QCD (QCD on lattice) that leads to
evaluating hadronic contributions. This approach and calculations of those
e↵ects are being studied by physicists worldwide. In Figure 10 one can see
a diagram with quark loops, which, at low energies, must be evaluated non-
pertubatively [8].

4.4 Hadronic Light-by-Light scattering contribution (H
LbL)

Figure 9: Example of two-
loop EW QED contribu-
tion.

Similar as H VP, H LbL contributions can be obtained from QED LbL dia-
grams by replacing internal lepton loops by quark loops (Figure 11). Again,
contributions come mainly from non-perturbative e↵ects. Resulting contri-
butions of H LbL are, however, very small [9].

Figure 10: Example
of Hadronic VP con-
tribution

Figure 11: Example
of Hadronic LbL con-
tribution.
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4.5 Total theoretical prediction

In order to make precise calculations of listed contributions, one needs accurate knowledge of fine structure
constant, lepton masses and quark masses. Value of ↵�1 is estimated to be

↵�1 = 137.0359991491(15)(14)(330).

The value was acquired from calculations of electron anomalous magnetic moment. Uncertainties come
from (left to right) the tenth-order QED, the hadronic correction and the experiment [4].
The contributions are

Contribution Value [10�11] Date Reference

aQED
µ 116584718.971± 0.07 18 December 2017 [4]

aEW
µ 153.6± 1.0 9 September 2013 [7]

aH V P
µ 6846.8± 24.2 25 July 2018 [8]

aH LbL
µ 98± 26 19 September 2016 [9]

aSM
µ total 116591820.4± 35.6 10 November 2018 [10]

Table 1: Current predictions for the Standard Model contributions to aµ.

5 Experimental determination

Inside the experiment ring (storage ring) muons are subject to external magnetic field B. Therefore
the muons experience cyclotron frequency of rotation of p (!c) and the precession frequency of the spin
around the direction of field B (!s). In the homogenous magnetic field, the muon magnetic moment
precesses around external magnetic field B, what is known as the Larmor precession. Because g value
exceeds g = 2, muon spin axis is slighly changed after each of muon’s circle. Muon momentum, on the
other hand, stays the same at all times. This leads to a di↵erence between the precession frequency !s

and cyclotron frequency !c and the di↵erence depends on aµ. Individual measurements of !s and !c

alone provide the estimation of aµ. Note that in case of g = 2, direction of the spin of the muon would
not change at all and frequencies !c = !s would be the same. One can define the anomalous precession
frequency (!a) as the di↵erence between the two frequencies as [5]

!a = !s � !c =
e

mµ

✓
aµB� aµ

�

1� �
(� ·B)� �

✓
aµ � 1

�2 � 1

◆
|� ⇥E|

c

◆
, (5)

where � is the velocity of the muons in units of c and � is the Lorentz factor. Under the approximations
that the muon velocity and the magnetic filed are perpendicular to each other (� · B = 0) and the
magnetic field is perfectly uniform, one can rewrite the equation (5) into

!a = � e

mµ


aµB�

✓
aµ � 1

�2 � 1

◆
� ⇥E

c

�
. (6)

The muon beam enters the storage ring with a carefully chosen forward momentum of p ⇡ 3.094 GeV/c,
setting � ⇡ 29.43. Thus the term ✓

aµ � 1

�2 � 1

◆
⇡ 0

dissappears and equation (6) simplifies to

!a = � e

mµ
aµB. (7)

3
this value of � is called magic �, it was first used in CERN III experiment
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Figure 2: One-loop electroweak radiative corrections to aµ.

effect at about the 5 sigma level (assuming further reduction in the hadronic un-
certainty). Subsequently, it was pointed out [37] that two-loop electroweak con-
tributions are relatively large due to the presence of lnm2

Z/m
2
µ ≃ 13.5 terms. A

full two-loop calculation [38, 39], including low-energy hadronic electroweak loops
[40, 39], found for mH ≃ 150 GeV (with little sensitivity to the exact value)

aEWµ (2 loop) = −43(4)× 10−11, (20)

where the quoted error is a conservative estimate of hadronic, Higgs, and higher-
order corrections. Combining eqs. (19) and (20) gives the electroweak contribution

aEWµ = 152(4)× 10−11. (21)

Higher-order leading logs of the form (α lnm2
Z/m

2
µ)

n, n = 2, 3, . . . can be computed
via renormalization group techniques [41]. Due to cancellations between the running
of α and anomalous dimension effects, they give a relatively small +0.5 × 10−11

contribution to aEWµ . It is safely included in the uncertainty of eq. (21).

2.4 Comparison with Experiment

The complete Standard Model prediction for aµ is

aSMµ = aQED
µ + aHad

µ + aEWµ . (22)

Combining eqs. (10), (17) and (21), one finds

aSMµ = 116 591 597(67)× 10−11, (23)

8

aEW
µ = 1.5⇥ 10�9
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and can be then determined by measuring !a and !p precisely. Electron g-factor ge, muon and electron
masses, and the proton and electron magnetic moment values are known with a precision of 22 ppb from
other independent measurements [11, 14].

5.2 Measurement history

A comparison of uncertainty in aµ from di↵erent experimental measurements, along with experimental
goal of ongoing experiment at Fermilab is shown in Figure 13.

5.2.1 Nevis

The first measurements of the muon anomalous moment were done in 1961 at Columbia University’s
Nevis Laboratories. Experiments confirmed the theoretical calculation of the anomaly to the (↵/⇡)
level predicted by Schwinger and were done with µ+ only. The anomaly was measured to be aexpµ =
122(8) · 10�5. Furthermore, the experiments showed that the muon was a structureless point particle
which behaved like a heavier electron, improving our understanding of nature of charged leptons [12].

5.2.2 CERN I, II, III

Following the Nevis experiments were the three generations of experiments at CERN, named CERN I, II
and III, which ran from 1961 up until 1979. CERN I measured anomaly to the (↵/⇡)2 level and CERN
II improved that result by measuring to the (↵/⇡)3 level. CERN II was also the first experiment that
used both µ± and measured the anomalous moment to a precision of 265 ppm which triggered theoretical
recalculations of the QED contributions. With the CERN III experiment came new electrostatic focusing
method which required fixing Lorentz factor � to a so-called magic � ⇡ 29.4, the value mentioned in
equation (5). CERN III accounted for QED e↵ects to (↵/⇡)3 level, plus hadronic e↵ects and, with a
precision of 7.3 ppm, the value was measured to be aexpµ = 165911(11) · 10�8 [12].

5.2.3 Brookhaven National Laboratory (E821)

The E821 experiment at BNL ran from 1997 up until 2004. It used the electrostatic focusing method
introduced at CERN III experiment and made various improvements to the CERN III experimental
setup. Experiment was sensitive to QED contrubutions up to (↵/⇡)4 level, as well as weak and hadronic
e↵ects. With a precision of 0.54 ppm, the measured anomaly was aexpµ = 116592091(63) ·10�11, where the
error comes mainly (0.46 ppm) from statistical uncertainties. This measurement deviates by 3.6 standard
deviations (3.6 �) from the SM prediction [13].

Figure 13: A comparison of uncertainty in aµ from experimental measurements. Adapted from [15].

8
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exp : 116592091(63)

th : 116591820(36)

aµ

�aµ = (27± 7)⇥ 10�10

3.7�
(3.5� ⇠ 3.9�)

0.54ppm ! 0.14ppm

FNAL E989 Run I over, Run II soon

7� ⇠ 8� expected

! (16) FNAL E989
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scattering of the lepton by an external magnetic field
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Following from diagrams of QED VP contributions, one can obtain the
hadronic vacuum polarization contribution by replacing internal lepton loops
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10�9 = 10�3 ⇥ 10�3 ⇥ 10�3
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e.g. smuon and gaugino/higgsino in supersymmetry
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aSUSY
µ = ±13⇥ 10�10(

100 GeV

MSUSY
)2 tan�

frequently cited expression for 
supersymmetry smuon diagram

large tan� 1 TeV smuon

can be consistent with muon g-2 anomaly

typically 100 GeV to 500 GeV smuon
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Is the Standard Model ruled out by muon g-2?

Is split supersymmetry ruled out by muon g-2?

What is the largest smuon mass or bino mass 
to be consistent with muon g-2?

(For large mu, wino and higgsino diagrams are  suppressed by mu)
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µL µRm2
LR

B̃

µ̃L µ̃R

m2
LR = mµ(A� µ tan�)

�

Large mixing or maximal mixing of smuon would be 
interesting as there is no suppression of muon mass

A ⇠ MSUSY

mµ
MSUSY m2

LR ⇠ M2
SUSY
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smuon mass matrix
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Split supersymmetry can explain muon g-2

August 15, 2019

1 Introduction

Muon g-2 has a long standing history in particle physics and has been considered as the main
indirect signature of new physics beyond the Standard Model. Currently the e↵ective operator is
written as

L � 1

⇤2

yµHLµ�
µ⌫µcFµ⌫ , (1.1)

and we expect the scale of new physics ⇤ ⇠ TeV or a few TeV for the new physics. Indeed
in supersymmetry the anomalous magnetic moment of the muon is generated at loop and needs
even lighter scalar than a few TeV, e.g., 100 GeV or so. In this paper we examine the possibility
of eliminating yµ ⇠ 10�3 by considering maximal smuon mixing and put the upper bound on
the smuon mass assuming the existing anomaly between the measured value and the SM theory
prediction persists.

2 Summary of five diagrams

3 Bino-smuon diagram

The last diagram does not involve Higgsino in the loop and µ parameter appears only in the
numerator.

The one loop expression for the muon anomalous magnetic dipole moment is given as

�aµ(µ̃L, µ̃R, B̃) =
↵Y

4⇡

m2

µM1

µ

m2

µ̃L
m2

µ̃R

tan � · fN
✓
m2

µ̃L

M2

1

,
m2

µ̃R

M2

1

◆
(3.1)

=
↵Y

4⇡
mµ

M
1

m2

µ̃LR

m2

µ̃L
m2

µ̃R

fN

✓
m2

µ̃L

M2

1

,
m2

µ̃R

M2

1

◆
, (3.2)

where the final expression shows the physical meaning of the expression more tranparently,

m2

µ̃LR
= mµµ tan �. (3.3)

1

Muon suppression once or twice?

mµ

(100 GeV)2
=

1

M

can be possiblesmuon 10 TeV ⇠ 100 TeV

M ⇠ (
100 GeV

mµ
)100 GeV ⇠ 100 TeV

mass insertion approximation
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aµ(SUSY) =
g21

192⇡2

mµ

M
I(r)

Maximal mixing of smuon  
(when r is close to 1)

10�4 10�510�9

M ⇠ 5 TeV

M ⇠ 5

�aµ ⇥ 109
TeV

aµ(SUSY) = 10�9
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Threshold correction to muon Yukawa 
coupling after integrating out smuon

5 Note on Aug. 15

Let us first consider the threshold correction to the muon Yukawa coupling after integrating out
the smuon. Now let us call y

UV

as the muon Yukawa coupling at the UV.

y
UV

vd(1 +�) = mµ. (5.1)

The threshold correction � is a function of A, M
1

, m2

L and m2

R.

� = �g2YAM1

16⇡2

I(M2

1

,m2

L,m
2

R). (5.2)

In the limit M
1

= mL = mR = M , I = 1

2M2 and

� = � g2Y
32⇡2

A

M
. (5.3)

The expression given here should be improved beyond mass insertion approxima-

tion.

y
UV

vd appears in m2

LR without the threshold correction.

m2

LR = �y
UV

vdA = � mµ

1 +�
A. (5.4)

5.1 |�| ⌧ 1

The threshold correction is negligible and most of the computation without considering � is valid.

5.2 � ' �1 and 1 +� > 0

A ' 32⇡2

g2Y
M ⇠ 3⇥ 103M, (5.5)

gives � ' �1.
We can introduce ✏ > 0,

1 +� = ✏. (5.6)

Just before the exact cancellation, y
UV

vd can be large.

y
UV

vd =
mµ

✏
. (5.7)

m2

LR ' �mµ

✏
A, (5.8)

As a sample point, we take ✏ = 10�1, 10�2 and 10�3. The perturbativity of the UV couling
y
UV

< 1 combined with vd < v ⇠ 100 GeV puts a lower bound on ✏ > v
mµ

⇠ 10�3.
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m2

LR = �y
UV

vdA = � mµ

1 +�
A. (5.4)

5.1 |�| ⌧ 1

The threshold correction is negligible and most of the computation without considering � is valid.

5.2 � ' �1 and 1 +� > 0

A ' 32⇡2

g2Y
M ⇠ 3⇥ 103M, (5.5)

gives � ' �1.
We can introduce ✏ > 0,

1 +� = ✏. (5.6)

Just before the exact cancellation, y
UV

vd can be large.

y
UV

vd =
mµ

✏
. (5.7)

m2

LR ' �mµ

✏
A, (5.8)

As a sample point, we take ✏ = 10�1, 10�2 and 10�3. The perturbativity of the UV couling
y
UV

< 1 combined with vd < v ⇠ 100 GeV puts a lower bound on ✏ > v
mµ

⇠ 10�3.

3

yIRµ = yUV
µ (1 +�)

A < 0,� > 0,�aµ > 0

|�| > 1 ! A > 0,� < 0, 1 +� < 0,�aµ > 0

both sign of A (or mu) allowed
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In[525]:= Eigenvalues[{{1, r}, {r, 1}}]

Out[525]= {1 - r, 1 + r}

In[535]:= Clear[F2N]

In[536]:= F2N[y_?NumericQ] := Limit
3

(1 - x)3
1 - x2 + 2 x Log[x] , x y

In[539]:= F2N0[x_] :=
3

(1 - x)3
1 - x2 + 2 x Log[x]

In[527]:= f[r_] := With[{

x1 = 1,

x2 = (1 - r) / (1 + r)

},

x1 F2N[x1] - x2 F2N[x2]

]

In[541]:= Plot[f[r], {r, 0, 1}]

Out[541]=

0.2 0.4 0.6 0.8 1.0

-0.5

0.5

1.0

In[554]:= f[.5]

Out[554]= 0.471878

In[548]:= F2N0[.99]

Out[548]= 1.00503

In[553]:= Plot[Sqrt[x] F2N0[x], {x, .2, 2}]

Out[553]=

0.5 1.0 1.5 2.0

0.92

0.94

0.96

0.98

1.00

spectrum maximizing the loop function

M1

mµ̃1

I(
M1

mµ̃1

)

aµ(SUSY) = c
mµ

mµ̃1

I(
M1

mµ̃1

)

�c
mµ

mµ̃2

I(
M1

mµ̃2

)
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mµ̃1mµ̃1

mµ̃2 mµ̃2

M1

M1

mL = mR

spectrum maximizing the loop function

mL = mR

previous one was not the optimal spectrum bino=light smuon

decouple for r ! 1



M

M

r
1 + r

1� r
M

different from 
1309.3065  
Endo et al

r ! 1decouple for

M
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p
1� rM

p
1 + rM

for 1(2)�light smuon is as heavy as 3(4.5) TeV

light smuon is as heavy as
1.4(1.9) TeV for 1(2)�

mµ̃1

mµ̃1

M1

M1

mµ̃2

mµ̃2
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µL µRm2
LR

B̃

µ̃L µ̃R

�

When r is small, the mass insertion approximation is good
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µL µR

B̃
�

µ̃1

µL µR

B̃
�

µ̃2

When r is close to 1, heavy smuon diagram decouples

the canceling contribution from heavy smuon is 
more suppressed as heavy smuon becomes heavier
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Out[173]=

2 4 6 8 10

2.×10-9

2.5×10-9

3.×10-9

3.5×10-9

4.×10-9

Out[174]=

2 4 6 8 10

0

1.×10-9

2.×10-9

3.×10-9

4.×10-9

5.×10-9

m~
1
(TeV)

a

In[175]:= FindRoot[amu[.99, MSm] 13*^-10, {MSm, 1 TeV}]

Out[175]= {MSm 3.69028}

In[176]:= FindRoot[amu[.99, MSm] 20*^-10, {MSm, 1 TeV}]

Out[176]= {MSm 2.41004}

In[177]:= FindRoot[amu[.9999, MSm] 13*^-10, {MSm, 1 TeV}]

Out[177]= {MSm 4.52978}

In[178]:= FindRoot[amu[.9999, MSm] 20*^-10, {MSm, 1 TeV}]

Out[178]= {MSm 2.95832}

In[86]:= Plot[amu[.999, MSm], {MSm, 1 TeV, 10 TeV}, PlotRange All]

Plot[{20*^-10, 34*^-10}, {MSm, 1 TeV, 10 TeV}

, PlotStyle {Orange}

, Filling {1 {2}}]

Plot[{13*^-10, 41*^-10}, {MSm, 1 TeV, 10 TeV}

, PlotStyle {Yellow}

, Filling {1 {2}}]

Show[{%, %%, %%%}

, Frame True

, Axes False

, FrameLabel {"m
1
(TeV)", " a "}

, PlotRange {{1, 10}, {0, 5*^-9}}]

    3

r=0.99
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Out[138]=

0.2 0.4 0.6 0.8 1.0

1.×10-9

2.×10-9

3.×10-9

4.×10-9

5.×10-9

6.×10-9

Out[139]=

0.2 0.4 0.6 0.8 1.0

2.2×10-9

2.4×10-9

2.6×10-9

2.8×10-9

3.×10-9

3.2×10-9

3.4×10-9

Out[140]=

0.2 0.4 0.6 0.8 1.0

2.×10-9

2.5×10-9

3.×10-9

3.5×10-9

4.×10-9

Out[141]=

0.0 0.2 0.4 0.6 0.8 1.0

0

1.×10-9

2.×10-9

3.×10-9

4.×10-9

5.×10-9

|mLR
2 | / mL

2

a

    7

M1=m1=1 TeV
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In[142]:= ContourPlot amu[r, MSm], {MSm, .5 TeV, 5 TeV}, {r, 0.75, 1}

, Contours {13*^-10, 20*^-10, 34*^-10, 41*^-10}

, FrameLabel "m
1
(TeV)", "|mLR

2 | / mL
2"

, ContourStyle {AbsoluteThickness[2]}

, ContourShading {None, Yellow, Orange, Yellow, None}

Out[142]=

1 2 3 4 5

0.75

0.80

0.85

0.90

0.95

1.00

m~
1
(TeV)

|m
L
R
2
|
/
m
L2

In[134]:= ContourPlot amu[r, MSm], {MSm, .5 TeV, 5 TeV}, {r, 0.75, 1}

, Contours {13*^-10, 20*^-10, 34*^-10, 41*^-10}

, FrameLabel "m
1
(TeV)", "mLR

2 / mL
2"

, MaxRecursion 0

, PlotPoints 25

, ContourShading None

, ContourStyle {AbsoluteThickness[2]}

Out[134]=

1 2 3 4 5

0.75

0.80

0.85

0.90

0.95

1.00

m~
1
(TeV)

m
L
R
2

/
m
L2

8     

�aµ

1�
2�

close to  
maximal mixing
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In[196]:= ContourPlot amu
MLR^2

MSm^2 + MLR^2
, MSm , {MSm, .5 TeV, 5 TeV}, {MLR, 1 TeV, 500 TeV}

, ScalingFunctions {None, "Log"}

, Contours {13*^-10, 20*^-10, 34*^-10, 41*^-10}

, FrameLabel "m
1
(TeV)", " mLR

2 (TeV)"

, ContourStyle {AbsoluteThickness[2]}

, ContourShading {None, Yellow, Orange, Yellow, None}

Out[196]=

1 2 3 4 5

1

5

10

50

100

500

m~
1
(TeV)

m
L
R
2

(T
e
V
)

In[188]:= M2 {{1, r}, {r, 1}} / (1 - r) // MatrixForm

Eigenvalues[%]

Solve[%%[[1, 2]] M2LR, r]

Out[188]//MatrixForm=

M2

1-r

M2 r

1-r
M2 r

1-r

M2

1-r

Out[189]=
M2 (-1 - r)

-1 + r
, M2

Out[190]= r
M2LR

M2 + M2LR

In[192]:= Solve[Sqrt[r / (1 - r)] * MSm MLR, r]

Out[192]= r
MLR2

MLR2 + MSm2

SI20190818.nb     13

�aµ

1� 2�

mµ̃2

mµ̃1

⇠ 140
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In[165]:= ContourPlot Delta[r, Mchi], {Mchi, .1 TeV, .5 TeV}, {r, 0, 1}

, FrameLabel "M (TeV)", "|mLR
2 | / mL

2"

, ContourStyle {AbsoluteThickness[2]}

Out[165]=

0.1 0.2 0.3 0.4 0.5

0.0
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M (TeV)
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R
2
|
/
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12     

|�| = 1

|�| = 2

Threshold correction to muon Yukawa coupling

(bino mass)
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Vacuum stability

When Hu and Hd does not mix  
and Hd is very heavy,  

the electroweak vacuum can live long enough

Detailed study is in progress

Difference of large A and large mu (tan beta)
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Summary

Maximal smuon mixing allows the 
explanation of muon g-2 anomaly in 
terms of heavy smuon (a few TeV)

No discovery of smuon up to 3 or 4 TeV 
does not rule out the supersymmetric 
explanation of muon g-2 anomaly

for 1(2)�

light smuon (and bino) is as heavy as
3(4.5) TeV �aµexplanation of
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aµ(SUSY) =
g21

192⇡2

mµ

M
I(r)

10�4 10�510�9

aµ(SUSY) /
m2

µ

M2

one power from the definition, 
the other power from smuon mass mixing

smuon mass mixing needs not be suppressed

heavy smuon can explain muon g-2 anomaly

M ⇠ M2
Z

mµ


