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What we calculate

• 𝒇𝒇𝑫𝑫(𝒔𝒔)
(∗) and their ratios

𝟎𝟎|�𝒒𝒒𝜸𝜸𝝁𝝁𝜸𝜸𝟓𝟓𝒄𝒄|𝑷𝑷(𝒑𝒑) = 𝒇𝒇𝑷𝑷𝒑𝒑𝝁𝝁,      𝒒𝒒 = 𝒅𝒅, 𝒔𝒔

(𝒎𝒎𝒒𝒒 + 𝒎𝒎𝒄𝒄) 𝟎𝟎|�𝒒𝒒𝜸𝜸𝟓𝟓𝒄𝒄|𝑷𝑷(𝒑𝒑) = 𝒇𝒇𝑷𝑷𝒎𝒎𝑷𝑷𝑷𝑷
𝟐𝟐

• 𝒇𝒇𝑽𝑽𝑻𝑻/𝒇𝒇𝑽𝑽
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Motivation

• CKM elements

• 𝒇𝒇𝑽𝑽 is not easy to measure
• Leptonic decay BRs are much smaller than those of strong 

decays
• If there are exp. measurements, can also determine 

CKM matrix elements
• Test the accuracy of HQET, 

𝒇𝒇_𝑽𝑽/𝒇𝒇_𝑷𝑷𝑷𝑷 = 𝟏𝟏 + 𝑶𝑶(𝟏𝟏/𝒎𝒎𝑸𝑸)
• Test the accuracy of factorization in studies of

nonleptonic B decays, e.g., 𝑩𝑩 → 𝑫𝑫(∗)𝑴𝑴
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LQCD results

• 𝑵𝑵𝒇𝒇 = 𝟐𝟐 + 𝟏𝟏: 
𝒇𝒇𝑫𝑫𝒔𝒔 = 𝟐𝟐𝟐𝟐𝟐𝟐.𝟖𝟖(𝟐𝟐.𝟑𝟑) MeV

• 𝑵𝑵𝒇𝒇 = 𝟐𝟐 + 𝟏𝟏 + 𝟏𝟏:
𝒇𝒇𝑫𝑫𝒔𝒔 = 𝟐𝟐𝟐𝟐𝟐𝟐.𝟖𝟖𝟖𝟖(𝟏𝟏.𝟐𝟐𝟐𝟐) MeV

• PDG2016 (CPC40,100001):
𝒇𝒇𝑫𝑫𝒔𝒔+
𝒆𝒆𝒆𝒆𝒆𝒆 = 𝟐𝟐𝟐𝟐𝟐𝟐.𝟖𝟖(𝟒𝟒.𝟏𝟏) MeV

• Agreement in 𝟐𝟐𝝈𝝈
• Exp. expected to catch up

in 2020 (BESIII, BelleII)
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FLAG2016, [arXiv:1607.00299]
results before Nov. 30, 2015

Y.-B. Yang et al., PRD92, 2015



𝒇𝒇𝑫𝑫𝒔𝒔 and 𝒇𝒇𝑫𝑫
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• Results after 2015: RBC/UKQCD (1701.02644). JLQCD. 1803.03065
• JLQCD (lat2016, 1702.02303): Sys. error from scale setting only
• Blossier, Heitger, Post (1803.03065): Sys. error from scale setting

• 𝒇𝒇𝑫𝑫𝒔𝒔 = 𝟐𝟐𝟐𝟐𝟐𝟐(𝟓𝟓)(𝟐𝟐) MeV
• 2a, 2 flavors, Clover fermions

[1702.05360]



𝒇𝒇𝑫𝑫𝒔𝒔∗/𝒇𝒇𝑫𝑫𝒔𝒔
• Becirevic et al., JHEP02 

(2012) 042
• 4a, 2-flavor, tmQCD

• Blossier, Heitger, Post 
(1803.03065)

• 2a, 2-flavor, Clover fermions

• HPQCD, PRL112.212002 
(2014)

• 2a, 2+1-flavor, HISQ+asqtad

• ETMC, PRD96.034524 (2017)
• 3a, 2+1+1-flavor, tmQCD

• Sea quark effects?
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𝒇𝒇𝑫𝑫∗ and 𝒇𝒇𝑫𝑫𝒔𝒔∗
• Becirevic et al., JHEP02 

(2012) 042
• 4a, 2-flavor, tmQCD

• Blossier, Heitger, Post 
(1803.03065)

• 2a, 2-flavor, Clover fermions
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• ETMC, PRD96.034524 (2017)
• 3a, 2+1+1-flavor, tmQCD

• Sea quark effects?
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Lattice setup
• Overlap fermions on 45 domain wall fermion 

configurations

• 2+1-flavor ensemble (RBC/UKQCD Collab.)
• Physical sea quark mass:  𝒎𝒎𝝅𝝅 = 𝟏𝟏𝟏𝟏𝟏𝟏.𝟐𝟐(𝟒𝟒) MeV
• 4 light val. quark masses: 𝒎𝒎𝝅𝝅~𝟏𝟏𝟏𝟏𝟏𝟏 − 𝟐𝟐𝟐𝟐𝟐𝟐 MeV
• 2 strange val. quark masses, slightly ≲ 𝒎𝒎𝒔𝒔

𝒑𝒑𝒑𝒑𝒑𝒑.
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𝒎𝒎𝝅𝝅, 𝒇𝒇𝝅𝝅, 𝒎𝒎𝑲𝑲

• 𝒎𝒎𝝅𝝅 and 𝒎𝒎𝑲𝑲 are extracted from pseudoscalar
density 2-point functions

• Will be used to fix the physical light and strange
valence quark masses
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𝒂𝒂𝒎𝒎𝒒𝒒
𝒗𝒗𝒗𝒗𝒗𝒗 𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎 𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎 𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎 𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎

𝒎𝒎𝝅𝝅/MeV 114(2) 135(2) 149(2) 208(2)
𝒇𝒇𝝅𝝅/MeV 130.3(9) 131.0(9) 131.6(8) ---

• A linear interp. in 𝒎𝒎𝝅𝝅
𝟐𝟐 gives 𝒇𝒇𝝅𝝅 = 𝟏𝟏𝟏𝟏𝟏𝟏.𝟑𝟑(𝟔𝟔) MeV

• Consistent with the RBC/UKQCD result on the 
same ensemble [arXiv:1411.7017(hep-lat)]



D-meson 2-point functions
• Coulomb gauge wall source propagators are used 

to improve overlapping with the ground state
• Sink operators are with spacial displacement

𝑶𝑶𝚪𝚪 𝒙𝒙, 𝒕𝒕; 𝒓𝒓 = �𝝍𝝍𝟏𝟏 𝒙𝒙, 𝒕𝒕 𝚪𝚪𝝍𝝍𝟐𝟐 𝒙𝒙 + 𝒓𝒓, 𝒕𝒕

𝚪𝚪 = 𝜸𝜸𝟓𝟓 or 𝜸𝜸𝒊𝒊 𝒓𝒓 = 𝟎𝟎: local operator
• Same 𝒓𝒓 = |𝒓𝒓| averaged to get the correct 𝑱𝑱𝑷𝑷
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Data analysis

1. Simultaneous correlated fitting to all correlators
Common parameter: 𝒎𝒎𝑯𝑯

2. Fit a simply combined correlator
𝑪𝑪 𝝎𝝎, 𝒕𝒕 = 𝑪𝑪 𝒓𝒓 = 𝟏𝟏, 𝒕𝒕 + 𝝎𝝎𝑪𝑪(𝒓𝒓, 𝒕𝒕)

Adjust 𝒓𝒓 and 𝝎𝝎 to get the best mass plateau
• The two methods give consistent 𝒎𝒎𝑯𝑯

• The result of 𝒎𝒎𝑯𝑯 is insensitive to 𝝎𝝎
• Combine the spectral weights from 𝑪𝑪(𝒓𝒓 = 𝟎𝟎, 𝒕𝒕)

and 𝑪𝑪𝑾𝑾(𝒕𝒕) to get the decay constants
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Mass plateau and fitting results

• Black circles: 𝐶𝐶 𝜔𝜔, 𝑡𝑡 = 𝐶𝐶 𝑟𝑟 = 1, 𝑡𝑡 + 𝜔𝜔𝐶𝐶(𝑟𝑟, 𝑡𝑡)
• 𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚: 𝛿𝛿𝐶𝐶(𝑡𝑡)/C(t)<10%(5%) for V(PS) mesons
• 𝑡𝑡𝑚𝑚𝑖𝑖𝑖𝑖: varied to get stable results, 𝜒𝜒2/dof<1.0
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𝒇𝒇𝑽𝑽𝑻𝑻/𝒇𝒇𝑽𝑽

D*
15

Ds*Bare values



Interp./extrap. to physical point

• 𝒎𝒎𝝅𝝅
𝟐𝟐 , 𝒎𝒎𝒔𝒔𝒔𝒔

𝟐𝟐 ≡ 𝟐𝟐𝟐𝟐𝑲𝑲
𝟐𝟐 −𝒎𝒎𝝅𝝅

𝟐𝟐 and 𝒎𝒎𝑫𝑫𝒔𝒔 are used to set the 
physical quark masses

• Our quark masses are close to their physical values
• Linear Interp./extrap. in 𝒎𝒎𝝅𝝅

𝟐𝟐 , 𝒎𝒎𝒔𝒔𝒔𝒔
𝟐𝟐 and 𝒎𝒎𝑫𝑫𝒔𝒔

• For a meson mass or decay constant:

∆𝑚𝑚2 = 𝑚𝑚2 −𝑚𝑚𝑝𝑝𝑝𝑝𝑝
2 ,      ∆𝑚𝑚𝐷𝐷𝑠𝑠 = 𝑚𝑚𝐷𝐷𝑠𝑠 − 𝑚𝑚𝐷𝐷𝑠𝑠

𝑝𝑝𝑝𝑝𝑝

• Supported by the data with good 𝝌𝝌𝟐𝟐/dof
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Interp./extrap. to physical point

𝒎𝒎𝑫𝑫
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𝒇𝒇𝑫𝑫𝒔𝒔



RI/(S)MOM renormalization

• Renormalization constants are needed to get 
• 𝒇𝒇𝑷𝑷 using the local axial vector current
• 𝒇𝒇𝑽𝑽 using the local vector current
• 𝒇𝒇𝑽𝑽𝑻𝑻 from the tensor operator

• RI/MOM and RI/SMOM schemes are used and 
matched to the MS scheme

• Two schemes are used to get more control on the 
systematics
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RI/(S)MOM
• RI-MOM with Ward Identity

• 𝒁𝒁𝑨𝑨 from WI: 𝝏𝝏𝝁𝝁𝑨𝑨𝝁𝝁 = 𝟐𝟐𝒎𝒎𝒒𝒒𝑷𝑷
• Then calculate 𝒁𝒁𝒒𝒒 and others
• 𝒑𝒑𝟏𝟏 = 𝒑𝒑𝟐𝟐

• RI-SMOM with WI
• 𝒁𝒁𝑨𝑨 from WI, then determine the other Z-factors
• 𝒑𝒑𝟏𝟏𝟐𝟐 = 𝒑𝒑𝟐𝟐𝟐𝟐 = (𝒑𝒑𝟏𝟏 − 𝒑𝒑𝟐𝟐)𝟐𝟐= 𝒒𝒒𝟐𝟐

• Nonperturbative effects are suppressed by 1/𝒑𝒑𝟔𝟔

• Conversion ratio 𝒁𝒁𝐌𝐌𝐌𝐌/𝒁𝒁𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒 may converge faster than 
𝒁𝒁𝐌𝐌𝐌𝐌/𝒁𝒁𝐌𝐌𝐌𝐌𝐌𝐌, true for Zs

• Less momentum modes satisfy the symmetric condition
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Renormalization of overlap quark bilinear 
operators

• Matching hadronic matrix elements calculated on the 
lattice to the continuum

�𝝍𝝍𝜞𝜞𝝍𝝍, 𝜞𝜞 = 𝑰𝑰,𝜸𝜸𝟓𝟓,𝜸𝜸𝝁𝝁,𝜸𝜸𝝁𝝁𝜸𝜸𝟓𝟓,𝝈𝝈𝝁𝝁𝝁𝝁
• 81 configurations are used

• Point source quark propagators in Landau gauge
• “democratic” condition used in RI/MOM

Bi et al., arXiv:1710.08678(PRD97.094501)
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𝒁𝒁𝑽𝑽/𝒁𝒁𝑨𝑨 and 𝒁𝒁𝑺𝑺/𝒁𝒁𝑷𝑷
• 𝒁𝒁𝑽𝑽 = 𝒁𝒁𝑨𝑨 and 𝒁𝒁𝑺𝑺 = 𝒁𝒁𝑷𝑷 are expected and 

confirmed for overlap fermions

2 GeV

Bi et al., arXiv:1710.08678
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𝒁𝒁𝑺𝑺

• 𝒁𝒁𝑺𝑺 in the RI/MOM, RI/SMOM and 𝐌𝐌𝐌𝐌 schemes
• 𝒁𝒁𝑺𝑺𝐌𝐌𝐌𝐌/𝒁𝒁𝑺𝑺𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒 converges much faster than 𝒁𝒁𝑺𝑺𝐌𝐌𝐌𝐌/𝒁𝒁𝑺𝑺𝐌𝐌𝐌𝐌𝐌𝐌

(corresponding sys. error: 1.5%→0.2%)
• However 𝑶𝑶((𝒂𝒂𝟐𝟐𝒑𝒑𝟐𝟐)𝟐𝟐) discretization effects seem large

Bi et al., arXiv:1710.08678
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𝒁𝒁𝑻𝑻 and the final results

• (Above) 𝒁𝒁𝑻𝑻 in the RI/MOM, RI/SMOM and 𝐌𝐌𝐌𝐌 schemes
• (Below) Final results for all renormalization constants

Bi et al., arXiv:1710.08678
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Preliminary results (stat. + ren. errors)

• The masses are (0.2-1%) higher than experiments
• 𝒇𝒇𝑫𝑫𝒔𝒔 agrees with FLAG2016 (𝑵𝑵𝒇𝒇 = 𝟐𝟐 + 𝟏𝟏)
• 𝒇𝒇𝑫𝑫 agrees with FLAG2016 (2+1): 209.2(3.3) MeV
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𝑫𝑫 𝑫𝑫∗ 𝑫𝑫𝒔𝒔 𝑫𝑫𝒔𝒔
∗

𝒇𝒇𝑴𝑴/MeV 213(1) 235(3) 248(2) 275(5)
𝒇𝒇𝑽𝑽𝑻𝑻/𝒇𝒇𝑽𝑽 0.91(3) 0.92(3)

Mass/MeV 1874(1) 2028(2) - 2121(2)
Mexp/MeV 1869.6 2010.3 1968 2112



Preliminary results

• Test of HQET: 𝒇𝒇_𝑽𝑽/𝒇𝒇_𝑷𝑷𝑷𝑷 = 𝟏𝟏 + 𝑶𝑶(𝟏𝟏/𝒎𝒎𝑸𝑸)
• ~10%:  𝒇𝒇𝑫𝑫∗/𝒇𝒇𝑫𝑫 = 1.10(3),   𝒇𝒇𝑫𝑫𝒔𝒔∗/𝒇𝒇𝑫𝑫𝒔𝒔 = 1.11(2)

• SU(3) flavor symmetry breaking
• ~17%: ⁄𝒇𝒇𝑫𝑫𝒔𝒔 𝒇𝒇𝑫𝑫 = 𝟏𝟏.𝟏𝟏𝟏𝟏(𝟏𝟏),   ⁄𝒇𝒇𝑫𝑫𝒔𝒔∗ 𝒇𝒇𝑫𝑫∗ = 𝟏𝟏.𝟏𝟏𝟏𝟏(𝟑𝟑)

• 𝒇𝒇𝑽𝑽𝑻𝑻/𝒇𝒇𝑽𝑽 for 𝑫𝑫∗ and 𝑫𝑫𝒔𝒔
∗ are inputs for LCSR in 

calculations of 𝑩𝑩 → 𝑽𝑽 form factors at low 𝒒𝒒𝟐𝟐
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𝒇𝒇𝑫𝑫∗and 𝒇𝒇𝑫𝑫𝒔𝒔∗

• HPQCD, PRL112, 212002 (2014)   2 lattice spacings, 2+1-flavor

• ETMC, PRD96, 034524 (2017)              3 𝒂𝒂’s, 2+1+1-flavor

• Becirevic et al., JHEP02 (2012) 042     4 𝒂𝒂’s, 2-flavor

• Blossier, Heitger, Post (1803.03065)   2 a’s, 2-flavor, Clover fermions
26



Summary

• 𝒇𝒇𝑫𝑫(𝒔𝒔)
(∗) and 𝒇𝒇𝑫𝑫(𝒔𝒔)

∗
𝑻𝑻 /𝒇𝒇𝑫𝑫(𝒔𝒔)

∗ are calculated with overlap 
on domain wall fermion configurations

• RI/(S)MOM are used for renormalization
• More lattice spacings are needed to better control 

discretization effects
• Finalize systematic uncertainties
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Summary

• 𝒇𝒇𝑫𝑫(𝒔𝒔)
(∗) and 𝒇𝒇𝑫𝑫(𝒔𝒔)

∗
𝑻𝑻 /𝒇𝒇𝑫𝑫(𝒔𝒔)

∗ are calculated with overlap 
on domain wall fermion configurations

• RI/(S)MOM are used for renormalization
• More lattice spacings are needed to better control 

discretization effects
• Finalize systematic uncertainties
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Thanks for your attention!
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