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THEORY CHALLENGES

•new emergent state of matter in HIC: quark-gluon plasma 

•nature of quantum fields and their “space-time” structure 

- how does a quantum object (“jet”) interface with a classical, extended 
medium?

- light-cone perturbation theory with background field

• thermalization of non-equilibrium probes 

- how is energy/quanta transferred between modes?
- what are the relevant medium scales that affect jet observables?
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SUBSTRUCTURE IN HIC

• several exists from MCs 

• analytical computations 

• focussed on groomed 
observables ! , !  (also interest 
in ! ) 

• studied the effect from 
additional in-medium radiation
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Chien, Vitev 1608.07283 
Mehtar-Tani, KT 1610.08930 
Chang, Cao, Qin 1707.03767 
Caucal, Iancu, Soyez 1907.04866

Milhano, Zapp, Wiedemann 1707.04142 
Elayavalli, Zapp 1707.01539 

see also Soyez’ talk (Tue 11:30) 



K. Tywoniuk (UiB)

ROLE OF SUBSTRUCTURE STUDIES

• jet quenching is a multi-parton and multi-scale 
problem 

- maps out intricate picture of jet-medium interactions at 
different scales

•potential to isolate/enhance regimes 

- sensitivity to “new” physics (QCD bremsstrahlung, medium 
response)

- purified samples to study microscopic properties (color, mass)

• this talk 

- sketch a systematically improvable framework to compute 
“benchmark” observables (including resummation & 
perturbative corrections)
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ENERGY-LOSS BASICS
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dNAA

dpT
= 𝒥(pT, p′�T)

dNpp(p′�T = pT + δp)
dp′�T

Workhorse of the field: measuring & parameterizing the shift of 
spectrum to access information about medium interactions.

Shift dominated by radiative processes!
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QCD BREMSSTRAHLUNG
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Momentum broadening !  leads to modified 
bremsstrahlung spectrum → no collinear divergence!

⟨k2⟩ ∼ ̂qt tf ∼ tbr ∼
ω

̂q

Baier, Dokshitzer, Mueller, Peigné, Schiff (1997-2000); Zakharov (1996); Gyulassy, Levai, Vitev (2001); Arnold, Moore, Yaffe (2002) 
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QCD BREMSSTRAHLUNG
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ωBH ωc

log
1
ω

∼ ω−1/2

∼ ω−1

ω

ω
dI
dω

LPM N=1BH ω
dI
dω

=
αsCR

π
L
tbr

• !  ! �tbr ∼ λ ω ∼ ωBH = ̂qλ2 ∼ T

• !  ! �tbr ∼ L ω ∼ ωc = ̂qL2

• !  ! N=1 dominatestbr ∼
ω
μ2

≳ L

Momentum broadening !  leads to modified 
bremsstrahlung spectrum → no collinear divergence!

⟨k2⟩ ∼ ̂qt tf ∼ tbr ∼
ω

̂q

Baier, Dokshitzer, Mueller, Peigné, Schiff (1997-2000); Zakharov (1996); Gyulassy, Levai, Vitev (2001); Arnold, Moore, Yaffe (2002) 
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TWO REGIMES
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NLPM(ω) = ∫
∞

0
dω′�

dI
dω′�

=
2αsCR

π
̂qL2/ω

Multi-gluon emissions are dominated by the LPM regime.

ω ∼ ωc = ̂qL2

perturbative: rare, small-angle radiation 
can modify intra-jet structure, N=1 also 
contributes 

θbr ∼ θc = ( ̂qL3)−1/2

N ∼ 𝒪(αs)

ω ∼ ωc = α2
s ̂qL2

non-perturbative: copious, large-angle 
emissions 
out-of-cone energy-loss, thermalization

θbr ∼
1
α2

s
θc

N ∼ 1
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QUENCHING WEIGHTS
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“parton”

𝒬(pT) = 𝒫̃(n/pT) ∼ e−N(ω>pT /n)

RAA is sensitive to the energy loss 
distribution through the Laplace transform.

• !  for !  

• !                 for !
δp ∼ (α2

s ̂qL2pT /n)1/2 pT < n ̂qL2

δp ∼ αs ̂qL2 pT > n ̂qL2

Resumming multiple soft gluon emissions possible via rate equation.

Expanding:  !(pT + ϵ)−n ≈ e−nϵ/pT/pn
T + …
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MULTI-VARIATE MIGRATION EFFECTS
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jet energy

!δp

Consider a two-parameter dependence of ! .δp
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MULTI-VARIATE MIGRATION EFFECTS
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jet energy

jet “width”, 
“charge”, …

!δp

Consider a two-parameter dependence of ! .δp
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jet energy

jet “width”, 
“charge”, …

!δp

!δp

Consider a two-parameter dependence of ! .δp
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MULTI-VARIATE MIGRATION EFFECTS

!9

dN

dpT
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jet energy

jet “width”, 
“charge”, …

!δp

!δp

Consider a two-parameter dependence of ! .δp

! (narrow jet) !  ! (1 parton)δp ≈ δp

! (wide jet) !  ! (n partons)δp ≈ δp

<

Open data/theory question: what drives quenching and 
substructure modifications?
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HIGHER-ORDER CALCULATIONS

•so far, only one-gluon emission spectrum 

- how to generalize to higher-orders in  ?
- need to account for interplay of vacuum/medium spectra 

(two “orthogonal” showers in   and  )

•efforts beyond 

- antenna radiation: role of color coherence

- two-gluon spectrum: interferences

- for energy-loss: 1st order vacuum + n soft bremsstrahlung 
gluons

αs

log k⊥ t

!10

Mehtar-Tani, Salgado, KT 1009.2965, 1102.4317, 1112.5031, 1205.5739 
Casalderrey, Iancu 1105.1760 

Arnold, Iqbal 1501.04964 
Casalderrey, Pablos, KT 1512.07561 

Y. Mehtar-Tani, KT 1706.06047

http://arxiv.org/abs/arXiv:1009.2965
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PHASE SPACE ANALYSIS

!11

!log 1/θ

!log zθ
m

=
Q z =

1

R

Y. Mehtar-Tani, KT 1706.06047, 1707.07361 
Caucal, Iancu, Mueller, Soyez 1801.09703  

Dominguez, Milhano, Salgado, KT, Vila 1907.03653 
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PHASE SPACE ANALYSIS

!11

!log 1/θ

!log zθ
m

=
Q z =

1

R

m = E/L
(tf = L)

(PS)in =
ᾱ
4

log2 ER2L

Considering E=100GeV, 
R=0.4 and L=4fm, we find 

that ! ! 

Should expect multiple 
in-medium emissions 
for LHC kinematics.

log2 ∼ 30

Y. Mehtar-Tani, KT 1706.06047, 1707.07361 
Caucal, Iancu, Mueller, Soyez 1801.09703  

Dominguez, Milhano, Salgado, KT, Vila 1907.03653 
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PHASE SPACE ANALYSIS

!11

!log 1/θ

!log zθ
m

=
Q z =

1

R

m = E/L
(tf = L)

(PS)in =
ᾱ
4

log2 ER2L

Considering E=100GeV, 
R=0.4 and L=4fm, we find 

that ! ! 

Should expect multiple 
in-medium emissions 
for LHC kinematics.

log2 ∼ 30

θc

k⊥ = (ω ̂q)1/4

(tf = td) k⊥ = ( ̂qL)1/2

Red area: identified genuine vacuum component w/ !   
- modified by the medium (long-distance effects).

k2
⊥ > ̂qω

Y. Mehtar-Tani, KT 1706.06047, 1707.07361 
Caucal, Iancu, Mueller, Soyez 1801.09703  

Dominguez, Milhano, Salgado, KT, Vila 1907.03653 
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THEORY CONTROL: LEADING EFFECTS

!12

dσexcl

dk1…dkN
= ∫ dp {∏

i
∫ dϵi 𝒫(ϵi)}f1→N (k1+ϵ1, …, kN+ϵN |p) δ (p − ∑

i

ki− ∑
i

ϵi) dσ0

dp

Simplified example: consider a !  process followed by energy loss.1 → N
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THEORY CONTROL: LEADING EFFECTS

!12

dσexcl

dk1…dkN
= ∫ dp {∏

i
∫ dϵi 𝒫(ϵi)}f1→N (k1+ϵ1, …, kN+ϵN |p) δ (p − ∑

i

ki− ∑
i

ϵi) dσ0

dp

Simplified example: consider a !  process followed by energy loss.1 → N

dσexcl

dk1…dkN
≃ (∫ dϵ𝒫(ϵ)e−nϵ/p)

N dσ0,excl

dk1…dkN
Leading-order effect:
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THEORY CONTROL: LEADING EFFECTS

!12

dσexcl

dk1…dkN
= ∫ dp {∏

i
∫ dϵi 𝒫(ϵi)}f1→N (k1+ϵ1, …, kN+ϵN |p) δ (p − ∑

i

ki− ∑
i

ϵi) dσ0

dp

Simplified example: consider a !  process followed by energy loss.1 → N

dσexcl

dk1…dkN
≃ (∫ dϵ𝒫(ϵ)e−nϵ/p)

N dσ0,excl

dk1…dkN
Leading-order effect:

+N𝒬(p)N−1 ∂𝒬(p)
∂(n /p) ∑

i

∂
∂ki (

dσ0,excl

dk1…dkN )systematically improvable…

Provides a framework for studying multi-parton energy-loss effects for 
inclusive observables !
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GENERATING FUNCTIONAL METHOD

!13

G(u) =
X

n

Pnu
n

<latexit sha1_base64="3WMP/DuKCT285KB7LimLgdb/FXE="></latexit><latexit sha1_base64="3WMP/DuKCT285KB7LimLgdb/FXE="></latexit><latexit sha1_base64="3WMP/DuKCT285KB7LimLgdb/FXE="></latexit><latexit sha1_base64="3WMP/DuKCT285KB7LimLgdb/FXE="></latexit>

G(u = 1) = 1
<latexit sha1_base64="pcHlo2EfxPs1F+V+JQnTK1YcEF4="></latexit><latexit sha1_base64="pcHlo2EfxPs1F+V+JQnTK1YcEF4="></latexit><latexit sha1_base64="pcHlo2EfxPs1F+V+JQnTK1YcEF4="></latexit><latexit sha1_base64="pcHlo2EfxPs1F+V+JQnTK1YcEF4="></latexit>

Generating function:

Konishi, Ukawa, Veneziano Nucl. Phys. B1567 (1979);  
Bassetto, Ciafaloni, Marchesini Phys. Rept. 100 (1983) 

Dokshitzer, Khoze, Mueller, Troyan “Basics of Perturbative QCD” (1991)

Applications to jets

Pn ! P (k1, . . . , kn)
<latexit sha1_base64="duMcry8nU3mc0BE+jIboSZlLzk8="></latexit><latexit sha1_base64="duMcry8nU3mc0BE+jIboSZlLzk8="></latexit><latexit sha1_base64="duMcry8nU3mc0BE+jIboSZlLzk8="></latexit><latexit sha1_base64="duMcry8nU3mc0BE+jIboSZlLzk8="></latexit>

un ! u(k1) . . . u(kn)
<latexit sha1_base64="rqtu5bC94r7UkqXgKO+csbAifCk="></latexit><latexit sha1_base64="rqtu5bC94r7UkqXgKO+csbAifCk="></latexit><latexit sha1_base64="rqtu5bC94r7UkqXgKO+csbAifCk="></latexit><latexit sha1_base64="rqtu5bC94r7UkqXgKO+csbAifCk="></latexit>

Normalization 
(conservation of probability)

where C(p,R) is the collimator function that satisfies [3]

C(p,R) = 1 + ↵̄

Z R

0

d✓

✓

Z 1

0
dz P (z) ⇥(tf < td < L)

⇥
⇥
C(zp, ✓)C((1� z)p, ✓)Q2(pT )� C(p, ✓)

⇤
. (25)

Here we have used that Zvac(p,R;u = 1) = 1 and Zout(p,R, ✓;u = 1) = 0. Note that if one
neglects energy loss, that is, Q2(pT ) = 1, then C(p,R) = C(p, ✓) = 1.

This normalization function C(p,R) accounts for the fact that the inclusive jet spectrum is
sensitive to the fluctuations of the jet substructure. In the strong quenching limit, Q2(pT ) ⌧ 1,
it reduces to a Sudakov suppression factor

C(p,R) = exp


�
↵s

⇡

Z R

0

d✓

✓

Z 1

0
dz P (z)⇥(tf < td < L)

�
. (26)

In the DLA approximation we find (for pT � !c):

CDLA(p,R) = exp


�2↵̄ ln

R

✓c

✓
ln

pT
!c

+
2

3
ln

R

✓c

◆�
, (27)

where ↵̄ = ↵sNc/⇡.

4. Single-inclusive gluon distribution

The inclusive gluon distribution is defined as

D(x|p,R) ⌘ x
dN

dx
⌘ x

�Z(p,R;u)/�u(x)
���
u=1

Z(p,R;u)
���
u=1

= x
�Z(p,R;u)/�u(x)

���
u=1

C(p,R)
. (28)

where x = !/pT . Using the above definition together with Eq. (22) we find

C(p,R)D(x|p,R) = x�(1� x)

+2

Z R

d⌦ ⇥(tf < td < L)
h
D

⇣x
z

���zp, ✓
⌘
C(zp, ✓)C((1� z)p, ✓)Q2(pT )� zD (x|p, ✓)C(p, ✓)

i

+2

Z R

d⌦ ⇥(tf < td < L)
h
Dout

⇣x
z

���zp,R0, ✓
⌘
C((1� z)p, ✓)Q2(pT )

i

+2

Z R

d⌦
�
⇥(td > L) +⇥(td < L < tf)

� h
Dvac

⇣x
z

���zp, ✓
⌘
� zDvac (x|p, ✓)

i
. (29)

It can be easily checked that
R 1
0 dxD(x,R) = 1 provided C(p,R) satisfies Eq. (25).

Another formulation is possible by allowing the first splitting in Dout to include angles
smaller that the previous angle in the shower.

5. DLA approximation in the absence of energy loss

Let us now make contact with Ref. [4], where the fragmentation function D(x) was compute
in the DLA approximation in the absence of energy loss. In this approximation, one can set
C(p, ✓) = 1 and Q(pT ) = 1 in Eq. (29). Furthermore, only the real contributions that are
strongly ordered in energies contribute to the DLA approximation. Hence, Eq. (29) yields

D(x|p,R) = x�(1� x) + 2↵̄

Z R

0

d✓

✓

Z 1

0

dz

z
⇥(tf < td < L)D (x/z|zp, ✓)

+2↵̄

Z R

0

d✓

✓

Z 1

0

dz

z
⇥(tf < td < L)Dout

�
x/z|zp,R0�

+2↵̄

Z R

0

d✓

✓

Z 1

0

dz

z

�
⇥(td > L) +⇥(td < L < tf)

�
Dvac (x/z|zp, ✓) . (30)

7

Fragmentation 
function
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= +Zvac

(
1, R

)
−

Zvac

(
1− z, θ

)

Zvac

(
z, θ

)

θ

z

1− z

Zvac

(
1, R

)

z

1− z

GF IN VACUUM

!14

angular ordered (MLLA) evolution equation

@

@ lnQ
D(x, ✓) =

Z 1

0
dz

↵s

⇡
P (z) [D(x/z, zQ)� zD(x,Q)]
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Zvac(p,R;u) = u(p) +

Z R

0

d✓

✓

Z 1

0
dz
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P (z)

⇥
⇥
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�
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�
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⇤
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!  from probability conservation!Zvac(u = 1) = 1
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GF FOR QUENCHED JETS

• in addition, the total charge of jet comes with !  

• couples in-medium and out-of-medium showers via 
!  

- including possible violations of AO 

• implements quenching effects for the in-medium 
radiation 

• !  and !  encode the jet/medium scale analysis

𝒬(p)

Zio(p, θ) = Z(p, θ) + Zout(p, θ)

Θin Θout

!15

Z(p, R |u) = u(p) + ∫
R

dΩ Θin[Zio(zp, θ)Zio((1 − z)p, θ)𝒬(p)2 − Z(p, θ)]

+∫
R

dΩ Θout [Zvac(zp, θ)Zvac((1 − z)p, θ) − Zvac(p, θ)]
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SIMPLIFIED MODEL

!16

• consider for the moment the 
simpler situation: in or out of the 
medium 

• GF differentiates between two 
distinct cases 

- no cross-talk

!log 1/θ

!log zθ

tf = L

R
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GF CONTRIBUTIONS

!17

= +Zvac

(
1, R

)
−

Zvac

(
1− z, θ

)

Zvac

(
z, θ

)

θ

z

1− z

Zvac

(
1, R

)

z

1− z

Fragmentation outside the medium

L
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… is vacuum-like (AO).
Θ(tf > L)

!log 1/θ

!log zθ

tf = L

R
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GF CONTRIBUTIONS

!18

= +Zvac

(
1, R

)
−

Zvac

(
1− z, θ

)

Zvac

(
z, θ

)

θ

z

1− z

Zvac

(
1, R

)

z

1− z

= +Zvac

(
1, R

)
−

Zvac

(
1− z, θ

)

Zvac

(
z, θ

)

θ

z

1− z

Zvac

(
1, R

)

z

1− z
⇥Q2
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Caucal, Iancu, Mueller, Sozey PRL (2018)
Y. Mehtar-Tani, KT arXiv:1707.07361 [hep-ph]

Fragmentation inside the medium
… is vacuum-like (AO).

… is quenched.

Θ(tf < L)

!log 1/θ

!log zθ

tf = L

R
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!19

Probability is no longer conserved: ! ! 

Mismatch between real and virtual diagrams!

Z(p, R |u = 1) = 𝒞(p, R)

where C(p,R) is the collimator function that satisfies [3]

C(p,R) = 1 + ↵̄

Z R

0

d✓

✓

Z 1

0
dz P (z) ⇥(tf < td < L)

⇥
⇥
C(zp, ✓)C((1� z)p, ✓)Q2(pT )� C(p, ✓)

⇤
. (25)

Here we have used that Zvac(p,R;u = 1) = 1 and Zout(p,R, ✓;u = 1) = 0. Note that if one
neglects energy loss, that is, Q2(pT ) = 1, then C(p,R) = C(p, ✓) = 1.

This normalization function C(p,R) accounts for the fact that the inclusive jet spectrum is
sensitive to the fluctuations of the jet substructure. In the strong quenching limit, Q2(pT ) ⌧ 1,
it reduces to a Sudakov suppression factor

C(p,R) = exp


�
↵s

⇡

Z R

0

d✓

✓

Z 1

0
dz P (z)⇥(tf < td < L)

�
. (26)

In the DLA approximation we find (for pT � !c):

CDLA(p,R) = exp


�2↵̄ ln

R

✓c

✓
ln

pT
!c

+
2

3
ln

R

✓c

◆�
, (27)

where ↵̄ = ↵sNc/⇡.

4. Single-inclusive gluon distribution

The inclusive gluon distribution is defined as

D(x|p,R) ⌘ x
dN

dx
⌘ x

�Z(p,R;u)/�u(x)
���
u=1

Z(p,R;u)
���
u=1

= x
�Z(p,R;u)/�u(x)

���
u=1

C(p,R)
. (28)

where x = !/pT . Using the above definition together with Eq. (22) we find

C(p,R)D(x|p,R) = x�(1� x)

+2

Z R

d⌦ ⇥(tf < td < L)
h
D

⇣x
z

���zp, ✓
⌘
C(zp, ✓)C((1� z)p, ✓)Q2(pT )� zD (x|p, ✓)C(p, ✓)

i

+2

Z R

d⌦ ⇥(tf < td < L)
h
Dout

⇣x
z

���zp,R0, ✓
⌘
C((1� z)p, ✓)Q2(pT )

i

+2

Z R

d⌦
�
⇥(td > L) +⇥(td < L < tf)

� h
Dvac

⇣x
z

���zp, ✓
⌘
� zDvac (x|p, ✓)

i
. (29)

It can be easily checked that
R 1
0 dxD(x,R) = 1 provided C(p,R) satisfies Eq. (25).

Another formulation is possible by allowing the first splitting in Dout to include angles
smaller that the previous angle in the shower.

5. DLA approximation in the absence of energy loss

Let us now make contact with Ref. [4], where the fragmentation function D(x) was compute
in the DLA approximation in the absence of energy loss. In this approximation, one can set
C(p, ✓) = 1 and Q(pT ) = 1 in Eq. (29). Furthermore, only the real contributions that are
strongly ordered in energies contribute to the DLA approximation. Hence, Eq. (29) yields

D(x|p,R) = x�(1� x) + 2↵̄

Z R

0

d✓

✓

Z 1

0

dz

z
⇥(tf < td < L)D (x/z|zp, ✓)

+2↵̄

Z R

0

d✓

✓

Z 1

0

dz

z
⇥(tf < td < L)Dout

�
x/z|zp,R0�

+2↵̄

Z R

0

d✓

✓

Z 1

0

dz

z

�
⇥(td > L) +⇥(td < L < tf)

�
Dvac (x/z|zp, ✓) . (30)
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GF NORMALIZATION
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Probability is no longer conserved: ! ! 

Mismatch between real and virtual diagrams!

Z(p, R |u = 1) = 𝒞(p, R)

where C(p,R) is the collimator function that satisfies [3]

C(p,R) = 1 + ↵̄

Z R

0

d✓

✓

Z 1

0
dz P (z) ⇥(tf < td < L)

⇥
⇥
C(zp, ✓)C((1� z)p, ✓)Q2(pT )� C(p, ✓)

⇤
. (25)

Here we have used that Zvac(p,R;u = 1) = 1 and Zout(p,R, ✓;u = 1) = 0. Note that if one
neglects energy loss, that is, Q2(pT ) = 1, then C(p,R) = C(p, ✓) = 1.

This normalization function C(p,R) accounts for the fact that the inclusive jet spectrum is
sensitive to the fluctuations of the jet substructure. In the strong quenching limit, Q2(pT ) ⌧ 1,
it reduces to a Sudakov suppression factor

C(p,R) = exp


�
↵s

⇡

Z R

0

d✓

✓

Z 1

0
dz P (z)⇥(tf < td < L)

�
. (26)

In the DLA approximation we find (for pT � !c):

CDLA(p,R) = exp


�2↵̄ ln

R

✓c

✓
ln

pT
!c

+
2

3
ln

R

✓c

◆�
, (27)

where ↵̄ = ↵sNc/⇡.

4. Single-inclusive gluon distribution

The inclusive gluon distribution is defined as

D(x|p,R) ⌘ x
dN

dx
⌘ x

�Z(p,R;u)/�u(x)
���
u=1

Z(p,R;u)
���
u=1

= x
�Z(p,R;u)/�u(x)

���
u=1

C(p,R)
. (28)

where x = !/pT . Using the above definition together with Eq. (22) we find

C(p,R)D(x|p,R) = x�(1� x)

+2

Z R

d⌦ ⇥(tf < td < L)
h
D

⇣x
z

���zp, ✓
⌘
C(zp, ✓)C((1� z)p, ✓)Q2(pT )� zD (x|p, ✓)C(p, ✓)

i

+2

Z R

d⌦ ⇥(tf < td < L)
h
Dout

⇣x
z

���zp,R0, ✓
⌘
C((1� z)p, ✓)Q2(pT )

i

+2

Z R

d⌦
�
⇥(td > L) +⇥(td < L < tf)

� h
Dvac

⇣x
z

���zp, ✓
⌘
� zDvac (x|p, ✓)

i
. (29)

It can be easily checked that
R 1
0 dxD(x,R) = 1 provided C(p,R) satisfies Eq. (25).

Another formulation is possible by allowing the first splitting in Dout to include angles
smaller that the previous angle in the shower.

5. DLA approximation in the absence of energy loss

Let us now make contact with Ref. [4], where the fragmentation function D(x) was compute
in the DLA approximation in the absence of energy loss. In this approximation, one can set
C(p, ✓) = 1 and Q(pT ) = 1 in Eq. (29). Furthermore, only the real contributions that are
strongly ordered in energies contribute to the DLA approximation. Hence, Eq. (29) yields

D(x|p,R) = x�(1� x) + 2↵̄

Z R

0

d✓

✓

Z 1

0

dz

z
⇥(tf < td < L)D (x/z|zp, ✓)

+2↵̄

Z R

0

d✓

✓

Z 1

0

dz

z
⇥(tf < td < L)Dout

�
x/z|zp,R0�

+2↵̄

Z R

0

d✓

✓

Z 1

0

dz

z

�
⇥(td > L) +⇥(td < L < tf)

�
Dvac (x/z|zp, ✓) . (30)
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assumptions about 
medium effects  

(quenching)
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Probability is no longer conserved: ! ! 

Mismatch between real and virtual diagrams!

Z(p, R |u = 1) = 𝒞(p, R)

where C(p,R) is the collimator function that satisfies [3]

C(p,R) = 1 + ↵̄

Z R

0

d✓

✓

Z 1

0
dz P (z) ⇥(tf < td < L)

⇥
⇥
C(zp, ✓)C((1� z)p, ✓)Q2(pT )� C(p, ✓)

⇤
. (25)

Here we have used that Zvac(p,R;u = 1) = 1 and Zout(p,R, ✓;u = 1) = 0. Note that if one
neglects energy loss, that is, Q2(pT ) = 1, then C(p,R) = C(p, ✓) = 1.

This normalization function C(p,R) accounts for the fact that the inclusive jet spectrum is
sensitive to the fluctuations of the jet substructure. In the strong quenching limit, Q2(pT ) ⌧ 1,
it reduces to a Sudakov suppression factor

C(p,R) = exp


�
↵s

⇡

Z R

0

d✓

✓

Z 1

0
dz P (z)⇥(tf < td < L)

�
. (26)

In the DLA approximation we find (for pT � !c):

CDLA(p,R) = exp


�2↵̄ ln

R

✓c

✓
ln

pT
!c

+
2

3
ln

R

✓c

◆�
, (27)

where ↵̄ = ↵sNc/⇡.

4. Single-inclusive gluon distribution

The inclusive gluon distribution is defined as

D(x|p,R) ⌘ x
dN

dx
⌘ x

�Z(p,R;u)/�u(x)
���
u=1

Z(p,R;u)
���
u=1

= x
�Z(p,R;u)/�u(x)

���
u=1

C(p,R)
. (28)

where x = !/pT . Using the above definition together with Eq. (22) we find

C(p,R)D(x|p,R) = x�(1� x)

+2

Z R

d⌦ ⇥(tf < td < L)
h
D

⇣x
z

���zp, ✓
⌘
C(zp, ✓)C((1� z)p, ✓)Q2(pT )� zD (x|p, ✓)C(p, ✓)

i

+2

Z R

d⌦ ⇥(tf < td < L)
h
Dout

⇣x
z

���zp,R0, ✓
⌘
C((1� z)p, ✓)Q2(pT )

i

+2

Z R

d⌦
�
⇥(td > L) +⇥(td < L < tf)

� h
Dvac

⇣x
z

���zp, ✓
⌘
� zDvac (x|p, ✓)

i
. (29)

It can be easily checked that
R 1
0 dxD(x,R) = 1 provided C(p,R) satisfies Eq. (25).

Another formulation is possible by allowing the first splitting in Dout to include angles
smaller that the previous angle in the shower.

5. DLA approximation in the absence of energy loss

Let us now make contact with Ref. [4], where the fragmentation function D(x) was compute
in the DLA approximation in the absence of energy loss. In this approximation, one can set
C(p, ✓) = 1 and Q(pT ) = 1 in Eq. (29). Furthermore, only the real contributions that are
strongly ordered in energies contribute to the DLA approximation. Hence, Eq. (29) yields

D(x|p,R) = x�(1� x) + 2↵̄

Z R

0

d✓

✓

Z 1

0

dz

z
⇥(tf < td < L)D (x/z|zp, ✓)

+2↵̄

Z R

0
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✓

Z 1

0

dz

z
⇥(tf < td < L)Dout

�
x/z|zp,R0�

+2↵̄

Z R
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0

dz

z

�
⇥(td > L) +⇥(td < L < tf)

�
Dvac (x/z|zp, ✓) . (30)
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assumptions about 
medium effects  

(quenching)

affected phase 
space for vacuum 

radiation
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Probability is no longer conserved: ! ! 

Mismatch between real and virtual diagrams!

Z(p, R |u = 1) = 𝒞(p, R)

where C(p,R) is the collimator function that satisfies [3]

C(p,R) = 1 + ↵̄

Z R

0
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✓

Z 1

0
dz P (z) ⇥(tf < td < L)

⇥
⇥
C(zp, ✓)C((1� z)p, ✓)Q2(pT )� C(p, ✓)

⇤
. (25)

Here we have used that Zvac(p,R;u = 1) = 1 and Zout(p,R, ✓;u = 1) = 0. Note that if one
neglects energy loss, that is, Q2(pT ) = 1, then C(p,R) = C(p, ✓) = 1.

This normalization function C(p,R) accounts for the fact that the inclusive jet spectrum is
sensitive to the fluctuations of the jet substructure. In the strong quenching limit, Q2(pT ) ⌧ 1,
it reduces to a Sudakov suppression factor

C(p,R) = exp


�
↵s

⇡

Z R

0
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0
dz P (z)⇥(tf < td < L)

�
. (26)

In the DLA approximation we find (for pT � !c):

CDLA(p,R) = exp
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+
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where ↵̄ = ↵sNc/⇡.

4. Single-inclusive gluon distribution

The inclusive gluon distribution is defined as

D(x|p,R) ⌘ x
dN

dx
⌘ x

�Z(p,R;u)/�u(x)
���
u=1

Z(p,R;u)
���
u=1

= x
�Z(p,R;u)/�u(x)
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C(p,R)
. (28)

where x = !/pT . Using the above definition together with Eq. (22) we find

C(p,R)D(x|p,R) = x�(1� x)

+2
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⌘
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It can be easily checked that
R 1
0 dxD(x,R) = 1 provided C(p,R) satisfies Eq. (25).

Another formulation is possible by allowing the first splitting in Dout to include angles
smaller that the previous angle in the shower.

5. DLA approximation in the absence of energy loss

Let us now make contact with Ref. [4], where the fragmentation function D(x) was compute
in the DLA approximation in the absence of energy loss. In this approximation, one can set
C(p, ✓) = 1 and Q(pT ) = 1 in Eq. (29). Furthermore, only the real contributions that are
strongly ordered in energies contribute to the DLA approximation. Hence, Eq. (29) yields
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assumptions about 
medium effects  

(quenching)

affected phase 
space for vacuum 

radiation

collimator function 
(normalization)

*) mismatch can also arise due to other processes than energy loss! 
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For !  fixed point of the equation is simply ! . 
It is natural to expect this to be the limit at high-! .

𝒬 = 1 𝒞 = 1
pT
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SUDAKOV SUPPRESSION

!20

For !  fixed point of the equation is simply ! . 
It is natural to expect this to be the limit at high-! .

𝒬 = 1 𝒞 = 1
pT

Strong quenching limit 
  (Sudakov factor):𝒬(pT) ≪ 1

∼ exp −2ᾱ log
R
θc (log

pT

ωc
+

2
3

log
R
θc )

*) other fixed point possible for other types of real-virtual mismatch
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SINGLE-INCLUSIVE SPECTRUM
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jet loses energy via total charge & resolved substructure fluctuations

Rjet = Qq(pT)⇥ C(pT, R)
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BUT… WHERE DOES THE ENERGY GO?
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• full solution of medium evolution 
equations 

- rapid depletion of energy 

- migration to large angles 

- saturation at the (global) thermal 
scale 

• large jet radii: start to recover the energy 
deposited at T 

- R dependence is dampened 

• expect intricate interplay that is sensitive 
to the details of thermalization 

• pQCD can provide the “benchmark” of  
expected modifications in the hard sector

Figure 1. The phase-space energy density |p|f/T produced by an energetic jet with E = 90T at two successive
times: (a) an early time t = 0.1tbr(E), when the jet is almost unquenched; (b) a larger time t = 0.3tbr(E),
when the jet is partially quenched. The secondary peak visible around p ⇠ T in plot (b) represents the energy
lost towards the medium via thermalization. The reference scale tbr(E) is the characteristic time scale for the
evolution of the jet via democratic branching, to be explained in Sect. 2.1 (this is given by Eq. (2.5)).

that the medium is not a ‘perfect sink’, more precisely the fact that the soft gluons cannot thermalize

instantaneously (see the discussion in Sect. 5.3.2).

The above considerations are illustrated by the plots in Fig. 1 which are in fact extracted from our

numerical results in Sect. 5. These plots show the (normalized) energy distribution (|p|/T )f(t, z, p)

(with p ⌘ pz) produced by an incoming leading particle with E = 90T at two successive times, an

early time, when the jet is almost unquenched, and a later time, when the jet is partially quenched.

In the ‘late time’ plot in Fig. 1 (b), one clearly sees the accumulation of particles at soft momenta

p . T , due to branchings and elastic collisions.

Let us finally stress that the above picture strictly holds for a very energetic jet, with initial

energy E � !br(L), which is only ‘slightly quenched’ — meaning that the LP survives in the final

state and the energy lost towards the medium is only a small fraction of the initial energy E. In that

case, the final distribution, as visible in Fig. 1 (b), may be viewed as the superposition of the LP peak

together with the distributions separately created by all the ‘mini-jets’. But the individual ‘mini-jets’

have lower energies ! . !br(L), so they are fully quenched by the medium — their whole energy

gets transmitted to the thermalized tail and the mini-jets disappear in the medium. The distribution

created by a single mini-jet will be discussed too in Sect. 5.

2 The physical picture

In this section, we summarize the physical picture underlying the in-medium evolution of a jet gener-

ated by a high-energy parton propagating through a weakly-coupled quark-gluon plasma. This picture

largely reflects the current understanding of this problem, as emerging from the literature, but includes

some additional arguments which will be physically motivated, together with some expectations to

be subsequently confirmed by the new analysis in this work. We start with a brief review of recent

studies of the medium-induced gluon cascade [27–30], which recognized the importance of multiple

– 5 –
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CONCLUSIONS

•substructure modifications driven by energy loss 

- also influenced by bremsstrahlung, color coherence effects, 
medium back-reaction

•probabilistic setup combining jet & medium 
scales 

- generating functional
- systematically improvable
- perturbative expansion to include hard, small-angle 

bremsstrahlung

• test bed to compare against MC model & data 

- collimator function: non-linear evolution of quenching
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NEIGHBORING JET ENERGY LOSS

!25

Y. Mehtar-Tani, KT 1706.06047

delayed energy loss from 
resolved partons

energy loss of total 
color charge
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0 tf td
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NEIGHBORING JET ENERGY LOSS
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Y. Mehtar-Tani, KT 1706.06047

delayed energy loss from 
resolved partons

energy loss of total 
color charge

S2(t) = exp


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Z t

0
ds q̂(x12, t)x
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decoherence parameter 
color randomization of a qq̄ pair

Mehtar-Tani, Salgado, KT PLB (2012), JHEP (20132; Casalderrey, Iancu JHEP (2011)
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EMERGING PICTURE (DLA) FOR MC
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hard, in-medium 
radiation

energy-loss, 
broadening

fragmentation, 
hadronization

t1 t20 L ∞

tf < td
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L < tf
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…

Approximations @ DLA - intrinsic uncertainties (finite-length effects, etc…) 
Many existing MC implementations…


