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Symmetry breaking: G—H
Either gauge or global symmetries

1

Nambu-Goldstone modes
Vacuum manifold or Order parameter space(OPS): G/H

l N.D.Mermin
Topology of OPS: zn (G/H) Rev.Mod.Phys.(‘79),

_ ¥ G.E.Volovik
Topological solitons, defects/textures Universe in a helium droplet

They (especially vortices) determine
the dynamics of the system!



Classification of topological objects

m Topological defects Topological textures

d=1 Domain wall 7Ty Sine-Gordon soliton(kink) 77,
d=2 Vortex, cosmic string77; Lumps, baby Skyrmion 7T,
d=3 Monopole 7T , Skyrmion 7Ty

OR? =St 5 G/H RY+{x}=S" > G/H
4, (G/H) £0 7y (G/H) #0



domain wall (defect) z,(Z,) =Z,#0

| I [




vortex, cosmic string (defect) z, (SY)=Z #0




How are they created?
Kibble-Zurek mechanism @ phase transition

GON
80
’il N

X Domain walls



Standard model (SM)
G=SUQ2),xU(1)y — H=U(1),,

Vacuum manifold of SM  G/H= SU(2) = S3
T, (S3) =0 No wall
7, (S%) =0 No cosmic string, No sine-Gordon
7, (S%) =0 No monopole, No baby Skyrmion

7, (S3)=Z  Skyrmion? (unstable)



Electro-weak (EW) string in SM

PH/m, Experiment
Z-string 4) Scaling instability
Nambu (‘77) t \/
Vachaspati (‘92) 1|

Stable

Semilocal

-

: g
0 0.23 05 09 1 Sin°8,

_ Achucarro & Vachaspati, Phys.Rep (‘00)
EW monopole in SM

Z-string
Monopole of E&M %@—
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Lagrangian of 2HDM

L= iB‘”’ BHY — iﬂﬁpﬂ’“‘”’ + ( D, q)’,f DH .:1;-_3.) v
1=1,2

: 3
V — m%l(l)];(bl + .?11,52(I)£<I)2 — (ml,q) ®5 + h. C) i _1 ((I) d ) 4 7 ((I) P. )

~+ 33 ((I)];(I)l) ((1)5(1)2) + 4 ((I) ob. ) ((I) b ) + { ((I) ob. ) + ]1_(3_} i

)
{[ﬁﬁcb <I>1—|—,6’7<I>TCI>2]( 2)+ }



Lagrangian of 2HDM

L= iBﬂpB‘m} iul{;jﬂﬂ’uv + (D,u-q)ID”(I)i) Vv

__——

—|—{[ﬁ6<I>T1<I>1—|—,8 D - ng),—_rm,f

(softly broken) Z,: ¢y - +P1 and P; — — P,




Lagrangian of 2HDM

1 1

L= ——B,B" — W W 4 ( D, Dﬂrbﬁ) V.
1 g

1=1,2

V = -?'r'zfl(I)I(I)l + '?'I'E-%Q(I).;(I)Q — (-?'n. 19 ><I> ®5 + h.c. ) + — ((I) D- ) + - 7 ((I) d. )
_{_:53 ((I)]I(I)l) ((I);(I)Q) +54 ((I) O ) ((I) o, ) { 2 ((I) o. ) .+ h_c_} |
CPinvariance: ®;—io,® my,? fs: real (my,? =0)

VEVs: q)]:e—fa(ﬂ). @FE,,-H(O) /2= 03 4v2)

Vi V2 Vew (= 246 GeV)

a=0 (mod #/2). CP preserving
a#0 (mod #/2). SSB of CP



Matrix notation:[H — (ioy®], By) = ( 1,2 02-1) ]

—011 02,2

2 2
my, +1ms;
11 ’ 22 Ty

2 — a2
V = 5 (H'H) — i 5 22y (HTHO";_J)) — mi, (det H + h.c.)
2 43'3 47'3 3 .18‘ 2 47'3 47'3 - 3 47'3‘
L2 +-'1;) +2P3 gy, (HTHHTH) 2 J“l;) Zy (HTH@HTH@;)
.,51 — .,a:'i’_)")

=Ty (HTH03HTH) + (Bs + Ba) det(HTH) + (Z det H? + h.c.) ._
SU(2),y x U(1)y gauge transformation

H — exp (QO"I (;r)ﬁa) H exp (—2;"3(;1“)03) D,H = 0,H — g%o’aﬂfﬁH + g;%Ha;gBﬁ.

Alignment V{=V, (tang=1) when i1 = m2. [ =

Custodial symmetry H — U'HU, U eSU((2)¢ exactwhen 3, = %,53

mi1 = maa, [31 = [



f;IJ1=e_"“(UO ) ®2=€f“( 0 )
1 V)

Double sine-Gordon potential
Ve (o) = —2m%,v1vy cos 2a + Bsvivs cosda

= (V1 vz)z\/z} (m%Z/Vﬂ/z)z + Bz (—siné§ cos 2« + cos & cos4a)

2(m%,/vivy) ps

Cosé =

siné =
\/4(m%2/v1v2)2 + B2 \/4(m%2/\/1 v2)? + B3




Ve (o) = —2m?%,v1v7 €08 2a + Bsvivs cos da

= (vq vz)z\/4 (m%z/V1V2)2 + p2 (—siné cos 2« + cos§ cos 4a)

| il
tan (4)v , 7~ tan (4)

(a)

NN

Global min
----- Local min



Ve (o) = —2m3,v1vy €08 2a + B5viv3 cosda .

- o = ===

= (V1V2)2\/4 (m%z/vlvz)2 + p2 (—sin& cos 2 + cos & cos 4a) i |
tan~'(4) 7 tan"'(4) T T

(a)

N

Case I (£ =0)

E \/ \/ \/n +hz/\/v + 12

—20 —1[] 0 ‘IO 20

CP domain wall
CP recovered on the wall ,,

en eirgy

0.5+ i
_ Battye, Brawn & Pilaftsis (“11) A
Global min 0.0 -

_____ Loca| min -20 —‘.IO 0 1|0 2‘0




Ve (o) = —2m3,v1vy €08 2a + B5viv3 cosda Case 11 (¢ = /4)

= (vq vz)z\/4 (m%Z/V1V2)2 + p2 (—sin cos 2« + cos
tan*1(4)v J7 —tan~1(4)

(a)

NN

Case II (£ = w/4)

Q (04
T 0O Ll e |
2 2 \/!1$+!1%(\/v%+v%
8l ..l 08 D T P
-20 =10 O 10 20 -20 -10 O 10 2
(large & small) 15 45
: |
| Zam—\ e8| CP domain wall i
Us L |
=" 3 T ™ CP recovered | |
¢ on the wall ™ ] o
Global min ol | oo

: L aay 00— L L\
----- Local min Battye, Brawn & Pilaftsis (“11) 555070 16 20 —20 <10 0 10 2



Ve (o) = —2m?%,v1v7 €08 2a + Bsvivs cos da

= (vq vz)z\/4 (m%z/V1V2)2 + p2 (—siné cos 2« + cos§ cos 4a)
(a) = tan*1(4)v J7 —tan~1(4)

5

Case 111 (£ = 7/2)

m
4

) VA
2
3
Membrane e
| , , , | (sine-Gordon kink) o
2 T g 3m
0 1 \'\f’ T ™ CP broken around the wall
¢ (recovered on the wall)

Global m_|n Bachas & Tomaras (‘95) .
----- Local min

\ /u 09!
5

\/Iﬁ + h%/\/v% +v2
|

0.8 b ST
-20 =10 0 10 20

energy

i\

20 -10 0 10 20



Ve (o) = —2m?%,v1v7 €08 2a + Bsvivs cos da

= (V1 vz)z\/4 m%z/m\/z)z + p2 (—siné cos 2« + cos§ cos 4a)

(a) = tan (4) 7~ tan”

s
= Case IV (§ = 37/4)

™
4
I () il
2 2
0.8 -
- 20

4
1.5
il ] . | Composite membrang,
Yo 7§ “%&— (double sine-Gordon) |
- CP broken around membrane

Global min (recovered on membrane) oo

----- Local min new 20 -0 0 10 20



Ve (o) = —2m?%,v1v7 €08 2a + Bsvivs cos da

= (vq vz)z\/4 (m%z/V1V2)2 + p2 (—siné cos 2« + cos§ cos 4a)
(a) tan*1(4)v J7 —tan~1(4)

NN

Case V (£ =)

FAVFAY
VAAVARN

@ Z,domain wall
2
¢

CP broken on the wall

Global min
----- Local min new

R R R ]

0.9

\/h1 +hz/\/v + '.»'2

20 —10 G 10

1.5

energy

1.0

0.0

-20 -10 0 10
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Simplification of parameters
(1) Alighment V.=V, (tang=1) when mi1 =ma2, [1 = P2
Vyo—o, = —m2Tr(HTH) + \ Tt ((H’fH)Q) A(Tr(HTH))? + M\ Tr (HTHagﬂfﬂag)

‘ 53
—mZ, (det H + h.c.) + (2 det H* + h.c.) :

. 3
(2) Exact custodial symmetry H — U'HU, U € SU(2)c when 51 = 7P

A

(3) Exact U(1),: H — ¢'“H when miz =35 =0 "u=mz 5=

(T )

he most symmetric Higgs sector

3
mip = Mmoo, [31 = [3a = 1’33 mia = 35 = 0,

A

V = —m?Te[HTH] + A\ Tr [(HTH)Q} Iy (Tr[HTH])z
g

(4) Gauge sector: sin 6,,=0 (g’=0)

J/

Consider the simplest case and
then relax the conditions gradually




Stable non-Abelian string

U(1),: global string
(Iog div tension)

u(r )0
() -EED(Y

31 ) SU(2),, : flux tube
Wil =0"—€;—=(1 (r)), W, =0
g ’r o3 P T3 I
: — T Wiq = ——
R'(0) =0, f(0) =0, w(0) =1, h(x)=f(x)=1, w(c)=0. 12 12 g
1< 13 <M
SN
o8k o V2my o V2
0.6 i myw ' L my
04f T
o '\ < m% = 2m?
‘ OO“f“‘ L S W JP W
0 5 10 15 20 0 5 10 " 0 my =y oy, 2 = A



SU(2). is recovered at r—
& spontaneously broken at r—0 (vortex core)

o [ h(0) 0
H‘NA string — ve's ( 0 0)

Nambu-Goldstone modes localized around a vortex

U(1),

oHLHEH,  (HLEESS

“ground state” 1+1 dim effective theory fluctuations

(9
[S[ (2)c ~ CP! ~ Sij — Moduli of a vortex




CP! © SU(2) magnetic flux

flr)e o ‘ 9
Z-strLVHW =3 ( 0 h(r) Oy = d2$ W3, = n
03| 46071)-vortex
¢
ST - : opposite
' — SU(2). custodial pflux
. symmetry
o1\ W-string
W — h(r) 0 3 -3 2T
Z-string Ho = ( 0 f(?‘)fim) Oy = x Wi, = —?



Topological Z-string @ W V=V, (tang=1), SU(2).

U(1), lifts up all NA vortices minimizing Z-strings (N & S poles)

. ey 1
. e ;= —
3.75) . W 2

sin? Oy = 0.23

q TC ‘ ‘ 2
e S VA IR EEERI . o2 3.70) sin” Oy = 0

02

az] (0.1)-vortex

3.65}

By
s |

(1,0)-vortex
0

T SRS

27 cos Oy
g

by =+



Topological Z/W-string @ sin4g=01g'=0), V;=V, (tanp=1), SWZ.

g)@cintroduces a potential minimizing either Z or W-strings

o3| (0.1)-vortex .
.. ...
@
3.7
] L .
¢ 18 . e 150
2 © L] &
_______________ T, 100
- "~. ; L] L ]
2mv2 35 = o 50
02
oo ® ® oo a 20
3.4
a1 ° 10
T TR L Ry T T P UUA 5
3.3 vy ¥WY T go o Ry " Yy vy
(1,0)-vortex . 5
i I LS
0 4 2 4 "

NEW: There is a parameter region a W-string is stable, unlike SM.



Topological Z/W-string @ sin &=6(7=0), Vy =\ feam=T), SHD).

vih(r 0 _ 2sin? S cos by al
0.1 — ( 1 O( ) vgf(fr)e“’) : Z@.(Oll) _ p EijT_Q(l —w(r)),
. 9 )

it 2 : .7
£7(10) _ (mf(v")e 0 ) | Z(10) _ ~ 2cos [;COSHW X (1 — w(r),

0 v2h(r) L “ig2

[(ID(Zl’O) _ —QWCOSZ B cos Qw] cos® B = %

vy U5
g

Fractionally quantized magnetic fluxes
Dvali & Senjanovic (‘94)




(3) Exact U(1) - H——e%H when MF/U

U(1), must be explicitly broken to remove Nambu-Goldstone boson
2

V = —m2Te[H H] — 2Te[H Hoy) + M Tr [(HT H)Q] o (Tr[HT H])

+ N Te[H HosH H] + \MTr[H Hos H' Hors)
mZ, (det H + h.c.) + (55d CI2 4+ hc ) The case in which |
we discussed domain walls.

-10

A string is attached by waII(s)
like axion strings.




Case I (£ =0) Case IT (§ = /4) Case ITT (¢ = 7/2) Case IV (£ = 3w/4) Case V (£ =)

10 -0 0 10

V1V Case IV

0 L .
-1 -0.5 0 0.5 1

Bs
Constraints on m,, &
I 12 ﬂs (a) region I (b) region IT
Cases I, I, V: Cases lll, IV:
Cosmologically Cosmologically safe

Cosmological
domain wall problem BRIt LEN
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Stable Nambu monopole!! (preliminary)
Magnetic Z-flux is confined
to Z- strlngs

Magnetic flux of E&M is hedgehog
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What is a Skyrmion? 1D Skyrmion

== =Sine-Gordon kink
. m\% 4& &/M Sine-Gordo
1
SN S N N S S N ﬂl(S)_Z
b T~ T T ) -
& | 7)4:\ AN / 2D Skyrmion
AT 2
A T s Ty Yy 7T, (S ) — /
SN b ltsncnns MOdEIOf :
SN HUN 3D Skyrmion
NN R SR A A nucleon
:Q:‘:}‘Q\\Q‘\\\S /f&?%?frﬁii S 3 Z
NN e 773(S7) =
- T H\ vy T -
T.H.R. Skyrme
‘“‘""’Hffﬁ)/ \?‘H:mw“* . . .
S ZE A | S e A Nonlinear theory of strong interactions
S AN
;";ygg/’;’é,’; \Q‘N\E&x: 3dim Proc.Roy.Soc.Lond. A247 (1958) 260-278
assirrnibiinnyeisst hedgehog A Unified Field Theory of Mesons and Baryons
Y I R R R R R Y Nucl.Phys. 31 (1962) 556-569




Lump, baby Skyrmion 7T, (S 2) ~/




