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Wakefield generation equations

Starting from Maxwell's equations and Fluid equations:

eoV - B =mn,q; + neqe
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Wakefield generation equations

Assume a cold (no temperature) hydrogen plasma (g; = +e,

Qe = -€), With no magnetic fields te - ¢
eV - E = nz&}\z # nege (1)
VxE=—B (2
% > B=0 (3)
ﬁ()_lv X1 = nz‘%ﬁ(‘{i T Ne(deVe __TEE (4)
OV | \

m;n; atj | (Vj ° V)Vj = N;4q; (E -+ Vi X B) —‘% —+ TLjF (5)
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8; -V (nv;) =0 (6)

7 € {i, e} refers to the species; ions or electrons



Wakefield generation equations

Assume a cold (no temperature) hydrogen plasma (g; = +e,
Qe = -€), With no magnetic fields

eV - E =e(n; —ne) (1)
OV; ]
m; 8; F (v V)vi| =g E+F (5)
on ;
SV (v = 0 6)

7 € {1, e} refers to the species; ions or electrons

We are left with Gauss, Newton and Continuity Equations
but what is F?



Driver Is elther laser or particle beam
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Ponderomotive force
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Consider the effect of a laser on plasma electrons, starting with:

ov e %J\« [TROY =& 3

Y - (v - V:—E(E—I—"VXB)

where the second term on each side is non-linear. To first order
we can ignore these terms to give,
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Writing B = V X A = (mc/e)V x a and using v; =~ ca, the
second term becomes:

€ (v« B) = < (cax (me/e)V x 8) = c*(a x (V x a)

= ¢* (%v(f — (a- V)a)
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5 = € (8/{)30 <§Va (aﬁa) = =50 Va
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S0 that the ponderomotive force F,, = m 57 is given by:
1 © ()\QJDV"\O’&V@
F, = ——mc*Va* P~
2 force

Often we take the time-average of a?, since we know that the
fast motion tends to time-average to nothing, i.e. {(a*) = %aOQ.

SO

1 2 2
F, = —ZMCQVCLQQ — 4:M2 VE02 — c

Vi
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where [ is the peak intensity. The three expressions are identi-
cal and all say that the force acts away (due to the minus sign)
from regions of high intensity.



For laser beam
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F, = ——mc*Va* (Ponderomotive)



For particle beam
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Fp = ¢;Ep (space charge force)
with ¢V - Ey, = pp




loNns assumed to be Immonbile

— =F,+Fy (Motion)




loNns assumed to be Immobile

— =F,+Fy (Motion)




Space-charge forcing electrons
pack

— =F, + Fy, (Motion)
V- -E=—e(n.—n;)/eg (Gauss)






(motion)

(Gauss)

(continuity)



In one (x-) dimension;

1 ,0a*
Fp — —§mc %

and

Fy =~ [ p@)/eoda,



lons Immobile, and electrons move only In x

one dimensional : £ = E,; p = mu,

also take n; = ng

ong A AR O]

w2 L 200 [o@)edr  (motion
8t — & ch (’)x (& p €T €0 €T 1IMOT101
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% — @(no — ne)/EO (Gauss)
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5% T s (nev) =0 (continuity)



Linearise; assume small perturbations:

Ne = Ng + N1 ; V= Uq; E = F; L{W EG) wo
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Assume products of perturbations are negligible:

mo - = —eFq1 — 5 M o e/p(a:')/eo dx (motion)
OF

8—:1:1 = —enq /€ (Gauss)
5’n1 | 8?)1 B . .
5 troo = 0 (continuity)
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Take spatial derivative of (motion) and time derivative of
(continuity)

82”01 8E1 1 9 82&2 .
Mo o = e o — 5me epy/ €o (motion)
b
% = —en1 /€ (Gauss)
2 2
8(9;1 no gxglt =0 (continuity)
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Eliminate E1 and v4

/\‘/822)1 oF; 1 26’2a2 / (motion)
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Simplify:

= e“n — —
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Quasistatic approximation : £ = x — ct
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Linear waketfield generation equation in quasi static frame:

C 652 - Wp M1 = 5%00 852 Wp Ty
0%ny 5 1 0%a* 5
9e -k ng = 5710 9e kp g

where k, =w,/c=21/\,



Can be rewritten in terms of £ and ¢:

UsingE:—/Enldx andgb:—/de
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Solving for E with a laser driver:

0% E4
0&?

1 eng Oa?

26() (95

N =

Can solve directly using Green’s functions:

& CL2 /
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Solving for E with a laser driver:

0° Ey L 2p 1 eng Da?
D NPT,

But its instructive to take a trial laser shape:

a = ag sin(b) 0< &< m/b

a* = ag sin (b2§)

0
(’;f =2a;bsin(b) cos(b) N

= bag sin (2b¢) o
Here L = z/b is the pulse length
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Substituting for the ponderomotive force:

0% E4
0&?

1 €T

-k, F = bag sin (2b€)

260

Clearly only resonant if 2b = kp

aZEl 1 eno . ‘A,

I -ky By = 1 e kpag sin (ky¢) 730\:{)
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Solving: s\ o een\ing A

) (hie\d 0k SIOUDY
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Wakefield generation

Solving (in 1D):

%—? = —ny (Gauss’ Law)

6’n1 - 8(n65) . .

9 T o (Continuity)
o5 1 0(a?) ,

(1 — 5)8_6: =eF T ac (Motion)

~ S — RlodrUSHC etlerls
Wenghading) conveciyre

where 8 =v/c, n; = dn/ng, and E = E ¢/ Eg

(or alternatively me., ¢, €g, ¢ all normalised to 1).



Wakefield generation

Solving (in 1D):
LN EARSLA & I O\/V\(&S(&O\/{\'( Lame

oF — —ny (Gauss’ Law)

ag/v

N1 — 71()6 (COIltiIlU.ity)

0B O(a?) .

2 = eF o (Motion)
Assuming 8 < 1, n1 < no ne = no(1 + )

Have coupled equations in £ and [ to solve



Wakefield generation
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Wakefield generation
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Double pulse excitation
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Double pulse excitation
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Multl pulse excitation
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Multl pulse excitation
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J. Cowley, et al, Excitation and Control of Plasma Wakefields by Multiple Laser Pulses, Phys. Rev. Lett. 119,
044802 (2017).



Beamloading

n,=0.0100
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Beamloading
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Wakefield Generation Summary

Wake can be driven by ponderomotive force of laser or
space-charge force of particle beam

Wake amplitude maximised for L ~ Ap (Liwam ~ Ap/2)
In linear regime, at resonance wake amplitude E/Eo ~ ao?

Secondary pulses can be used to enhance waketfield or
to eliminate |it.



