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“Elliptic flow” in PbPb, pPb, pp — but not in e+e−

Long-range (in rapidity) angular correlations (a.k.a. “elliptic flow”) observed in
PbPb, pPb, and high- multiplicity pp collisions, but not in e+e− collisions:

Yen-Jie Lee (MIT)

Archived ALEPH e+e- Data at 91 GeV

3Status of Heavy Ion Physics

pp PbPbpPbe+e-

Badea et al., arXiv:1906.00489 CMS, PLB 724 (2013) 213CMS, JHEP09 (2010) 091

(figure credit: Yen-Jie Lee (MIT))

No sign of the near-side ridge in e+e−- collisions up to the highest multiplicities
(∼ 55 particles per event)
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Whereever the
effect is seen, it
is a collective
phenomenon:
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What is the correct description of this feature?

Is it the same in pp, pPb, and PbPb?

If not, what changes from pp to PbPb,
and how do we identify it?

If yes, what makes e+e− collisions so different?

Which experimental observables can tell us before we do the
simulation whether or not hydrodynamics will correctly describe the
system?
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What is different in e+e− from pp?

No high density of low-x gluons in the initial state
=⇒ no initial-state gluon radiation

Single pointlike primary interaction vertex in e+e−

No multiple soft parton interactions in the energy deposition process
e+e− → Z 0

Large rapidity gap between the primary produced strongly interacting
particles (q and q̄)

Radiation dominated: No medium for the quark jet fragments to
rescatter off
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Space-time diagram of a heavy-ion collision

Initial production of new matter
0 < o < 0.3 fm/c

Hot Hadron Gas

10 < o < 15 fm/c

Freezeout

τ > 15 fm/c

beam direction

ti
m

e

Pre-hydrodynamic QGP 
0.3 < o < 1 fm/c

Hydrodynamic QGP 
1 < o < 10 fm/c

beam direction

ti
m

e

beam direction

ti
m

e

(After M. Strickland, arXiv:1410.5786)
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Causal dissipative relativistic fluid dynamics
Israel & Stewart ’79; Muronga ’02; Denicol, Niemi, Molnár, Rischke ’12; & many others . . .

Macroscopic evolution of densities and fluid velocity as functions of space and time:

Tµν = e uµuν − (p+Π) ∆µν + πµν where ∆µν = gµν−uµuν = −(xµxν+yµyν+zµzν)

jµ = n uµ + V µ

p = p(e, n) (EoS) (1)

Conservation laws ∂µT
µν = 0 = ∂µj

µ =⇒ evolution of e, n, uµ

Relaxation equations for the dissipative flows πµν , Π, V µ, e.g.

Dπ〈µν〉 =
1

τπ

(
πµν − 2η∇〈µuν〉

)
+ second order terms;

describe competition between collisions (→ towards equilibrium) and expansion
(→ away from equilibrium)

Large anisotropies in the expansion rate θ (θL � θ⊥) keep the pressure anisotropy

PL − P⊥ =
(
p + πzz)− (

p − 1
2
πzz

)
= 3

2
πzz < 0

big throughout the evolution history:
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Large shear stress throughout the QGP phase!

2374 M. Strickland

correction to the transverse pressure and πzz gives the viscous correction to
the longitudinal pressure. The next smallest thing plotted in Fig. 6 is the
difference ∆ ≡ πxx − πyy, which is smaller than Σ and πzz up to times of
the order of 7 fm/c. This means that, to very good approximation, one can
treat the difference between πxx and πyy as a perturbation. Likewise, we
see that all off-diagonal components are even smaller. So small, in fact, that
they require a zoomed inset to visualize. Once again, this suggests that one
can treat these components perturbatively. At leading-order, therefore, a
good approximation might be to assume that the distribution function, and
hence the shear corrections, are spheroidal in form and treat the evolution
of these, potentially large, corrections non-perturbatively.
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Fig. 6. (Color online) Proper time evolution of the components of the shear ten-
sor obtained from a realistic second-order viscous hydrodynamics simulation with
impact parameter b = 7. Figure taken from Song [124].

Another benefit of the spheroidal form is that, for a massless gas, one
can evaluate all components of the energy-momentum tensor analytically,
with the non-vanishing components in Milne coordinates being [88, 125]

E(Λ, ξ) = T ττ = R(ξ) Eiso(Λ) , (3.18)
PT(Λ, ξ) = 1

2 (T xx + T yy) = RT(ξ)Piso(Λ) , (3.19)
PL(Λ, ξ) = −T ςς = RL(ξ)Piso(Λ) , (3.20)

VISH2+1 (from H. Song’s PhD thesis (arXiv:0908.3656))

=⇒ “hydrodynamization” 6= “equilibration”
=⇒ hydrodynamics becomes valid well before local momentum isotropy

and thermal equilibrium are reached

=⇒ “far-from-equilibrium hydrodynamics” (Romatschke 2018)
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Anisotropic hydrodynamics
Martinez & Strickland ’10; Florkowski & Ryblewski ’11; Bazow et al. ’14;

Molnár et al. ’16; McNelis et al. ’18; and many others . . .

Tµν = e uµuν + PLz
µzν − P⊥Ξµν + πµν⊥ + 2W

(µ
⊥zz

ν)

jµ = n uµ + V µ
z + V µ

⊥

p = p(e, n) (EoS) (2)

where

Ξµν = gµν−uµuν+zµzν = −(xµxν+yµyν)

Π = 1
3
(PL + 2P⊥)− p(e, n)

πµν = πµν⊥ + 2W
(µ
⊥zz

ν) + 1
3
(PL − P⊥)(zµzν −∆µν)

Conservation laws ∂µT
µν = 0 = ∂µj

µ =⇒ evolution of e, n, uµ

Relaxation equations for PL, P⊥, π
µν
⊥ , W µ

⊥z , V
µ

(McNelis et al. ’18)

Multiple (0+1)-d studies (Bjorken, Gubser), presently being implemented in (3+1)-d
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(1) The hydrodynamic approach
towards equilibrium

(2) The pre-hydrodynamic evolution
towards hydrodynamization
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Hydrodynamic attractors

Hydrodynamics is the effective theory of long-wavelength excitations which can be
expressed as a hydrodynamic gradient series (Baier et al. (BRSSS) ’08).

While this gradient series was shown to be asymptotic (i.e. it diverges (Heller et al. ’13

–’16, and others)), it can be Borel resummed, yielding an attractor (Heller et al. ’13) to
which the system converges on a microscopic relaxation time scale τrel.
Non-hydrodynamic moments of the underlying phase-space distribution decay on
the same time scale τrel (Strickland ’18). The precise form of this decay depends on the
microscopic collision dynamics (Romatschke ’17).

In the limit of small gradients, the attractor reduces to the low-order
hydrodynamic gradient series solution. Navier-Stokes theory defines the unique
attractor at first order in gradients.

The existence and properties of the hydrodynamic attractor have been studied in
detail for conformal and non-conformal systems undergoing Bjorken flow (Heller et al.

’13 –’18; Basar & Dunne ’15; Romatschke ’17; Denicol & Noronha ’16; Strickland ’18; . . . ). Some pictures:
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Hydrodynamic attractors for Bjorken flow
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The anisotropic hydrodynamic attractor for Bjorken flow

aHydro attractor

NS

Numerical solution
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ϕ =
1

2

(
(PL/PT )+3

(PL/PT )+2

)
, w̄ =

τ

τrel
= inverse Knudsen number

Numerical solutions join attractor (i.e. lose memory of ICs) after τ & (1−2)τrel.
At this point PL/PT . 0.5, i.e. shear stress effects are O(1).

aHydro reproduces unterlying RTA Boltzmann transport almost perfectly, even for
very large shear stress.

Hydrodynamic attractors merge with Navier-Stokes after τ > few× τrel (not MIS).
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Attractors for higher-order (non-hydrodynamic) moments
Strickland, JHEP12 (2018) 128 (RTA Boltzmann equation, exact soln. for Bjorken flow)
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Attractors exist also for all higher-order (non-hydrodynamic) moments of the distribution
function, describing its high-momentum tail. For all anisotropic moments, the solutions
of the RTA BE approach the attractors exponentially on time scales τ & τrel.
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Attractors for higher-order (non-hydrodynamic) moments
Strickland, JHEP12 (2018) 128 (Bjorken flow)
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For aHydro, the hydrodynamic attractors for all anisotropic moments join the exact RTA
BE attractors after τ & τrel. For standard (MIS) vHydro, this happens much later, and
long after vHydro has reached the NS limit.
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Attractors for the distribution function (Bjorken flow)
Strickland, JHEP12 (2018) 128 (Bjorken flow)
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For the RTA BE, the distribution function has also an attractor to which all initial
conditions evolve after τ > few× τrel. The pL-distribution thermalizes ∼ completely
after a few τrel. After τ > 4 τrel the pT -distribution is thermalized up to pT . 3T . . .
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Attractors for the distribution function (Bjorken flow)
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. . . and after τ > 15 τrel up to pT ... 3 GeV/c!
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Hydrodynamic attractors for Gubser flow
• Gubser flow (Gubser ’10) = long. boost-invariant + azimuthally symmetric, strong

transverse flow
• Opposite to Bjorken flow, Knudsen number increases with time (exponentially)

=⇒ asymptotic free-streaming, shear stress saturates at limρ→∞ π
η
η/peq = 2.
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w = tanh ρ/T̂ ∼ Knudsen number, A(w) = d ln T̂/d ln cosh ρ

• aHydro attractor and time evolution agree almost perfectly with exact RTA Boltzmann
equation even in the free-streaming limit!
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Hydrodynamic attractors: Bjorken vs. Gubser
Chattopadhyay, UH, Pal, Vujanovic, PRC97 (2018) 064909
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Anisotropic hydrodynamics describes the underlying kinetic theory accurately
even well before the evolution trajectory joins the attractor!
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Summary (1)

Systems that possess a hydrodynamic attractor (this includes both systems
that reach asymptotic local thermal equilibrium and others that don’t)
hydrodynamize after τ &&& τrel, even if they are still very far from local
thermal equilibrium, and even if they never reach it.

This includes heavy-ion collision fireballs with and without
transverse expansion.

Hydrodynamics fails for heavy-ion collisions if (and only if)
τrel > τQGP.
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Overview

1 Prologue

2 Dissipative relativistic fluid dynamics

3 Hydrodynamic evolution towards equilibrium

4 Pre-hydrodynamic evolution towards hydrodynamization
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Initialization of the hydrodynamic stage

To remove uncertainties related to the pre-hydrodynamic stage, much recent work
has focused on the correct initialization of hydrodynamics

(see talk by Mazeliauskas Tuesday 15:20):

P
o
S
(
H
a
r
d
P
r
o
b
e
s
2
0
1
8
)
1
1
1

2+1D simulations of pre-equilibrium stage with QCD kinetic theory Aleksas Mazeliauskas

 

τEKT τhydro

(c) 2nd order hydrodynamics(b) KøMPøST
(a) initial state

Figure 3: Workflow diagram of multi-stage heavy ion simulation with pre-equilibrium evolution. (a) Initial
state provided by MC-Glauber prametrization or dynamical CGC evolution. (b) The equilibration of initial
energy-momentum tensor with linearized kinetic theory propagator KøMPøST. (c) The viscous hydrody-
namic simulation of QGP expansion.

Similarly to the background evolution, the response functions do not depend on the coupling con-
stant or background energy density independently, but only through the dimensionless scaling vari-
able τTid.

η/s . Therefore tabulated values of response functions can be used in event-by-event pre-
equilibrium propagation of initial conditions.

3. Event-by-event pre-equilibrium propagator—KøMPøST

The kinetic equilibration scaling curve Eq. (2.3) and the non-linear response function, Eq. (2.4),
encompasses the essential information about the out-of-equilibrium evolution of the energy-momentum
tensor T µν . Using them we constructed a linearized kinetic pre-equilibrium propagator—called
KøMPøST—which is publicly available and can be straightforwardly incorporated in modern event-
by-event simulations of heavy ion collisions (see Fig. 3) [13].

The initialization of KøMPøST is done by providing T µν(τEKT,x) at some early time τEKT ∼
0.1fm. In the “bottom-up” thermalization the initial state is described by the CGC effective theory
and therefore KøMPøST can be naturally paired with the initial energy-momentum tensor gener-
ated by the dynamical IP-Glasma model [16, 17]. However, one can also initialize KøMPøST with
initial state parametrization models, e.g. TRENTo [18], which provide event-by-event fluctuation of
initial energy density. In this case, the energy-momentum tensor at early times can be parametrized
by T µν(τ,x) = diag(e(τ,x),e(τ,x)/2,e(τ,x)/2,0).

The pre-equilibrium evolution in KøMPøST is done separately for the local background and
perturbations, Eq. (2.2). In practice the local background energy density T ττ is found by Gaus-
sian averaging with typical width 2σ = |τhydro− τEKT|. Using the initial T ττ , τEKT, and η/s one
then determines the final background energy density and pressures at τhydro from the scaling curve
Eq. (2.3). The difference δT µν

x (τ,x′) = T µν(τ,x′)− T µν
x (τ) is treated as linearized perturba-

tion. KøMPøST propagates initial energy (δT ττ ) and transverse momentum (δT τi) components
using the convolution with the response functions in Eq. (2.4), while the shear-stress perturbations
δT i j—which do not correspond to conserved charges—are neglected. The final energy-momentum
tensor T µν(x,τhydro) is constructed as a sum of the background T µν

(x,τhydro) and perturbations
δT µν(x,τhydro), which can be passed to the subsequent hydrodynamic evolution. In certain cases,
e.g. on the edge of the fireball where gradients are especially large, the linearized approach fails
and the constructed energy-momentum tensor does not have a well-defined fluid-frame. In these
limited instances the kinetic response is regulated to facilitate the hydrodynamic evolution, but this
does not affect the physical observables.

3

(from Mazeliauskas PoS HardProbes2018 (2018) 111)

Work has progressed from studying simple (0+1)-d Bjorken flow to (2+1)-d and
(3+1)-d expansion with kinetic theory.
Liu et al. ’15; Keegan et al. ’16; Kurkela, Mazeliauskas et al. ’17–’19, Greif et al. ’17; Kurkela, Wiedemann, Wu ’18–’19;

and others.

Ulrich Heinz (OSU/J.W.Goethe-University) Hydro & Approach to Equilibrium SQM2019, 6/14/2019 25 / 35



Prologue Dissipative RFD Hydro to equilibrium Pre-hydro to hydrodynamics

From EKT to hydro: Bjorken expansion

EKT = Effective Kinetic Theory = Boltzmann equation for m = 0 partons with

pQCD 2↔ 2 and 1↔ 2 AMY ’03 collision term (Mazeliauskas Tue 15:20):

Keegan, Kurkela, Mazeliauskas, Teaney, JEP08 (2016) 171
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Smooth transition from ≈ free-streaming at very early times to dissipative hydro at
τ ∼ 10/Qs ∼ 1 fm/c (probably even earlier to aHydro attractor).
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From CYM through EKT to hydro: (2+1)-d KøMPøST

Kurkela, Mazeliauskas, Paquet, Schlichting, Teaney, PRL122 (2019) 122302
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Smooth transition from CYM at very, very early times to EKT at very early times to
dissipative hydro at τ ∼ 1 fm/c (probably even earlier to aHydro attractor) in PbPb at
LHC energies.
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Chemical vs. thermal equilibration vs. hydrodynamization
Kurkela & Mazeliauskas, PRL122 and PRD99 (2019); from Aleksas’ talk Tue 15:20:

Physical equilibration time-scales in hadronic collisions

τ = (τ/τR)3/2︸ ︷︷ ︸
scaled time variable

× (4πη/s)3/2 × 〈sτ〉−1/2 × (4π2νeff/90)1/2︸ ︷︷ ︸
phenomenological input

1
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e
[G

eV
/
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fermions Input:
η/s ≈ 0.16
〈sτ〉 ≈ 4.1 GeV2

νeff ≈ 40

τhydro︸ ︷︷ ︸
±10% viscous e(τ)

< τchem︸ ︷︷ ︸
±10% fermion eq. e(τ)

< τtherm︸ ︷︷ ︸
±10% ideal e(τ)

The first two (τhydro and τchem) scale with the relaxation time τrel(τ) ∝ 1/T(τ)!
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From kinetic theory to hydrodynamics: ITA BE in (2+1)-d
Kurkela, Wiedemann, Wu arXiv:1905.05139; Wiedemann Mo 9:30
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FIG. 2: The local energy density ε(t, r) in the (r, t)-plane, calculated from the transport equation (A54) with longitudinally
boost-invariant and azimuthally symmetric initial conditions of Woods-Saxon type (11). The panels scan the only model
parameter, the opacity γ̂, from the free-streaming limit (γ̂ = 0) up to values of γ̂ sufficiently large to realize almost perfect fluid

dynamic behavior. The contours depict isotherms, with ε1/4 decreasing from one isothermal to the next by 10% of its value
along the innermost contour. White arrows denote the direction uµ = (uτ , ur, 0, 0) of the radial flow field.

Ref. [66]) and they read

η =
1

5

ε+ p

γε1/4
, (18)

τΠ =
5 η

(ε+ p)
, (19)

λ1 =
27

5

η2

(ε+ p)
. (20)

Locally in space and time, we characterize the quality
Q2(t, r) of the agreement between fluid dynamic consti-
tutive relation and kinetic theory by the quantity

Q2(t, r) =

√
(Tkin − Thyd)

µν
(Tkin − Thyd)µν

(Tid)
µν

(Tid)µν
, (21)

where all fields on the right hand side are understood as
functions of t and r. Since (Tkin − Thyd)

µν
= Πµν

kin−Πµν
hyd,

and since the shear viscous tensor is transverse, uµΠµν =
0, only the spatial components of (Tkin − Thyd)

µν
can be

non-zero in the local rest frame. Therefore, the contrac-
tions under the square root in (21) yields a sum over
squares with positive coefficients. Thus, Q2(t, r) is a
positive definite measure of the difference between Tµνkin
and Tµνhyd. At the space-time point (t, r), it measures the
differences between the shear viscous tensors of kinetic
theory and hydrodynamics in units of the local energy
density, Tµνid Tidµν = 4

3ε(t, r).

The subscript 2 indicates that Q2(t, r) compares the
energy-momentum tensor of the kinetic theory with the
constitutive hydrodynamic equations of motion to second
order in gradient expansion. It is of interest to compare
also to the corresponding first order gradient expansion,

Q1(t, r) =

√
(Πkin −Πhyd 1st)

µν
(Πkin −Πhyd 1st)µν

(Tid)
µν

(Tid)µν
,

(22)
and one can further consider the quantity obtained from
comparing Tµνkin to the zeroth order in fluid dynamic gra-
dients, i.e., to Tµνid

Q0(t, r) =

√
(Πkin)

µν
(Πkin)µν

(Tid)
µν

(Tid)µν
. (23)

The quantity Q0(t, r) is of interest since it informs us
about the extent to which the system is locally isotropic
at (t, r) in its local rest frame. The results shown for
Q0 in Fig. 3 indicate that for any non-transparent sys-
tem with γ̂ > 0, there is always a region of space-time
in which the system is almost isotropic. For r = 0, the
corresponding blue regions in which Q0 is small are cen-
tered around t/R = 2. The time t/R = 2 is special
in that it is the maximum time up to which particles
produced initially at large radius can reach the center
r = 0 along free-streaming inward-going trajectories. For

r (fm)

t (
fm

/c
)

γ̂ = γR3/4(e0τ0)1/4 ∼
(
R/τrel(τ=R)

)9/8
=

(
Kn(τ=R)

)−9/8
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Hydrodynamization of (2+1)-d ITA BE
Wiedemann Mo 9:30

How “fluid” is this kinetic theory?

particle-like: γ̂ . 2 transition: 2 . γ̂ . 4 hydro-like: 4 . γ̂
(Kurkela, Wiedemann & Wu, arXiv:1905.05139)
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Upper (lower) panels: Q1 (Q2) measured up to 1st (2nd) order.

For γ̂ & 4 the kinetic theory hydrodynamizes very early and stays “liquid”;
for 2 . γ̂ . 4 the theory first hydrodynamizes but soon exits the fluid regime again;
for γ̂ . 2, standard viscous hydrodynamics is not a good approximation. aHydro?
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Summary (2)
Kinetic theory smoothly joins early CYM or free-streaming dynamics to viscous
hydrodynamics, at Tτ/(4πη/s) ... 1 (corresponding to τ ... 1 fm/c in PbPb @
LHC). Perhaps even earlier when using aHydro (to be checked).

Equilibration hierarchy τhydro < τchem < τtherm. The first two scales are
∝ τrel. Momentum isotropization and thermal equilibration are delayed by strong
anisotropies in the expansion rate in heavy-ion collisions. Chemical equilibration is
not affected by these.

(Grand canonical) chemical equilibrium in the QGP is reached in collisions with
dNch/dη &&& 110, for all collision systems (Mazeliauskas, Tue 15:20). Canonical
equilibrium in small collision systems may be reached at even smaller dNch/dη (to
be checked).

Hydrodynamization happens at significantly smaller dNch/dη � 110.

For fixed collision system, increasing dNch/dη reduces the Knudsen number and
thus accelerates hydrodynamization and chemical equilibration.

For fixed dNch/dη, changing the system size neither improves nor degrades
hydrodynamization, to zeroth order. First-order corrections (stronger viscous
heating and faster radial expansion) somewhat increase the effective Knudsen
number in small collision systems, to the detriment of hydrodynamization.
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Thank you!
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Extras
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vHydro vs. aHydro for (0+1)-d Bjorken flow with bulk visc.

McNelis, Bazow, UH, PRC97 (2018) 054912

Glasma-like IC:

red solid: aHydro

blue long-dashed: vHydro

green short-dashed: vHydro with

different transport coefficients
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Using transport coefficients from the same microscopic theory, standard viscous and

anisotropic hydrodynamic evolutions are surprisingly similar in (0+1)-d, even for large

viscous stresses.
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(3+1)-d BAMPS: loss of IC memory and hydro in pPb
Greif, Greiner, Schenke, Schlichting, Xu, PRD96 (2017) 091504
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Low-multiplicity pPb: Initial elliptic-flow-like momentum correlations survive to the end;
similarly strong collectivity cannot be generated from nothing by FSI scattering in
BAMPS.

High-multiplicity pPb: Initial elliptic-flow-like momentum correlations get partially
erased and replaced by stronger signal from FSI scattering; similar-strength final v2 can
also be created from nothing by FSI.
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