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Multiparticle Correlators

Sums of products of energies (transverse momenta) and angles
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[Larkoski, Salam, Thaler, 1305.0007; Larkoski, Moult, Neill, 1409.6298]

Used for multi-prong tagging, 
typically in ratios , D2, C2, C3, etc.

Generalized ECFs also useful 
(angular part not monomial)
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Linear basis of all IRC-safe observables
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Mass also calculated as
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Outline
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Experiment

Theory

Computational Complexity
Multiparticle correlators are   to compute in general𝒪(MN)

Many can actually be computed in �𝒪(M )

Linear Tensor Identities
Multiparticle correlators exhibit mysterious linear redundancies

All redundancies understood via cutting graphs

Counting Superstring Amplitudes 
Counting independent kinematic polynomials difficult

Immediate enumeration through multigraphs
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Computational Complexity – BOOST 2018
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Naive computation complexity of an energy correlator is �   𝒪(MN)

EnergyCorrelator fjcontrib solution:
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All tree graphs become  𝒪(M2)

Variable elimination (VE) algorithm:  𝒪(Mχ), χ ≲ N

Disconnected is product of connected

VE find clever parentheses placement to minimize computation

  iff G is complete graph, ECFs still slow χ = N

https://energyflow.network

[PTK, Metodiev, Thaler, 1712.07124]
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All tree graphs become  𝒪(M2)

Variable elimination (VE) algorithm:  𝒪(Mχ), χ ≲ N

Disconnected is product of connected

VE find clever parentheses placement to minimize computation
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Can we do better – perhaps �  as for mass?𝒪(M)

BOOST 2019



Patrick Komiske – Cutting Multiparticle Correlators Down to Size

Energy Flow Moments (EFMs)
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EFMv is a totally symmetric little group tensor
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[PTK, Metodiev, Thaler, to appear soon]
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contractions of EFMs

=

EFMs result from cutting edges of EFP graph

[PTK, Metodiev, Thaler, to appear soon]
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See detailed derivation in backup

All   EFPs are  β = 2 𝒪(M)
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Linear Tensor Identities

 7

Linear redundancies among EFPs are troublesome

Studying coefficients of linear fit difficult

O =

X

G

sGEFPG
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in 3 or fewer spacetime dimensions

in 4 or fewer spacetime dimensions

Examples of redundancies
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Consider tensor over n dimensional vector space

Antisymmetrize m > n indices

Result is zero because any assignment of n 
possible values to m slots has a repetition

Tensor Identity Recipe

Bonus: all tensor identities up to ones governed by 
existing symmetries take above form

[Sneddon, Journal of Mathematical Physics]

Examples of redundancies
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⟺

0 = I[αI
α
β I

β
γ I

γ

δ]I
δ

<latexit sha1_base64="fLdJLmSi/mioyf4GaXpbFD3MOmc="></latexit>

⟺

0 = I
�

[↵I
�
�I

�
�I

✏
�I

↵
✏]

<latexit sha1_base64="7sd4V7+P273G7TDaNAbNujErttE="></latexit>

⟺

Other types of identities – e.g. when   is smallM

M ≤ 2

Could be useful in a partonic calculation, more in backup
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Q: What is the number of symmetric polynomials 
of degree �  in kinematic variables �  

up to momentum conservation?

d sij = pi ⋅ pj

Constructing a basis of amplitudes – how large is it?

θ
2

ij = 2ni · nj
<latexit sha1_base64="8g+9FNGA4mZQDXFPok3m0jNnNOE="></latexit>

non-isomorphic multigraph 

⟺
0 =

MX

i=1

p
µ
i = I

µ
=

<latexit sha1_base64="2RRSIIfDUvRdj2IpFCnAUOquukA="></latexit>

A: Same as the number of non-isomorphic 
multigraphs with no leaves (vertices of 
valency one)

[Boels, 1304.7918; OEIS A226919]

⟺

⟺
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Q: What is the number of symmetric polynomials 
of degree �  in kinematic variables �  

up to momentum conservation?

d sij = pi ⋅ pj

Constructing a basis of amplitudes – how large is it?

θ
2

ij = 2ni · nj
<latexit sha1_base64="8g+9FNGA4mZQDXFPok3m0jNnNOE="></latexit>

non-isomorphic multigraph 

⟺
0 =

MX

i=1

p
µ
i = I

µ
=

<latexit sha1_base64="2RRSIIfDUvRdj2IpFCnAUOquukA="></latexit>

A: Same as the number of non-isomorphic 
multigraphs with no leaves (vertices of 
valency one)

[Boels, 1304.7918; OEIS A226919]

⟺

⟺

Leafless Multigraphs

Connected All

Edges d A307317 A307316

1 0 0

2 1 1

3 2 2

4 4 5

5 9 11

6 26 34

7 68 87

8 217 279

9 718 897

10 2 553 3 129

11 9 574 11 458

12 38 005 44 576

13 157 306 181 071

14 679 682 770 237

15 3 047 699 3 407 332

16 14 150 278 15 641 159
<latexit sha1_base64="gv3Gl26o79eW71+q1eHBjptc+0c="></latexit>

Bolded values previously unknown

New OEIS Entries!
A307317, A307316

[PTK, Metodiev, Thaler, to appear soon]
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Experiment

Theory

Computational Complexity
Multiparticle correlators are   to compute in general𝒪(MN)

�  EFPs can be computed in �
Why not use � ? Performance in backup
β = 2 𝒪(M)

D(β=2)

2

Linear Tensor Identities
Multiparticle correlators exhibit mysterious linear redundancies

All redundancies understood via cutting graphs
and applying master antisymmetrization identity

Counting Superstring Amplitudes 
Counting independent kinematic polynomials difficult

Immediate enumeration through multigraphs
and new OEIS sequences!
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TL;DR – edges of EFP with   can be cut and rearranged into EFMsβ = 2

EFPG =

MX

i1=1

· · ·

MX

iN=1

zi1 · · · ziN

Y

(k,`)∈G

2ηµ⌫n
µ
ik
n
⌫

i`

=

0

@

NY

j=1

MX

ij=1

zijn
µ
j
1

ij
n
µ
j
2

ij
· · ·n

µj
vj

ij

1

A
Y

(k,`)∈G

2ηµk
Ak`

µ`

A`k

=

0

@

NY

j=1

I
µ
j
1
µ
j
2
···µj

vj

1

A

| {z }

EFMs

Y

(k,`)∈G

2ηµk
Ak`

µ`

A`k

| {z }

Contraction of edges
<latexit sha1_base64="2llJ9xL7c7SpPXPZLvC/KlMzVK0="></latexit>
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��� ��� ��� ��� ��� ���
��-�

��-�

��-�

���
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� ���������

��
�
��
��
���
��

� ����� ��� ��� (������++)
��<��� ���� ��>��� ���� ��=���

β=���� ��(���) ��(���)β=�� ��(�) ��(�)β=�� ��(�) ��(�)

��� ��� ��� ��� ��� ���
��-�

��-�

��-�

���

�

� ���������

��
�
��
��
���
��

� ����� ��� ��� (������ �)
��<��� ���� ��>��� ���� ��=���

β=���� ��(���) ��(���)β=�� ��(�) ��(�)β=�� ��(�) ��(�)

[Larkoski, Moult, Neill, 1409.6298]

  for both   for both Pythia 8 and Herwig++ 

works better than   for Z vs. QCD

β = 2 D2 and C2

β = 1



Patrick Komiske – Cutting Multiparticle Correlators Down to Size

Additional Linear Identities

 12

All identities fundamentally due to antisymmetrizing over more indices than dimensions

Finite spacetime dimension –   onlyβ = 2

d ≤ 3

d ≤ 4

Finite particle number – cutting open vertices

MG =

√

zi1 · · · ziN

Y

(k,`)∈G

θiki`

<latexit sha1_base64="7n0mx+08N7yi0HHTbdloza9eC7c="></latexit>

"hamburger tensors"

graph rules

Identities come from antisymmetrizing over 
  or more vertex indices, works for any  !M + 1 θjk

e
+
e
− : n

µ
i = (1, n̂)µ

<latexit sha1_base64="fChvNuP1tZ+Kz3osdwGh5Qw9GHg="></latexit>

Presence of 1 means that   dim. tensors are

exactly related to   dim tensors 
and hence satisfy more identities 

d

d − 1

Euclidean subslicing –   onlye+e−

ex. – holds in   for  d ≤ 4 e+e−
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Lorentzian graphs

E
u
cl

id
ea

n
 g

ra
p
h
s

Cutting vertices demonstrates 
matrix multiplication can be 
used to calculate some graphs

∼ 𝒪(M2.3728639)

Works for all angular measures


