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Properties of Nuclear Matter

Bogolyubov ITP, Kiev, Ukraine

1. Equation of state (EoS) of nuclear matter: from Walecka model 
to thermodynamically self-consistent models (1.5 hours). 
!
2. Induced surface tension EoS for nuclear and hadronic matter and  
quantum virial coefficients (1.5 hours). 
!
3. Statistical multifragmentation model (SMM) of atomic nuclei,  
its exact analytical solution and nuclear liquid-gas phase transition (1 hour). 
!
4. Critical exponents of classical and  statistical EoS (1 hour). 



Why Nuclear Matter?

1. Since it is sufficiently simple object and can be studied at low and              
intermediate energies of nuclear reactions

2.  Nuclear Matter has a liquid-gas phase transition and hence it can be 
     used as a realistic test site to verify the ideas on phase transition signals 
     in finite systems
3. Still it is located at the frontier:  
                                                         superheavy elements; 
                                                         vacuum e.-m. instability against e+e- production, 
                                                           if total electric charge in reaction  > 137;  
                                                         reactions with radioactive nuclei; 
                                                          neutron stars equation of state (EoS)

4. It has plenty of various applications in our life!
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NN--Z diagrams of the atomic nucleiZ diagrams of the atomic nuclei
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 superheavy  
elements

?
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?

Till now  these reactions 
 are not well understood!

?

Till now  we do not know whether stability island exists there!



Nuclear Liquid = Compound Nucleus

EvaporationEvaporation/fission/fission

CN

Moderate heating

ρ∼ρ
0

t>1000 fm/c

t=0 fm/c

Compound Nucleus (CN) is an equilibrated hot nucleus whose excitation energy 
is distributed over many microscopic d.o.f. (introduced by Niels Bohr in 1936-39) 
Sequential evaporation model—Weiskopf 1937, 
Statistical fission model—Bohr-Wheeler 1939, Frenkel 1939 
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Nuclear Multifragmentation  = No Liquid!

Nuclear break-upNuclear break-up
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Power-low fragment mass distribution around critical point, Y(A)~A-τ

Can be well understood within an equilibrium statistical approach
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Nuclear Multifragmentation as a Phase Transition



Our Major Aims

1. Study the nuclear liquid-gas PT using different approaches

2.   Become familiar with mean-field approximation and  
      statistical models of cluster type  etc



Outline of lecture I

1. Historical  introduction

2. Formal definition of grand canonical ensemble (GCE)  
and L. van Hove axioms of statistical mechanics   

3. Properties of heavy nuclei and nuclear matter

4. Walecka model and nuclear matter EoS 

6. Summary

5. Phenomenological generalization of Walecka model
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Discovery of the proton ( Rutherford 1918 )Discovery of the proton ( Rutherford 1918 )

First nuclear reaction performed in a laboratory! 

Conclusion: proton is 
a constituent of a nucleus

shower of
hydrogen nuclei - Protons 

atomic number of hydrogen is 1

Strong Interaction Discovery



Strong Interaction Discovery
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Discovery of the neutron ( Chadwick 1932 )Discovery of the neutron ( Chadwick 1932 )

James Chadwick
(1891-1974)

unknown high penetrating radiation (neutral particle)

(I&F Joliot Curie !!!! p flux)



Strong Interaction Discovery
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Discovery of the neutron ( Chadwick 1932 )Discovery of the neutron ( Chadwick 1932 )

James Chadwick
(1891-1974)

The Nobel Prize 
in Physics 1935

unknown neutral particle = neutron

neutron is a constituent of a nucleus



Strong Interaction Discovery

A. Titov, ILE, Osaka-U, 2010  Lecture 1. Elementary Particles of Nature
41

Prediction of pion (Prediction of pion (ππππππππ) ) 

Hideki Yukawa
(1907-1981)

In 1935 H. Yukawa introduced interaction  
between nucleons (proton and neutron) in nucleus.
“Nucleons (protons and neutrons) are held 
together by force stronger than electrostatic 
repulsion of protons”

In fact, Yukawa predicted a new particle –quanta
of strong interaction meson, with mass

Nobel Prize 1949



Discovery of muons came first…

A. Titov, ILE, Osaka-U, 2010  Lecture 1. Elementary Particles of Nature

Discovery of muon: J.  Street and E.  Stevenson 1937

Particle Electric charge 
(x 1.6 10-19 C) 

Mass 
(GeV=x 1.86 10-27 kg) 

e −1      0.0005 
µµµµ    −1      0.106 

p +1      0.938  

n   0      0.940 

γγγγ      0      0 
 

 

They found (in cloud chamber) penetrating cosmic ray tracks with unit 
charge but mass in between electron and proton (Yukawa particle?).
Muons were proven not to have any nuclear interactions and to be just 
heavier versions of electrons.
H. Bethe and R. Marshak suggested that the muon might be the decay 
product of the particle needed in the Yukawa theory, so the search of 
Yukawa particle was continued.
Later was known that µ meson decays to electron and two invisible 
neutrinos via weak interactions (β decay):  µ ! 2ν+e. 

Why does the Nature need muons?

 elementary particles by 1938
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Discovery of pion (1947) Discovery of pion (1947) 

Cecil F. Powell
(1903-1969)

Nobel Prize 1950
details on the next slide

• Detected in cosmic rays captured in photographic emulsion.
• Unlike muons, they do interact with nuclei.
• Charged pions eventually decay to muons: 

π ! µ + ν.

Discovery of pion



Discovery of pion
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First Pion
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Observed by Powell, Oct. 1947

Discovery of pion
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Elementary particles (discovered) at end of 40th Elementary particles (discovered) at end of 40th 

Particle Electric charge 
(x 1.6 10-19 C) 

Mass 
(GeV=x 1.86 10-27 kg) 

e −1      0.0005 
µµµµ    −1      0.106 

γγγγ      0      0 

p +1      0.938  
n   0      0.940 

ππππ    +1,−1,(0)      0.14 
 

 

After the discovery of pion…
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Strange particles 1947 Strange particles 1947 

“V-particles”

After the discovery of pion more hadrons were 
found!

since them come in  
pairs with V-like 
tracks 
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Why they are Why they are ““strangestrange””

1. They are produced in pairs

2 The probability of a production
is much greater, than probability 
of their decay

Murray Gell-Mann and Kazuhiro Nishijima introduced new quantum
number: “Strangeness” … and concluded that “Strangeness 

is conserved in strong interactions 
(production)  and violated in weak 
interactions (decay) 

After the discovery of pion more hadrons 
and hyper nuclei were found!

 hypernuclei!



Stat.Bootstrap Model,
S.Frautschi, 1971

Veneziano Model,
K.Huang,S.Weinberg, 

1970

M.I.T. Bag Model,
J.Kapusta, 1981
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...Hagedorn Spectrum is seen, but
not where it is supposed to be!2

FIG. 1: Accumulated spectrum of non-strange mesons plotted
as a function of mass (step-like lines). The lower curve at
high m corresponds to particles listed in the Particle Data
Tables of Ref. [7], while the higher two curves include the new
experimental and theoretical states as described in the text.
The middle curve includes the states listed in Refs. [13, 14],
while the top curve adds the states with hidden strangeness.
The thin dashed (solid) line corresponds to the exponential fit
to the spectra of the old (new) data. The arrows indicate the
approximate upper values in m of the validity of the Hagedorn
hypothesis for the old and new data, respectively.

the proposed idea that the spontaneously broken chiral
symmetry of QCD should be effectively restored in the
highly excited hadrons (one terms this phenomenon as
the chiral symmetry restoration of the second kind) [10,
11, 12]. This kind of chiral symmetry restoration implies
that the excited hadron states fill out multiplets of the
chiral U(2)L×U(2)R group. Indeed, the newly discovered
meson states [8, 9] turned out to systematically fall into
almost degenerate chiral multiplets with a few missing
states yet to be discovered [13, 14].

In this note we extend the analysis of Refs. [15, 16] and
include all mesons listed in Refs. [13, 14]. We stress that
in addition to the experimental states which have been
reported in Refs. [8, 9] we add a few still missing states
(marked with the question signs in Refs. [13, 14]) and re-
construct their energies according to the known energies
of their chiral partners. We consider only the J = 0, 1,
2, and 3 states, where the experimental information is
rather complete.

In addition to these states we also consider the states
with hidden strangeness, i.e. composed of the s̄s pairs.
These states could not be seen in p̄p. Hence here our pro-
cedure is somewhat more speculative. We assume that
any isosinglet n̄n = ūu+d̄d√

2
, which is experimentally seen

in p̄p, should be accompanied by an s̄s state with the
mass approximately 200 MeV higher. Hence, given the
complete amount of the n̄n states listed in Refs. [13, 14]
we add the corresponding s̄s states.

Rather than comparing the density of states ρ(m) itself

to the data, it is customary to form the accumulated
number of states of mass lower than m,

Nexp(m) =
∑

i

giΘ(m − mi), (2)

where gi = (2Ji+1)(2Ii+1) is the spin-isospin degeneracy
of the ith state, and mi is its mass. The theoretical
counterpart of Eq. (2) is

Ntheor(m) =

∫ m

0

ρ(m′)dm′. (3)

Working with N(m) rather than ρ(m) conveniently
avoids the need of building histograms, but clearly it is
a purely technical issue and the conclusions drawn below
remain unchanged if one decides to work with ρ(m) itself.

The results of our compilation for non-strange mesons
are shown in Fig. 1. The lines with steps correspond
to Eq. (2). Above m = 1.8 GeV the curves split into
three, with the lower one representing the compilation
of Ref. [15] based of the 1998 review of PDG [7]. The
middle curve contains in addition the states listed in
refs. [13, 14], while the top curve includes also the hidden-
strangeness states, as described above. It is clear from
Fig. 1 that the included new states nicely line up along
the exponential growth, thus extending the range of the
Hagedorn hypothesis seen in the data. We also note
that adding up the hidden-strangeness states has a much
smaller effect than adding the states of Refs. [13, 14],
which is simply due to a lower isospin degeneracy factor.

The thin solid lines in Fig. 1 show the results of the
exponential fits with f(m) = 1 in Eq. (1, 3), which is the
simplest choice. While for the old data the least-squares
method yields ρ(m) = 2.84/GeVexp[m/314 MeV)], with
the states of Ref. [13, 14] included we obtain ρ(m) =
4.73/GeVexp[m/(367 MeV)], and with the additional s̄s
states we get ρ(m) = 4.52/GeVexp[m/362 MeV)]. The
fit was made up to m = 1.8 GeV with the old data and
up to m = 2.3 GeV with the new data. The higher value
for TH obtained with the new data corresponds to the
lower slope in Fig. 1. Certainly, the values of the fitted
parameters should be taken with care, since they also
reflect the assumed fitting range in m. It should also
be noted, that adding more states in the range around
2 GeV, when experimentally found, would increase the
slope, thus decreasing TH .

In this place the reader may be a bit surprized with
the quoted high values of TH , much higher than the
typically cited values in the range of 200 MeV. The is-
sue, as discussed in detail in Ref. [17], has to do with
the choice of the “slowly-varying” function f(m). The
point is that typical model predictions for this func-
tion are not so slowly varying in the range of data.
For instance, with the original Hagedorn choice f(m) =
const/(m2 + 500 MeV2)5/4 we get much lower values for
TH . With this form we obtain for the bottom to top
curves of Fig. 1 the following values: TH = 196, 230, and
228 MeV, respectively. The choice of the fitting range in
m is as stated above.

Consider the integral of experimental density of hadronic states:

It  is  exponential  
for    1 GeV< m< 2.5 

GeV!

What is above masses 

of 2.5 GeV ?
Can QCD models explain this?

21

K. A.Bugaev, V. K. Petrov and G. M. Zinovjev, 	



Europhys. Lett. 85, (2009) 22002; and PRC 79 (2009)



Strong Interaction

Yukava interaction is not a fundamental one

The fundamental interaction of strongly interacting particles 
        is due to colored gluons, the source of  color interaction are quarks

Yukava interaction is not sufficient to construct nuclei,  
              we need strong repulsion at very short range and  
              moderate range attraction



Necessary Apparatus

 x_k and p_k are, respectively, coordinate and momentum of particle k

3

virial coe�cients for the low density limit. Using these results, we discuss a few basic con-

straints on the quantum EoS which are necessary to model the properties of nuclear/neutron

and hadronic matter.

The work is organized as follows. In Sect. 2 we analyze the quantum VdW EoS and its

virial expansion, and discuss the pitfalls of this EoS. The quantum version of the IST EoS

is suggested and analyzed in Sect. 3. In Sect. 4 we obtain several virial expansions of this

model and discuss the Third Law of thermodynamics for the IST EoS. Some simplest appli-

cations to nuclear and hadronic matter EoS are discussed in Sect. 5, while our conclusions

are formulated in Sect 6.

II. QUANTUM VIRIAL EXPANSION FOR THE VDW QUASI-PARTICLES
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conserves E on average, but number of particles N (or charge) EXACTLY



Grand Canonical Ensemble 4

Grandcanonical Ensemble (GCE) of Boltzmann particles
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conserves E and N on average only!

Pressure is defined as

thermal p = T lim
V !1

ln [Zce(T, N, V )]

V

mechanical p = T

@ ln [Zce(T, N, V )]

@V

Apparently, in thermodynamic limit they should coincide

Similarly to the ordinary gases, in the hadronic or nuclear systems the source

of hard-core repulsion is connected to the Pauli blocking e↵ect between the in-

teracting fermionic constituents existing interior the composite particles (see,

for instance, [2]). This e↵ect appears due to the requirement of antisymmetriza-

tion of the wave function of all fermionic constituents existing in the system

and at very high densities it may lead to the Mott e↵ect, i.e. to a dissociation

of composite particles or even the clusters of particles into their constituents

[2]. Therefore, it is evident that at su�ciently high densities one cannot ignore

the hard-core repulsion or the finite (e↵ective) size of composite particles and

the success of traditional EoS used in the theory of real gases [9] based on the

hard-core repulsion approach tells us that this is a fruitful framework also for

quantum systems. Hence we start from the simplest case, i.e. the quantum

VdW EoS [14, 15]. The typical form of EoS for quantum quasi-particles of mass

mp and degeneracy factor dp is as follows

p(T, µ, nid) = pid(T, ⌫(µ, nid)) � Pint(T, nid) , (1)



L. van Hove Axioms of Statistical Mechanics 

A1: in the Grand Canonical Ensemble the pressure p ≥ 0  can be 
only the function of V, T and µ

A2: in thermodynamic limit along the curve T=const the pressure p   can be  
          only a monotonically decreasing function of  inverse density 1/(𝛛 p/𝛛 µ) .  
        Exception is a phase transition region,  
        where p=const for T=const 

A3: kinks of  pressure p can exist in thermodynamic 
limit only! For finite V they are transformed 

into regular behavior of isotherms.

Hence  the Van der Waals EoS does not 
 considers phase transitions correctly!

esponding States

Maxwell's rule eliminates the oscillating behavior of the isotherm in

the phase transition zone by defining it as a certain isobar in that

zone.

17

=1/(𝛛 p/𝛛 µ)



Thermodynamics in Grand Canonical Ensemble

4

Grandcanonical Ensemble (GCE) of Boltzmann particles
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conserves E and N on average only!

Pressure is defined as

thermal p = T lim
V !1

ln [Zce(T, N, V )]

V

mechanical p = T

@ ln [Zce(T, N, V )]

@V

Apparently, in thermodynamic limit they should coincide

Other thermodynamic quantities can be found from identities:

I Law p + ✏ = Ts + µn

II Law s =
@p

@T

; n =
@p

@µ

III Law s ! 0, if T ! 0

✏ is energy density (E/V ), s is entropy density, n is baryonic charge density

Similarly to the ordinary gases, in the hadronic or nuclear systems the source

of hard-core repulsion is connected to the Pauli blocking e↵ect between the in-

teracting fermionic constituents existing interior the composite particles (see,

for instance, [2]). This e↵ect appears due to the requirement of antisymmetriza-

tion of the wave function of all fermionic constituents existing in the system



Nuclear Matter Properties
J.P. Bondorf et al., Phys. Rep. 257 (1995) 131.

Full SMM

Model Formulation

F is free energy, E is internal energy

F = E + T
∂F

∂T
=⇒ if E = Const =⇒ F = E

if E = +aT2 =⇒ F = −aT2

Model Assumptions:
1. Degrees of freedom - fragments of k-nucleons

2. Interaction of the nucleons within

each fragment - by Weizsäcker mass formula

EW = (mN−W0)A+a2A
2
3+a3

(A/2 − Z)2

A
+a4

Z2

A
1
3

( 1.1)

In addition - binding energy of the nucleons

inside fragment depends on temperature T

Eint = EW +
T2

ϵ0
A =⇒ Fint = EW −

T2

ϵ0
A ( 1.2)

Phenomenological Fisher’s term (correction to infinite

matter) FF = −τ T ln(A) ( 1.3)

3. Interaction between fragments:

a. background Coulomb

EC
0 =

3

5

Z2
0e2

R
, R = (3V/4π)

1
3 ( 1.4)

b. Repulsion of the fragments by Excluded volume

Vk = k b, Vfree = V −
∑

n
k b nk ( 1.5)

11

Bethe—Weizsaecker formula for  binding energy of nucleus 
of Z protons and (A-Z) neutrons 

 + corrections due to shell effects

small!

Model Parameters

Binding energy of nucleons at T = 0 W0 = 16 MeV

Surface energy of spherical fragments a2 = 16 ÷ 18.5

MeV

Symmetry energy a3 = 100 MeV

Coulomb energy a4 = 0.72 MeV

Excitation energy of fragment ϵ0 = 16 MeV

Phenomenological Fisher’s term τF = 1.84 ÷ 3.5

Proper nucleon volume b ≈ 1
ρ0

normal nuclear density ρ0 = 0.16 fm−3

Of special interest b = b(T) ?

Simplified Model - Infinite nuclear
Matter:

• No Coulomb interaction

• No symmetry energy

• Simplified treatment of isotopes and excited states

13

Imagine a matter with 50% of protons and 50% of neutrons, 
but protons have no electric charge = symmetric nuclear matter

+

-



Nuclear Matter Properties 5

1. Normal nuclear density n0 ' 0.16 fm�3 is density at the center of heavy nuclei

2. At temperature T = 0 and normal nuclear density the system pressure p is zero.

p = 0 is mechanical stability condition

3. Binding energy/nucleon at T = 0 and n = n0 is W0 = �16 MeV (see prev. slide)

4. Incompressibility constant of normal nuclear matter is

K0 ⌘ 9@p

@n

|
T=0, n=n0

2 [200; 315] MeV

5. Proton flow constraint (p(n) dependence at high n values)

6. Hard-core radius of nucleons Rn 2 [0.3; 0.35] fm (see later)

Similarly to the ordinary gases, in the hadronic or nuclear systems the source of

hard-core repulsion is connected to the Pauli blocking e↵ect between the interacting

fermionic constituents existing interior the composite particles (see, for instance, [2]).

This e↵ect appears due to the requirement of antisymmetrization of the wave function

of all fermionic constituents existing in the system and at very high densities it may

lead to the Mott e↵ect, i.e. to a dissociation of composite particles or even the clusters

of particles into their constituents [2]. Therefore, it is evident that at su�ciently

high densities one cannot ignore the hard-core repulsion or the finite (e↵ective) size of
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Nuclear Matter within Walecka (σ-ω) model
Also Jonson&Teller, Duerr contributed: 

constituents are nucleons and static σ-ω mesons   

scalar vector 

Full Lagrangian is

Lagrangian is a Lorentz scalar, then interaction one is (x = t, x, y, z)

Euler-Lagrangian equations of motion are

σ meson

ω meson

nucleons
Coupled system is  
still complicated!

Coupling constants are g_σ and g_ω 

m is nucleon mass,  m_σ is σ-meson mass, m_ω is ω-meson mass

For point-like nucleons  
=> Yukawa potential!

J. D. Walecka, Annals Phys. 83, (1974) 491



Mean-field approximation to Walecka (σ-ω) model
We are interested in a static uniform and isotropic matter being in the ground state 
!
=> all spatial points and all directions are equivalent!   
!
=> σ = <σ> averaged value,   
     ω_1 = ω_2 = ω_3 =0, 
     ω_0 = < ω_0>  averaged value

=> for nucleons

6

EoS at T = 0: p(n) = µn � ✏ ⌘ n [µ � (m + W (n))]

✏ is energy density, W (n) is binding energy per nucleon.
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Similarly to the ordinary gases, in the hadronic or nuclear systems the source of

Effective nucleon mass is

There is no explicit x-dependence  
in Euler-Lagrange equation! 

Formal solution for nucleons
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Walecka (σ-ω) model: equation for nucleons

Effective nucleon mass is
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Similarly to the ordinary gases, in the hadronic or nuclear systems the source of

where

Using properties of  γ-matrices one can find the eigenvalues of  
Dirac operator

=>

The standard procedure gives the eigen values for energy of 
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NR Quantum mechanicsNR Quantum mechanics

Niels Bohr
(1885-1962)

Werner Heisenberg
(1901-1976).

Erwin Schrödinger
(1887-1961) 

Paul Dirac 
(1902-1984)  

Relativistic theoryRelativistic theory

Most achievements in mid. of XX Cent.  made on basis of Most achievements in mid. of XX Cent.  made on basis of 
NonNon--relativistic and Relativistic quantum mechanics  relativistic and Relativistic quantum mechanics  

Dirac equation:
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зовалось импульсное распределение идеального газа нуклонов, а при введении ‘энергии сжа-

тия’ учитывалось взаимодействие между нуклонами. Но взаимодействие должно менять им-

пульсное распределение идеального газа, и возникает проблема совместности релятивистско-

го Ферми распределения нуклонов по импульсам и функциональной формы ‘энергии сжатия’.

Для решения этой проблемы напомним, что в релятивистской модели среднего поля Ва-

лечки [10] (см. также [11]) взаимодействие описывается скалярным φ и векторным Uµ мезон-

ными полями с вершинами мезон-барионного взаимодействия в функции Лагранжа: gs ψ̄ ψ φ

и gv ψ̄ γµ ψUµ. Для ядерной материи в термодинамическом равновесии эти мезонные поля,

как обычно полагают, являются постоянными классическими величинами. Скалярное поле

описывает притяжение между нуклонами и изменяет нуклонную массу M → M∗ = M − gs φ.

Нуклонное отталкивание описывается нулевой компонентой (пространственные компоненты

должны исчезнуть из-за трансляционной инвариантности) векторного поля, которая добав-

ляет U(ρ) = C2
vρ (Cv = const) к энергии нуклона (−U(ρ) для антинуклона). В [67] было

сформулировано обобщенное УС ядерной матери, которое включает и модель среднего по-

ля и чисто феноменологические модели как частные случаи. Ограничиваясь нуклонными

степенями свободы, рассмотрим следующее ядерное УС достаточно общего вида в большом

каноническом ансамбле:

p(T, µ) =
γN

3

∫ d3k

(2π)3

k2

√
k2 + M∗2

(f+ + f−) + ρU(ρ) −
ρ∫

0

d n U(n) + P (M∗) , (1.4)

где f+ и f− функции распределения нуклонов и антинуклонов

f± ≡
⎡

⎣exp

⎛

⎝

√
k2 + M∗2 ∓ µ ± U(ρ)

T

⎞

⎠ + 1

⎤

⎦
−1

, (1.5)

µ барионный химический потенциал, и γN число нуклонных спин-изоспиновых состояний,

γN = 4 для симметричной ядерной материи. Зависимость эффективной нуклонной массы M∗

от T и µ определяется экстремумом термодинамического потенциала (максимум давления):
(
δ p(T, µ)

δ M∗

)

T, µ

≡ d P (M∗)

d M∗ − γN

∫ d3k

(2π)3

M∗
√

k2 + M∗2
(f+ + f−) = 0 . (1.6)

Плотность барионного числа и плотность энергии могут быть найдены из (1.4) - (1.6), ис-
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Similarly to the ordinary gases, in the hadronic or nuclear systems the source of

hard-core repulsion is connected to the Pauli blocking e↵ect between the interacting

fermionic constituents existing interior the composite particles (see, for instance, [2]).

This e↵ect appears due to the requirement of antisymmetrization of the wave function

of all fermionic constituents existing in the system and at very high densities it may

lead to the Mott e↵ect, i.e. to a dissociation of composite particles or even the clusters

of particles into their constituents [2]. Therefore, it is evident that at su�ciently

high densities one cannot ignore the hard-core repulsion or the finite (e↵ective) size of

composite particles and the success of traditional EoS used in the theory of real gases

[9] based on the hard-core repulsion approach tells us that this is a fruitful framework

also for quantum systems. Hence we start from the simplest case, i.e. the quantum

VdW EoS [14, 15]. The typical form of EoS for quantum quasi-particles of mass mp

and degeneracy factor dp is as follows

p(T, µ, nid) = pid(T, ⌫(µ, nid)) � Pint(T, nid) , (1)

pid(T, ⌫) = dp

Z
dk

(2⇡

3)

k

2

3 E(k)

1

e

(E(k)�⌫
T ) + ⇣

, (2)

⌫(µ, nid) = µ � b p + U(T, nid) , (3)

where the constant b ⌘ 4V0 = 16⇡
3

R

3
p is the excluded volume of particles with the hard-

core radius Rp (here V0 is their proper volume), the relativistic energy of particle with

momentum ~

k is E(k) ⌘
q

~

k

2 + mp
2 and the density of point-like particles is defined

as nid(T, ⌫) ⌘ @pid(T,⌫)
@ ⌫

. The parameter ⇣ switches between the Fermi (⇣ = 1), the

Bose (⇣ = �1) and the Boltzmann (⇣ = 0) statistics. The interaction part of pressure

Pint(T, nid) and the mean-field U(T, nid) will be specified later.
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distribution function
µ baryonic chemical 

potential

Formally, pressure is known, but how to find the values of σ  and  ω_0 fields? 

mean-field 
contributions
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зовалось импульсное распределение идеального газа нуклонов, а при введении ‘энергии сжа-

тия’ учитывалось взаимодействие между нуклонами. Но взаимодействие должно менять им-

пульсное распределение идеального газа, и возникает проблема совместности релятивистско-

го Ферми распределения нуклонов по импульсам и функциональной формы ‘энергии сжатия’.

Для решения этой проблемы напомним, что в релятивистской модели среднего поля Ва-

лечки [10] (см. также [11]) взаимодействие описывается скалярным φ и векторным Uµ мезон-

ными полями с вершинами мезон-барионного взаимодействия в функции Лагранжа: gs ψ̄ ψ φ

и gv ψ̄ γµ ψUµ. Для ядерной материи в термодинамическом равновесии эти мезонные поля,

как обычно полагают, являются постоянными классическими величинами. Скалярное поле

описывает притяжение между нуклонами и изменяет нуклонную массу M → M∗ = M − gs φ.

Нуклонное отталкивание описывается нулевой компонентой (пространственные компоненты

должны исчезнуть из-за трансляционной инвариантности) векторного поля, которая добав-

ляет U(ρ) = C2
vρ (Cv = const) к энергии нуклона (−U(ρ) для антинуклона). В [67] было

сформулировано обобщенное УС ядерной матери, которое включает и модель среднего по-

ля и чисто феноменологические модели как частные случаи. Ограничиваясь нуклонными

степенями свободы, рассмотрим следующее ядерное УС достаточно общего вида в большом

каноническом ансамбле:

p(T, µ) =
γN

3

∫ d3k

(2π)3

k2

√
k2 + M∗2

(f+ + f−) + ρU(ρ) −
ρ∫

0

d n U(n) + P (M∗) , (1.4)

где f+ и f− функции распределения нуклонов и антинуклонов

f± ≡
⎡

⎣exp

⎛

⎝

√
k2 + M∗2 ∓ µ ± U(ρ)

T

⎞

⎠ + 1

⎤

⎦
−1

, (1.5)

µ барионный химический потенциал, и γN число нуклонных спин-изоспиновых состояний,

γN = 4 для симметричной ядерной материи. Зависимость эффективной нуклонной массы M∗

от T и µ определяется экстремумом термодинамического потенциала (максимум давления):
(
δ p(T, µ)
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)

T, µ

≡ d P (M∗)

d M∗ − γN
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(2π)3

M∗
√

k2 + M∗2
(f+ + f−) = 0 . (1.6)

Плотность барионного числа и плотность энергии могут быть найдены из (1.4) - (1.6), ис-
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2 and the density of point-like particles is defined
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Pint(T, nid) and the mean-field U(T, nid) will be specified later.
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ными полями с вершинами мезон-барионного взаимодействия в функции Лагранжа: gs ψ̄ ψ φ

и gv ψ̄ γµ ψUµ. Для ядерной материи в термодинамическом равновесии эти мезонные поля,

как обычно полагают, являются постоянными классическими величинами. Скалярное поле

описывает притяжение между нуклонами и изменяет нуклонную массу M → M∗ = M − gs φ.

Нуклонное отталкивание описывается нулевой компонентой (пространственные компоненты

должны исчезнуть из-за трансляционной инвариантности) векторного поля, которая добав-

ляет U(ρ) = C2
vρ (Cv = const) к энергии нуклона (−U(ρ) для антинуклона). В [67] было

сформулировано обобщенное УС ядерной матери, которое включает и модель среднего по-

ля и чисто феноменологические модели как частные случаи. Ограничиваясь нуклонными

степенями свободы, рассмотрим следующее ядерное УС достаточно общего вида в большом
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p(T, µ) =
γN

3

∫ d3k

(2π)3

k2

√
k2 + M∗2

(f+ + f−) + ρU(ρ) −
ρ∫

0

d n U(n) + P (M∗) , (1.4)

где f+ и f− функции распределения нуклонов и антинуклонов

f± ≡
⎡

⎣exp

⎛

⎝

√
k2 + M∗2 ∓ µ ± U(ρ)

T

⎞

⎠ + 1

⎤

⎦
−1

, (1.5)

µ барионный химический потенциал, и γN число нуклонных спин-изоспиновых состояний,

γN = 4 для симметричной ядерной материи. Зависимость эффективной нуклонной массы M∗

от T и µ определяется экстремумом термодинамического потенциала (максимум давления):
(
δ p(T, µ)

δ M∗

)

T, µ

≡ d P (M∗)

d M∗ − γN

∫ d3k

(2π)3

M∗
√

k2 + M∗2
(f+ + f−) = 0 . (1.6)

Плотность барионного числа и плотность энергии могут быть найдены из (1.4) - (1.6), ис-
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Similarly to the ordinary gases, in the hadronic or nuclear systems the source of

hard-core repulsion is connected to the Pauli blocking e↵ect between the interacting

fermionic constituents existing interior the composite particles (see, for instance, [2]).

This e↵ect appears due to the requirement of antisymmetrization of the wave function

of all fermionic constituents existing in the system and at very high densities it may

lead to the Mott e↵ect, i.e. to a dissociation of composite particles or even the clusters

of particles into their constituents [2]. Therefore, it is evident that at su�ciently

high densities one cannot ignore the hard-core repulsion or the finite (e↵ective) size of

composite particles and the success of traditional EoS used in the theory of real gases

[9] based on the hard-core repulsion approach tells us that this is a fruitful framework

also for quantum systems. Hence we start from the simplest case, i.e. the quantum

VdW EoS [14, 15]. The typical form of EoS for quantum quasi-particles of mass mp

and degeneracy factor dp is as follows

p(T, µ, nid) = pid(T, ⌫(µ, nid)) � Pint(T, nid) , (1)

pid(T, ⌫) = dp

Z
dk

(2⇡

3)

k

2

3 E(k)

1

e

(E(k)�⌫
T ) + ⇣

, (2)

⌫(µ, nid) = µ � b p + U(T, nid) , (3)

where the constant b ⌘ 4V0 = 16⇡
3

R

3
p is the excluded volume of particles with the hard-

core radius Rp (here V0 is their proper volume), the relativistic energy of particle with

momentum ~

k is E(k) ⌘
q

~

k

2 + mp
2 and the density of point-like particles is defined

as nid(T, ⌫) ⌘ @pid(T,⌫)
@ ⌫

. The parameter ⇣ switches between the Fermi (⇣ = 1), the

Bose (⇣ = �1) and the Boltzmann (⇣ = 0) statistics. The interaction part of pressure

Pint(T, nid) and the mean-field U(T, nid) will be specified later.
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µ baryonic chemical 
potential

Formally, pressure is known, but how to find the values of σ  and  ω_0 fields? 
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core radius Rp (here V0 is their proper volume), the relativistic energy of particle with

momentum ~

k is E(k) ⌘
q

~

k

2 + mp
2 and the density of point-like particles is defined

as nid(T, ⌫) ⌘ @pid(T,⌫)
@ ⌫

. The parameter ⇣ switches between the Fermi (⇣ = 1), the

Bose (⇣ = �1) and the Boltzmann (⇣ = 0) statistics. The interaction part of pressure

Pint(T, nid) and the mean-field U(T, nid) will be specified later.
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hard-core repulsion is connected to the Pauli blocking e↵ect between the interacting

fermionic constituents existing interior the composite particles (see, for instance, [2]).

This e↵ect appears due to the requirement of antisymmetrization of the wave function

of all fermionic constituents existing in the system and at very high densities it may

lead to the Mott e↵ect, i.e. to a dissociation of composite particles or even the clusters

of particles into their constituents [2]. Therefore, it is evident that at su�ciently

high densities one cannot ignore the hard-core repulsion or the finite (e↵ective) size of

composite particles and the success of traditional EoS used in the theory of real gases

[9] based on the hard-core repulsion approach tells us that this is a fruitful framework

also for quantum systems. Hence we start from the simplest case, i.e. the quantum

VdW EoS [14, 15]. The typical form of EoS for quantum quasi-particles of mass mp

and degeneracy factor dp is as follows

p(T, µ, nid) = pid(T, ⌫(µ, nid)) � Pint(T, nid) , (1)

These conditions provide maximum of pressure and  
allow one to recover the standard thermodynamics identities!

Recall 1-st L. van Hove axiom!

4

Grandcanonical Ensemble (GCE) of Boltzmann particles

Zgc(T, µ, V ) =
1X

N=0

e

µN
T

Zce(E, N, V ) =

=
1X

N=0

e

µN
T

N !

Z NY

k=1

d

3
xkd

3
pk

(2⇡h̄)3
exp

2

664�

P

j

q
m

2 + p

2
k � P

l,j
U(xl, xj)

T

3
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conserves E and N on average only!

Pressure is defined as

thermal p = T lim
V !1

ln [Zce(T, N, V )]

V

mechanical p = T

@ ln [Zce(T, N, V )]

@V

Apparently, in thermodynamic limit they should coincide

Other thermodynamic quantities can be found from identities:

I Law p + ✏ = Ts + µn

II Law s =
@p

@T

; n =
@p

@µ

III Law s ! 0, if T ! 0

✏ is energy density (E/V ), s is entropy density, n is baryonic charge density

scalar density

}
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This e↵ect appears due to the requirement of antisymmetrization of the wave function

of all fermionic constituents existing in the system and at very high densities it may
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of particles into their constituents [2]. Therefore, it is evident that at su�ciently

high densities one cannot ignore the hard-core repulsion or the finite (e↵ective) size of

composite particles and the success of traditional EoS used in the theory of real gases

[9] based on the hard-core repulsion approach tells us that this is a fruitful framework
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hard-core repulsion is connected to the Pauli blocking e↵ect between the interacting

fermionic constituents existing interior the composite particles (see, for instance, [2]).

This e↵ect appears due to the requirement of antisymmetrization of the wave function

of all fermionic constituents existing in the system and at very high densities it may
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пользуя известные термодинамические тождества:

ρ(T, µ) ≡
(
∂ p

∂ µ

)

T

= γN

∫ d3k

(2π)3
(f+ − f−) , (1.7)

ε(T, µ) ≡ T

(
∂ p

∂ T

)

µ

+ µ

(
∂ p

∂ µ

)

T

= γN

∫ d3k

(2π)3

√
k2 + M∗2 (f+ − f−) +

ρ∫

0

d n U(n) − P (M∗) . (1.8)

Из (1.5) следует, что у нуклона (антинуклон) распределение импульса имеет форму иде-

ального распределения Ферми во ‘внешнем поле’: скалярное поле изменяет массу нуклона

(антинуклона) M на эффективную массу M∗, а векторное поле добавляет энергию U(ρ) нук-

лону (-U(ρ) для антинуклона). Важно, однако, что в (1.4) и (1.8) появляются дополнитель-

ные члены, представляющие термодинамически согласованные вклады полей в давление и

плотность энергии. Форма этих дополнительных вкладов в давление (1.4) уже согласована

с распределениями Ферми (1.5) через общее термодинамическое тождество (1.6)! Формулы

(1.4) - (1.8) определяют поэтому специальный класс термодинамически самосогласованных

УС ядерной материи. Это феноменологическое обобщение модели среднего поля. Модели это-

го класса определяются двумя функциями U(ρ) и P (M∗). Общие физические ограничения

на эти функции таковы:

U(−ρ) = − U(ρ), U(ρ)ρ→∞ ∼ ρa for 0 ≤ a ≤ 1 ,

U(ρ)ρ→0 ∼ ρb , for 0 ≤ b

P (M∗) =
∑

k≥2

ak (M − M∗)k with a2 < 0 . (1.9)

Например, верхнее неравенство a ≤ 1 для степени a, обеспечивает выполнение условия при-

чинности при высоких барионных плотностях, то есть тот факт, что скорость звука не пре-

вышает скорость света.

Выбирая U(ρ) и P (M∗), которые удовлетворяют (1.9), можно воспроизвести многие мо-

дели ядерного УС, известные из литературы. Модели [68, 69] соответствуют M∗ = M (с

P (M∗) ≡ 0) в (1.4) и специальной форме U(ρ). Для моделей среднего поля [10, 11, 64, 70, 71]

U(ρ) = C2
V ρ. Выбор a2 = −1/2 C2

s , ak = 0 (k > 3) соответствует линейной модели среднего

-p



Walecka (σ-ω) model: normal nuclear matter
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Similarly to the ordinary gases, in the hadronic or nuclear systems the source of

hard-core repulsion is connected to the Pauli blocking e↵ect between the interacting

fermionic constituents existing interior the composite particles (see, for instance, [2]).

This e↵ect appears due to the requirement of antisymmetrization of the wave function

of all fermionic constituents existing in the system and at very high densities it may

lead to the Mott e↵ect, i.e. to a dissociation of composite particles or even the clusters

of particles into their constituents [2]. Therefore, it is evident that at su�ciently

one can describe the properties of nuclear matter: 
p=0 at T=0 and n=n_0 and W(n_0) = -16 MeV 

But there are three problems:

Provides a reasonable value for the critical endpoint temperature 
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Figure 2: The scaled coexistence curves (a) and the scaled critical isotherms (b) calculated for the

Walecka (dashed blue lines) and the QvdW (solid red lines) models. The solid circles correspond to

the CP.

Walecka Hybrid QvdW Experiment [29]

Tc [MeV] 18.9 19.2 19.7 17.9 ± 0.4

nc [fm
�3] 0.070 0.071 0.072 0.06 ± 0.01

pc [MeV fm�3] 0.48 0.50 0.52 0.31 ± 0.07

K0 [MeV] 553 674 763 250 - 315

Table I: The location of the CP and the value of the ground state incompressibility K0 within the

Walecka, Hybrid and QvdW models, together with their experimental estimates.

intermediate between the Walecka and QvdW ones, they are not shown in the figures.

Let us introduce the following reduced variables: e
T ⌘ T/Tc, en ⌘ n/nc, and ep ⌘ p/pc. The

classical vdW equation of state (9) becomes independent of the interaction parameters a and b

when expressed in these reduced variables. This independence on the interaction parameters is

known as the law of corresponding states. Although vdW equation do not describe real gases

and liquids such a law is known to hold true for many real gases and liquids with rather good

accuracy (see, e.g., Ref. [30]). The coexistence curves and critical isotherms in the reduced
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Compare Tcep = 18.9 MeV with experimental value Tcep = 17.9 ± 0.4 MeV

= T/Tcep = n/n0

Similarly to the ordinary gases, in the hadronic or nuclear systems the source of

hard-core repulsion is connected to the Pauli blocking e↵ect between the interacting

fermionic constituents existing interior the composite particles (see, for instance, [2]).
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1. K_0 = 553 MeV is too huge!

3. m*/m =0.55 is too small!

How can we improve this model?

2. cannot reproduce flow constraint!

should be m*/m =[0.6; 0.8]
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0

d⇢ U(⇢) � n U(n)

Should obey a self-consistency condition



Improving Walecka (σ-ω) model

  1. One can add more meson fields, add nonlinear interaction for σ field     
         => relativistic mean-field  approach

  2. One can add a phenomenological repulsion a la Van der Waals 
to weaken the vector meson repulsion 

=> difficulties with the flow constraint even having 10-15 parameters!

	

 D. H. Rischke, M. I. Gorenstein, H. Stoecker and W. Greiner, Z. Phys. C 51, (1991) 485   

=> same difficulties remain up to huge value for  nucleon hard-core radius 
R_N = 0.7 fm!

  3. One can add another phenomenological attraction which depends on 
baryonic (vector, not a scalar!) density

M. I. Gorenstein, D. H. Rischke, H. Stoecker, W. Greiner and K. A.Bugaev, J. Phys. G 19, (1993) 69

 However,  the problem is how to recover the  1-st L. Van Hove  axiom? 
!

In Walecka model this occurred automatically, since the rule  
to calculate pressure from Lagrangian is known! 



Thermodynamically Self-consistent EoS for Nuclear Matter

generalized distribution function

mean-field contributions

generalized pressure
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зовалось импульсное распределение идеального газа нуклонов, а при введении ‘энергии сжа-

тия’ учитывалось взаимодействие между нуклонами. Но взаимодействие должно менять им-

пульсное распределение идеального газа, и возникает проблема совместности релятивистско-

го Ферми распределения нуклонов по импульсам и функциональной формы ‘энергии сжатия’.

Для решения этой проблемы напомним, что в релятивистской модели среднего поля Ва-

лечки [10] (см. также [11]) взаимодействие описывается скалярным φ и векторным Uµ мезон-

ными полями с вершинами мезон-барионного взаимодействия в функции Лагранжа: gs ψ̄ ψ φ

и gv ψ̄ γµ ψUµ. Для ядерной материи в термодинамическом равновесии эти мезонные поля,

как обычно полагают, являются постоянными классическими величинами. Скалярное поле

описывает притяжение между нуклонами и изменяет нуклонную массу M → M∗ = M − gs φ.

Нуклонное отталкивание описывается нулевой компонентой (пространственные компоненты

должны исчезнуть из-за трансляционной инвариантности) векторного поля, которая добав-

ляет U(ρ) = C2
vρ (Cv = const) к энергии нуклона (−U(ρ) для антинуклона). В [67] было

сформулировано обобщенное УС ядерной матери, которое включает и модель среднего по-

ля и чисто феноменологические модели как частные случаи. Ограничиваясь нуклонными

степенями свободы, рассмотрим следующее ядерное УС достаточно общего вида в большом

каноническом ансамбле:

p(T, µ) =
γN

3

∫ d3k

(2π)3

k2

√
k2 + M∗2

(f+ + f−) + ρU(ρ) −
ρ∫

0

d n U(n) + P (M∗) , (1.4)

где f+ и f− функции распределения нуклонов и антинуклонов

f± ≡
⎡

⎣exp

⎛

⎝

√
k2 + M∗2 ∓ µ ± U(ρ)

T

⎞

⎠ + 1

⎤

⎦
−1

, (1.5)

µ барионный химический потенциал, и γN число нуклонных спин-изоспиновых состояний,

γN = 4 для симметричной ядерной материи. Зависимость эффективной нуклонной массы M∗

от T и µ определяется экстремумом термодинамического потенциала (максимум давления):
(
δ p(T, µ)

δ M∗

)

T, µ

≡ d P (M∗)

d M∗ − γN

∫ d3k

(2π)3

M∗
√

k2 + M∗2
(f+ + f−) = 0 . (1.6)

Плотность барионного числа и плотность энергии могут быть найдены из (1.4) - (1.6), ис-

µ baryonic chemical 
potential
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= T/Tcep = n/n0

+ n U(n) �
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0

d⇢ U(⇢) + P (M⇤)

n-dependent interaction pressure
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dPint(n)

dn

= n

dU(n)

dn

Similarly to the ordinary gases, in the hadronic or nuclear systems the source of

hard-core repulsion is connected to the Pauli blocking e↵ect between the interacting

fermionic constituents existing interior the composite particles (see, for instance, [2]).

This e↵ect appears due to the requirement of antisymmetrization of the wave function

of all fermionic constituents existing in the system and at very high densities it may

lead to the Mott e↵ect, i.e. to a dissociation of composite particles or even the clusters

of particles into their constituents [2]. Therefore, it is evident that at su�ciently

high densities one cannot ignore the hard-core repulsion or the finite (e↵ective) size of

composite particles and the success of traditional EoS used in the theory of real gases

[9] based on the hard-core repulsion approach tells us that this is a fruitful framework

also for quantum systems. Hence we start from the simplest case, i.e. the quantum

VdW EoS [14, 15]. The typical form of EoS for quantum quasi-particles of mass mp

and degeneracy factor dp is as follows

p(T, µ, nid) = pid(T, ⌫(µ, nid)) � Pint(T, nid) , (1)

pid(T, ⌫) = dp

Z
dk

(2⇡

3)

k

2

3 E(k)

1

e

(E(k)�⌫
T ) + ⇣

, (2)

⌫(µ, nid) = µ � b p + U(T, nid) , (3)

where the constant b ⌘ 4V0 = 16⇡
3

R

3
p is the excluded volume of particles with the hard-

core radius Rp (here V0 is their proper volume), the relativistic energy of particle with

momentum ~

k is E(k) ⌘
q

~

k

2 + mp
2 and the density of point-like particles is defined

as nid(T, ⌫) ⌘ @pid(T,⌫)
@ ⌫

. The parameter ⇣ switches between the Fermi (⇣ = 1), the

Bose (⇣ = �1) and the Boltzmann (⇣ = 0) statistics. The interaction part of pressure

Pint(T, nid) and the mean-field U(T, nid) will be specified later.
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d n U(n) + P (M∗) , (1.4)
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⎛

⎝

√
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Should obey a self-consistency condition



Thermodynamically Self-consistent EoS for Nuclear Matter
Similarly to Walecka model, the self-consistency condition  

provides fulfillment of thermodynamic identities 
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пользуя известные термодинамические тождества:

ρ(T, µ) ≡
(
∂ p

∂ µ

)

T

= γN

∫ d3k

(2π)3
(f+ − f−) , (1.7)

ε(T, µ) ≡ T

(
∂ p

∂ T

)

µ

+ µ

(
∂ p

∂ µ

)

T

= γN

∫ d3k

(2π)3

√
k2 + M∗2 (f+ − f−) +

ρ∫

0

d n U(n) − P (M∗) . (1.8)

Из (1.5) следует, что у нуклона (антинуклон) распределение импульса имеет форму иде-

ального распределения Ферми во ‘внешнем поле’: скалярное поле изменяет массу нуклона

(антинуклона) M на эффективную массу M∗, а векторное поле добавляет энергию U(ρ) нук-

лону (-U(ρ) для антинуклона). Важно, однако, что в (1.4) и (1.8) появляются дополнитель-

ные члены, представляющие термодинамически согласованные вклады полей в давление и

плотность энергии. Форма этих дополнительных вкладов в давление (1.4) уже согласована

с распределениями Ферми (1.5) через общее термодинамическое тождество (1.6)! Формулы

(1.4) - (1.8) определяют поэтому специальный класс термодинамически самосогласованных

УС ядерной материи. Это феноменологическое обобщение модели среднего поля. Модели это-

го класса определяются двумя функциями U(ρ) и P (M∗). Общие физические ограничения

на эти функции таковы:

U(−ρ) = − U(ρ), U(ρ)ρ→∞ ∼ ρa for 0 ≤ a ≤ 1 ,

U(ρ)ρ→0 ∼ ρb , for 0 ≤ b

P (M∗) =
∑

k≥2

ak (M − M∗)k with a2 < 0 . (1.9)

Например, верхнее неравенство a ≤ 1 для степени a, обеспечивает выполнение условия при-

чинности при высоких барионных плотностях, то есть тот факт, что скорость звука не пре-

вышает скорость света.

Выбирая U(ρ) и P (M∗), которые удовлетворяют (1.9), можно воспроизвести многие мо-

дели ядерного УС, известные из литературы. Модели [68, 69] соответствуют M∗ = M (с

P (M∗) ≡ 0) в (1.4) и специальной форме U(ρ). Для моделей среднего поля [10, 11, 64, 70, 71]

U(ρ) = C2
V ρ. Выбор a2 = −1/2 C2

s , ak = 0 (k > 3) соответствует линейной модели среднего

n baryonic charge density

energy density

35

пользуя известные термодинамические тождества:

ρ(T, µ) ≡
(
∂ p

∂ µ

)

T

= γN

∫ d3k

(2π)3
(f+ − f−) , (1.7)

ε(T, µ) ≡ T

(
∂ p

∂ T

)

µ

+ µ

(
∂ p

∂ µ

)

T

= γN

∫ d3k

(2π)3

√
k2 + M∗2 (f+ − f−) +

ρ∫

0

d n U(n) − P (M∗) . (1.8)

Из (1.5) следует, что у нуклона (антинуклон) распределение импульса имеет форму иде-

ального распределения Ферми во ‘внешнем поле’: скалярное поле изменяет массу нуклона

(антинуклона) M на эффективную массу M∗, а векторное поле добавляет энергию U(ρ) нук-

лону (-U(ρ) для антинуклона). Важно, однако, что в (1.4) и (1.8) появляются дополнитель-

ные члены, представляющие термодинамически согласованные вклады полей в давление и

плотность энергии. Форма этих дополнительных вкладов в давление (1.4) уже согласована

с распределениями Ферми (1.5) через общее термодинамическое тождество (1.6)! Формулы

(1.4) - (1.8) определяют поэтому специальный класс термодинамически самосогласованных

УС ядерной материи. Это феноменологическое обобщение модели среднего поля. Модели это-

го класса определяются двумя функциями U(ρ) и P (M∗). Общие физические ограничения

на эти функции таковы:

U(−ρ) = − U(ρ), U(ρ)ρ→∞ ∼ ρa for 0 ≤ a ≤ 1 ,

U(ρ)ρ→0 ∼ ρb , for 0 ≤ b

P (M∗) =
∑

k≥2

ak (M − M∗)k with a2 < 0 . (1.9)

Например, верхнее неравенство a ≤ 1 для степени a, обеспечивает выполнение условия при-

чинности при высоких барионных плотностях, то есть тот факт, что скорость звука не пре-

вышает скорость света.

Выбирая U(ρ) и P (M∗), которые удовлетворяют (1.9), можно воспроизвести многие мо-

дели ядерного УС, известные из литературы. Модели [68, 69] соответствуют M∗ = M (с

P (M∗) ≡ 0) в (1.4) и специальной форме U(ρ). Для моделей среднего поля [10, 11, 64, 70, 71]

U(ρ) = C2
V ρ. Выбор a2 = −1/2 C2

s , ak = 0 (k > 3) соответствует линейной модели среднего

8

dPint(n)

dn

= n

dU(n)

dn

nZ
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d⇢ U(⇢) � P (M⇤)

Similarly to the ordinary gases, in the hadronic or nuclear systems the source of

hard-core repulsion is connected to the Pauli blocking e↵ect between the interacting

fermionic constituents existing interior the composite particles (see, for instance, [2]).

This e↵ect appears due to the requirement of antisymmetrization of the wave function

of all fermionic constituents existing in the system and at very high densities it may

lead to the Mott e↵ect, i.e. to a dissociation of composite particles or even the clusters

of particles into their constituents [2]. Therefore, it is evident that at su�ciently

high densities one cannot ignore the hard-core repulsion or the finite (e↵ective) size of

composite particles and the success of traditional EoS used in the theory of real gases

[9] based on the hard-core repulsion approach tells us that this is a fruitful framework

also for quantum systems. Hence we start from the simplest case, i.e. the quantum

VdW EoS [14, 15]. The typical form of EoS for quantum quasi-particles of mass mp

and degeneracy factor dp is as follows

p(T, µ, nid) = pid(T, ⌫(µ, nid)) � Pint(T, nid) , (1)

pid(T, ⌫) = dp

Z
dk

(2⇡

3)

k

2

3 E(k)

1

e

(E(k)�⌫
T ) + ⇣

, (2)

⌫(µ, nid) = µ � b p + U(T, nid) , (3)

where the constant b ⌘ 4V0 = 16⇡
3

R

3
p is the excluded volume of particles with the hard-

core radius Rp (here V0 is their proper volume), the relativistic energy of particle with

momentum ~

k is E(k) ⌘
q

~

k

2 + mp
2 and the density of point-like particles is defined

as nid(T, ⌫) ⌘ @pid(T,⌫)
@ ⌫

. The parameter ⇣ switches between the Fermi (⇣ = 1), the

Bose (⇣ = �1) and the Boltzmann (⇣ = 0) statistics. The interaction part of pressure

Pint(T, nid) and the mean-field U(T, nid) will be specified later.

Home work: derive Eq. for ε from expression for pressure; use 
thermodynamic identities for ideal gas with chemical potential ν=µ-U(n) 
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ε -  p



Requirements to Mean-field Potentials
In contrast to Walecka model, our functions P_int(n) and P(M*) 

are not restricted by some Lagrangian! 
!

But we have to pay for this freedom and have to formulate some     
general conditions on these functions:
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Similarly to the ordinary gases, in the hadronic or nuclear systems the source of

hard-core repulsion is connected to the Pauli blocking e↵ect between the interacting

fermionic constituents existing interior the composite particles (see, for instance, [2]).

This e↵ect appears due to the requirement of antisymmetrization of the wave function

of all fermionic constituents existing in the system and at very high densities it may

lead to the Mott e↵ect, i.e. to a dissociation of composite particles or even the clusters

of particles into their constituents [2]. Therefore, it is evident that at su�ciently

high densities one cannot ignore the hard-core repulsion or the finite (e↵ective) size of

composite particles and the success of traditional EoS used in the theory of real gases

[9] based on the hard-core repulsion approach tells us that this is a fruitful framework

also for quantum systems. Hence we start from the simplest case, i.e. the quantum

VdW EoS [14, 15]. The typical form of EoS for quantum quasi-particles of mass mp

and degeneracy factor dp is as follows
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where the constant b ⌘ 4V0 = 16⇡
3
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3
p is the excluded volume of particles with the hard-

core radius Rp (here V0 is their proper volume), the relativistic energy of particle with

odd function of baryonic charge density
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to obey causality condition, 
i.e.  speed of sound < speed of light
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i.e.  interaction must vanish at  
vanishing density
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U(ρ) = C2
V ρ. Выбор a2 = −1/2 C2

s , ak = 0 (k > 3) соответствует линейной модели среднего

higher powers than one can  
get from Lagrangians
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поля (далее ‘модель Валечки’) [10]. Для a2 = −1/2 C2
s , a3 = 0, a4 ̸= 0, ak = 0 (k ≥ 5) данное

обобщение воспроизводит нелинейную модель среднего поля [64, 70, 71].

При T = 0 находим общее соотношение для моделей (1.4) - (1.8):

U(ρ) +

√√√√
[
3

2
π2 ρ

] 2
3

+ M∗2 = M + W (ρ) + ρ
d W

d n
, (1.10)

которое соответствует теореме Гугенгольца–ван Хова [68] для взаимодействующего ферми

газа при нулевой температуре. Так как
(

d W
d n

)

ρ=ρo
= 0 при плотности насыщения, то мы

получаем аналог соотношения Вайскопфа [69] между энергией Ферми и энергией связи на

частицу

U(ρo) +

√√√√
[
3

2
π2 ρo

] 2
3

+ M∗
o

2 = M + Wo ≈ 922 MeV. (1.11)

Уравнение (1.11) дает нам отношение между U(ρo) и M∗
o и поэтому только одна из этих

величин (например, M∗
o ) независима.

Рассмотрим теперь новое УС ядерной материи [47] из обобщенного класса моделей сред-

него поля (1.4) - (1.8). Можно выбрать

P (M∗) = − 1

2
C2

s (M − M∗)2 , U(ρ) = C2
v ρ − C2

d ρ
1
3 . (1.12)

Так в модель Валечки добавлено притяжение в потенциал U(ρ). Такая модификация U(ρ)

до некоторой степени подобна моделям [72, 73]. Однако, в отличие от этих моделей, данная

модель теперь объясняет тот факт, что M∗ ̸= M в ядерной среде. Введение третьего парамет-

ра Cd позволяет выбирать M∗
o свободно в дополнение к значениям ρo и W (ρo). Необходимо

подчеркнуть, что, если потребовать, чтобы новая константа связи была целой степенью фун-

даментальных единиц, то только степень 1
3 от ρ для нового притяжения в U(ρ) способна

удовлетворить условию (1.9). Дополнительный вклад в потенциал U(ρ) может быть полу-

чен в приближении среднего поля из функции Лагранжа, содержащей дополнительный член

нуклон-нуклонного самодействия вида

3

4
C2

d

(
ψ̄ γµ ψ ψ̄ γµ ψ

) 2
3 . (1.13)

Конечно, нет никакой непосредственной физической мотивации для введения такого вкла-

да на теоретико-полевых основаниях. Однако такое основание, конечно, не требуется для
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Similarly to the ordinary gases, in the hadronic or nuclear systems the source of

hard-core repulsion is connected to the Pauli blocking e↵ect between the interacting

fermionic constituents existing interior the composite particles (see, for instance, [2]).

This e↵ect appears due to the requirement of antisymmetrization of the wave function

of all fermionic constituents existing in the system and at very high densities it may

lead to the Mott e↵ect, i.e. to a dissociation of composite particles or even the clusters

of particles into their constituents [2]. Therefore, it is evident that at su�ciently

high densities one cannot ignore the hard-core repulsion or the finite (e↵ective) size of

composite particles and the success of traditional EoS used in the theory of real gases

[9] based on the hard-core repulsion approach tells us that this is a fruitful framework

also for quantum systems. Hence we start from the simplest case, i.e. the quantum

VdW EoS [14, 15]. The typical form of EoS for quantum quasi-particles of mass mp

and degeneracy factor dp is as follows

p(T, µ, nid) = pid(T, ⌫(µ, nid)) � Pint(T, nid) , (1)

pid(T, ⌫) = dp

Z
dk

(2⇡

3)

k

2

3 E(k)

1

e

(E(k)�⌫
T ) + ⇣

, (2)

⌫(µ, nid) = µ � b p + U(T, nid) , (3)

where the constant b ⌘ 4V0 = 16⇡
3

R

3
p is the excluded volume of particles with the hard-

core radius Rp (here V0 is their proper volume), the relativistic energy of particle with

momentum ~

k is E(k) ⌘
q

~

k

2 + mp
2 and the density of point-like particles is defined

as nid(T, ⌫) ⌘ @pid(T,⌫)
@ ⌫

. The parameter ⇣ switches between the Fermi (⇣ = 1), the

additional attraction and one 
additional parameter

Compared to Walecka model there is 
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феноменологического УС. Для этого достаточно показать, что данное УС имеет разумные

физические свойства. Это можно показать так.

Хотя фактор несжимаемости Ko не может быть выбран независимо от M∗
o , находим, что

разумные значения M∗
o приводят к значениям Ko, которые лежат в экспериментально опре-

деленном диапазоне (см. таблицу ). Первая строка в таблице соответствует модели Валечки,

для которой получаем слишком маленькое значение M, и слишком большое значение Ko.

Таблица 1.1. Различные наборы констант связи для фиксированных значений ρo = 0.159 фм−3

[65] и Wo =-16 МэВ.

M∗/M C2
v (GeV−2) C2

s (GeV−2) C2
d Ko (MeV)

0.543 285.90 377.56 0 553

0.600 257.40 326.40 0.124 380

0.635 238.08 296.05 0.183 300

0.688 206.79 251.14 0.254 210

0.720 186.94 244.52 0.288 170

Удивительно хорошая корреляция между значениями Ko в интервале 210 − 300 МэВ и

значениями M∗
o вблизи 0, 65 M [64, 65], означает, что представленная модель описывает пять

величин основного состояния ядерной материи только с тремя независимыми параметрами.

Плотность энергии в данной модели [47] имеет вид

ε(T, µ) = γN

∫ d3k

(2π)3

√
k2 + M∗2 (f+ − f−) +

1

2
C2

v ρ
2 − 3

4
C2

d ρ
4
3 +

1

2
C2

s (M − M∗)2 . (1.14)

Для дальнейшего анализа мы фиксируем Ko = 300 МэВ (сравни с [59]). Отметим, что при

этом значении Ko эффективная масса M∗
o находится в очень хорошем согласии с результата-

ми нерелятивистских вычислений в рамках задачи многих-тел Friedman и Pandharipande [65].

На рис. 1.1 я привожу свободную энергию на барион из вычислений [65] и результаты данной

модели. Из рис. 1.1 видно довольно хорошее согласие при маленьких ρ и систематические

отклонения от нерелятивистских результатов при больших ρ. Это происходит при ρ ≥ 3 ρo,
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Summary

1. We discussed the necessary apparatus to describe the   
nuclear matter EoS 

2. The  properties of  normal nuclear matter are used to 
normalize the phenomenological EoS

3. The Walecka model is presented and its mean-field 
approximation is applied to normal nuclear matter 

4. A phenomenological generalization of Walecka model is 
discussed and the self-consistency condition is obtained 


