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QCD phase diagram

! Study response of the system to
change of external parameters,
i.e. temperature and baryon
density, asymptotic freedom
suggests a weakly interacting
phase1

! Experimental program: RHIC,
LHC, FAIR, NICA

! Hadronic phase: confinement,
chiral symmetry breaking

! QGP phase: deconfinement,
restoration of chiral symmetry

1Collins, Perry (1975), Cabbibo, Parisi (1975)
A. Bazavov (MSU) Quark Matter 2017 February 5, 2017 3 / 30

A. Bazavov, Quark Matter 2017 
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Well established in lattice through thermodynamic observables:

! l,s =
høqqiT � (2mq/m s) høssiT
høqqi0 � (2mq/m s) høssi0

subtracted quark condensate (inflection point)

! S = � "
" mq

høqqiT =
Z

x

⇥
høqq(x)øqq(0)iT � høqqi2T

⇤
scalar susceptibility (peak)

<latexit sha1_base64="gOxilvvQvKhEt2TX/fjmbK3LtJU="></latexit><latexit sha1_base64="gOxilvvQvKhEt2TX/fjmbK3LtJU="></latexit><latexit sha1_base64="gOxilvvQvKhEt2TX/fjmbK3LtJU=">AAAEj3iclVNdb9MwFM3WAiN8beORF4sVqZXYlvZlE9LQ+HiAtyH2JdUlsp2bxqrtZLYzFkX5RfwV/gD/BicLU7syJOyHXN97cnPO8Q3NBDc2CH6trHa69+4/WHvoP3r85Omz9Y3NU5PmmsEJS0WqzykxILiCE8utgPNMA5FUwBmdfajrZ5egDU/VsS0ymEgyVTzmjFiXCjdWf+CmSUkFYbMKYRr7WIOC7yyVkqioxIJQ196C5F </latexit><latexit sha1_base64="gOxilvvQvKhEt2TX/fjmbK3LtJU="></latexit>

2 

 
 CROSSOVER transition for µB = 0 , Nf = 2 + 1 and physical masses
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... as well as chiral partners through susceptibilities and screening
masses degeneration (see below):

! /a1, " /#, $/a0, . . .
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A.Bazavov et al (Hot QCD), 2012, 2014, 2018 

zero-temperature estimateh!c c i l !MS; ! " 2 GeV# "
242!9#!$ 5

%17#!4#MeV3 determined in the chiral limit
using SU!2# staggered chiral perturbation theory by the
MILC Collaboration [41] and the corresponding strange
quark massmMS! !! " 2 GeV#" 88!5#MeV. We get d "
0:023 224 4.

We show" R
l for the HISQ/tree action and the stout

continuum results in Fig.8 (left).5 To compare with the
stout continuum results, we need to extrapolate the HISQ/
tree data both to the continuum limit and to the physical
quark mass. To perform the continuum extrapolation we
convert" R

l to thef K scale in which discretization errors, as
already noted for" l;s, are small. We then interpolate these
N" " 8 data atml =ms " 0:05 and 0.025 to the physical
quark massml =ms " 0:037. These estimates of the con-
tinuum HISQ/tree" R

l are shown in Fig.8 (left) as black
diamonds and are in agreement with the stout results (green
triangles) [24].

Last, in Fig.8 (right), we show the subtracted renormal-
ization group invariant quantity," R

s , which is related to the
chiral symmetry restoration in the strange quark sector. We
Þnd a signiÞcant difference in the temperature dependence
between" R

l and " R
s , with the latter showing a gradual

decrease rather than a crossover behavior.

B. The chiral susceptibility

As discussed in Sec.III , the chiral susceptibility#m;l is a
good probe of the chiral transition in QCD as it is sensitive
to the singular part of the free energy density. It diverges in
the chiral limit, and the location of its maximum at nonzero
values of the quark mass deÞnes a pseudocritical tempera-

tureTc that approaches the chiral phase transition tempera-
tureT0

c asml ! 0.
For sufÞciently small quark masses, the chiral suscepti-

bility is dominated by the disconnected part; therefore,Tc
can also be deÞned as the location of the peak in the
disconnected chiral susceptibility deÞned in Eq. (27). As
we will show later,#q;disc does not exhibit an additive
ultraviolet divergence but does require a multiplicative
renormalization.6

1. Disconnected chiral susceptibility

The multiplicative renormalization factors for the chiral
condensate and the chiral susceptibility can be deduced
from an analysis of the line of constant physics for the light
quark masses,ml !$ #. The values of the quark mass for the
asqtad action, converted to physical units usingr1, are
shown in Fig.9 (left). The variation with$ gives the scale
dependent renormalization of the quark mass (its recipro-
cal is the renormalization factor for the chiral condensate).
What ml !$ # does not Þx is the renormalization scale,
which we choose to ber0=a " 3:5 (equivalentlyr1=a "
2:37 or a " 0:134 fm), and the ÔÔscheme,ÕÕ which we
choose to be the asqtad action. For the asqtad action, this
scale corresponds to the coupling$ " 6:65 which is half-
way between the peaks in the chiral susceptibility on
N" " 8 and 12 lattices. This speciÞcation,Zm!asqtad# " 1
atr0=a " 3:5, is equivalent to choosing, for a given action,
the renormalization scale# which controls the variation of
Zm with coupling$ as shown in Fig.9 (right) for the asqtad
action.
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FIG. 7 (color online). The subtracted chiral condensate for the asqtad and HISQ/tree actions withml " ms=20 is compared with the
continuum extrapolated stout action results [24] (left panel). The temperatureT is converted into physical units usingr1 in the left
panel andf K in the right. We Þnd that the data collapse into a narrow band whenf K is used to set the scale. The black diamonds in the
right panel show HISQ/tree results forN" " 8 lattices after an interpolation to the physical light quark mass using theml =ms " 0:05
and 0.025 data.

5We multiply the stout results by!ms=ml # " 27:3 and by
r4

1m4
% " 0:002 227 5. For the latter factor, we use the physical

pion mass and the value ofr1 determined in [59] and discussed in
Sec.II C.

6It is easy to see that at leading order in perturbation theory,
i.e., in the free theory, the disconnected chiral susceptibility
vanishes and thus is nondivergent. Our numerical results at
zero temperature do not indicate any quadratic divergences in
the disconnected chiral susceptibility, but logarithmic divergen-
ces are possible.

A. BAZAVOV et al. PHYSICAL REVIEW D 85, 054503 (2012)
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Figure 1: Left: Chiral order parameter C!
0 (T ) = !( T, µB,Q,S = 0). The inset shows derivative of C!

0 with respect to temperature T . Middle:
Disconnected chiral susceptibility C!

0 (T ) ! ! (T, µB,Q,S = 0). Right: Susceptibility, ! ! (T, µB,Q,S = 0), of the chiral order parameter.

Figure 2: Continuum extrapolations of pseudo-critical temperatures
Tc(0) ! Tc(µB,Q,S = 0), deÞned using criteria listed in Eq. (7). The
solid gray band depicts the continuum-extrapolated result Tc(0) =
(156.5 ± 1.5) MeV (see text for details).

(> m + n) computed data, and N was varied by leaving
out data away from the crossover region. Statistical error
of each Pad«e approximant was estimated using the boot-
strap method; the bootstrap samples for each computed
data were drawn from a Gaussian distribution centered
around the mean value of the data and with a standard
deviation equal to the 1! statistical error of that data. The
Þnal T-interpolation for each observable was obtained by
weighted averaging over all the Pad«e approximants where
the weight for an approximant was determined using the
Akaike information criterion [29, 30]. This procedure gave
reliable results for all the requiredT-derivatives, especially
for T in the vicinity of the chiral-crossover [10].

We assumed that for all observables the leading dis-
cretization errors are of the type a2 ! 1/N 2

! . Extrapola-
tions to the continuum limit a " 0 were carried out by
Þtting data at di!erent N! to a function linear in 1/N 2

!
and extrapolating it to N! " # limit. The error on
each continuum-extrapolated result was obtained using the
above described bootstrap method. For all observables
we found that 1/N 2

! -Þts were satisfactory. To check the
systematics of our continuum extrapolations, we used Þts
including higher order 1/N 4

! corrections, as well as car-
ried out the extrapolation procedure using an alternative
T-scale determined using the Sommer parameterr 1; all
results were found to be consistent within our errors [10].

4. Results

4.1. Zero chemical potential: Tc(0)

In Figs. 1 and 3, we show all the observables used for
the determination of pseudo-critical temperatures as de-
Þned in Eq. (7) for lattices with N! =6, 8, 12, and 16.
The results of the temperature interpolations, obtained
following the procedure described in Sec. 3, are shown by
the corresponding solid bands. Using the interpolated re-
sults, and applying the deÞnitions in Eq. (7), we obtained
5 values ofTc(0) for N! =6, 8, and 12. These results are
shown in Fig. 2. Since we have not computedC!

2 and
C"

2 for N! =16, we only show results for the other 3 def-
initions of Tc(0). On coarser lattices, di!erent deÞnitions
resulted in di!erent values of Tc(0). These di!erences pro-
gressively reduce with increasingly Þner lattice spacing.
Results ofTc(0) for each of the deÞnitions were separately
extrapolated to the continuum (see Sec. 3 for details).
The continuum-extrapolated results for all 5 deÞnitions
of Tc(0) were all consistent with each other within errors.
We took an unweighted average of all the 5 continuum re-
sults, and added the statistical errors of each continuum-
extrapolation in quadrature to quote our Þnal result for
the chiral crossover temperature at zero chemical poten-
tials Tc(0) = (156 .5 ± 1.5) MeV. It is an interesting fact
that continuum results for di!erent pseudo-critical tem-
peratures coincide within a couple of MeV. However, if
the value of T0

c [12] is signiÞcantly di!erent from Tc(0),
then, based on the scaling properties ofTG,"

c (0), it is nat-
ural to expect more dispersion among the values ofTc(0).
Coincidence of di!erent pseudo-critical temperatures for
physical quark masses may accidentally arise due to the
presence of non-singular and/or sub-leading corrections to
scaling.

4.2. Non-zero chemical potentials:" B,Q,S,I
2 and " B,Q,S,I

4

Now, we present continuum-extrapolated results for
the expansion coe"cients " X

2 and " X
4 , deÞned by Eq. (8),

of Tc(µX ) for all conserved chargesX = B, S, Q, I . In all
cases, extrapolations to the continuum were carried out
using results forN! =6, 8, and 12. We discuss an example
in detail, viz., " B

2 and " B
4 at µQ = µS=0. When Tc(µB )

is deÞned as the temperature where#(T, µB ) peaks at a
given µB , the corresponding" B

2 and " B
4 can be obtained

4

= ! dis
S
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Figure 1: Left: Chiral order parameter C!
0 (T ) = !( T, µB,Q,S = 0). The inset shows derivative of C!

0 with respect to temperature T . Middle:
Disconnected chiral susceptibility C!

0 (T ) ! ! (T, µB,Q,S = 0). Right: Susceptibility, ! ! (T, µB,Q,S = 0), of the chiral order parameter.
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Figure 2: Continuum extrapolations of pseudo-critical temperatures
Tc(0) ! Tc(µB,Q,S = 0), deÞned using criteria listed in Eq. (7). The
solid gray band depicts the continuum-extrapolated result Tc(0) =
(156.5 ± 1.5) MeV (see text for details).

(> m + n) computed data, and N was varied by leaving
out data away from the crossover region. Statistical error
of each Pad«e approximant was estimated using the boot-
strap method; the bootstrap samples for each computed
data were drawn from a Gaussian distribution centered
around the mean value of the data and with a standard
deviation equal to the 1! statistical error of that data. The
Þnal T-interpolation for each observable was obtained by
weighted averaging over all the Pad«e approximants where
the weight for an approximant was determined using the
Akaike information criterion [29, 30]. This procedure gave
reliable results for all the requiredT-derivatives, especially
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We assumed that for all observables the leading dis-
cretization errors are of the type a2 ! 1/N 2

! . Extrapola-
tions to the continuum limit a " 0 were carried out by
Þtting data at di!erent N! to a function linear in 1/N 2
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each continuum-extrapolated result was obtained using the
above described bootstrap method. For all observables
we found that 1/N 2

! -Þts were satisfactory. To check the
systematics of our continuum extrapolations, we used Þts
including higher order 1/N 4

! corrections, as well as car-
ried out the extrapolation procedure using an alternative
T-scale determined using the Sommer parameterr 1; all
results were found to be consistent within our errors [10].
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extrapolation in quadrature to quote our Þnal result for
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that continuum results for di!erent pseudo-critical tem-
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2 and " B
4 at µQ = µS=0. When Tc(µB )

is deÞned as the temperature where#(T, µB ) peaks at a
given µB , the corresponding" B

2 and " B
4 can be obtained

4

CONDENSATE AND SCALAR SUSCEPTIBILITY
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Chiral limit T0
c = 132+3

! 6 MeV
with reasonable O(4) scaling

(Ding et al 2019 )
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Figure 6: Comparison of the temperature dependence of the renormalized chiral suscep-
tibility normalized by various powers of T. Only our Nt = 12 data are shown. Di!erent
symbols correspond to di!erent normalizations.

On Figure 5 we plot this renormalized chiral susceptibility normalized byT4 as a
function of the temperature. We show results for three di!erent lattice spacings (Nt =
8, 10 and 12). In case ofNt = 8 and 10 we have the results on two di!erent volumes
as well, the larger volumes are plotted with Þlled symbols. The Þnite temperature
data on Nt = 8 and 10 was taken from our old paper. The renormalization was
carried out with the new zero temperature results (see Subsection 2.3). The scale
has also slightly changed due to the change in the experimental value of thef K in
the Particle Data Group (see Subsection 2.4). This results in an overall! 5 MeV
downward shift in the temperature compared to what we reported in [6].

We see no considerable lattice artefacts, in particular the newNt = 12 results are
consistent with the Nt = 10 ones from our old data set. A small volume dependence
can be seen in the height of the susceptibility peak, but the volume dependences of
the width and the position are not signiÞcant within the present statistics.

In order to help comparisons with other approaches we also provide the temper-
ature dependence for the renormalized chiral susceptibility normalized byT2 or not
normalized by any power ofT, at all (see Figure 6). As it can be seen the curves
are gradually shifted to the right, resulting in increasing transition temperatures de-
Þned from the peak positions (see Table 3). This is a feature of the crossover type
transition, di!erent deÞnitions generally result in di!erent temperature values.

Now let us make the comparison with the results of the ÕhotQCDÕ collaboration.
First let us consider the data of [3], which uses ÕasqtadÕ fermion discretization. The
light quark masses in our simulations and in the simulations of [3] are quite di!erent.
The latter uses three times larger light quark masses than the physical, which is

Ð 12 Ð
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Figure 3 . Left: strange quark number susceptibility as a function of the temperature. Right:
renormalized Polyakov loop as a function of the temperature. In both Þgures, the di!erent symbols
correspond to di!erent Nt . The gray band is the continuum extrapolated result.
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Figure 4 . Left: renormalized chiral condensate! ø!! "R deÞned in eq. (4.3). Right: subtracted
chiral condensate " l,s deÞned in eq. (4.4). In both Þgures, the di!erent symbols correspond to
di!erent Nt . The gray band is our continuum estimate.

is properly renormalized and the continuum limit can be safely taken [9]. The individual
results and the continuum extrapolation are shown in Þgure4.

In order to compare our results to those of the hotQCD collaboration, we also calculate
the quantity " l,s , which is deÞned as

" l,s =
! ø!! "l,T # ml

ms
! ø!! "s,T

! ø!! "l,0 # ml
ms

! ø!! "s,0
l = u, d. (4.4)

Since the results at di!erent lattice spacings are essentially on top of each other, we connect
them to lead the eye and use this band in later comparisons (c.f. Þgure4).

Finally, we present the light quark chiral susceptibility ( " ø!! ), which is deÞned as mi-
nus one times the second derivative of the free energy with respect to the light quark mass.

Ð 10 Ð

CONDENSATE AND SCALAR SUSCEPTIBILITY
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! B
2 ! B

4 ! S
2 ! S

4 ! Q
2 ! Q

4 ! I
2 ! I

4 ! B,f
2 ! B,f

4
! 0.015(4) -0.001(3) 0.018(3) 0.001(3) 0.027(4) 0.004(5) 0.023(3) 0.004(4) 0.012(2) 0.000(2)
" 0.016(5) 0.002(6) 0.015(4) 0.007(5) 0.031(4) 0.011(9) 0.028(3) 0.006(6) 0.012(3) 0.000(4)
Average 0.016(6) 0.001(7) 0.017(5) 0.004(6) 0.029(6) 0.008(1) 0.026(4) 0.005(7) 0.012(4) 0.000(4)

Table 1: Continuum-extrapolated values of second- ( ! X
2 ) and fourth-order ( ! X

4 ) Taylor coe!cients, deÞned in Eq. (8), of pseudo-critical
temperature Tc(µX = B,Q,S,I ) obtained from the chiral order parameter "( T, µX ) and the disconnected chiral susceptibility " (T, µX ). Also

listed are the continuum-extrapolated values of ! B,f
2 and ! B,f

4 for thermal conditions resembling the freeze-out stage of relativistic heavy-ion
collisions, i.e. , µQ (T, µB ) and µS (T, µB ) Þxed by strangeness-neutrality and isospin-imbalance of the colliding heavy-ions. The last row is
obtained from unweighted average of the Þrst two rows.

million gauge conÞgurations at all T , we also computed
µ6

B corrections to the chiral observables. The order-by-
order µB corrections to " are shown in Fig. 3 (top-right)
at µB =300 MeV and for nS = 0, nQ = 0 .4nB . In the
vicinity of T f

c (µB ), di"erence betweenµ4
B and µ2

B correc-
tions are clearly signiÞcant; butµ6

B and µ4
B corrections are

consistent within our errors. This shows that up to µ4
B ex-

pansion of T f
c (µB ) is controlled till µB ! 2Tc(0). The

phase boundary of QCD fornS = 0, nQ = 0 .4nB is shown
in Fig. 4; also shown are the chemical freeze-out points
extracted from heavy-ion collision experiments at various
collision energies [5, 34], the line of constant energy density
#(T, µB ) = #(Tc(0), 0) = 0 .42(6) GeV/ fm3 [24], and the
line of constant entropy density s(T, µB ) = s(Tc(0), 0) =
3.7(5) fm! 3 [24].

5. Discussions and summary

The value ofTc(0) reported in this work compares quite
well with the previous results from the HotQCD collab-
orations [6, 17], but the present result is about 6 times
more accurate than the previous continuum-extrapolated
result [6]. Our present value of Tc(0) also is compatible
with the chiral pseudo-critical temperatures reported by
other groups [35, 36]. It is pertinent to note that all our
calculations were carried out within a Þnite-size box of
about 5 fm3 in the vicinity of Tc(0); Þnite-size corrections
might increase the value ofTc(0) by an amount commen-
surate to our present error on that quantity [37]. ! B

2 de-
termined in the present work is about a factor 2 larger
than that reported previously in Ref. [38]. Our present
value of ! B

2 also is about a factor 2 larger than the ! B
2

estimated using the curvature of the chiral critical tem-
perature along the light quark chemical potential direc-
tions [19], but is consistent, within errors, with the same
reported in Ref. [39]. In contrast to Ref. [19], Ref. [39]
used the much improved HISQ discretization. This clearly
suggests that the discrepancy between the present result
and that estimated from Ref. [19] arises mostly due to the
use of improved HISQ discretization in the present study.
On the other hand, ! B

2 reported in this work is, within er-
rors, compatible with those obtained in more recent works
of Refs. [36, 40Ð42], obtained from analytic continuations
from purely imaginary µB . It is also similar with that ob-
tained in Ref. [22] from Taylor expansion of chiral order
parameter for µB > 0, µQ =0 and µS= µB /3, in contrast
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nB
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B )

constant: !
s
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Figure 4: The phase boundary of 2 + 1 ßavor QCD, with the con-
straints nS = 0 and nQ = 0 .4nB , is compared with the line of
constant energy density # = 0 .42(6) GeV / fm3 and the line of con-
stant entropy density s = 3 .7(5) fm ! 3 [24] in the T -µB plane. Also,
shown are the chemical freeze-out parameters extracted from rela-
tivistic heavy-ion collision experiments [5, 34].

to our choice of µB > 0 and µQ = µS=0. Our value of
! B,f

2 is quite similar to that reported in Ref. [43], deter-
mined from analytic continuations from purely imaginary
µ. Moreover, the phase boundary in theT-µI plane that
can be obtained using our! I

2,4 is quite similar to that
determined in Ref. [44] from lattice QCD computations
performed directly at µI > 0, µB = µS=0.

In summary, using state-of-the-art lattice QCD compu-
tations we have determined pseudo-critical temperatures,
Tc(µX ) = Tc(0)[1 ! ! X

2 (µX /T c(0))2 ! ! X
4 (µX /T c(0))4], of

QCD chiral crossover for 6 di"erent scenarios: (i) Tc(0)
for µB = µQ = µS = 0; (ii) ! B

2,4 for µB > 0, µQ = µS=0;
(iii) ! S

2,4 for µS > 0, µB = µQ =0; (iv) ! Q
2,4 for µQ > 0,

µB = µS=0; (v) ! I
2,4 for µI > 0, µB = µS=0; (vi) ! B,f

2,4 for
thermal conditions resembling that at the chemical freeze-
out of relativistic heavy-ion collision experiments, viz, for
µB > 0, nS = 0, nQ = 0 .4nB . We have found

Tc(0) = (156 .5 ± 1.5) MeV , (11)

and the values of ! X
2,4 are listed in Tab. 1. The QCD

phase boundary relevant for relativistic heavy-ion collision
experiments have been summarized in Fig. 4. ForµB !
300 MeV, the chemical freeze-out takes place close to the
QCD chiral crossover, which, in turn, seems to happen
along lines of constant energy density of 0.42(6) GeV/ fm3

and a constant entropy density of 3.7(5) fm! 3.

6

A.Bazavov et al (Hot QCD) 2018  
(µB through Taylor expansion)
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QCD phase diagram explored in HIC ! chemical freeze-out
close to phase boundary
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signiÞcantly from a pure thermal production model and
that the quantitative description of the measured yields
is rather poor. Nevertheless, recognizable thermal fea-
tures in e+ e� collisions, where equilibration should be
absent, may be a consequence of the generic nature of
hadronization in strong interactions.

From a statistical hadronization analysis of all mea-
sured hadron yields at various beam energies the detailed
energy dependence of the thermal parametersTCF and
µB has been determined [41, 51, 74, 79Ð82]. WhileµB de-
creases smoothly with increasing energy, the dependence
of TCF on energy exhibits a striking feature which is il-
lustrated in Fig. 3: TCF increases with increasing energy
(decreasingµB ) from about 50 MeV to about 160 MeV,
where it exhibits a saturation for

!
sNN > 20 GeV. The

slight increase of this value compared toTCF = 156.5
MeV obtained at LHC energy is due to the inclusion of
points from data at RHIC energies, the details of this
small di!erence are currently not fully understood.

The saturation of TCF observed in Fig. 3 lends sup-
port to the earlier proposal [48, 50, 83] that, at least
at high energies, the chemical freeze-out temperature is
very close to the QCD hadronization temperature [51],
implying a direct connection between data from relativis-
tic nuclear collisions and the QCD phase boundary. This
is in accord with the earlier prediction, already more than
50 years ago, by Hagedorn [84, 85] that hadronic mat-
ter cannot be heated beyond this limit. Whether there
is, at the lower energies, a critical end-point [86] in the
QCD phase diagram is currently at the focus of intense
theoretical [19] and experimental e!ort [74].

To illustrate how well the thermal description of par-
ticle production in central nuclear collisions works we
show, in Fig. 4, the energy dependence (excitation func-
tion) of the relative abundance of several hadron species
along with the prediction using the statistical hadroniza-
tion approach and the smooth evolution of the param-
eters (see above). Because of the interplay between the
energy dependence ofTCF and µB there are character-
istic features in these excitation functions. In particu-
lar, maxima appear at slightly di!erent c.m. energies in
the K + /! + and " /! + ratios while corresponding anti-
particle ratios exhibit a smooth behavior [87].

In the statistical approach in Eq. 2 and in the Boltz-
mann approximation, the density n(µB , T) of hadrons
carrying baryon number B scales with the chemical po-
tential as n(µB , T) " exp(Bµ B /T ). Consequently, the
ratios p/! + and d/p scale as exp(µB /T ), whereas the
corresponding anti-particle ratios scale as exp(# µB /T ).
From Fig. 3, it is apparent that µB /T CF decreases with
collision energy, accounting for the basic features of par-
ticle ratios in the upper part of Fig. 4. On the other
hand, strangeness conservation unambigously connects,
for every T value, the strangeness- and baryo-chemical
potentials, µS = µS(µB ). As a consequence, the yields
of K + and K � increase and, respectively, decrease with
µB /T . At higher energies, whereT and hence pion densi-
ties saturate, the " /! + and K + /! + ratios are decreasing

with energy (see lower part of Fig. 3).
We further note that, for energies beyond that of the

LHC, the thermal parameter TCF is determined by the
QCD pseudo-critical temperature and the value of µB
vanishes. Combined with the energy dependence of over-
all particle production [88] in central Pb-Pb collisions
this implies that the statistical hadronization model pre-
diction of particle yields at any energy, including those
at the possible Future Circular Collider (FCC) [89] or in
ultra-high energy cosmic ray collisions [90], can be made
with an estimated precision of better than 15%.

Since the statistical hadronization analysis at each
measured energy yields a pair of (TCF ,µB ) values, these
points can be used to construct aT vs. µB diagram,
describing phenomenological constraints on the phase
boundary between hadronic matter and the QGP, see
Fig. 5. Note that the points at low temperature seem
to converge towards the value for ground state nuclear
matter ( µB = 931 MeV). As argued in [52] this limit is
not necessarily connected to a phase transition. While
the situation at low temperatures and collision energies
is complex and at present cannot be investigated with
Þrst-principle calculations, the high temperature, high
collision energy limit allows a quantitative interpretation
in terms of fundamental QCD predictions.
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FIG. 5. Phenomenological phase diagram of strongly inter-
acting matter constructed from chemical freeze-out points
resulting from statistical hadronization analysis of hadron
yields for central collisions at di!erent energies. The freeze-
out points extracted from experimental data sets in our own
analysis (squares) and other similar analyses [74, 79, 91, 92]
are compared to predictions from LQCD [30, 93] shown as a
band. The inverted triangle marks the value for ground state
nuclear matter (atomic nuclei).

! B
2 ! B

4 ! S
2 ! S

4 ! Q
2 ! Q

4 ! I
2 ! I

4 ! B,f
2 ! B,f

4
! 0.015(4) -0.001(3) 0.018(3) 0.001(3) 0.027(4) 0.004(5) 0.023(3) 0.004(4) 0.012(2) 0.000(2)
" 0.016(5) 0.002(6) 0.015(4) 0.007(5) 0.031(4) 0.011(9) 0.028(3) 0.006(6) 0.012(3) 0.000(4)
Average 0.016(6) 0.001(7) 0.017(5) 0.004(6) 0.029(6) 0.008(1) 0.026(4) 0.005(7) 0.012(4) 0.000(4)

Table 1: Continuum-extrapolated values of second- ( ! X
2 ) and fourth-order ( ! X

4 ) Taylor coe!cients, deÞned in Eq. (8), of pseudo-critical
temperature Tc(µX = B,Q,S,I ) obtained from the chiral order parameter "( T, µX ) and the disconnected chiral susceptibility " (T, µX ). Also

listed are the continuum-extrapolated values of ! B,f
2 and ! B,f

4 for thermal conditions resembling the freeze-out stage of relativistic heavy-ion
collisions, i.e. , µQ (T, µB ) and µS (T, µB ) Þxed by strangeness-neutrality and isospin-imbalance of the colliding heavy-ions. The last row is
obtained from unweighted average of the Þrst two rows.

million gauge conÞgurations at all T , we also computed
µ6

B corrections to the chiral observables. The order-by-
order µB corrections to " are shown in Fig. 3 (top-right)
at µB =300 MeV and for nS = 0, nQ = 0 .4nB . In the
vicinity of T f

c (µB ), di"erence betweenµ4
B and µ2

B correc-
tions are clearly signiÞcant; butµ6

B and µ4
B corrections are

consistent within our errors. This shows that up to µ4
B ex-

pansion of T f
c (µB ) is controlled till µB ! 2Tc(0). The

phase boundary of QCD fornS = 0, nQ = 0 .4nB is shown
in Fig. 4; also shown are the chemical freeze-out points
extracted from heavy-ion collision experiments at various
collision energies [5, 34], the line of constant energy density
#(T, µB ) = #(Tc(0), 0) = 0 .42(6) GeV/ fm3 [24], and the
line of constant entropy density s(T, µB ) = s(Tc(0), 0) =
3.7(5) fm! 3 [24].

5. Discussions and summary

The value ofTc(0) reported in this work compares quite
well with the previous results from the HotQCD collab-
orations [6, 17], but the present result is about 6 times
more accurate than the previous continuum-extrapolated
result [6]. Our present value of Tc(0) also is compatible
with the chiral pseudo-critical temperatures reported by
other groups [35, 36]. It is pertinent to note that all our
calculations were carried out within a Þnite-size box of
about 5 fm3 in the vicinity of Tc(0); Þnite-size corrections
might increase the value ofTc(0) by an amount commen-
surate to our present error on that quantity [37]. ! B

2 de-
termined in the present work is about a factor 2 larger
than that reported previously in Ref. [38]. Our present
value of ! B

2 also is about a factor 2 larger than the ! B
2

estimated using the curvature of the chiral critical tem-
perature along the light quark chemical potential direc-
tions [19], but is consistent, within errors, with the same
reported in Ref. [39]. In contrast to Ref. [19], Ref. [39]
used the much improved HISQ discretization. This clearly
suggests that the discrepancy between the present result
and that estimated from Ref. [19] arises mostly due to the
use of improved HISQ discretization in the present study.
On the other hand, ! B

2 reported in this work is, within er-
rors, compatible with those obtained in more recent works
of Refs. [36, 40Ð42], obtained from analytic continuations
from purely imaginary µB . It is also similar with that ob-
tained in Ref. [22] from Taylor expansion of chiral order
parameter for µB > 0, µQ =0 and µS= µB /3, in contrast
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Figure 4: The phase boundary of 2 + 1 ßavor QCD, with the con-
straints nS = 0 and nQ = 0 .4nB , is compared with the line of
constant energy density # = 0 .42(6) GeV / fm3 and the line of con-
stant entropy density s = 3 .7(5) fm ! 3 [24] in the T -µB plane. Also,
shown are the chemical freeze-out parameters extracted from rela-
tivistic heavy-ion collision experiments [5, 34].

to our choice of µB > 0 and µQ = µS=0. Our value of
! B,f

2 is quite similar to that reported in Ref. [43], deter-
mined from analytic continuations from purely imaginary
µ. Moreover, the phase boundary in theT-µI plane that
can be obtained using our! I

2,4 is quite similar to that
determined in Ref. [44] from lattice QCD computations
performed directly at µI > 0, µB = µS=0.

In summary, using state-of-the-art lattice QCD compu-
tations we have determined pseudo-critical temperatures,
Tc(µX ) = Tc(0)[1 ! ! X

2 (µX /T c(0))2 ! ! X
4 (µX /T c(0))4], of

QCD chiral crossover for 6 di"erent scenarios: (i) Tc(0)
for µB = µQ = µS = 0; (ii) ! B

2,4 for µB > 0, µQ = µS=0;
(iii) ! S

2,4 for µS > 0, µB = µQ =0; (iv) ! Q
2,4 for µQ > 0,

µB = µS=0; (v) ! I
2,4 for µI > 0, µB = µS=0; (vi) ! B,f

2,4 for
thermal conditions resembling that at the chemical freeze-
out of relativistic heavy-ion collision experiments, viz, for
µB > 0, nS = 0, nQ = 0 .4nB . We have found

Tc(0) = (156 .5 ± 1.5) MeV , (11)

and the values of ! X
2,4 are listed in Tab. 1. The QCD

phase boundary relevant for relativistic heavy-ion collision
experiments have been summarized in Fig. 4. ForµB !
300 MeV, the chemical freeze-out takes place close to the
QCD chiral crossover, which, in turn, seems to happen
along lines of constant energy density of 0.42(6) GeV/ fm3

and a constant entropy density of 3.7(5) fm! 3.
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STATISTICAL HADRONIZATION OF LIGHT
QUARKS

The description of particle production in nucleus-
nucleus collisions in the framework of the statistical
hadronization approach is particulary transparent at the
LHC energy where the chemical freeze-out is quantiÞed,
essentially, by the temperature TCF and the volume V
of the produced Þreball.

The parameters of the statistical hadronization ap-
proach are obtained with considerable precision by com-
paring to the yields of particles measured by the ALICE
collaboration [54Ð60]. To match the measurement, the
calculations include all contributions from the strong and
electromagnetic decays of high-mass resonances. For! ± ,
K ± , and K 0 mesons, the contributions from heavy ßa-
vor hadron decays are also included. The measurement
uncertainty, " , is accounted for as the quadratic sum of
statistical and systematic uncertainties, see below.
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FIG. 1. Hadron abundances and statistical hadronization
model predictions. Here dN/dy values for di↵erent hadrons
measured at midrapidity are compared with the statistical
hadronization analysis. The data are from the ALICE collab-
oration for central Pb–Pb collisions at the LHC. The lower
panel shows the ratio of data and statistical hadronization
predictions with uncertainties determined only from the data.

For the most-central PbÐPb collisions, the best de-
scription of the ALICE data on yields of particles in
one unit of rapidity at midrapidity, is obtained with
TCF = 156.5 ± 1.5 MeV, µB = 0 .7 ± 3.8 MeV, and
V = 5280 ± 410 fm3. This result is an update of the
previous analysis from Ref. [45] using an extended and
Þnal set of data. The standard deviations quoted here

are exclusively due to experimental uncertainties and do
not reßect the systematic uncertainties connected with
the model implementation, as discussed below.

Remarkably, the value of the chemical freeze-out tem-
perature TCF = 156.5±1.5 MeV and the pseudo-critical
temperature, Tc = 154±9 MeV obtained in LQCD, agree
within errors. This implies that chemical freeze-out takes
place close to hadronization of the QGP, lending also sup-
port to the hadron-parton duality described by Eq. 2.

A comparison of the statistical hadronization results
obtained with the thermal parameters discussed above
and the ALICE data for particle yields is shown in Fig. 1.
Impressive overall agreement is obtained between the
measured particle yields and the statistical hadroniza-
tion analysis. The agreement spans nine orders of magni-
tude in abundance values, encompasses strange and non-
strange mesons, baryons including strange and multiply-
strange hyperons as well as light nuclei and hypernuclei
and their anti-particles. A very small value for the baryo-
chemical potential µB = 0 .7± 3.8 MeV, consistent with
zero, is obtained, as expected by the observation of equal
production of matter and antimatter at the LHC [61].

The largest di!erence between data and calculations
is observed for proton and antiproton yields, where a
deviation of 2.7" is obtained. This di!erence is con-
nected with an unexpected and puzzling centrality de-
pendence of the ratio (p + øp)/ (! + + ! ! ) [54], see, in par-
ticular, Fig. 9 of this reference. As discussed below, the
other ratios (hadrons/pions) increase towards more cen-
tral collisions until a plateau (the grand-canonical limit)
is reached. The peculiar behavior of the (p+øp)/ (! + + ! ! )
at LHC energy is currently not understood. Arguments
that this might be connected to annihilation of baryons
in the hadronic phase after chemical freeze-out [62] are
not supported by the results of recent measurements of
the relative yields of strange baryons to pions [63].

A further consequence of the vanishing baryo-chemical
potential is that also the strangeness chemical potential
µS vanishes. This implies that the strangeness quan-
tum number plays no role anymore for the particle pro-
duction. In the Þreball the yield of strange mesons
and (multi-)strange baryons is exclusively determined by
their mass M and spin degeneracy (2J + 1) in addition
to the temperature T.

The thermal origin of all particles including light nuclei
and anti-nuclei is particularly transparent when inspect-
ing the change of their yields with particle mass. This is
shown in Fig. 2 where the measured yields, normalized
to the spin degeneracy, are plotted as a function of the
massM . This demonstrates explicitly that the normal-
ized yields exclusively depend onM and T. For heavy
particles (M � T) without resonance decay contribu-
tions their normalized yield simply scales with mass as
M 3/ 2 exp (�M/T ), illustrated by the nearly linear de-
pendence observed in the logarithmic representation of
Fig. 2. We note that, for the subset of light nuclei, the
statistical hadronization predictions are not a!ected by
resonance decays. For these nuclei, a small variation in

Chemical FO from Hadron Statistical Model
Þt to hadron yields

(central ALICE data)
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(µB through Taylor expansion)
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✏ = 0.42(6) GeV/fm 3
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QCD phase diagram explored in HIC ! chemical freeze-out
close to phase boundary
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Recently, an important validation of the lattice QCD Equation of State has been
obtained from a Bayesian analysis [29]. This framework, based on a comparison of data
from RHIC and the LHC to theoretical models, has applied state-of-the-art statistical
techniques to the combined analysis of a large number of observables while varying the
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Figure 1. Left: Continuum extrapolated results for trace anomaly, entropy density
and pressure. The gray points are from the HotQCD collaboration [17], while the
colored ones are from the WB collaboration [19]. The Þgure also shows the Stefan-
Boltzmann limit for the pressure and the scaled entropy; the curves at low temperature
correspond to the HRG model predictions. Right: the trace anomaly and pressure in
the 2+1 and 2+1+1 ßavor theories (from Ref. [24]).

Figure 2. From Ref [29]: Constraints on the QCD equation of state from the
Bayesian analysis. (a) Fifty equations of state were generated by randomly choosing
the parameters from the prior distribution and weighted by the posterior likelihood (b).
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Recently, an important validation of the lattice QCD Equation of State has been
obtained from a Bayesian analysis [29]. This framework, based on a comparison of data
from RHIC and the LHC to theoretical models, has applied state-of-the-art statistical
techniques to the combined analysis of a large number of observables while varying the
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are included. The shaded region indicates the chiral crossover region Tc = 154(9) MeV. (Right)
A comparison between experimentally extracted values of ( µf

S /µ f
B , µ f

B /T f ) (Þlled symbols) and
lattice QCD results for µS /µ B (shaded bands).116 The lattice QCD results are shown for µB /T =
µf

B /T f . The temperature range where lattice QCD results match with µf
S /µ f

B provide the values
of T f , i.e. T f = 155(5) MeV and 145(2) MeV for

!
s = 39 GeV and 17 .3 GeV, respectively.

anti-baryon to baryon ratios, RH , at the freeze-out are determined by the thermal
freeze-out parameters (T f , µf

B , µf
S ),86

RH (
!

s) = exp

!

"
2µf

B

T f

"

1 "
µf

S

µf
B

|S|

#$

. (49)

By Þtting the experimentally measured values ofR! , R" and R# , corresponding
to |S| = 1 , 2 and 3, the values ofµf

S /µ f
B and µf

B /T f , as ÔobservedÕ in a heavy-ion
experiment at a given

!
s, can easily be extracted. Matching these experimentally

extracted values ofµf
S /µ f

B with the lattice QCD results for µS /µ B as a function of
temperature, one can determine the freeze-out temperatureT f . Fig. 18 (right) il-
lustrates this procedure. Once again, the inclusion of additional unobserved strange
hadrons in the hadron resonance gas model (QM-HRG) leads to very similar val-
ues of the freeze-out temperatures as obtained using the lattice data. However,
including only the hadrons listed by the Particle Data Group31 (PDG-HRG) yields
freeze-out temperatures that are 5-8 MeV larger.

6. Transport properties

As we have seen in previous sections the analysis of bulk thermodynamics and charge
ßuctuations provides plenty of evidence that thermodynamics of strong-interaction
matter above the crossover transition temperature, Tc, and up to temperatures
of about (1.5 " 2)Tc is highly non-perturbative. In this temperature range the
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tuations ! S
2 are dominated by the contribution from

strange mesons. The larger value of ! ! BS
11 /! S

2 found
in lattice QCD calculations compared to that of PDG-
HRG model calculations, thus, reflects the stronger in-
crease of PS,QM

B /P S,P DG
B compared to PS,QM

M /P S,P DG
M

(see Fig. 1). As a consequence, the QM-HRG model pro-
vides a better description of QCD thermodynamics in the
hadronic phase. This can be more directly verified by

considering the ratio of two observables, which in a HRG
model give PS

M and PS
B , respectively. There is a large set

of “pressure-observables” that can be constructed for this
purpose by using second- and fourth-order cumulants of
strangeness fluctuations and correlations with net baryon
number [11]. They will all give identical results in a gas of
uncorrelated hadrons, but differ otherwise. In particular,
they can yield widely different results in a free quark gas.
We use two linearly independent pressure-observables for
the open strange meson (M S

1 , M S
2 ) and baryon (B S

1 , B S
2 )

partial pressures, respectively,
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2 ! ! BS
22 ,

M S
2 =
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Three independent ratios B S
i /M S

j are shown in
Fig. 2 (bottom). They start to coincide in the crossover
region giving identical results only below T ! 155 MeV.
This reconfirms that a description of QCD thermody-
namics in terms of an uncorrelated gas of hadrons is valid
till the chiral crossover temperature Tc. Below Tc, the in-
formation one extracts from B S

i /M S
j agrees with that of

! ! BS
11 /! S

2 . In the hadronic regime the ratios calculated
in lattice QCD are significantly greaterthan those calcu-
lated in the PDG-HRG model. QM-HRG model calcu-
lations are in good agreement with lattice QCD. These
results provide evidence for the existence of additional
strange baryons and their thermodynamic importance
below the QCD crossover.

Implications for strangeness freeze-out.ÑSince the ini-
tial nuclei in a heavy ion collision are net strangeness
free, the HRG at the chemical freeze-out must also be
strangeness neutral. Obviously, for such a strangeness
neutral medium, all three thermal parameters T , µB , and
µS are not independent; the strangeness chemical poten-
tial can be expressed as a function of T and µB . While
µS(T, µB ) is unique in QCD, for a HRG it clearly depends
on the relative abundances of the open strange baryons
and mesons. For fixed T and µB , a strangeness neu-
tral HRG having a larger relative abundance of strange
baryons over open strange mesons naturally leads to a
larger value of µS .

Calculations of µS(T, µB ) in a strangeness neutral
HRG are straightforward. For QCD this can be ob-
tained from lattice QCD computations of µS /µ B us-
ing next-to-leading-order Taylor expansion of the net
strangeness density [3, 26]. The ratio µS/µ B = s1(T ) +
s3(T )(µB /T )2 + O(µ4

B ) is closely related to the ratio
! BS

11 /! S
2 shown in Fig. 2. At leading order, it only re-

ceives a small correction from nonzero electric charge
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(see Fig. 1). As a consequence, the QM-HRG model pro-
vides a better description of QCD thermodynamics in the
hadronic phase. This can be more directly verified by

considering the ratio of two observables, which in a HRG
model give PS
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B , respectively. There is a large set

of “pressure-observables” that can be constructed for this
purpose by using second- and fourth-order cumulants of
strangeness fluctuations and correlations with net baryon
number [11]. They will all give identical results in a gas of
uncorrelated hadrons, but differ otherwise. In particular,
they can yield widely different results in a free quark gas.
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Three independent ratios B S
i /M S

j are shown in
Fig. 2 (bottom). They start to coincide in the crossover
region giving identical results only below T ! 155 MeV.
This reconfirms that a description of QCD thermody-
namics in terms of an uncorrelated gas of hadrons is valid
till the chiral crossover temperature Tc. Below Tc, the in-
formation one extracts from B S

i /M S
j agrees with that of
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11 /! S

2 . In the hadronic regime the ratios calculated
in lattice QCD are significantly greaterthan those calcu-
lated in the PDG-HRG model. QM-HRG model calcu-
lations are in good agreement with lattice QCD. These
results provide evidence for the existence of additional
strange baryons and their thermodynamic importance
below the QCD crossover.

Implications for strangeness freeze-out.ÑSince the ini-
tial nuclei in a heavy ion collision are net strangeness
free, the HRG at the chemical freeze-out must also be
strangeness neutral. Obviously, for such a strangeness
neutral medium, all three thermal parameters T , µB , and
µS are not independent; the strangeness chemical poten-
tial can be expressed as a function of T and µB . While
µS(T, µB ) is unique in QCD, for a HRG it clearly depends
on the relative abundances of the open strange baryons
and mesons. For fixed T and µB , a strangeness neu-
tral HRG having a larger relative abundance of strange
baryons over open strange mesons naturally leads to a
larger value of µS .

Calculations of µS(T, µB ) in a strangeness neutral
HRG are straightforward. For QCD this can be ob-
tained from lattice QCD computations of µS /µ B us-
ing next-to-leading-order Taylor expansion of the net
strangeness density [3, 26]. The ratio µS/µ B = s1(T ) +
s3(T )(µB /T )2 + O(µ4
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2 shown in Fig. 2. At leading order, it only re-
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! What is the nature of the transition (chiral pattern)?
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Strength of theUA(1) anomaly at the Nf = 2 chiral phase transition Bastian B. Brandt
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Figure 1: The two possible scenarios for the phase structure of QCD at zero chemical potential.

implies the degeneracy of the associated correlation functions. Of particular relevance for the UA(1)
symmetry are correlation functions in scalar and pseudoscalar channels. Including the iso-singlet
operators (opening up new channels for the investigation of the effective symmetry restoration, see
Ref. [9], for instance), they are related by SUA(2) and UA(1) transformations as shown in Fig.2.
The iso-vector operatorsPi andSi are comparably easy to compute on the lattice, due to the ab-
sence of disconnected diagrams, so that they have become the standard channels to look at to test
for UA(1) symmetry restoration. Since we are considering an effective restoration of the symmetry,
we expect the renormalised correlation functions to become degenerate.

A number of studies have looked at the effective restoration of the UA(1) symmetry in lattice
QCD, mostly focussing on the low mode spectrum of the Dirac operator or chiral susceptibili-
ties [10, 11, 12, 13, 14]. In contrast, we pursue a complementary approach, using the correlation
functions, in particular, the screening masses. Screening masses probe the long distance properties
of the correlation functions and are free of contact terms, which contaminate chiral susceptibilities,
for instance. Apart from screening masses, the correlation functions include additional information
in terms of matrix elements. The details of our strategy are explained in [7], where the iso-vector
screening masses obtained from 16! 323 lattices have been published. Here we extend this study
to larger volumes, the matrix elements of the correlation functions and present Þrst results for
iso-singlet screening masses, which provide additional information about the symmetry restoration
pattern. Earlier accounts of our study have been reported in [15, 16, 17, 18].

Figure 2: Transformation relations between iso-vector and iso-singlet operators inP andSchannels.
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implies the degeneracy of the associated correlation functions. Of particular relevance for the UA(1)
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operators (opening up new channels for the investigation of the effective symmetry restoration, see
Ref. [9], for instance), they are related by SUA(2) and UA(1) transformations as shown in Fig.2.
The iso-vector operatorsPi andSi are comparably easy to compute on the lattice, due to the ab-
sence of disconnected diagrams, so that they have become the standard channels to look at to test
for UA(1) symmetry restoration. Since we are considering an effective restoration of the symmetry,
we expect the renormalised correlation functions to become degenerate.

A number of studies have looked at the effective restoration of the UA(1) symmetry in lattice
QCD, mostly focussing on the low mode spectrum of the Dirac operator or chiral susceptibili-
ties [10, 11, 12, 13, 14]. In contrast, we pursue a complementary approach, using the correlation
functions, in particular, the screening masses. Screening masses probe the long distance properties
of the correlation functions and are free of contact terms, which contaminate chiral susceptibilities,
for instance. Apart from screening masses, the correlation functions include additional information
in terms of matrix elements. The details of our strategy are explained in [7], where the iso-vector
screening masses obtained from 16! 323 lattices have been published. Here we extend this study
to larger volumes, the matrix elements of the correlation functions and present Þrst results for
iso-singlet screening masses, which provide additional information about the symmetry restoration
pattern. Earlier accounts of our study have been reported in [15, 16, 17, 18].
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temperatures there isa largediscrepancybetweenthe163 × 8
and the 323 × 8 ensembles which becomes larger as tem-
perature decreases. Results from 243 × 8, fall in between,
although they tend to lie closer to the 323 × 8 points.
Since we are studying only a single value of N! and a

pion mass that is larger than physical by a factor of 1.5, it is
premature to draw a definite quantitative conclusion about
the pseudocritical transition temperature. However, a quali-
tative examination of the left panel in Fig. 5 suggests that a
peak in " disc occurs for the 163 and 243 volumes at
approximately 160 MeV and that this peak position
increases to slightly above 165 MeV as the volume is
increased to 323.
The right panel of Fig. 5 compares the m# ! 200 MeV,

323 × 8 DWF results for " disc with those obtained from
staggered fermions using a 483 × 12 volume and the highly
improved staggered quark (HISQ) and a-squared tadpole
improved (ASQTAD) staggered actions with m# ! 161
and 177 MeV respectively [26]. Again, the disconnected
chiral condensates are consistent among these three meth-
ods for T ! 175 MeV. However, the ASQTAD results lie

substantially below the DWF and HISQ results for temper-
atures at and below the transition region. The HISQ results
are in good agreement with the 323 × 8 DWF results.
However, this agreement appears to be coincidental, since
the HISQ results are obtained for a quoted pion mass of
161 MeV, significantly smaller than the 200 MeV pion
mass of the DWF ensembles. The expected strong depend-
ence of " disc near Tc on the pion mass suggests that m# !
160 MeV DWF results would lie above those found with
HISQ. The discrepancy between the DWF and ASQTAD
results and the expected discrepancy with comparable
HISQ results are likely explained by lattice discretization
errors associated with staggered taste symmetry breaking.

C. U"1#A symmetry

We will now discuss the degree to which the anomalous
U"1#A symmetry is restored above Tc by examining the
two implications of this symmetry for the four susceptibil-
ities given in Eq. (14): " # ! " $ and " %! " &. The numerical
results for each of these four susceptibilities are

FIG. 4 (color online). The two SU"2#L × SU"2#R-breaking susceptibility differences " M̄S
# − " M̄S

% and " M̄S
$ − " M̄S

& plotted as a function
of temperature for our three spatial volumes: 163, 243 and 323. For temperatures of 170 MeVand above these differences are consistent
with zero and the expected restoration of chiral symmetry above Tc. The quantity " # − " %becomes very large below Tc reflecting the
small mass of the pseudo-Goldstone # meson below Tc. In contrast, the second difference " &− " $ remains relatively small as the
temperature decreases below Tc, reflecting the relatively large masses of the $ and &mesons.

QCD CHIRAL TRANSITION, U"1#A SYMMETRY AND É PHYSICAL REVIEW D 89, 054514 (2014)

054514-11

O(4) OK (with large
uncertainties in ! ! ! ! " )
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Nf = 2 + 1 susceptibilities
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054514-11

results between 3 and 7 shown in Table IV.1 Numerical
evidence for the absence of explicit chiral symmetry
breaking is provided by the near equality of the two
differences χπ − χδ and χσ − χη which are related by
SU!2"L × SU!2"R symmetry, a symmetry also explicitly
broken by ml and mres.
Strong evidence for the small size of possible explicit

chiral symmetry breaking also comes from the results for
χπ − χδ computed for the strange quark. It is the explicit
breaking of chiral symmetry by the valence propagators
which can create a nonanomalous signal for χπ − χδ. As can
be seen from Table V the results for χπ − χδ are smaller for
the strange than for the light quark. If the strange quark
results are interpreted as coming entirely from explicit
chiral symmetry breaking, the corresponding effects for the
light quarks should be reduced by a factor of

! ~ml = ~ms"2 ≈ 0.008. At T # 179MeV, this approach gives
explicit chiral symmetry breaking for the light-quark
quantity χπ − χδ of order 4.26 · 0.008# 0.034. This is
larger than the 0.001 estimate above but only a fraction
of a percent of the signal. Thus, we interpret the results for
χπ − χδ and χσ − χη shown in Table IV and Fig. 6 as clear
evidence for the anomalous breaking of U!1"A symmetry
for T > T c.

IV. LOW-LYING EIGENVALUE SPECTRUM

In Sec. III we studied the QCD transition region by
examining the temperature dependence of vacuum expect-
ation values and correlation functions whose behavior is
closely related to the SU!2"L × SU!2"R and U!1"A sym-
metries that are restored, or partially restored, as the
temperature is increased through the transition region. In
this section we will examine a different quantity, the
spectrum of the light-quark Dirac operator, which is also
directly related to the violation of these symmetries. In the
first subsection, Sec. IV A, we review the basic formulas
relating the Dirac eigenvalue spectrum to other measures of
SU!2"L × SU!2"R and U!1"A symmetry breaking in

FIG. 6 (color online). The two U!1"A-violating susceptibility differences, χ øMS
π − χ øMS

δ and χ øMS
σ − χ øMS

η plotted as a function of
temperature for our three spatial volumes. As expected these quantities are very different below Tc. However, even for temperatures of
160 MeV and above these quantities differ from zero by many standard deviations, providing clear evidence for anomalous symmetry
breaking above Tc. The near equality of these two differences above Tc, which are related by SU!2"L × SU!2"R symmetry suggests that
the effects of explicit chiral symmetry breaking are much smaller (as expected) than this anomalous symmetry breaking.

1This assumed quadratic dependence on ~ml does not allow for
a possible combined effect of explicit chiral symmetry breaking
and the sort of nonanalytic behavior above Tc that we are trying
to study. We do not have sufficient numerical results to study such
effects which we view as “second order” since they require both
nonperturbative chiral breaking above Tc and ~ml ≠ 0.
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signiÞcant U (1)A breaking
@ Tc for physical masses
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Figure 4: Results for the differences! MPS and! MVA, for scansC2 (left) andD2 (right).
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Figure 5: Results for! MPS from the temperature scans with a volume of 483. The grey points are the results
from the 323 volumes for comparison and the black points are the reference values atT = 0 (see text).

full QCD at T = 0 [7]. A comparison between the chiral extrapolation and the phenomenologi-
cal estimate shows that the UA(1) breaking screening-mass difference is comparably small atTc,
indicating a weak breaking or even a restoration of the UA(1) symmetry atmud = 0.

For the(L/ a)
3
= 323 volumes and smaller quark masses, the value form! L, with m! theT = 0

pion mass, becomes smaller than 3. To be able to extend the study to smaller quark masses and
to test for Þnite size effects, we have thus repeated the computations on 483 lattices. The results
for the screening mass differences on these new scansC2 andD2 are shown in Fig.4. While the
results for! MVA look very similar to the ones from the 323 volumes,! MPS tends to become larger
with increasing volume. The result for! MPS at Tc, once more averaged over the transition region,
are shown in Fig.5. One can see the tendency towards larger screening mass differences with
increasing volume. This tendency seems to remain for the chiral limit. To perform a reliable chiral
extrapolation, however, we need to extend the simulations to smaller quark masses and increase the
statistics for scanD2.

To extend our study to smaller quark masses we have started a temperature scan at the phys-
ical pion mass, labelledE2 in Tab. 1. So far only results atT > Tc (Tc estimated using O(4)
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full QCD at T = 0 [7]. A comparison between the chiral extrapolation and the phenomenologi-
cal estimate shows that the UA(1) breaking screening-mass difference is comparably small atTc,
indicating a weak breaking or even a restoration of the UA(1) symmetry atmud = 0.

For the(L/ a)
3
= 323 volumes and smaller quark masses, the value form! L, with m! theT = 0

pion mass, becomes smaller than 3. To be able to extend the study to smaller quark masses and
to test for Þnite size effects, we have thus repeated the computations on 483 lattices. The results
for the screening mass differences on these new scansC2 andD2 are shown in Fig.4. While the
results for! MVA look very similar to the ones from the 323 volumes,! MPS tends to become larger
with increasing volume. The result for! MPS at Tc, once more averaged over the transition region,
are shown in Fig.5. One can see the tendency towards larger screening mass differences with
increasing volume. This tendency seems to remain for the chiral limit. To perform a reliable chiral
extrapolation, however, we need to extend the simulations to smaller quark masses and increase the
statistics for scanD2.

To extend our study to smaller quark masses we have started a temperature scan at the phys-
ical pion mass, labelledE2 in Tab. 1. So far only results atT > Tc (Tc estimated using O(4)
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K (T)

M sc
K (0)

!
!
�K
P (0)

�K
P (T)

" 1/2

=
!

"øqq#l (0) + 2 "øss#(0)
"øqq#l (T) + 2 "øss#(T)

" 1/2

M sc
øss (T)

M sc
øss (0)

!
!
�øss
P (0)

�øss
P (T)

" 1/2

!
!

"øss#(0)
"øss#(T)

" 1/2

M sc
" (T)

M sc
" (0)

!
!
�"
S(0)

�"
S(T)

" 1/2

=
!

"øqq#l (0) $ 2"øss#(0)
"øqq#l (T) $ 2"øss#(T)

" 1/2

! P,S = K P,S (p = 0) ! M �2
pole ! M �2

sc " measured in lattice

WI AND LATTICE SCREENING MASSES
<latexit sha1_base64="eiRj/pfjOoD3EJHpuXXkztnv6Mo="></latexit><latexit sha1_base64="eiRj/pfjOoD3EJHpuXXkztnv6Mo="></latexit><latexit sha1_base64="eiRj/pfjOoD3EJHpuXXkztnv6Mo="></latexit><latexit sha1_base64="eiRj/pfjOoD3EJHpuXXkztnv6Mo="></latexit>

Assuming soft T behavior for residues and M sc/M pole

of correlators K P,S :
<latexit sha1_base64="7YIT/uVcSDpUEXSsfhy9jZaLnXQ="></latexit><latexit sha1_base64="7YIT/uVcSDpUEXSsfhy9jZaLnXQ="></latexit><latexit sha1_base64="7YIT/uVcSDpUEXSsfhy9jZaLnXQ="></latexit><latexit sha1_base64="7YIT/uVcSDpUEXSsfhy9jZaLnXQ="></latexit>
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Same lattice setup for masses  
(Cheng et al  EPJC’11) and  

condensates (PRD’08) 
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WI AND LATTICE SCREENING MASSES
<latexit sha1_base64="eiRj/pfjOoD3EJHpuXXkztnv6Mo="></latexit><latexit sha1_base64="eiRj/pfjOoD3EJHpuXXkztnv6Mo="></latexit><latexit sha1_base64="eiRj/pfjOoD3EJHpuXXkztnv6Mo="></latexit><latexit sha1_base64="eiRj/pfjOoD3EJHpuXXkztnv6Mo="></latexit>
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¥ < 5% deviations below Tc from predicted WI scaling

¥ ! i subtracted condensates with two Þt parameters

¥ Rapid Tc increase in M sc
! ⇠ høqqi! 1/ 2

l .

Softer M sc
K ⇠ (høqqil + 2 høssi)! 1/ 2. Even softer M sc

øss ⇠ høssi! 1/ 2

¥ ! minimum from condensate di ! . (last two points not Þtted)
<latexit sha1_base64="0LOqRh54YgxVQ1mo/BkdYwXHV5U="></latexit><latexit sha1_base64="0LOqRh54YgxVQ1mo/BkdYwXHV5U="></latexit><latexit sha1_base64="0LOqRh54YgxVQ1mo/BkdYwXHV5U="></latexit><latexit sha1_base64="0LOqRh54YgxVQ1mo/BkdYwXHV5U="></latexit>



EFFECTIVE THEORY REALIZATION
<latexit sha1_base64="pWO3p5Swn/BiWiHuupzZA9wAPJE="></latexit><latexit sha1_base64="pWO3p5Swn/BiWiHuupzZA9wAPJE="></latexit><latexit sha1_base64="pWO3p5Swn/BiWiHuupzZA9wAPJE="></latexit><latexit sha1_base64="pWO3p5Swn/BiWiHuupzZA9wAPJE="></latexit>

 

(1) Gasser, Leutwyler, Gerber, Kaiser, Herrera-Siklody et al, AGN, Ruiz de Elvira  

(3) Karsch, Tawfik, Redlich, Tawfik-Toublan, Huovinen, Petreczcky, Jankowski, Blaschke, Spalinski, ... 

(2) Cabrera, Dobado, Fernández-Fraile, AGN, Llanes-Estrada, Peláez, Ruiz de Elvira, Torres-Andrés 
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¥ E! ective Hadron Theories needed for systematic analysis below
the transition

¥ U(3) ChPT model-independent framework for light mesons

( ! , K , " , " !) within # ! 1/N c ! mq ! T2 counting. (1)

¥ Light meson scattering dominant interactions in the thermal
bath. Unitarized scattering generates (thermal) resonances (2)

¥ HRG approach includes heavier states and describes very well
most observables for T<! Tc

(3)

¥ Notable exceptions where (U)ChPT OK near Tc: $S , $top
<latexit sha1_base64="oydEz2UH5dnjyubonT5MoNYuSKI="></latexit><latexit sha1_base64="oydEz2UH5dnjyubonT5MoNYuSKI="></latexit><latexit sha1_base64="oydEz2UH5dnjyubonT5MoNYuSKI="></latexit><latexit sha1_base64="oydEz2UH5dnjyubonT5MoNYuSKI="></latexit>
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! l
a0
! l

Partners in U(3) ChPT
<latexit sha1_base64="csy0m9TE1NaBvCfZIhaZI0MAPFo="></latexit><latexit sha1_base64="csy0m9TE1NaBvCfZIhaZI0MAPFo="></latexit><latexit sha1_base64="csy0m9TE1NaBvCfZIhaZI0MAPFo="></latexit><latexit sha1_base64="csy0m9TE1NaBvCfZIhaZI0MAPFo="></latexit>

Di ! erences within ChPT
uncertainty in massive case.
(degeneration TU (1) A ! 1.1Tchiral )

<latexit sha1_base64="1BJ9oCNdUyp3BYB+7Liag0Dmb+0="></latexit><latexit sha1_base64="1BJ9oCNdUyp3BYB+7Liag0Dmb+0="></latexit><latexit sha1_base64="1BJ9oCNdUyp3BYB+7Liag0Dmb+0="></latexit><latexit sha1_base64="1BJ9oCNdUyp3BYB+7Liag0Dmb+0="></latexit>
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with
! 5,disc (T)
! 5,disc (0)

!
"øqq#l (T)
"øqq#l (0)

! O(4) " UA (1) in chiral limit

(holds reasonably also in Nf = 2 + 1 lattice)

Partners in U(3) ChPT
<latexit sha1_base64="csy0m9TE1NaBvCfZIhaZI0MAPFo="></latexit><latexit sha1_base64="csy0m9TE1NaBvCfZIhaZI0MAPFo="></latexit><latexit sha1_base64="csy0m9TE1NaBvCfZIhaZI0MAPFo="></latexit><latexit sha1_base64="csy0m9TE1NaBvCfZIhaZI0MAPFo="></latexit>
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Di ! erences within ChPT
uncertainty in massive case.
(degeneration TU (1) A ! 1.1Tchiral )

<latexit sha1_base64="1BJ9oCNdUyp3BYB+7Liag0Dmb+0="></latexit><latexit sha1_base64="1BJ9oCNdUyp3BYB+7Liag0Dmb+0="></latexit><latexit sha1_base64="1BJ9oCNdUyp3BYB+7Liag0Dmb+0="></latexit><latexit sha1_base64="1BJ9oCNdUyp3BYB+7Liag0Dmb+0="></latexit>
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! U
S (T) =

! ChP T
S (0)M 2

S(0)
M 2

S(T)

M 2
S(T) = Re(spole (T)) ! Re! f 0

S.Ferreres, AGN, A.Vioque, 2018 

! ! S saturated by lightest scalar pole
f 0(500) (from unitarized thermal I = J = 0 "" scattering) :

<latexit sha1_base64="aHlx1oO+dmkfjsnGEulpcY7cdVo="></latexit><latexit sha1_base64="aHlx1oO+dmkfjsnGEulpcY7cdVo="></latexit><latexit sha1_base64="aHlx1oO+dmkfjsnGEulpcY7cdVo="></latexit><latexit sha1_base64="aHlx1oO+dmkfjsnGEulpcY7cdVo="></latexit>

Scalar susceptibility and the (thermal) ! /f 0(500) state
<latexit sha1_base64="UH3RYmS7SPsyiEY8QBNxaMywYYA="></latexit><latexit sha1_base64="UH3RYmS7SPsyiEY8QBNxaMywYYA="></latexit><latexit sha1_base64="UH3RYmS7SPsyiEY8QBNxaMywYYA="></latexit><latexit sha1_base64="UH3RYmS7SPsyiEY8QBNxaMywYYA="></latexit>
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Fit A B ! 2/ dof Tmax (MeV)

Thermal f 0 Þt 1 0.13± 0.02 Ñ 6.25 155
Thermal f 0 Þt 2 0.13± 0.01 Ñ 4.93 165

HRG Þt 1 Ñ 1.90± 0.02 1.33 155
HRG Þt 2 Ñ 1.71± 0.23 10.30 165
HRG Þt 3 Ñ 1.06± 0.12 3.77 155 �� !!" !! "

! ! "#$%" $#"&

!"# $%& '

������ ()*+,% -& ./

!" #! $"" $%! $!" $#!
"&"

"&%

"&'

"&(

"&)

$&"

! !*+, "

! U
S (T) = A

m4
!

4m2
q

M 2
S(0)

M 2
S(T)

(AChP T ! 0.14)

S.Ferreres, AGN, A.Vioque, 2018 

Scalar susceptibility and the (thermal) ! /f 0(500) state
<latexit sha1_base64="UH3RYmS7SPsyiEY8QBNxaMywYYA="></latexit><latexit sha1_base64="UH3RYmS7SPsyiEY8QBNxaMywYYA="></latexit><latexit sha1_base64="UH3RYmS7SPsyiEY8QBNxaMywYYA="></latexit><latexit sha1_base64="UH3RYmS7SPsyiEY8QBNxaMywYYA="></latexit>

HRG Jankowski et al 2013
free energy density normalization B Þtted.

<latexit sha1_base64="hRWt9D4H2g6t6JD90AIQOisR6PI="></latexit><latexit sha1_base64="hRWt9D4H2g6t6JD90AIQOisR6PI="></latexit><latexit sha1_base64="hRWt9D4H2g6t6JD90AIQOisR6PI="></latexit><latexit sha1_base64="hRWt9D4H2g6t6JD90AIQOisR6PI="></latexit>

20 
¥ Thermal f 0 approach better around Tc

¥ HRG Þts of ! l,s and ! S at conßict
<latexit sha1_base64="gV5bEhTfNS4z8MTLAXYYTBE5O2o="></latexit><latexit sha1_base64="gV5bEhTfNS4z8MTLAXYYTBE5O2o="></latexit><latexit sha1_base64="gV5bEhTfNS4z8MTLAXYYTBE5O2o="></latexit><latexit sha1_base64="gV5bEhTfNS4z8MTLAXYYTBE5O2o="></latexit>



AGN, J.R.Elvira, A.Vioque, 2019 (preliminary) 

Topological Susceptibility in U(3) ChPT
<latexit sha1_base64="W8+/zFdzfxwPFHglZqKGSxzhX3o="></latexit><latexit sha1_base64="W8+/zFdzfxwPFHglZqKGSxzhX3o="></latexit><latexit sha1_base64="W8+/zFdzfxwPFHglZqKGSxzhX3o="></latexit><latexit sha1_base64="W8+/zFdzfxwPFHglZqKGSxzhX3o="></latexit>
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M 0 anomalous part ofM ! ! (mu,d,s = 0)
<latexit sha1_base64="38+KCH5w3BE5oI+ZeYeT/700uus="></latexit><latexit sha1_base64="38+KCH5w3BE5oI+ZeYeT/700uus="></latexit><latexit sha1_base64="38+KCH5w3BE5oI+ZeYeT/700uus="></latexit><latexit sha1_base64="38+KCH5w3BE5oI+ZeYeT/700uus="></latexit>

! vac (" ) = ! vac (0) +
1
2

#top " 2 +
1
24

c4" 4 + . . .
<latexit sha1_base64="7ECA4V+TIvSSH8mIyYDeGLAElFE="></latexit><latexit sha1_base64="7ECA4V+TIvSSH8mIyYDeGLAElFE="></latexit><latexit sha1_base64="7ECA4V+TIvSSH8mIyYDeGLAElFE="></latexit><latexit sha1_base64="7ECA4V+TIvSSH8mIyYDeGLAElFE="></latexit>

! Axion mass
<latexit sha1_base64="gmwKHXKBewyCQdLeAg+zVczmD/E="></latexit><latexit sha1_base64="gmwKHXKBewyCQdLeAg+zVczmD/E="></latexit><latexit sha1_base64="gmwKHXKBewyCQdLeAg+zVczmD/E="></latexit><latexit sha1_base64="gmwKHXKBewyCQdLeAg+zVczmD/E="></latexit> ! Axion coupling

<latexit sha1_base64="OAEHCI/vPbhSn2aEUF4pS8a9kb0="></latexit><latexit sha1_base64="OAEHCI/vPbhSn2aEUF4pS8a9kb0="></latexit><latexit sha1_base64="OAEHCI/vPbhSn2aEUF4pS8a9kb0="></latexit><latexit sha1_base64="OAEHCI/vPbhSn2aEUF4pS8a9kb0="></latexit>

(! ! ) LO quark condensate
<latexit sha1_base64="LI47Mjd4+Ml1X1/LSylP1y0Y7OQ="></latexit><latexit sha1_base64="LI47Mjd4+Ml1X1/LSylP1y0Y7OQ="></latexit><latexit sha1_base64="LI47Mjd4+Ml1X1/LSylP1y0Y7OQ="></latexit><latexit sha1_base64="LI47Mjd4+Ml1X1/LSylP1y0Y7OQ="></latexit>

! U (3) ,LO
top = !

M 2
0 øm

M 2
0 + 6B0 øm

<latexit sha1_base64="HqKoj9+R6m6I9HtCgVsePm+cKLc="></latexit><latexit sha1_base64="HqKoj9+R6m6I9HtCgVsePm+cKLc="></latexit><latexit sha1_base64="HqKoj9+R6m6I9HtCgVsePm+cKLc="></latexit><latexit sha1_base64="HqKoj9+R6m6I9HtCgVsePm+cKLc="></latexit>

øm =
!

1
mu

+
1
md

+
1
ms

" �1

<latexit sha1_base64="zvBZ0gmOLdOCc6I7VtYP6hb1Z4M="></latexit><latexit sha1_base64="zvBZ0gmOLdOCc6I7VtYP6hb1Z4M="></latexit><latexit sha1_base64="zvBZ0gmOLdOCc6I7VtYP6hb1Z4M="></latexit><latexit sha1_base64="zvBZ0gmOLdOCc6I7VtYP6hb1Z4M="></latexit>



 

AGN, J.R.Elvira, A.Vioque, 2019 (preliminary) 

! 1/ 4
top [MeV] U(3) SU(2) SU(3)

LO 74(3) 75(3) 75(3)
NLO 74(3) 78(3) 83(2)
NNLO 81(2)

<latexit sha1_base64="b+2lTooJBvLZAKBQvwnppt2gUWI="></latexit><latexit sha1_base64="b+2lTooJBvLZAKBQvwnppt2gUWI="></latexit><latexit sha1_base64="b+2lTooJBvLZAKBQvwnppt2gUWI="></latexit><latexit sha1_base64="b+2lTooJBvLZAKBQvwnppt2gUWI="></latexit>
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!
! latt

top

"1/ 4
= 73(9) (Bonati et al 2016)

<latexit sha1_base64="zsaaZ3TdtBSnjEVbnTqztFwhfhM="></latexit><latexit sha1_base64="zsaaZ3TdtBSnjEVbnTqztFwhfhM="></latexit><latexit sha1_base64="zsaaZ3TdtBSnjEVbnTqztFwhfhM="></latexit><latexit sha1_base64="zsaaZ3TdtBSnjEVbnTqztFwhfhM="></latexit>

M 0 anomalous part ofM ! ! (mu,d,s = 0)
<latexit sha1_base64="38+KCH5w3BE5oI+ZeYeT/700uus="></latexit><latexit sha1_base64="38+KCH5w3BE5oI+ZeYeT/700uus="></latexit><latexit sha1_base64="38+KCH5w3BE5oI+ZeYeT/700uus="></latexit><latexit sha1_base64="38+KCH5w3BE5oI+ZeYeT/700uus="></latexit>

! vac (" ) = ! vac (0) +
1
2

#top " 2 +
1
24

c4" 4 + . . .
<latexit sha1_base64="7ECA4V+TIvSSH8mIyYDeGLAElFE="></latexit><latexit sha1_base64="7ECA4V+TIvSSH8mIyYDeGLAElFE="></latexit><latexit sha1_base64="7ECA4V+TIvSSH8mIyYDeGLAElFE="></latexit><latexit sha1_base64="7ECA4V+TIvSSH8mIyYDeGLAElFE="></latexit>

(mu = md)
<latexit sha1_base64="3YVi/JT+j5aE7spY5K7vrGnhrVk="></latexit><latexit sha1_base64="3YVi/JT+j5aE7spY5K7vrGnhrVk="></latexit><latexit sha1_base64="3YVi/JT+j5aE7spY5K7vrGnhrVk="></latexit><latexit sha1_base64="3YVi/JT+j5aE7spY5K7vrGnhrVk="></latexit>

Topological Susceptibility in U(3) ChPT
<latexit sha1_base64="W8+/zFdzfxwPFHglZqKGSxzhX3o="></latexit><latexit sha1_base64="W8+/zFdzfxwPFHglZqKGSxzhX3o="></latexit><latexit sha1_base64="W8+/zFdzfxwPFHglZqKGSxzhX3o="></latexit><latexit sha1_base64="W8+/zFdzfxwPFHglZqKGSxzhX3o="></latexit>

21 
Leutwyler,Smilga 1992: SU(3) LO
Mao et al 2009; Bernard et al : 2012: SU(3) NLO
Grilli et al 2016: T != 0 SU(2) NLO

<latexit sha1_base64="16OLkAwA6iAIfa0mynEUhIwhgE0="></latexit><latexit sha1_base64="16OLkAwA6iAIfa0mynEUhIwhgE0="></latexit><latexit sha1_base64="16OLkAwA6iAIfa0mynEUhIwhgE0="></latexit><latexit sha1_base64="16OLkAwA6iAIfa0mynEUhIwhgE0="></latexit>

! Axion mass
<latexit sha1_base64="gmwKHXKBewyCQdLeAg+zVczmD/E="></latexit><latexit sha1_base64="gmwKHXKBewyCQdLeAg+zVczmD/E="></latexit><latexit sha1_base64="gmwKHXKBewyCQdLeAg+zVczmD/E="></latexit><latexit sha1_base64="gmwKHXKBewyCQdLeAg+zVczmD/E="></latexit> ! Axion coupling

<latexit sha1_base64="OAEHCI/vPbhSn2aEUF4pS8a9kb0="></latexit><latexit sha1_base64="OAEHCI/vPbhSn2aEUF4pS8a9kb0="></latexit><latexit sha1_base64="OAEHCI/vPbhSn2aEUF4pS8a9kb0="></latexit><latexit sha1_base64="OAEHCI/vPbhSn2aEUF4pS8a9kb0="></latexit>

(! ! ) LO quark condensate
<latexit sha1_base64="LI47Mjd4+Ml1X1/LSylP1y0Y7OQ="></latexit><latexit sha1_base64="LI47Mjd4+Ml1X1/LSylP1y0Y7OQ="></latexit><latexit sha1_base64="LI47Mjd4+Ml1X1/LSylP1y0Y7OQ="></latexit><latexit sha1_base64="LI47Mjd4+Ml1X1/LSylP1y0Y7OQ="></latexit>

! U (3) ,LO
top = !

M 2
0 øm

M 2
0 + 6B0 øm

<latexit sha1_base64="HqKoj9+R6m6I9HtCgVsePm+cKLc="></latexit><latexit sha1_base64="HqKoj9+R6m6I9HtCgVsePm+cKLc="></latexit><latexit sha1_base64="HqKoj9+R6m6I9HtCgVsePm+cKLc="></latexit><latexit sha1_base64="HqKoj9+R6m6I9HtCgVsePm+cKLc="></latexit>
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1
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1
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<latexit sha1_base64="zvBZ0gmOLdOCc6I7VtYP6hb1Z4M="></latexit><latexit sha1_base64="zvBZ0gmOLdOCc6I7VtYP6hb1Z4M="></latexit><latexit sha1_base64="zvBZ0gmOLdOCc6I7VtYP6hb1Z4M="></latexit><latexit sha1_base64="zvBZ0gmOLdOCc6I7VtYP6hb1Z4M="></latexit>

¥ Well described by ChPT: vanishes mq ! 0

SU(2) dominates

¥ SU(3) for M 0 ! "

¥ Quenched mq ! " : ! LO
top = F 2M 2

0 / 6

(Witten-Veneziano 1979) ! mesons crucial

¥ T-dependence dominated by #øqq$ChP T
l

! 2nd term in WI ! top = %1
4

!
mud #øqq$l + m2

ud ! ! l
"

relevant near Tc
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CONCLUSIONS
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! Understanding of QCD phase diagram has clearly improved.
Open problems include phases and properties of baryon-rich re-
gion, nature (pattern) of transition, ...

! WI help ! O(4) " U(1)A for exact chiral restoration of S/P nonet.
OK with Nf = 2 lattice and ChPT . Also explain scr.masses

! In physical Nf = 2 + 1 case, stronger U(1)A @Tc

! strangeness matters! (other e ! ects need to be understood)

! Strange K/ ! interesting channel # O(4) " U(1)A degen. $ ! l,s

! E! .Theo: HRG mostly OK below Tc. Saturated " S with thermal
f 0(500) OK with lattice. " top well described by ChPT.
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Ward Identities 
Formally from QCD through A/V transformations:
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&
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2/ 31, A(x) =
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4#
T rcGµ! ÷Gµ!



Ward Identities 

 

O
b
P = i ø!" 5#b! ! Pb " 1p vs 2p fns " # øqq$ vs $P

O
bc
P = PbSc " 2p vs 3p " ch.partners vs meson vertices

(e.g. $! %$" & %&&, . . . )

O
b
S = ø!# b! ! Sb " #øqq$ vs $S for ' sector b = 4 , . . . , 7

 

Formally from QCD through A/V transformations:
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Check of WI in lattice 

where in this equation we construct the quark bilinearsJ!f"
5q

and! !f" from a single flavor of quark specified byf # l or
s and include only connected graphs, in which the quark
fields are contracted betweenJ5q and! . In these tables and
figures and those which follow, when a combination of
quantities that were computed separately are combined,
such asm l" l! $ ! l

mp, we will use the jackknife method with
data that has been averaged over bins of 50 configurations
to compute the error on the combined quantity so that the
effects of statistical correlations between the quantities
being combined are included. However, for simplicity, if a
computed renormalization factor, factor ofa expressed in
physical units or factor ofm res appears, these factors
usually have smaller errors than the quantities they multiply
and their fluctuations will be ignored.

A second use of Eq.(29) is to provide a method to
compute a more physical result for! l;s in a DWF
calculation. Since no chiral limit has been taken in the
continuum derivation of Eq.(29), it will hold equally well if
applied to either strange or light quarks. If we use the
resulting equations for" l and" s to determine the weighted
difference! l;s we obtain

! l;s # m c
l ! " ! l

! " ! s
"; (33)

where we use the symbol" ! s
to represent theÒpionÓ

susceptibility that results if the light-quark mass is replaced
by that of the strange quark and add the subscriptl to the
usual pion susceptibility for clarity. From the perspective of
the continuum theory both sides of Eq.(33) provide an
equally good value for the subtracted chiral condensate.
Neither quantity contains a quadratic divergence and the
much smaller logarithmic divergences present on both sides
are equal. For a DWF theory with residual chiral symmetry
breaking this equation does not hold and the left-hand side

! l;s contains an unphysical additive constantO !m res=a2".
However, the right-hand side is much better defined with no
1=a2 term. Thus, we can use the right-hand side of Eq.(33)
to provide a more physical result for! l;s which will contain
only a small, unphysical piece of orderm lm 2

s ln!m sa".
Thus, we can define an improved value for! l;s:

~! l;s # ~m l! " ! l
! " ! s

"; (34)

which we will use to compare with spectral formulas and
with the results for ! l;s from other lattice fermion
formulations.

B. Chiral symmetry restoration

In this section we present and discuss our numerical
results for the chiral condensate and for the disconnected
chiral susceptibility as a function of temperature. Figure2
shows the Monte Carlo time histories of the light-quark
chiral condensate for seven of the temperatures studied.
The time evolutions for the323 ! 8 ensembles are dis-
played in the left panel and those from243 ! 8 in the right.
The evolutions of the light-quark condensates from both
sets of ensembles appear to follow the same trend. For the
lower temperature region (T ! 168 MeV), the light-quark
condensate fluctuates around its average value. However, as
temperature grows higher, the fluctuations can better be
described as upward spikes added to an otherwise flat
base line.

This behavior is typically seen in finite-temperature
DWF calculations and arises because aboveTc the main
contribution to the chiral condensate comes from isolated,
near-zero modes[24]. These modes become increasingly
infrequent as the temperature is increased but, when
present, produce a noisy, nonzero chiral condensate. The
noise results from the relatively small space-time extent of

FIG. 1 (color online). The left panel shows the light-quark chiral condensate," l, and the sum ofm l" ! and the mixed! ! J5q=2
susceptibility to which it should be equal according to the Ward identity in Eq.(31). Also shown is!m l $ m res"" ! " ~m l" ! which would
equal" l if m reswere the only effect of residual chiral symmetry breaking. The right panel shows the same quantities computed using the
strange instead of the light quark. Similar agreement between the right- and left-hand sides of Eq.(31) is found for the243 and163

volumes, as can be seen from TableII.

MICHAEL I. BUCHOFF et al. PHYSICAL REVIEW D 89, 054514 (2014)

054514-8

Bucho ! et al, PRD89, 2014

! Both ! and øss channel need compensating lattice current to re-
duce Þnite-size e ! ects

! Small deviations in øss channel compatible with anomaly suppres-
sion

! No results for K channel (so far) which would test ! øqq"l + 2 ! øss"
combination



 

Chiral Patterns and Partners from WI 

P!! (y) ! Sll (y) = öm
!

T
dx "T ! l (y)" (x)" (0)#

Pll (y) ! S"" (y) = öm
!

T
dx "T #(y)" (x)$l (0)#

Pls (y) =
1
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öm
!

T
dx "T $s(y)" (x)#(0)#

Sls (y) = !
1
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öm
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T
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dabc [PKK (y) ! S## (y)] = öm
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T
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"
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O(4) partners

2p vs 3p WI FOR CHIRAL PARTNERS

 



 

Chiral Patterns and Partners from WI 
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1
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T
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1
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öm
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dx "T ! s(y)" (x)" (0)#

dabc [PKK (y) ! S## (y)] = öm
!

T
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"
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#

O(4) partners

2p vs 3p WI FOR CHIRAL PARTNERS

 

!"" vertex
! "" scattering I = J = 0



 

Chiral Patterns and Partners from WI 

2p vs 3p WI FOR CHIRAL PARTNERS

 

U(1)A partners

P!! (y) ! S"" (y) =
!

T
dx "T ! (y)" (0)÷#(x)#

Pll (y) ! Sll (y) =
!

T
dx "T #l (y)$l (0)÷#(x)#

Pls (y) ! Sls (y) =
!

T
dx "T #l (y)$s(0)÷#(x)#

Pss(y) ! Sss(y) =
!

T
dx "T #s(y)$s(0)÷#(x)#

PKK (y) ! S## (y) =
!

T
dx "T K (y)%(0)÷#(x)#

÷! (x) = öm! l (x) + ms! s(x) + 1
2 A(x) three sources of U(1)A breaking



Chiral Patterns and Partners from WI 
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Data from Bucho ! et al, PRD89, 2014

(*)

! l,s (T ; To) relative
to T0 = 139 MeV

323 ! 8 lattice size

öm/m s = 0 .088

(*) from ! ls
P WI and normalization " !

!
" # øqq$l G! 1

! (p2 = 0)
compatible with ! !

P = " # øqq$l / öm

(1) ! top ! öm "øqq#l in ch. limit
V.Azcoiti, PRD94 (2016)

(1)

Physical case ( Nf = 2 + 1 , öm != 0 ):

¥ ms distortion.

¥ Worse ! ! l
P " ! "

S degeneration in lattice.

¥ ! 5,disc would scale dictated by quark condensate:



Subtracted Condensates have the right critical behavior in lattice,
avoiding T = 0 Þnite-size divergences ! øqi qi " # mi /a 2 + . . . :

WI and Screening Masses 

r 3
1 ! øqq"ref

l = 0 .750

r 3
1! øss"ref = 1 .061

r 1 # 0.31 fm

! l (T) =
! øqq"l (T) # ! øqq"l (0) + ! øqq"ref

l

! øqq"ref
l

! K (T) =
høqqil (T) � høqqil (0) + 2 [ høssi(T) � høssi(0)] + høqqiref

l + høssiref

høqqiref
l + høssiref

! s(T) =
2 [! øss"(T) # ! øss"(0)] + ! øss"ref

! øss"ref

! ! (T ; T0) =
! øqq"l (T) # ! øqq"l (0) # 2 [! øss"(T) # ! øss"(0)] + ! øqq"ref

l # ! øss"ref

! øqq"l (T0) # ! øqq"l (0) # 2 [! øss"(T0) # ! øss"(0)] + ! øqq"ref
l # ! øss"ref

 



Connected/Disconnected susceptibilities 

! ll
S ! ! !

S = 2! con
S + 4! dis

S = ! "
S + 4! dis

S (mu = md)

On the other hand,

! 5,disc (T) = ! dis
S (T) +

1
4

[! !
P (T) ! ! "

S (T)] +
1
4

!
! #

S(T) ! ! $l
P (T)

"

! Is the vanishing of ! 5,disc in conßict with ! dis
S peaking at the chiral

transition?



Connected/Disconnected susceptibilities 
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Connected/Disconnected susceptibilities 
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Connected/Disconnected susceptibilities 

decreases for the asqtad data withN! . Last, the agreement
in the location of the peak for the two actions and the data
above the peak is much better whenf K is used to set the
scale as shown in Fig.11 (right). Note that the peak height
for the two actions is not expected to match since the quark
masses on the LCP for the asqtad data are about 20%
heavier than for the HISQ/tree data.

2. Connected chiral susceptibilities

The connected part of the chiral susceptibility, Eq. (28),
is the volume integral of the scalar, ßavor nonsinglet meson
correlation function. At large distances, where its behavior
is controlled by the lightest scalar, nonsinglet screening
mass, the correlation function drops exponentially as this
state has a mass gap; i.e.," l;con can diverge in the thermo-
dynamic limit only if the Þnite temperature screening mass
in this channel vanishes. This, in turn, would require the
restoration of theUA!1" symmetry, which is not expected at
the QCD transition temperature. In fact, the scalar screen-
ing masses are known to develop a minimum at tempera-
tures above, but close to, the transition temperature [76].
One therefore expects that even in the chiral limit, the
connected part of the chiral susceptibility will only exhibit
a maximum above the chiral transition temperature.

There are two subtle features of the connected part of the
susceptibility calculated at nonzero lattice spacings that
require further discussion. First, taste symmetry violations
in staggered fermions introduce an additional divergence
of the forma2=

!!!!!!
ml

p
for T < T 0

c. It also arises due to the
long-distance ßuctuations of Goldstone pions, as explained
in Eq. (33); however, unlike the divergence in the discon-
nected part which is physical, this term is proportional to
theO!a2" taste breaking. Note that in the two-ßavor theory
there are no such divergences due to Goldstone modes in
the continuum limit [74,75]. Thus, we expect to observe a
strong quark mass dependence at low temperatures in
" l;con. Second, there is a large reduction in theUA!1"
symmetry breaking in the transition region; consequently

there will be a signiÞcant quark mass dependence of scalar
screening masses and of" l;con.

We have calculated" l;con for the p4, asqtad, and
HISQ/tree actions. Results at different light quark masses
from N! # 8 lattices are shown in Fig.12 for the p4 and
asqtad actions with the multiplicative renormalization
performed in the same way as for" l;disc. A strong depen-
dence on the quark mass is seen in both the p4 and asqtad
data. This, as conjectured above, is due to a combination
of the artifacts that are due to taste symmetry breaking
and the variations with temperature of the scalar, ßavor
nonsinglet screening mass at and above the crossover
temperatures.

In Fig. 13, we show the connected chiral susceptibility
for the asqtad and HISQ/tree actions at Þxedml # 0:05ms
for differentN! . In Sec.IVA , we noted the presence of an
additive quadratic divergence, proportional tomq=a2, in
the chiral condensate, which will give rise to a mass
independent quadratic divergence in the chiral susceptibil-
ity. We Þnd that the absolute value of the data grows with
N! as expected. Since this divergent contribution is the
same for light and strange susceptibilities, it can be elim-
inated by constructing the difference" l;con $ 2" s;con. The
resulting data are shown in Fig.13(right), and we Þnd that
the peak occurs at slightly higherT as compared to the
disconnected chiral susceptibility shown in Fig.11. Also,
we Þnd that the height of the peak decreases withN! and
the position of the peak is shifted to smaller temperatures
on decreasing the lattice spacing, which is most evident
when comparing theN! # 8 andN! # 12 asqtad data.

3. Renormalized two-ßavor chiral susceptibility

Last, we compare our estimates for the two-ßavor chiral
susceptibility, deÞned in Eqs. (27) and (28), with results
obtained with the stout action [22]. To remove the additive
ultraviolet divergence discussed above, we now subtract
the zero temperature rather than the strange quark chiral
susceptibility. Furthermore, to get rid of the multiplicative
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FIG. 12 (color online). The connected part of the chiral susceptibility for the p4 (left) and asqtad (right) actions for different quark
masses onN! # 8 lattices.
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From Bazavov et al, PRD85, 2012

¥ In general, only the total ! !
S ! "

" öm "øqq#l expected to peak

A. V. Smilga and J. J. M. Verbaarschot, PRD54 1996

! ! !
S could peak at U(1)A restoration

Actually ! !
S grows for T < T c and should vanish asymptotically if

! !
S ! ! "

P = " # øqq$l / öm % 0

! ll
S ! ! !

S = 2! con
S + 4! dis

S = ! "
S + 4! dis

S (mu = md)



Lattice parametrization for inverse pseudo correlator
(Karsch et al 2003):

K ! 1
P (! , "p) ! " ! 2 + A2(T)|"p|2 + M pole (T)2

A(T) =
M pole (T)
M sc(T)

Pseudoscalar susceptibility: #P =
N!

M 2 + ! T (0, 0)

p = 0 expansion: ! (! , "p; T) = ! T (0, 0) + $(T)! 2 " %(T)|"p|2 + O(p4)

A2(T) =
1 + %(T)
1 + $(T)

!
M pole (T)

"2
=

M 2 + ! T (0, 0)
1 + $(T)

Therefore, N! #! 1
P (T) = [1 + $(T)] A2(T) [M sc(T)]2

Screening  vs pole masses 
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Unitarizing ChPT: scattering and resonances
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¥ LECs and uncertaintities from
unitarized T = 0 Þt in Hanhart,
Pel«aez, R«õos PRL100 (2008)

¥ Consistent Tc reduction and
! S growth near chiral limit

¥ Consistent with lattice
transition peak.

sp = 446.5 ! i220.4 MeV

ml
2

Mπ
4
[��S(T)-��S(0)]

Thermal f0(500) saturated

LEC uncertainty band l1
r -l4

r

LEC uncertainty band l1
r ,l2
r

������ Y.Aoki et al (2009)

ChPT one loop
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! U
S (T) =

! ChP T
S (0)M 2

S(0)
M 2

S(T)

S.Ferreres, AGN, A.Vioque, 2018 

Scalar susceptibility and the (thermal) ! /f 0(500) state
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