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Searching for the QCD Critical Point

when ordinary substances are 
subjected to variations in tempera-

ture or pressure, they will often undergo 
a phase transition: a physical change 
from one state to another. At normal 
atmospheric pressure, for example, water 
suddenly changes from liquid to vapor 
as its temperature is raised past 100° C; 
in a word, it boils. Water also boils if the 
temperature is held fixed and the pres-
sure is lowered—at high altitude, say. The 
boundary between liquid and vapor for 
any given substance can be plotted as a 
curve in its phase diagram, a graph of tem-
perature versus pressure. Another curve 
traces the boundary between solid and 
liquid. And depending on the substance, 
still other curves may trace more exotic 
phase transitions. (Such a phase diagram 
may also require more exotic variables, as 
in the figure).

One striking fact made apparent by 
the phase diagram is that the liquid-
vapor curve can come to an end. Beyond 
this “critical point,” the sharp distinction 
between liquid and vapor is lost, and 
the transition becomes continuous. The 
location of this critical point and the 
phase boundaries represent two of the 
most fundamental characteristics of any 
substance. The critical point of water, for 
example, lies at 374° C and 218 times nor-
mal atmospheric pressure. 

The schematic phase diagram shown 
in the figure shows the different phases 
of nuclear matter predicted for various 
combinations of temperature and baryon 
chemical potential. The baryon chemical 
potential determines the energy required 
to add or remove a baryon at fixed pres-
sure and temperature. It reflects the net 
baryon density of the matter, in a similar 
way as the temperature can be thought to 
determine its energy density from micro-
scopic kinetic motion. At small chemical 
potential (corresponding to small net 
baryon density) and high temperatures, 
one obtains the quark-gluon plasma phase; 

a phase explored by 
the early universe dur-
ing the first few micro-
seconds after the Big 
Bang. At low tempera-
tures and high baryon 
density, such as those 
encountered in the 
core of neutron stars, 
the predictions call for 
color-superconduct-
ing phases. The phase 
transition between a 
quark-gluon plasma 
and a gas of ordinary 
hadrons seems to be 
continuous for small 
chemical potential 
(the dashed line in 
the figure). However, 
model studies sug-
gest that a critical 
point appears at 
higher values of the 
potential, beyond 
which the bound-
ary between these 
phases becomes a sharp line (solid line in 
the figure). Experimentally verifying the 
location of these fundamental “landmarks” 
is central to a quantitative understanding 
of the nuclear matter phase diagram.

Theoretical predictions of the loca-
tion of the critical point and the phase 
boundaries are still uncertain. However, 
several pioneering lattice QCD calculations 
have indicated that the critical point is 
located within the range of temperatures 
and chemical potentials accessible with 
the current RHIC facility, with the envi-
sioned RHIC II accelerator upgrade, and at 
existing and future facilities in Europe (i.e., 
the CERN SPS and the GSI FAIR). Indeed, 
the recent discovery of the quark-gluon 
plasma at RHIC gives evidence for the 
expected continuous transition (dashed 
line in the figure) from plasma to hadron 
gas. Physicists are now eagerly anticipat-

ing further experiments in which nuclear 
matter will be prepared with a broad range 
of chemical potentials and temperatures, 
so as to explore the critical point and the 
phase boundary fully. As the experiments 
close in, for example, the researchers 
expect the critical point to announce itself 
through large-scale fluctuations in several 
observables. These required inputs will be 
achieved by heavy-ion collisions spanning 
a broad range of collision energies at RHIC, 
RHIC II, the CERN SPS and the FAIR at GSI.

The large range of temperatures and 
chemical potentials possible at RHIC and 
RHIC II, along with important technical 
advantages provided by a collider coupled 
with advanced detectors, give RHIC scien-
tists excellent opportunity for discovery of 
the critical point and the associated phase 
boundaries.

Search for the Critical Point: “A Landmark Study”
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Cri5cal Mode Fluctua5ons 

•               at CP in the thermodynamic limit ! !"

•  Finite system life)me                             compared to 
                     away from the CP (Berdnikov, Rajagopal 00) 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•  Cri)cal mode fluctua)ons affect 
  Par)cle mul)plicity fluctua)ons 

  Momentum distribu)ons 
  Ra)os, etc… 

of these par)cles. 

•  σ couples to pions and protons:  
L!"",!pp = 2 G ! "+"! + g ! p̄ p
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Measuring fluctua5ons in par5cle mul5plici5es 

measure the mean, 
variance, skewness, etc… 

•    Can repeat these calcula)ons for pions, net protons, etc 
•    Want to obtain the cri)cal contribu)on to these quan))es 

•    We will use cumulants, e.g.: 

!2 = !N2", !3 = !N3", !4 ! ""N4## = "N4# $ 3"N2#2



Sensitivity of Observables to QCD Critical Point
(Athanasiou, Rajagopal, Stephanov; arXiv:1006.4636)

• Critical fluctuations, with correlation length ξ, couple to ππ and pp. Hence,
event-by-event fluctuations in π and p multiplicities & momenta with vari-
ance ∝ ξ2. (Stephanov, KR, Shuryak, 1999)

• Higher, non-Gaussian, moments of the event-by-event distributions are
small in the limit of large number of particles, but are more sensitive to ξ.
Skewness ∝ ξ4.5 and Kurtosis ∝ ξ7. (Stephanov, 2008)

• Comprehensive study of 21 observables (skewness and kurtosis of event-by-
event histograms of pion number, proton number and net proton number;
various pion-proton correlations) that are sensitive to critical fluctuations.

• Predictions for each, as function of few parameters including proximity to
QCD critical point.

• Compare their relative sensitivity to critical fluctuations, depending on
where on the phase diagram the critical point turns out to be located.
(Some better at smaller

√
s; others better at larger

√
s.)

• Completed in time for data from the RHIC beam energy scan begun this
spring.
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Suppose that ξ(µB) looks like this...
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• Guesses (not predictions): freeze out point is closest to critical point in
collisions that freezeout at µcB = 400 MeV. ξ ∼ 2 fm in those collisions.
Three choices for width ∆.

• If ξ(µB) looks like this, we can predict. . .
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4th moment of event-by-event histogram of
number of protons
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• ω4p = κ4p/Np. Height of the peak is ∝ ξ7. Also depends on µB, the effective
σpp coupling g, and two other parameters.

• ω4p = 1 for Poisson fluctuations, a background that must be present.
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Data on net proton cumulants 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(STAR Collabora)on 2010) 



Vary µcB and g....
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• Substantial dependence on parameters other than ξ.

• Therefore, need to use more than one observable. . .
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Six more observables
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• Each of these 6 observables depends differently on the relevant parameters.

• I could show you more observables.

• Maybe better to think about ratios of observables? Can we use ratios
to isolate specific combinations of parameters? Can we find ratios that
are independent of the parameters, and hence where we can make robust
predictions of their value if the observed fluctuations are indeed dominantly
critical fluctuations? Answer: yes and yes . . .
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Parameter dependence of ratios of observables

• The contribution of critical fluctuations to the five bottom ratios are all
independent of ξ and all the other parameters. If they are dominated by
critical fluctuations, all five ratios = 1. Very different from Poisson.

• Nontrivial, and robust, predictions. If large, non-Gaussian, fluctuations
are seen in data, these will allow to confirm whether they are due to the
proximity of the critical point.

• Other ratios constrain values of parameters, including ξ.

11



RHIC Beam Energy Scan

• Data was taken this spring at
√
s = 39, 11.5 and 7.7 GeV, corresponding

to µB ' 110, 320 and 420 MeV. First results expected in months . . .

• Data to be taken next spring at
√
s = 27 and 18 GeV, corresponding to

µB ' 160 and 220 MeV.

• If the critical point is located at µcB < 450 MeV, we should start to see
signs of its presence . . .
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Transverse Momentum Broadening and the Jet
Quenching Parameter, Redux
(D‘Eramo, Liu, Rajagopal; arXiv:1006.1367)

• “Semi-controlled”∗ QCD calculation, using SCET, of the momentum broad-
ening of a fast quark propagating through a medium — namely P (k⊥), the
probability that the fast quark picks up transverse momentum k⊥ — and
the jet quenching parameter q̂ ≡ 1

L

∫
k2
⊥P (k⊥)d2k⊥, with L the thickness of

the medium.

• ∗“Semi-controlled”: radiation artificially turned off; other than that, con-
trolled in the T � Ejet limit.

• Clarifies rigorous definition of q̂ in QCD or any other gauge theory and
calculation of q̂ in theories with a gravity dual.

• Previous calculation of q̂ in the strongly coupled plasma of N = 4 SYM
theory, done using gauge/gravity duality, needed to be redone, became
simpler, and the result is unchanged.

• Lekaveckas and D’Eramo now calculating P (k⊥) in a weakly coupled QCD
plasma.

• The next step is the inclusion of radiation. Goal is to use SCET framework
to set up a calculation of radiative energy loss and jet modification that
is fully controlled in the high jet energy limit (T � kradiated gluon

⊥ � Ejet;
a problem with three scales) relevant at the LHC, even if the plasma is
strongly coupled at scales of order T . D’Eramo has begun the calculation
and we look forward to joining forces with Chris Lee.
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Synchrotron Radiation in Strongly Coupled
Gauge Theories

(Athanasiou, Chesler, Liu, Nickel, Rajagopal; arXiv:1001.3880)
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FIG. 4: Left: a cutaway plot of r2E/P for v = 1/2. Right: a cutaway plot of r2E/P for v = 3/4. In both plots the quark is at
x = R0, y = 0 at the time shown and its trajectory lies in the plane z = 0. The cutaways coincide with the planes z = 0, ϕ = 0
and ϕ = 7π/5. At both velocities the energy radiated by the quark is concentrated along a spiral structure which propagates
radially outwards at the speed of light. The spiral is localized about θ = π/2 with a characteristic width δθ ∼ 1/γ. As v → 1
the radial thickness ∆ of the spirals rapidly decreases like ∆ ∼ 1/γ3.
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FIG. 5: Plot of r2E/P at θ = π/2 and ϕ = 5π/4 at t = 0 as a function of r for v = 1/2. The plot illustrates the fact that
the pulses of radiated energy do not broaden as they propagate outward. This implies that they do not broaden in azimuthal
angle, either. Strongly coupled synchrotron radiation does not isotropize.

boundary, corresponds to a fatter tube of energy density.
Our calculation shows that this intuitive way of thinking
about gauge/gravity duality need not apply. The rotat-
ing string falls deeper and deeper into the 5th dimension

with each turn of its coils and yet the thickness of the
spiral tube of energy density in the quantum field theory
that this string describes changes not at all.

The behavior of the outgoing pulse of radiation illus-

• Fully quantum mechanical calculation of gluon radiation from a rotating
quark in a strongly coupled large Nc non abelian gauge theory, done
via gauge/gravity duality. “Lighthouse beam” of synchrotron radiation.
Surprisingly similar to classical electrodynamics.
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How the Calculation Was Done.... 3

AdS5 radial
direction

Boundary stress

FIG. 1: A cartoon of the gravitational description of syn-
chrotron radiation at strong coupling. The arena where the
gravitational dynamics takes place is the 5d geometry of
AdS5. A string resides in the geometry and an endpoint of
the string is attached to the 4d boundary of AdS5, which is
where the dual quantum field theory lives. The trajectory of
the endpoint of the string corresponds to the trajectory of the
dual quark. Demanding that the endpoint rotates results in
the string rotating and coiling around on itself as it extends in
the AdS5 radial direction. The presence of the string in turn
perturbs the geometry and the near-boundary perturbation
in the geometry induces a 4d stress tensor on the boundary.
The induced stress has the interpretation as the expectation
value of the stress tensor in the dual quantum field theory.

from a scalar field [15]. At strong coupling gauge/gravity
duality maps the problem onto that of the linear gravi-
tational response due to the presence of a string.

Fig. 1 shows a cartoon of the classical 5d dual grav-
itational description. The five dimensional geometry of
AdS5, which is the arena where the dual gravitational
dynamics takes place, has a four dimensional boundary
whose geometry is that of ordinary Minkowski space.
Ending at the boundary is a classical string whose end-
point follows a trajectory that corresponds to the trajec-
tory of the quark in the dual field theory. The condition
that the endpoint rotates about a specific (Minkowski
space) axis results in the entire string rotating about the
same axis with the string coiling around on itself over
and over. In turn, the rotating motion of the string
creates gravitational radiation which propagates up to
the boundary of the geometry. Just like electromagnetic
fields induce surface currents on conductors, the gravita-
tional disturbance near the boundary induces a 4d stress
tensor on the boundary [16, 17]. As shown in Fig. 1,
the induced 4d stress tensor inherits the coiled structure
of the rotating string. Via the standard gauge/gravity
dictionary [2, 18], the induced 4d stress tensor is the ex-
pectation value of the stress tensor in the dual quantum

field theory. So, by doing a classical gravitational calcu-
lation in five dimensions (which happens to be somewhat
analogous to a classical electromagnetic calculation) we
can compute the pattern of radiation in the boundary
quantum field theory, including all quantum effects and
working in a strong coupling regime in which quantum
effects can be expected to dominate.

At both weak and strong coupling we find that the ra-
diation pattern at infinity qualitatively resembles that of
synchrotron radiation in classical electrodynamics. And,
at both weak and strong coupling, for the case of rel-
ativistic circular motion we find the characteristic pat-
tern of a lighthouse-like beam propagating out to infinity
without broadening. As stated above, at weak coupling
the difference between our results and those of classi-
cal electrodynamics simply amount to the presence of an
additional contribution coming from a scalar field. At
strong coupling both the total power and the angular
distribution of power are found to differ somewhat from
that obtained by extrapolating the weak coupling result
to strong coupling. Interestingly, though, the angular
distribution of power at strong coupling can be written
as the sum of the angular distributions of power coming
from vector and scalar modes at weak coupling with 2:1
relative strengths, whereas at weak coupling this ratio is
4:1. As the radiation is far from isotropic at infinity, this
problem provides a concrete example demonstrating that
radiation need not isotropize in a nonabelian gauge the-
ory at strong coupling. And, the width of the outgoing
pulse of radiation does not broaden as the pulse prop-
agates outward, meaning that as it propagates out to
infinity the radiation remains at the (short) wavelengths
and (high) frequencies at which it was emitted.

We close this introduction with a look ahead at ex-
tending this calculation to nonzero temperature T . The
authors of Ref. [19] have shown that the power that it
takes to move the quark in a circle is given by the vac-
uum result (1.2) even for a test quark moving through
the strongly coupled plasma present at T 6= 0 as long as

ω2
0γ

3 � π2T 2 . (1.7)

In the opposite regime, where ω2
0γ

3 � π2T 2, the power
it takes to move the quark in a circle through the plasma
is the same as it would be to move the quark in a straight
line with speed v. This power has been computed using
gauge/gravity duality in Refs. [20, 21], and corresponds
to pushing the quark against a drag force. The ana-
logue of our calculation — namely following where the
dissipated or “radiated” power goes — was done, again
using gauge/gravity duality, in Refs. [22–25]. There, it
was demonstrated that the test quark plowing through
the strongly coupled plasma in a straight line excites
hydrodynamic modes of the plasma, trailing a diffusion
wake and — if the motion is supersonic — creating a
Mach cone. It is a generic feature of a nonzero temper-
ature plasma, at weak coupling or at strong coupling,
that any power dumped into it in some localized fashion
must eventually take the form of hydrodynamic excita-

• String profile determined analytically. So is the synchrotron radiation. I’m
showing you pictures, not formulae, but everything is analytical.
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Synchrotron radiation, at weak or strong coupling 5
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FIG. 2: A sketch of the solutions (2.8). As the quark moves
along its circular trajectory, it emits radiation in a narrow
cone of angular width α ∼ 1/γ in the direction of its velocity
vector. The diagram is a snapshot at the time when the quark
is at the top of the circle. The red spiral shows where the
radiation emitted at earlier times is located at the time of the
snapshot. The width ∆ of the spiral scales like ∆ ∼ 1/γ3, as
explained in Fig. 3.

where

Ξ(t′, r) ≡ |r−rquark(t′)| − r · ṙquark(t′)
r

, (2.9)

γ = 1/
√

1− v2, r = |r|, and the retarded time tret is the
solution to

t− tret − |r − rquark(tret)| = 0 . (2.10)

(t−tret) is the light travel time between rquark(tret) and r.
Because the motion of the quark is periodic, rquark(tret)
is a periodic function of its argument with period 2π/ω0.
Eq. (2.10) then implies that if t is shifted by 2π/ω0, tret

shifts by the same amount so that (t − tret) is left un-
changed. Because the motion of the quark is circular,
Eq. (2.10) also implies that a change in the position of
the quark corresponding to a shift in its azimuthal angle
by δϕ is equivalent to a shift in both t and tret by δϕ/ω0.

We now describe the qualitative behavior of the solu-
tions (2.8). Fig. 2 shows a pictorial representation of the
solutions (2.8). As the quark moves along its circular tra-
jectory, it emits radiation in the direction of its velocity
in a narrow cone of angular width α. From the solutions
(2.8) it can be shown that in the large γ limit α scales
like α ∼ 1/γ for both the scalar and vector radiation.
The cone of radiation emitted at each time propagates
outwards at the speed of light. At any one moment in
time, the radiation emitted at all times in the past forms
a spiral, as illustrated by the red spiral sketched in Fig. 2.
Clearly, the radial width ∆ of the spiral must go to zero
as α → 0, namely as γ → ∞. As we illustrate in Fig. 3,
in the large γ limit the radial width scales like ∆ ∼ 1/γ3.
To understand the scaling of ∆, consider an observer at
the point p in Fig. 3. As the quark moves along its tra-
jectory, an observer at p will see a short pulse of radiation
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R0α/v
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p

Monday, December 7, 2009

FIG. 3: A close-up illustration of the emission of radiation at
two times t1 and t2. The radiation is emitted in the direction
of the quark’s velocity vector, within a cone of angular width
α. An observer at the point p is illuminated by a pulse of
radiation of duration ∆t ∼ R0α and of spatial thickness ∆.
The leading edge of the pulse observed at p is emitted at t1
and the trailing edge observed at p is emitted at t2. At time t2
the radiation emitted at t1, denoted by the solid red line, has
traveled a distance R0α/v towards p. The chordal distance
between the two emission points is R0α in the α → 0 limit.
The width ∆ is therefore ∆ = R0α(1/v − 1).

of duration ∆t ∼ R0α/v. The leading edge of the pulse
will be emitted by the quark at time t1 and the trail-
ing edge will be emitted at time t2 = t1 + R0α/v. At
time t2 the radiation emitted at t1 will have traveled a
distance R0α/v towards p. Moreover, the chordal dis-
tance between the two emission points is approximately
R0α when α is small. It therefore follows that the spatial
thickness ∆ of the pulse observed at p scales like

∆ ∼ (R0α/v −R0α) ∼ R0α/γ
2 ∼ R0/γ

3 . (2.11)

We note that the fact that ∆ and α scale with different
powers of γ is a consequence of the fact that the radi-
ation is emitted in the direction of the quark’s velocity.
If the radiation were emitted in any other direction, ∆
and α would have the same γ scaling. Because we will
re-use these arguments in the analysis of our strong cou-
pling results, it is important to note that they are purely
geometrical, relying only on the fact that the radiation
travels at the speed of light and the fact that the outward
going pulse of radiation propagates without broadening,
maintaining the spiral shape whose origin we have illus-
trated.

In addition to determining how the pulse widths α
and ∆ are related, these geometrical considerations in
fact specify the location of the spiral of radiation pre-
cisely. For a quark moving in a circle of radius R0 in the
(x, y) plane, at the time at which the quark is located at
(x, y) = (R0, 0) the spiral of energy density radiated at
all times in the past is centered on a curve in the z = 0

• For synchrotron radiation in classical electrodynamics, or in strongly cou-
pled nonabelian N = 4 SYM, there are two characteristic angular widths:

α ∝ 1/γ and ∆ ∝ 1/γ3. (γ = 1/
√

1− v2 where v = speed of rotating quark.)

• These dependences, and indeed the shape of the spiral, follow directly from:

– The radiation is emitted forward.

– Pulse of radiation propagates at the speed of light without spreading.

• The surprise is that the pulses propagate outwards without spreading in a
nonabelian gauge theory in the infinite coupling limit!
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Almost Classic Synchrotron Pulses
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FIG. 4: Left: a cutaway plot of r2E/P for v = 1/2. Right: a cutaway plot of r2E/P for v = 3/4. In both plots the quark is at
x = R0, y = 0 at the time shown and its trajectory lies in the plane z = 0. The cutaways coincide with the planes z = 0, ϕ = 0
and ϕ = 7π/5. At both velocities the energy radiated by the quark is concentrated along a spiral structure which propagates
radially outwards at the speed of light. The spiral is localized about θ = π/2 with a characteristic width δθ ∼ 1/γ. As v → 1
the radial thickness ∆ of the spirals rapidly decreases like ∆ ∼ 1/γ3.
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FIG. 5: Plot of r2E/P at θ = π/2 and ϕ = 5π/4 at t = 0 as a function of r for v = 1/2. The plot illustrates the fact that
the pulses of radiated energy do not broaden as they propagate outward. This implies that they do not broaden in azimuthal
angle, either. Strongly coupled synchrotron radiation does not isotropize.

boundary, corresponds to a fatter tube of energy density.
Our calculation shows that this intuitive way of thinking
about gauge/gravity duality need not apply. The rotat-
ing string falls deeper and deeper into the 5th dimension

with each turn of its coils and yet the thickness of the
spiral tube of energy density in the quantum field theory
that this string describes changes not at all.

The behavior of the outgoing pulse of radiation illus-
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• Width of pulses ∝ 1/γ3. Here, v = 0.5.

• Energy density can go negative — this is a quantum field theoretical cal-
culation — but quantum effects turn out to be small.

• And, the pulses really do propagate without spreading. Even though radi-
ation is nonabelian and theory is infinitely strongly coupled.

• No isotropization. No sign of any analogue of “parton showering”, à la
Hatta, Iancu and Mueller.
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Strong vs. Weak Coupling Radiation Pattern
(Time-averaged power distribution at infinity, as a function of polar angle) 18

0 1 2 3
0

0.1

0.2

0.3

!

1
P

dP
d!

 

 

" ! 1
" " 1

FIG. 8: The normalized time-averaged angular distribution
of power at both weak and strong coupling at v = 0.9. At both
weak and strong coupling, the time averaged angular distribu-
tion of power is localized about θ = π/2 with a characteristic
width δθ ∼ 1/γ. The (slight) difference in the shapes of the
two angular distributions is as if the ratio of power radiated in
vectors and scalars is 2 : 1 in the strongly coupled radiation,
while it is 4 : 1 in the weakly coupled case.

normalized by the total power radiated at weak cou-
pling, which is Pλ�1 = Pvector + Pscalar, with (2.24a)
and (2.24b). Because the two curves are normalized
by their respective total powers which are related by
Pλ�1/Pλ�1 =

√
λ/(5e2

eff/12), the comparison of the two
curves is the comparison of the right-hand side of (4.2)
with the quantity in square brackets on the right-hand
side of (4.3). It is evident from the figure that the radia-
tion pattern at strong coupling is qualitatively similar to
that at weak coupling. In both regimes, the angular dis-
tribution of power is focused about θ = π/2 with a char-
acteristic width δθ ∼ 1/γ. The small difference between
the angular distributions is as if the ratio of the power
radiated in vectors and scalars is 2 : 1 in the strongly cou-
pled radiation, whereas it is 4 : 1 in the weakly coupled
case. Of course, we cannot actually separate the strongly
coupled vectors from the strongly coupled scalars.

D. Relation with previous work

Next, we return to the discussion of the relation be-
tween our present work and previous works that we began
in Section I. In Ref. [9], states produced by the decay of
off-shell bosons in strongly coupled conformal field theo-
ries were studied. It was shown in Ref. [9] that the event-
averaged angular distribution of power radiated from the
decay is isotropic (in the rest frame of the boson where
the total momentum vanishes) and independent of the
boson’s spin. This should be contrasted with similar
weak coupling calculations in QCD, where the boson’s

spin imprints an “antenna” pattern on the distribution
of radiation at infinity [10–12]. Our results are not in-
consistent with those of Ref. [9]. First of all, we and the
authors of Ref. [9] are considering very different initial
states. Second, as discussed in Ref. [9], if their initial off-
shell boson has a non-trivial distribution of momentum,
this distribution imprints itself on the angular distribu-
tion of radiation at infinity and generically results in an
anisotropic distribution of power. It is only the spin of
the boson which doesn’t produce any anisotropy.

In Ref. [13] it was argued that isotropization must oc-
cur in the strongly coupled limit due to parton branch-
ing. Heuristically, the authors of Ref. [13] argued that at
strong coupling parton branching is not suppressed and
that successive branchings can scramble any initially pre-
ferred direction in the radiation as it propagates out to
spatial infinity. However, our results clearly demonstrate
that this need not be the case. We see no evidence for
isotropization of the radiation emitted by the rotating
quark. In fact, the time-averaged angular distribution
of power, shown in Fig. 8, is slightly more peaked about
θ = π/2 in the strongly coupled limit. And, just as for
weakly coupled radiation, the strongly coupled radiation
that we have illustrated in Figs. 4 and 5 propagates out-
ward in pulses that do not broaden: their extent in az-
imuthal angle at a given radius remains the same out to
arbitrarily large radii and, correspondingly, their radial
width is also unchanging as they propagate. It is not
clear in any precise sense what parton branching would
mean in our calculation if it occurred, since no partons
are apparent. But, the essence of the effect is the transfer
of power from shorter wavelength modes to longer wave-
length modes. In our calculation, that would correspond
to the pulses in Fig. 5 broadening as they propagate.
This we do not see.

E. A look ahead to nonzero temperature

It is exciting to contemplate shining a tightly colli-
mated beam of strongly coupled synchrotron radiation
into a strongly coupled plasma. Although this will have
its failings as a model of jet quenching in the strongly
coupled quark-gluon plasma of QCD, so too do all extant
strongly coupled approaches to this complex dynamical
problem. The calculation that is required is simple to
state: we must repeat the analysis of the radiation emit-
ted by a rotating quark, but this time in the AdS black
hole metric that describes the strongly coupled plasma
that arises at any nonzero temperature in any confor-
mal quantum field theory with a dual gravitational de-
scription. The calculation will be more involved, and
likely more numerical, both because the temperature in-
troduces a scale into the metric and because to date we
have only a numerical description of the profile of the
rotating string [19]. If we choose T � 1/R0 and γ � 1
then the criterion (1.7) will be satisfied and the total
power radiated will be as if the quark were rotating in

• Angular distribution of radiation at weak and strong coupling very similar.

• Width in polar angle of the beam is ∝ 1/γ. Here, v = 0.9.

• At weak coupling, radiation contains gluons and color-adjoint scalars.

• Strong coupling radiation pattern is precisely as if it contained twice as
much scalar radiation relative to gluon radiation as at weak coupling. There
is no way to say whether this is actually so, since the radiation is nonabelian
and strongly coupled.
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Quenching a Lighthouse Beam

• The next step is to repeat this calculation at nonzero temperature. Shine
this “lighthouse beam” of gluons into the strongly coupled plasma.

• Make R0 � 1/T and γ � 1, namely a tightly collimated lighthouse beam
that propagates for several turns of its synchrotron spiral before hitting
length scales ∼ 1/T .

• We know that on length scales � 1/T the lighthouse beam will thermalize,
becoming outgoing hydrodynamic waves which then dissipate.

• We will be able to answer a question like: A beam whose angular width in
vacuum (and initially in the plasma) is θ propagates outward for a distance
2/T (or 1/T , or 3/T , or . . .); what is its angular width? How rapidly does
the strongly coupled plasma succeed in broadening the lighthouse beam?

• Measuring the broadening of jets produced in heavy ion collisions relative
to those produced in p − p collisions is currently one of the high priority
goals of the RHIC program, and will soon be investigated also in heavy ion
collisions at the LHC.

• We hope to get at this question using our SCET calculation (i.e. in QCD,
assuming separation of scales — as at LHC?) once we have included ra-
diative processes in that calculation.

• Watching the broadening of a lighthouse beam is an alternative (entirely
strongly coupled — as at RHIC?) approach to the same question.
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Energy loss in the high energy limit

The medium has two main effects on the propagating hard parton:

parton energy loss via QCD analogue of bremsstrahlung

changing the direction of the parton’s momentum.

Medium at temperature T

xQ, l⊥

Q (1− x)QEach hard parton continually kicked by the
medium: each is subject to transverse
momentum broadening, picking up k2

⊥ as it
propagates through the medium.

The jet quenching parameter q̂

q̂ ≡ 〈k
2
⊥〉
L

q̂ plays central role in the energy loss calculation, but it is
defined via transverse momentum broadening only, i.e. by
looking at just one hard parton in the absence of radiation.
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Toward a factorized description

Separation of scales
Energy loss and transverse momentum broadening involve widely separated scales

E jet ≡ Q � l⊥ � T

Can we find a factorized description? Physics at each scale cleanly separated at
lowest nontrivial order, corrections to factorization systematically calculable, order by
order in the small ratio between the scales.

First step
Formulation of the momentum broadening in the language of Soft Collinear Effective
Theory (SCET). (Radiation turned off by hand.)

Our focus
Non-radiative k⊥ broadening in the Q →∞ limit:

easiest case to handle;

natural context in which the jet quenching
parameter arises.

Our language: SCET
In the T � Q limit:

natural separation of scales

natural organization of the modes
into kinematic regimes
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Set-up of the problem

Energy scales

Hard parton with initial four momentum: q0 ≡ (q+
0 ,q

−
0 ,q0⊥) = (0,Q,0)

propagating through some form of QCD matter.

Example: QGP in equilibrium at temperature T
(our analysis would apply to other forms of matter).

We assume Q � T , we have a small dimensionless ratio λ ≡ T
Q � 1.

Goal: compute P(k⊥)

P(k⊥): probability distribution for the hard parton to acquire transverse
momentum k⊥ after traversing the medium.

P(k⊥) depends on the medium length L.

Normalization convention
∫ d2k⊥

(2π)2 P(k⊥) = 1

Jet quenching parameter: q̂ = 1
L

∫ d2k⊥
(2π)2 k2

⊥P(k⊥)
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Soft Collinear Effective Theory (SCET)

qµ = Qn̄µ + kµ, n̄ = 1√
2
(1, 0, 0,−1)

kµ ∼ ΛQCD ≪ Q

SCET
Effective theory of highly energetic,
approximately massless particles
interacting with “soft stuff”.
C. Bauer et al., Phys. Rev. D 63: 014006, 2001 . . .

Egs: B → ππ; e+e− → 2 jets; . . .
Eg: “soft stuff” = QGP Idilbi, Majumder,
Phys.Rev.D80:054022,2009. [arXiv:0808.1087]

SCET degrees of freedom
Introduce fields for infrared degrees of freedom. Conventional notation:

modes qµ = (q+,q−,q⊥) q2 fields
collinear Q

(
λ2,1, λ

)
λ2Q2 ξn̄, Aµn̄

soft Q (λ, λ, λ) λ2Q2 ξs, Aµs
ultra-soft Q

(
λ2, λ2, λ2

)
λ4Q2 ξus, Aµus

where Q is the high scale in the problem. (For us, Q = E jet, and λ ≡ T/Q.)
Offshell modes with q2 � λ2Q2 are integrated out (in coefficients).
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k⊥ broadening in the high energy limit

q0 q′

p
q′ = q0 + p

q0 = (0, Q, 0)

Soft gluon: p = (λ, λ, λ)Q
Final state ∼ Q(λ, 1, λ) not collinear
Kicked off-shell by q′ 2 ∼ λQ2

Process suppressed by αs(
√

TQ)

Subsequent radiation induced.

Glauber gluon: p = (λ2, λ2, λ)Q
Final state is collinear
Further Glaubers keep parton collinear
No induced radiation. Interaction vertex:
αs(T )

Relevance of Glauber gluons Idilbi and Majumder

Both processes yield momentum broadening of order λQ ∼ T .
Soft suppressed by αs(

√
TQ), Glaubers dominate k⊥-broadening for Q →∞.

Glauber gluons less numerous than soft, so both may be relevant at the Q values
accessible at RHIC and the LHC.
Radiation must be included. We’ve turned it off by hand.
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SCET + Glauber Lagrangian

Effective Lagrangian describing the interaction between

Collinear partons: q = Q(λ2,1, λ)Q;

Glauber gluons: p = (λ2, λ2, λ)Q.

= i 6 n̄ Q
2q+Q−q2

⊥+iǫ

= igtanµ 6n

q

q q′

µ, a

SCET + Glauber Lagrangian at LO in λ

Start from the QCD Lagrangian.
Keep only the relevant degrees of freedom.
Power counting in λ at the level of the
Lagrangian. At the leading order in λ

Ln̄ =
X

q⊥,q′⊥

ei(q⊥−q′⊥)·x⊥ ξ̄n̄,q′⊥

»
i n̄ · D +

q2
⊥

2Q

–
/nξn̄,q⊥

Idilbi, Majumder, Phys.Rev.D80:054022,2009. [arXiv:0808.1087]

So, what do we want to calculate using this Lagrangian? . . .
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Optical theorem

Use the optical theorem to relate P(k⊥) to a matrix element that we can then
calculate using the SCET Lagrangian . . .

Probability amplitude for the process α→ β: Sβα = δβα + iMβα.

The S-matrix is unitary:
∑

β |Sβα|2 = 1⇒ 2 Im Mαα =
∑

β |Mβα|2.

With radiation turned off, single particle in final and inital state, β differs
from α only on its value of k⊥: in cubic box of side L,

∑
β = L2 ∫ d2k⊥

(2π)2 .
Unitarity of S-matrix↔ P(k⊥) is normalized.

We identify: P(k⊥) = L2
{
|Mβα|2 β 6= α

1− 2Im Mαα + |Mαα|2 β = α

Plan: Calculate Im Mαα, which gives
∑

β |Mβα|2, which gives
P(k⊥ 6= 0). Normalization fixes P(0).
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Forward scattering amplitude

Strategy
Compute 2 Im Mαα by cutting the appropriate diagrams;
Use the unitarity relation to identify |Mβα|2;
Evaluate P(k⊥).

q′0q′1q′m−1q0 q1 qn−1 k k

p′1p′2p′m−1p′mpnpn−1p2p1

y′1y′2y′m−1y′mynyn−1y2y1

2 Im Mαα =
∑∞

m=1,n=1Amn =
∑∞

m=1,n=1
∫ d2k⊥

(2π)2
d2Amn
d2k⊥
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Forward scattering amplitude evaluation

q′0q′1q′m−1q0 q1 qn−1 k k

p′1p′2p′m−1p′mpnpn−1p2p1

y′1y′2y′m−1y′mynyn−1y2y1

SCET Lagrangian Feynman rules give:

d2Amn

d2k⊥
=

1
√

2QL3

Z
dk+dk−

(2π)2

n−1Y
i=1

d4qi

(2π)4

m−1Y
j=1

d4q′j
(2π)4

× ξ̄n̄(q′0)
1Y

j=m−1

"
(−ig)A+(−p′j ) /n

−iQ
2Qq′+j − q′ 2j ⊥ − iε

/̄n

#
(−ig)A+(−p′m)/n

× 2πQδ
“

2k+Q − k2
⊥

”
/̄n igA+(pn)/n

n−1Y
i=1

"
iQ

2Qq+
i − q2

i ⊥ + iε
/̄n igA+(pi )/n

#
ξn̄(q0)

(Analysis is analogous if hard parton is a collinear gluon.)
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Evaluating d2Amn
d2k⊥

in the Q →∞ limit: Q � k2
⊥L ∼ q̂L2

If this condition is satisfied, the propagators of the internal quarks are
∝ δ2 (z⊥). It requires L is short enough that the hard parton trajectory in
position space remains well-approximated as a straight line, even though it
picks up transverse momentum.

In this limit, using A+(pi) =
∫

d4yieipi yi A+(yi), evaluating, summing over m
and n, and taking 〈. . .〉 at the end of the calculation, we find

∞X
m=1,n=1

d2Anm

d2k⊥
=

√
2

L3 Nc

Z
dy+d2y⊥d2y′⊥ e−ik⊥·(y⊥−y′⊥)

D
Tr
h“

W†F [y+
, y′⊥]− 1

” “
WF [y+

, y⊥]− 1
”iE

where we have introduced the fundamental Wilson line along the lightcone
(with L− ≡

√
2L)

WF
[
y+, y⊥

]
≡ P

{
exp

[
ig
∫ L−

0
dy− A+(y+, y−, y⊥)

]}
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Cleaning up the result, and an important point

Because medium is translation invariant, result is independent of y+ and
depends only on x⊥ ≡ y⊥ − y ′⊥.

Incident flux is 1/L3. t/L particles going through box in time t . Divide
result by t/L, to obtain probability distribution for a single particle to
acquire k⊥.

Result (in a font such that you can read it):

∞∑
m=1,n=1

d2Anm

d2k⊥
=

1
Nc

∫
d2x⊥e−ik⊥·x⊥

〈
Tr
[(

W †
F [0, x⊥]− 1

)
(WF [0,0]− 1)

]〉

Aµ as a background field

We first described a hard parton propagating in a specified field
configuration Aµ(p). Valid no matter whether the medium is strongly
coupled or weakly coupled. This question only arises at the end, when
you try to actually evaluate the 〈. . .〉.
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Final result for P(k⊥)

Unitarity:
R d2k⊥

(2π)2

P∞
n=1,m=1

d2Anm
d2k⊥

= 2 Im Mαα =
P
β |Mβα|2 = L2 R d2k⊥

(2π)2 |Mβα|2

Expression for P(k⊥) Casalderrey-Solana and Salgado

P(k⊥) =

Z
d2x⊥ e−ik⊥·x⊥WR(x⊥), WR(x⊥) =

1
d (R)

D
Tr
h
W †R[0, x⊥] WR[0, 0]

iE

WR
ˆ
y+, y⊥

˜
≡ P

(
exp

"
ig
Z L−

0
dy− A+

R(y+, y−, y⊥)

#)
for a collinear particle in the SU(N) representation R, with dimension d (R).

P(k⊥) is what SCET folks call a “soft function”. It depends only on the medium, namely
physics at the soft scales ∼ T . And, thus, so does q̂.

Upon turning radiation off by hand, we have a nice factorization: transverse momentum
broadening governed by a field theoretically well-defined property of the medium. Could
calculate corrections to factorization (i.e. non-infinite Q) that are suppressed by powers of
T/Q. Better first to include radiation, and see whether and how factorization arises then.

Krishna Rajagopal (MIT) q̂ via SCET 18 August 2010 13 / 18



Evaluating q̂ and operator ordering

q̂ from light-like Wilson lines

q̂ ≡ 〈k
2
⊥〉
L

=

√
2

L−

∫
d2k⊥
(2π)2 k2

⊥

∫
d2x⊥ e−ik⊥·x⊥WR(x⊥)

The operator ordering in the expectation value of the two Wilson lines,
WR(x⊥), is not that of a standard Wilson loop. Recall A+ = (A+)ata.

Standard Wilson loop: (A+)a time ordered, ta path ordered.
Wilson lines inWR(x⊥) : (A+)a and ta both path ordered.

ti tf

tf − iǫti − iǫ

ti − iβ

MeansWR(x⊥) should be described
using the Schwinger-Keldysh contour

one of the light-like Wilson lines
on the Im t = 0 segment

the other light-like Wilson line on
the Im t = −iε segment
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q̂ in strongly coupled N = 4 SYM theory revisited

At RHIC, physics of the QGP at scales ∼ T is not weakly coupled. Insights can be
obtained by calculating q̂ in strongly coupled N = 4 SYM — calculation can be done
because the theory has a dual gravitational description. (Liu, Rajagopal, Wiedemann, 2006)

LRW used gauge/gravity duality to evaluateW with the standard, i.e. wrong, operator
ordering. Must be redone.

AdS/CFT basics
N = 4 SU(Nc) gauge theory

large Nc and g2
YMNc limit

Gravity dual: 4+1 dimensional AdS Schwarzschild black hole with Hawking
temperature T

〈W (C)〉 = exp [i {S(C)− S0}] where S(C) is the action of an extremized string
worldsheet, bounded by the Wilson lines along the contour C located at the 3+1
dimensional boundary, “hanging” into the AdS black hole spacetime.

Operator ordering? Value of the x⊥-independent subtraction S0?
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Taking the ordering into account Skenderis and van Rees, 2009

Any string world sheet connecting the Wilson lines at Im t = 0 and Im t = −iε, as required by the
Schwinger-Keldysh implementation of the operator ordering, must touch the horizon.
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P(k⊥) in strongly coupled N = 4 SYM theory
W = exp[i(S − S0)]. S is action of the connected world sheet. S0 is twice the action of a
disconnected world sheet hanging straight down from one Wilson line to the horizon.

The connected world sheet that was identified on physical grounds by LRW is the only one
that enters the calculation. LRW result for S unchanged. Subtlety resolved.

S and S0 are both imaginary, makingW real. S0 must be such that P(k⊥) is normalized.
Provides a check of the LRW result for S0.

For a hard parton in the adjoint representation, we find

W(x⊥) = exp
»
− 1

4
√

2
q̂L−x2

⊥

–
P(k⊥) =

4
√

2π
q̂L−

exp

"
−
√

2k2
⊥

q̂L−

#

q̂ =
π3/2Γ( 3

4 )

Γ( 5
4 )

p
g2NcT 3 .

P(k⊥) describes diffusion in k⊥-space.

q̂ not proportional to entropy density s, which is proportional to N2
c . In fact, in a large class

of conformal theories with gravity duals, q̂CFT/q̂N=4 =
p

ŝCFT/ŝN=4

No quasiparticles in this strongly coupled plasma, so q̂ doesn’t count scattering centers.
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Summary and future directions

Summary

Probability distribution P(k⊥) evaluated within SCET formalism;

Glauber gluons responsible for k⊥ broadening in the absence of radiation;

P(k⊥) and q̂ are properties of the medium (factorization);

Subtleties about the operator ordering: strong coupling q̂ evaluation more
straightforward, previous result unchanged.

Future directions
Evaluate P(k⊥) for weakly coupled QCD plasma at high enough T .

[in progress, with Mindaugas Lekaveckas.]

P(k⊥) very different than at strong coupling.
Falls off slowly ∼ k−4

⊥ at large k⊥.
Has a δ2(k⊥) at k⊥ = 0, describing the probability of no scattering.

Include radiation, and interaction with soft gluons in addition to Glauber gluons.
Three scale problem. See how q̂ enters in the spectrum of the radiated gluons.

Include corrections suppressed by powers of T/Q.

Krishna Rajagopal (MIT) q̂ via SCET 18 August 2010 18 / 18




