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QCD is all about scale!
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Heavy-ion collisions span the entire curve above



A near established paradigm, on the soft side
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Well established results pT < 2GeV
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FIG. 1. (Color online) Gluon multiplicity distribution in the
IP-Glasma model.
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FIG. 2. (Color online) Identified particle transverse momen-
tum spectra including all resonances up to 2GeV compared
to experimental data from the ALICE collaboration [31].

ion experiments [29]. The gluon multiplicity distribution
is shown in Fig. 1. Centrality classes are determined from
the fraction of the integral over this distribution, begin-
ning with integrating from the right. As a consequence
of implementing this centrality selection, we properly ac-
count for impact parameter and multiplicity fluctuations.

Because entropy is produced during the viscous hydro-
dynamic evolution, we need to adjust the normalization
of the initial energy density commensurately to describe
the final particle spectra [30]. The obtained pT -spectra
of pions, kaons, and protons are shown for 0-5% central
collisions at

√
s = 2.76TeV/nucleon, using η/s = 0.2,

in Fig. 2, and compared to data from ALICE [31]. The
results are for averages over only 20 events in this case,
but statistical errors are smaller than the line width for
the spectra. Overall, the agreement with experimental
data is good. However, soft pions at pT < 300MeV are
underestimated.

We determine v1 to v5 in every event by first deter-
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FIG. 3. (Color online) Root-mean-square anisotropic flow co-
efficients ⟨v2n⟩

1/2 as a function of transverse momentum, com-
pared to experimental data by the ATLAS collaboration using
the event plane (EP) method [4] (points). 200 events. Bands
indicate statistical errors. Experimental error bars are smaller
than the size of the points.

mining the exact event plane [32]

ψn =
1

n
arctan

⟨sin(nφ)⟩
⟨cos(nφ)⟩

, (1)

and then computing

vn(pT ) = ⟨cos(n(φ − ψn))⟩

≡
∫
dφf(p⊥,φ) cos(n(φ− ψn))∫

dφf(p⊥,φ)
, (2)

where f(p⊥,φ) are the thermal distribution functions ob-
tained in the Cooper-Frye approach (with additional con-
tributions from resonance decays).
We first present the root-mean-square (rms) vn(pT ) for

10− 20% central collisions and compare to experimental
data from the ATLAS collaboration [4] in Fig. 3. Agree-
ment for v2-v5 is excellent. We note that the vn from
the experimental event plane method do not exactly cor-
respond to the rms values, but lie somewhere between
the mean and the rms values. In this regard, a better
comparison is the pT -integrated rms vn to the ALICE
vn{2} results–which correspond to the rms values. Ex-
cellent agreement over the whole studied centrality range
is achieved for the experimentally available v2, v3 and v4,
as shown in Fig. 4.
We studied the effect of initial transverse flow included

in our framework by also computing vn(pT ) with uµ set
to zero at time τswitch. The effect on hadron anisotropic
flow turns out to be extremely weak - results agree within
statistical errors. Because photons are produced early
on in the collision, we expect a greater effect on photon
anisotropic flow; this will be examined in a subsequent
work. We emphasize that pre-equilibrium dynamics that
is not fully accounted for may still influence the amount
of initial transverse flow.
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cellent agreement over the whole studied centrality range
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in our framework by also computing vn(pT ) with uµ set
to zero at time τswitch. The effect on hadron anisotropic
flow turns out to be extremely weak - results agree within
statistical errors. Because photons are produced early
on in the collision, we expect a greater effect on photon
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Excellent theoretical predictive power over “soft” spectrum 
both centrality and pT dependence
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FIG. 8. Simulated observables compared to experimental data from the ALICE experiment [108, 109]. Top row: explicit model
calculations for each of the 300 design points, bottom: emulator predictions of 100 random samples drawn from the posterior
distribution. Left column: identified particle yields dN/dy, middle: mean transverse momenta hpT i, right: flow cumulants
vn{2}.

IV. RESULTS

The primary result of this study is the posterior dis-
tribution for the model parameters, Fig. 7. In fact, this
figure contains two posterior distributions: one from cal-
ibrating to identified particle yields dN/dy (blue, lower
triangle), and the other from calibrating to charged par-
ticle yields dNch/d⌘ (red, upper triangle). We performed
the alternate calibration to charged particles because
the model could not simultaneously describe all identi-
fied particle yields for any parameter values, as will be
demonstrated shortly.

In Fig. 7, the diagonal plots are marginal distributions
for each model parameter (all other parameters inte-
grated out) from the calibrations to identified (blue) and
charged (red) particles, while the o↵-diagonals are joint
distributions showing correlations among pairs of param-
eters from the calibrations to identified (blue, lower tri-
angle) and charged (red, upper triangle) particles. Op-
erationally, these are all histograms of MCMC samples.

We discuss the posterior distributions in detail in the
following subsections. First, let us introduce several an-
cillary results.

Table III contains quantitative estimates of each pa-
rameter extracted from the posterior distributions. The
reported values are the medians of each parameter’s
distribution, and the uncertainties are highest-posterior

density2 90% credible intervals. Note that some esti-
mates are influenced by limited prior ranges, e.g. the
lower bound of the nucleon width w.
Figure 8 compares simulated observables (see Table II)

to experimental data. The top row has explicit model
calculations at each of the 300 design points; recall that
all model parameters vary across their full ranges, lead-
ing to the large spread in computed observables. The
bottom row shows emulator predictions of 100 random
samples from the identified particle posterior distribution
(these are visually indistinguishable for the charged parti-
cle posterior). Here, the model has been calibrated to ex-
periment, so its calculations are clustered tightly around
the data—although some uncertainty remains since the
samples are drawn from a posterior distribution of fi-
nite width. Overall, the calibrated model provides an
excellent simultaneous fit to all observables except the
pion/kaon yield ratio, which (although it is di�cult to
see on a log scale) deviates by roughly 10–30%. We ad-
dress this deficiency in the following subsections.

A. Initial condition parameters

The first four parameters are related to the initial con-
dition model. Proceeding in order:

2 The highest-posterior density credible interval is the smallest
range containing the desired fraction of the distribution.

yields mean pT
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Now we want to look at jets in this medium

Many things happen  
to a jet and the energy  

deposited by the jet 

Everything other than 
leading hadrons is strongly  

affected by the medium
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High energy and high virtuality 
part of shower

• Radiation dominated regime
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High energy and high virtuality 
part of shower

• Radiation dominated regime

Theory: Higher Twist (X. Guo X.-N. Wang) 

MC:     MATTER, YaJEM,    Qin F P approach  7



Low virtuality, high energy part 

ScaRering dominated regime 
Few, time separated emissions
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Low virtuality low energy part
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Low virtuality low energy part
• Many of these partons are absorbed by the medium
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Low virtuality low energy part
• Many of these partons are absorbed by the medium

• Cannot be described by pQCD

• Modeled !  (LBNL-CCNU, YaJEM, JEWEL)

• Scale of parton same as scale of medium

• AdS/CFT 

P. Chesler, W. Horowih J. Casalderrey-Solana,  
G. Milhano, D.  Pablos, K. Rajagopal
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Grand picture (leading hadrons)
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Energy deposition-thermalization 

HT

BDMPS-AMY

Strong coupling, 
AdS-CFT

Strong coupling, 
AdS-CFT Energy thermalization

Energy thermalization

Soft wide angle radiation
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Everything changes with scale in jet quenching
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Elastic energy 
loss rate 

also diffusion 
rate e2

ê =
��E⇥L

L

Transport coefficients partons  
in a dense medium

p2
z ' E2 � p2

?

Transverse momentum 
diffusion rateq̂ =

hp2
?iL

L

By definition, describe how the medium modifies the jet parton!

p+ ' p2?/2p
�

�13
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In general, 2 kinds of transport coefficients
Type 1: which quantify how the medium changes the jet

Type 2: which quantify the space-time structure of the  
          deposited energy momentum at the hydro scale

q̂(E,Q2) q̂4(E,Q2) =
hp4T i � hp2T i2

L
. . .

ê4(E,Q2) =
h�E4i � h�E2i2

L
. . .ê2(E,Q2) =

h�E2i
L

ê(E,Q2)

�Tµ⌫ —>



�14

In general, 2 kinds of transport coefficients
Type 1: which quantify how the medium changes the jet

Type 2: which quantify the space-time structure of the  
          deposited energy momentum at the hydro scale

q̂(E,Q2) q̂4(E,Q2) =
hp4T i � hp2T i2

L
. . .

ê4(E,Q2) =
h�E4i � h�E2i2

L
. . .ê2(E,Q2) =

h�E2i
L
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Observables: more type 2, more MC

 15



Observables: more type 2, more MC
1. Observables that only depend on type 1 

1. Strong dependence on hard σ : 
1. Hadron RAA, high pT v2! 

2. Dihadron, IAA, γ-Hadron 

 15



Observables: more type 2, more MC
1. Observables that only depend on type 1 

1. Strong dependence on hard σ : 
1. Hadron RAA, high pT v2! 

2. Dihadron, IAA, γ-Hadron 
(clear dependence on q, but also require fragmentation functions) 

2. Weaker dependence on hard σ : 
1. Near side IAA ! (badly surface biased)

 15



Observables: more type 2, more MC
1. Observables that only depend on type 1 

1. Strong dependence on hard σ : 
1. Hadron RAA, high pT v2! 

2. Dihadron, IAA, γ-Hadron 
(clear dependence on q, but also require fragmentation functions) 

2. Weaker dependence on hard σ : 
1. Near side IAA ! (badly surface biased)

2. Observables that depend on type 1 and some type 2 
1. Strong dependence on hard σ : 

1. Jet RAA, high pT v2! 

2. DiJets (XJ), γ-Jet

 15



Observables: more type 2, more MC
1. Observables that only depend on type 1 

1. Strong dependence on hard σ : 
1. Hadron RAA, high pT v2! 

2. Dihadron, IAA, γ-Hadron 
(clear dependence on q, but also require fragmentation functions) 

2. Weaker dependence on hard σ : 
1. Near side IAA ! (badly surface biased)

2. Observables that depend on type 1 and some type 2 
1. Strong dependence on hard σ : 

1. Jet RAA, high pT v2! 

2. DiJets (XJ), γ-Jet
(reduce dependence on type 2 by increasing E, lose sensitivity, reduce R, requires resummation) 

2. Weaker dependence on hard σ : 
1. zg  
2. Jet Mass, Jet shape

 15



Observables: more type 2, more MC
1. Observables that only depend on type 1 

1. Strong dependence on hard σ : 
1. Hadron RAA, high pT v2! 

2. Dihadron, IAA, γ-Hadron 
(clear dependence on q, but also require fragmentation functions) 

2. Weaker dependence on hard σ : 
1. Near side IAA ! (badly surface biased)

2. Observables that depend on type 1 and some type 2 
1. Strong dependence on hard σ : 

1. Jet RAA, high pT v2! 

2. DiJets (XJ), γ-Jet
(reduce dependence on type 2 by increasing E, lose sensitivity, reduce R, requires resummation) 

2. Weaker dependence on hard σ : 
1. zg  
2. Jet Mass, Jet shape

3. Observables that depend strongly on type 2 
Jet medium correlations  15



Observables: more type 2, more MC
1. Observables that only depend on type 1 

1. Strong dependence on hard σ : 
1. Hadron RAA, high pT v2! 

2. Dihadron, IAA, γ-Hadron 
(clear dependence on q, but also require fragmentation functions) 

2. Weaker dependence on hard σ : 
1. Near side IAA ! (badly surface biased)

2. Observables that depend on type 1 and some type 2 
1. Strong dependence on hard σ : 

1. Jet RAA, high pT v2! 

2. DiJets (XJ), γ-Jet
(reduce dependence on type 2 by increasing E, lose sensitivity, reduce R, requires resummation) 

2. Weaker dependence on hard σ : 
1. zg  
2. Jet Mass, Jet shape

3. Observables that depend strongly on type 2 
Jet medium correlations  15



Observables: more type 2, more MC
1. Observables that only depend on type 1 

1. Strong dependence on hard σ : 
1. Hadron RAA, high pT v2! 

2. Dihadron, IAA, γ-Hadron 
(clear dependence on q, but also require fragmentation functions) 

2. Weaker dependence on hard σ : 
1. Near side IAA ! (badly surface biased)

2. Observables that depend on type 1 and some type 2 
1. Strong dependence on hard σ : 

1. Jet RAA, high pT v2! 

2. DiJets (XJ), γ-Jet
(reduce dependence on type 2 by increasing E, lose sensitivity, reduce R, requires resummation) 

2. Weaker dependence on hard σ : 
1. zg  
2. Jet Mass, Jet shape

3. Observables that depend strongly on type 2 
Jet medium correlations  15



Observables: more type 2, more MC
1. Observables that only depend on type 1 

1. Strong dependence on hard σ : 
1. Hadron RAA, high pT v2! 

2. Dihadron, IAA, γ-Hadron 
(clear dependence on q, but also require fragmentation functions) 

2. Weaker dependence on hard σ : 
1. Near side IAA ! (badly surface biased)

2. Observables that depend on type 1 and some type 2 
1. Strong dependence on hard σ : 

1. Jet RAA, high pT v2! 

2. DiJets (XJ), γ-Jet
(reduce dependence on type 2 by increasing E, lose sensitivity, reduce R, requires resummation) 

2. Weaker dependence on hard σ : 
1. zg  
2. Jet Mass, Jet shape

3. Observables that depend strongly on type 2 
Jet medium correlations  15



What is the goal of this enterprise? 
• We focus on about 5 jet coefficients, and 15 soft coefficients  

• All of them are non-perturbative 

• Determine these unambiguously from detailed phenomenology  

• Have an extendable phenomenological framework  

• Calculate them (if possible) from first principles  

• Deeper understanding of the structure of the QGP.
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Need a Monte-Carlo event generator based approach

Need to have a framework 

• That can modularly incorporate a variety of 
theoretical approaches  

• Which can allow you to model medium response, 
and entire range of transport coefficients  

• Can address all observables simultaneously
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. . .ê2(E,Q2) =

h�E2i
L
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Need to have a framework 

• That can modularly incorporate a variety of 
theoretical approaches  

• Which can allow you to model medium response, 
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• Can address all observables simultaneously
Observables: more type 2, more MC
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1. Strong dependence on hard σ : 
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3. Observables that depend strongly on type 2 
Jet medium correlations
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Need a Monte-Carlo event generator based approach
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What is JETSCAPE?

10 Institutions, $4 M, 4 year  NSF project 

Jet Energy-loss Tomography with a Statistically and Computationally  
Advanced Program Envelope.

!18
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Calibrating/tuning the generator

Need a Bayesian analysis to determine best value of 20 parameters 

Each require 25 values that have to be sampled 

Thus Number of sample points = 500.  

We need 500 X 3 energies X 5 Centralities X 400 events = 3,000,000 
events 

1 JETSCAPE event takes 1hr on default  node { 8 core + 1P100 GPU} 

After we do all of this, the parameters will be determined … 

!20



In all calculations presented 
bulk medium described by viscous fluid dynamics

RAA ⇠
dNAA
dpT dy

Nbin
dNpp

dpT dy

q̂(~r, t) = q̂0
s(~r, t)

s0

s0 = s(T0)

Medium evolves hydro-dynamically as the jet moves through it 
Fit the q for the initial T in the hydro in central coll.^

 21



From RHIC to LHC, refit hydro

 22

q should scale with an intrinsic quantity in the hydro^



Necessity of Multi-scale models
Its the right thing to do. 
Pushing limited approaches past limits creates tension!
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Evidence of multiple scales from 
multiple-stage Monte Carlos
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Switching between one event-generator and the next  
in a brick @JETSCAPE Phys.Rev. C96 (2017) no.2, 024909 
Repeat with hadronization and fluid medium being calculated

dE/dθ	of	daughter	partons	(jet	shape)	

•  In-medium	evoluTon	changes	the	jet	shape	–	depletes	energy	in	small	
cone	and	enhances	energy	in	large	cone.		

•  LBT	is	more	effecTve	than	MATTER	in	shiwing	energy	distribuTon	into	
larger	angle	since	elasTc	scaZering	is	included	in	LBT.	

•  InteresTng	non-monotonic	behavior	at	Q0	=	1	GeV	--	enhanced	
Sudakov	type	splieng	at	very	small	r	and	LBT	scaZering	at	large	r.	
(Partly	understand	the	jet	shape	measurement	even	with	a	brick.)	 16	
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Using the full event generator
• Any good event generator needs a good p-p baseline

PYTHIA for initial state 
MATTER for all final state partons > 1GeV 
PYTHIA based hadronization of final partons

 25



Preliminary results from JETSCAPE
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TRENTO —> PreEquib—> MUSIC —> Soft Hadronization 
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—> (MATTER/LBT/MARTINI/AdS) + MUSIC profile 
—> PYTHIA based hadronization
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Consistent with Results from the JET collaboration

Did separate fits to the RHIC and LHC data for maximal q 
without assuming any kink in the q vs T3 curve

^
^

K. Burke et al. 
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^
^
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Back to the question of how the 
medium effects the parton. 

A parton in a jet shower, has momentum components 

q = (q-,q+,qT) = (1,λ2,λ)Q,  Q: Hard scale,  λ << 1, λQ >> ΛQCD

k� � �Q, k+ � �2Q

hence, gluons have 

k� � �Qcould also have �28



Assuming the medium has a large length. 

Or, the parton has a long life time, 1/(λ2Q)

Multiple independent scaRering dominates over  
multiple correlated scaRering

⇥f(p�, t)
⇥t

= ⇥p� · D ·⇥p�f(p�, t)

�p2
�⇥ = 4Dt

~ ~

Resumming gives a diffusion equation for the pT distribution

�29
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multiple correlated scaRering

⇥f(p�, t)
⇥t

= ⇥p� · D ·⇥p�f(p�, t)

�p2
�⇥ = 4Dt

q̂ =
p2
?
t

=
2⇡2↵SCR

N2
c � 1

Z
dt

D
X

���Tr
h
U†(t, vt; 0)taFaµ⇢v⇢U(t, vt; 0)tbFb�

µ(0)v�

i��� X
E

.

Resumming gives a diffusion equation for the pT distribution

�29



A factorized picture

p ⇠ Q(1, �2, �)

k ⇠ Q(�2, �2, �)k ⇠ Q(�2, �2, �)

q ⇠ Q(�2, 1, �)q� =
q0 + q3p

2
q� ⇠ Q
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Q is the hard scale of the jet ~ E 
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A first principles method to calculate q̂

W (k) =
g2

2Nc
hq�;M |

Z
d4xd4y ̄(y) 6A(y) (y)

⇥ |q� + k?;Xihq� + k?;X|
⇥  ̄(x) 6A(x) (x)|q�;Mi

q̂ =
X

k

k2
?

W (k)
t

,

q̂ =
X

k

k2
?

W (k)
t

,in terms of W, we get
�31



Final state is ``on-shell’’ 

�[(q + k)2] ' 1
2q�

�

✓
k+ � k2

?
2q�

◆
.

Also we are calculating in a finite temperature heat bath 

q̂ =
4⇡2↵s

Nc

Z
dy�d2y?

(2⇡)3
d2k?e

�i
k2
?

2q�
·y�+i~k?· ~y?

hn|e
��En

Z
F+,

?(y�)F+
? (0)|ni

physical q̂(q�, q+) where q+ ⇠ �2Q
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Consider a more general object

Q̂ =
4⇡2↵s

Nc

Z
d4yd4k

(2⇡)4
eik·y 2(q�)2p

2q�

hM |F+?(0)F+
?,(y)|Mi

(q + k)2 + i✏
.

Consider      large (~Q) and fixedq�

q+Consider      to be a variable

q+complex plain

 Q has a branch cut on the real axis 
at q+ ~ λ2 Q

 ^

q̂ = Im(Q̂)

q+ =
k2
?

2q�
d2Q̂

dk2
?

has a pole at
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Consider the following integral

I1 =
I

dq+

2⇡i

Q̂(q+)
(q+ + Q0)

q+complex plain

Q0

I1=
4
p

2⇡2↵shM |F+µ
?

1P
n=0

⇣
�q·iD�D2

?
2q�Q0

⌘n
F+
?,µ|Mi

Nc2Q0

For Q0 ~ -Q, can Taylor expand Q in terms of local operators^
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Deforming the contour

I1 =
Z �2Q

��2Q
dq+ q̂(q+)

q+ + Q0
+

Z 1

0
dq+V (q+)

set Q0 = q-

Taylor expand I1 on the real side and do the integral

Match powers of q-

ˆ̄q(Q+)2Q+ =
Z Q+

�Q+
dq+q̂(q+)

' 2q̂Q+ +
q̂00(Q+)3

3
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Easy to calculate local operators on the LaRice

D
>(t) =

X

n

hn|e��H
O1(t)O2(0)|ni

Consider the unordered correlator 

convert thermal weight to evolution in imaginary time

D
>(�i⌧) = �(⌧) = Tr

2

4e
�

�R

0
d⌧H(⌧)

Oi(⌧)O2(0)

3

5 .

D>(�i⌧) = iNt�(⌧)

But local operators are super simple

with time derivatives

D>(t = 0) = iNt�(⌧ = 0)
�36



Rotating everything to  
Euclidean space and calculating

x0 ! �ix4 and A0 ! iA4

! F 0i ! iF 4i

Calculate in quark less SU(2) gauge theory

q̂ ⇠ F+iF+i + F+iDz

q�
F+i

�37



New Results in SU(3)

Xiangdong	Ji,	PRL	110,	262002	(2013)

Full expansion of terms

q̂ ⇠
X

n=0

hm|F+i

✓
cn

Dz

q�

◆n

F+i|mi

Similar to expansion in 

8 X 323 10 X 403
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Extracting q
Systematic uncertainty from estimating the range of the thermal cut

Z �2Q

��2Q
dq+

q̂(q+)

q+ +Q0
!

Z Qmax

Qmin

dq+
q̂(q+)

q+ + q�

Qmin/max from HTL theory

^
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Systematic uncertainty from estimating the range of the thermal cut
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dq+

q̂(q+)

q+ +Q0
!

Z Qmax

Qmin

dq+
q̂(q+)

q+ + q�

22 Some applications
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Fig. 3.1 Flavour dependence of the pressure for Nτ = 4 lattices compared to a continuum

extrapolated pure gauge result. From (Karsch, Laermann and Peikert, 2000).
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∣

β

βo

= −
N3
τ

N3
s

∫ β

βo

dβ′

(〈

∂ lnZ

∂β′

〉

−
〈

∂ lnZ

∂β′

〉

T=0

)

,

= −N4
τ

∫ β

β0

dβ′
(

3⟨TrU t
p +TrUs

p ⟩ − 6⟨TrUp⟩T=0

)

. (3.5)

Now we simply need to measure expectation values of temporal (U t
P ) and spatial (Us

p )
plaquettes with sufficient accuracy, so they can be integrated numerically. Note that
this introduces a lower integration constant, which needs to be fixed for the result
to be meaningful. While we do not know f(β0) from first principles, we can choose
β0 corresponding to a temperature below the phase transition, where the free energy
should be well modelled by a weakly interacting hadron gas. For T <∼ 130 MeV, all
hadrons become non-relativistic and we can approximate the pressure by zero. Note
however, that this procedure is not good for the chiral limit, when pions become
massless and stay relativistic down to very low temperatures.

Another difficulty is that strong discretisation effects are to be expected. At high
temperature the relevant partonic degrees of freedom have momenta of order πT ∼
π/(aNt) on the scale of the lattice spacing, by which they are strongly affected. For
the equation of state it is therefore particularly important to gain control over these
effects and carry out the continuum limit a → 0. This motivates the use of improved
actions, designed to minimise cut-off effects in the approach to the continuum.

The results of a computation of the pressure with an improved action (Karsch, Laermann and Peikert, 2000)
are shown in Fig. 3.1. The data have been obtained for Nf = 2, 3 with (bare) mass
mq/T = 0.4 as well as for Nf = 2 + 1 with a heavier mass ms

q/T = 1 on a very
coarse lattice, Nτ = 4. Nevertheless, interesting qualitative features can be observed.
For comparison, continuum extrapolated pure gauge results are also included. The
figure shows a rapid rise of the pressure in a narrow transition region. The critical
temperature as well as the magnitude of p/T 4 reflect the number of degrees of free-
dom liberated at the transition. This last conclusion is firm, since the pressure also
rises for fixed temperature when light quarks are added to the theory, consistent with
the behaviour in the Stefan-Boltzmann limit. Another interesting feature is that the
curves fall short of the ideal gas values, i.e. interactions are still strong just above Tc.
An important question then is whether these features survive in the continuum limit.

Qmin/max from HTL theory

^
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Outlook

• HPC is now almost an essential component of nuclear physics  

• Large scale simulations are being set up to model the  
multi-scale phenomena in heavy-ion collisions  

• Requires elaborate, compute intensive calibration procedure  

• New methods being developed to look at jet transport coefficients  
from first principles.  

• Preliminary results consistent with phenomenological extraction  



Thank you for your aRention! 



Non perturbative re-normalization

§ Expectation value of Polyakov loop:
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§ Two loop beta function
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§ Nonperturbative correction
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