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Modular invariance for flavour

Why modular invariance?

• Naturally leads to a discrete flavour symmetry

• Discrete flavour symmetry can explain 2 large
+ 1 small lepton mixing angles

• More predictive than conventional discrete
symmetry approach: avoids multiple new
scalar fields, baroque potentials and shaping
symmetries
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Modular invariance for flavour

Transformation of fields
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Modular-invariant interactions

Y(τ) ϕ1 ϕ2 . . . ϕn

(cτ + d)kρ (cτ + d)−(k1+k2+...+kn)ρ1 ⊗ ρ2 ⊗ ... ⊗ ρn × itself

modular form
of weight k
and level N

k = k1 + k2 + .. + kn
ρ ⊗ ρ1 ⊗ ρ2 ⊗ . . . ⊗ ρn ⊃ 1

N
k

0 2 4 6

2 (S3) 1 2 3 4
3 (A4) 1 3 5 7
4 (S4) 1 5 9 13
5 (A5) 1 11 21 31
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CP + modular invariance

Why combine modular invariance with CP invariance?

• Observed CP violation is related to the flavour structure (3 generations)

• CP symmetry arises together with modular symmetry in models with extra
dimensions

• Further increase of predictive power

Consistency condition CP−1 ◦  ◦ CP = 
yields:

• τ CP−→ −τ∗ (without loss of generality)

• ϕ(t, ~)
CP−→ ϕ† (t,− ~) (in some basis of N)

• Y(τ)
CP−→ Y(−τ∗) = Y(τ)∗

• CP invariance⇔ g = g∗ (less parameters)

• CP is conserved if τ ∈ ∂D , or Imτ = 0

• Otherwise, both CP and flavour symmetry
are broken by the VEV of τ
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Example: CP-invariant S4 model

L ∼ (3,2) , Ec ∼ (1′,0) ⊕ (1,2) ⊕ (1′,2) , Nc ∼ (3,0)

W = α
�

Ec1LY
(2)
3′

�

1
Hd + β
�

Ec2LY
(4)
3

�

1
Hd + γ
�

Ec3LY
(4)
3′

�

1
Hd

+ g
�

NcLY
(2)
2

�

1
H + g′
�

NcLY
(2)
3′

�

1
H + Λ
�

NcNc
�

1

• CP invariance condition: Im
�

g′/g
�

= 0

• 7 parameters to fit 8 observables, Nσ = 1.012

• Predictions at a few percent level:

m1 = 0.012 eV, m2 = 0.015 eV, m3 = 0.051 eV,

m = 0.078 eV, |〈m〉| = 0.012 eV,

δ/π = ±1.64, α21/π = ±0.35, α31/π = ±1.25

• τ ≈ 0.099 + 1.016 breaks both CP and flavour symmetry
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Example: CP-invariant S4 model

Correlations

0.25 0.30 0.35
sin2 θ12

0.484

0.486

0.488

si
n
2
θ
2
3

0.25 0.30 0.35
sin2 θ12

1.62

1.64

1.66

δ/
π

Nσ
1

2

3

4

5

CP-conserving values of τ
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Summary

• Modular symmetry can be combined with CP in a unique

way

• τ is the only source of CPV and flavour symmetry breaking

• Modular + CP allows to construct predictive models of

flavour

Thank you!
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