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30 Study of Electroweak Interactions at the Energy Frontier
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Figure 1-11. MSSM parameter scan for MW and sin
2 ✓`e↵ (see text). Today’s 68% C.L. ellipses (from

Ab

FB(LEP), A
e

LR(SLD) and the world average) are shown as well as the anticipated LHC and ILC/GigaZ
precisions, drawn around today’s central value.

based on Ae

LR
by SLD and Ab

FB
by LEP, corresponding to

Ab

FB
(LEP) : sin2 ✓`

exp,LEP

e↵
= 0.23221± 0.00029 , (1.14)

Ae

LR
(SLD) : sin2 ✓`

exp,SLD

e↵
= 0.23098± 0.00026 , (1.15)

sin2 ✓`
exp,aver.

e↵
= 0.23153± 0.00016 , (1.16)

where the latter one represents the average [3]. The first (second) value prefers a value of MSM

H
⇠

32 (437) GeV. The two measurements di↵er by about 3�. The averaged value of sin2 ✓`e↵ , as given in
Eq. 1.16, prefers MSM

H
⇠ 110 GeV. One can see that the current averaged value is compatible with the

SM with MSM

H
⇠ 125.6 GeV and with the MSSM. The value of sin2 ✓`e↵ obtained from Ae

LR
(SLD) clearly

favors the MSSM over the SM. On the other hand, the value of sin2 ✓`e↵ obtained from Ab

FB
(LEP) together

with the MW data from LEP and the Tevatron would correspond to an experimentally preferred region
that deviates from the predictions of both models. This unsatisfactory solution can only be resolved by
new measurements. The anticipated LHC accuracy for sin2 ✓`e↵ would have only a limited potential to
resolve this discrepancy, as it is larger than the current uncertainty obtained from the LEP/SLD average.
On the other hand, a Z factory, i.e. the GigaZ option, would be an ideal solution, as is indicated by the
red ellipse. The anticipated ILC/GigaZ precision of the combined MW –sin2 ✓`e↵ measurement could put
severe constraints on each of the models and resolve the discrepancy between the Ab

FB
(LEP) and Ae

LR
(SLD)

measurements. If the central value of an improved measurement with higher precision should turn out to
be close to the central value favored by the current measurement of Ab

FB
(LEP), this would mean that the

electroweak precision observables MW and sin2 ✓`e↵ could rule out both the SM and the most general version
of the MSSM.

Community Planning Study: Snowmass 2013

Baak et al., arXiv:1310.6708, Snowmass 2013, EW WG

Relevance of new high-precision measurement of EW parameters

The precision measurement of MW and sin²θeff  with an error of 5 MeV and 0.00010 
(formidable challenges!)
would offer a very stringent test of the SM likelihood



The weak mixing angle(s): definitions

• on-shell definition:   

• MSbar definition:   

• the prediction of the weak mixing angle can be computed in different renormalisation schemes
    differing for the systematic inclusion of large higher-order corrections

sin2 ✓OS = 1� m2
W

m2
Z

Gµp
2

=
g2

8m2
W

�! ŝ2ĉ2 =
⇡↵p

2Gµm2
Z(1��r̂)

ŝ2 ⌘ sin2 ✓̂

definition valid to all orders

weak dependence on top-quark
corrections

Awramik, Czakon, Freitas, hep-ph/0608099�4
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sin2 ✓lep
eff

= (m2
Z
) sin2 ✓OS = ̂(m2

Z
) sin2 ✓̂

• the effective leptonic weak mixing angle enters in the definition of the effective Z-f-fbar vertex
    at the Z resonance

Meff
Zl+l� = ūl�↵

⇥
Gf
v (m

2
Z)� Gf

a (m
2
Z)�5

⇤
vl"

↵
Z

    and can be computed in the SM (or in other models) in different renormalisation schemes

available perturbation order. By varying thus the scale µ of mt,MS in the O(α2) contributions
between m2

t/2 < µ2 < 2m2
t one obtains an error estimate for the O(α2αs) contributions

between 0.1 and 3.9 × 10−5, depending on the value of MH for 10 GeV < MH < 1000 GeV.
Similarly, by varying αs(µ) in the O(αα2

s ) corrections between m2
t/2 < µ2 < 2m2

t leads to
an error estimate for the O(αα3

s) contributions of less than 10−6, see Tab. 4.
An independent third estimate of the error of the O(α2αs) and O(α3) contributions can

be obtained from the existing leading terms in the expansion for large top quark mass.
Experience from the O(α2) corrections suggests that for moderate values of MH, the leading
mt-term and the remaining non-leading terms are of similar order. These contributions are
shown in the last column of Tab. 4.

As evident from the table, all methods give results of similar order of magnitude, while
the geometric progression method tends to lead to the largest error evaluation. The total
estimated error is therefore computed by summing in quadrature the error from different
contributions obtained by this method. It is found to amount to δthsin

2 θlept
eff = 4.7 × 10−5.

5.3 Parametrization formulae

Following Ref. [26], the numerical results are expressed in terms of a fitting formula, which
reproduces the exact calculation with maximal and average deviations of 4.5 × 10−6 and
1.2 × 10−6, respectively, as long as the input parameters stay within their 2σ ranges and
the Higgs boson mass in the range 10 GeV ≤ MH ≤ 1 TeV. For the sake of comparability
with the result of Ref. [26], the slightly outdated central values for the experimental input
parameters used there are also kept in the formula

sin2 θf
eff = s0 + d1LH + d2L

2
H + d3L

4
H + d4(∆

2
H − 1) + d5∆α

+ d6∆t + d7∆
2
t + d8∆t(∆H − 1) + d9∆αs

+ d10∆Z ,
(48)

with

LH = log

!

MH

100 GeV

"

, ∆H =
MH

100 GeV
, ∆α =

∆α

0.05907
− 1,

∆t =
# mt

178.0 GeV

$2
− 1, ∆αs

=
αs(MZ)

0.117
− 1, ∆Z =

MZ

91.1876 GeV
− 1.

(49)

The values of the coefficients for the effective leptonic weak mixing angle sin2 θlept
eff are given

in the second column of Tab. 5. This parametrization includes all relevant known corrections
at this time, as in eq. (46).

For some purposes, it is however useful to have a numerical result for the two-loop
electroweak form factors ∆κ and ∆r alone. For ∆κ, the following parametrization provides
a good approximation,

∆κ(α2) = ∆α ∆κ(α) + ∆κ(α2)
rem , (50)

∆κ(α2)
rem = k0 + k1LH + k2L

2
H + k3L

4
H + k4(∆

2
H − 1) + k5∆t + k6∆

2
t + k7∆tLH

+ k8∆W + k9∆W∆t + k10∆Z ,

(51)
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• the parameterization of the full two-loop EW calculation is

f e, µ, τ νe,µ,τ u, c d, s

s0 0.2312527 0.2308772 0.2311395 0.2310286

d1 [10−4] 4.729 4.713 4.726 4.720

d2 [10−5] 2.07 2.05 2.07 2.06

d3 [10−6] 3.85 3.85 3.85 3.85

d4 [10−6] −1.85 −1.85 −1.85 −1.85

d5 [10−2] 2.07 2.06 2.07 2.07

d6 [10−3] −2.851 −2.850 −2.853 −2.848

d7 [10−4] 1.82 1.82 1.83 1.81

d8 [10−6] −9.74 −9.71 −9.73 −9.73

d9 [10−4] 3.98 3.96 3.98 3.97

d10[10−1] −6.55 −6.54 −6.55 −6.55

Table 5: Coefficient of the fitting formulae eq. (48) for different final states f f̄ .

electroweak corrections are still missing, since they involve new topologies with additional
top-quark propagators.

Since the numerical effect of the fermionic electroweak two-loop corrections is much larger
than the corresponding bosonic contributions, only the fermionic O(α2) diagrams are taken
into account. As before, the complete one-loop corrections and the (flavor independent)
contributions of order O(ααs), O(αα2

s ), O(α2αsm4
t ) and O(α3m6

t ) are also included.
As before, the numerical results are expressed through the parametrization in eq. (48),

which reproduces the exact calculation with maximal deviations of 4.5 × 10−6, when the
input parameters stay within their 2σ ranges and the Higgs boson mass in the range 10 GeV
≤ MH ≤ 1 TeV. The values of the coefficients for the various final state flavors are listed in
Tab. 5.

5.5 Implementation into global Standard Model fits

The fermionic two-loop corrections and some higher-order contributions as listed in eq. (46)
are implemented in the current version 6.42 of the program Zfitter [35,71], which is widely
used for global fits of the Standard Model to electroweak precision data [67]. Due to the
complexity of the two-loop computation, the implementation of the exact result was not
possible, so that instead the numerical fitting formula eq. (48) was included in the code.
More details can be found in Ref. [71].

The fitting formula has been incorporated exactly only for the leptonic effective weak

mixing angle sin2 θlept
eff , i.e. for the Zl+l− vertex. Results for other light flavors f = u, d, c, s, ν

in the final state are implemented in an approximate way, which reproduces the complete

24

4 |Qf |sin2 θℓ
eff = 1 − Re ( 𝒢v(m2

Z)
𝒢a(m2

Z) )

http://arxiv.org/abs/hep-ph/0608099
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The LEP/SLD legacy: two distinct approaches

· SM prediction of cross sections and asymmetries and comparison with data (SM test)

         SM prediction of xsecs and asym. computed as a function of (α, Gmu, MZ; mt, MH)

                                 mt and MH fit to the data to maximise the agreement

           with best values for the input parameters, 

                     sin²θeff has been computed in the SM using Zfitter/TOPAZ0
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                                 mt and MH fit to the data to maximise the agreement

           with best values for the input parameters, 

                     sin²θeff has been computed in the SM using Zfitter/TOPAZ0

·Extraction of sin²θeff from pseudo-observables introduced to describe the Z resonance

         parameterisation of xsecs and asym in terms of pseudoobservables

         

         fit of the model to the data   → experimental values of the pseudoobservables

         tree-level relation between the Z decay widths and the ratio gv/ga → effective angle

             → algebraic solution for sin²θeff 
·The sin²θeff determination from pseudo-observables depended on:

         deconvolution of large universal QED/QCD corrections (Zfitter/TOPAZ0)

         subtraction of SM non-factorisable contributions (Zfitter/TOPAZ0)

                    checked to be small compared to the LEP/SLD precision target

                     → factorised expression (initial)x(final) form factors

         high precision in the measurement of the xsec e+e- → hadrons

         separation of individual flavours
!6

mZ, ΓZ, σ0
had, R0

e , R0
μ, R0

τ , A0,e
FB , A0,μ

FB , A0,τ
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Measurement of sin²θeff in the LHC framework

AFB(Ml+l�) =
F (Ml+l�)�B(Ml+l�)
F (Ml+l�) + B(Ml+l�)

F (Ml+l�) =
� 1

0

d⇥

d cos ��
d cos �� B(Ml+l�) =

� 0

�1

d⇥

d cos �⇥
d cos �⇥
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Input parameters for Ang.Coeff.

PDFs: PDF4LHC NNLO Hessian 30 member set 
Choice of electroweak input parameters:{Mos

Z , Mos
W , Gµ

F }

In this scheme         is a derived parameter:sos,2w

sos,2w = 1� Mos,2
W

Mos,2
Z

⇡ 0.223

Problem for observables proportional to vector coupling (A3,A4)

/ 2

3
gupV +

1

3
gdoVCross section for these contributions is

⇡ 0.031C
⇥
s2w = 0.230

⇤

⇡ 0.043C
⇥
s2w = 0.223

⇤

Include the leading one- and two-loop universal corrections 
relating MW-MZ, allows for matching to EW corrections
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Measurement of sin²θeff in the LHC framework
A few differences compared to the LEP measurement and analysis framework

     ·the initial state is a mixture, weighted by PDFs, of different quark flavours

               → PDF uncertainty + problems to disentangle individual Z decay widths

     ·the precision on the Z peak cross section is lower than the one at LEP for e+e-→hadrons

                → σhad was at LEP an important constraint of the pseudo-observable fit

     ·the experimental analysis might involve an invariant mass window (instead of only q²=MZ²)

                → non-factorisable contributions might spoil the factorisation (initial)x(final) form factors

!9

→ it is not obvious that the LEP approach in terms of pseudo-observables   can be pursued at LHC

→ a template fit approach in the full SM to analyse the data would offer a well defined procedure

     to extract sin²θeff

     to assign the associated theoretical uncertainties

     it requires some technical developments
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What can we measure in a scattering process?

Cross sections and asymmetries are observables based on a counting procedure → always available

The determination of other parameters (masses, coupling constants) requires 

     ·the choice of a model  (e.g. the SM)

     ·the choice of an input scheme linking 

              the renormalised lagrangian parameters to experimental observables

     

→ only the input parameters can be measured in a fit to the data, 

     because they are the only quantities that can be freely varied

→ any derived quantity is computable in terms of the input param’s 

     → is fixed → can not be measured

!10
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Commonly used electroweak input schemes

(g, g0, v) ! (↵0, Gµ,mZ) LEP scheme:  minimal parametric uncertainty in the predictions
                    Z and γ diagrams have their “natural” coupling
                    MW and sin²θW  are predictions,  can not be fitted

(g, g0, v;�) + 9 yukawa couplings + 4 CKM param’s � ! mH = v
p

�/2

The gauge sector is parameterised by 3 independent couplings (g, g’, v)  .   
Any other observable can/must be computed in terms of these 3 couplings.

Different possibilities to express (g, g’, v) in terms of measured quantities.

! (Gµ,mW ,mZ) Gmu scheme:  MW is a free parameter which can be fitted
                      
                      independent of light-quark masses
                      it reabsorbs large logarithmic corrections

                      α and sin²θW  are predictions,  can not be fitted

! (↵0,mW ,mZ) α₀ scheme:     dependent on the light-quark masses
                      receives large logarithmic corrections

In these schemes the weak mixing angle is not an input, is predicted → is fixed → can not be measured
→ we need a scheme with sin²θeff among the input param’s  

!11
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An electroweak scheme with (Gmu, MZ, sin²θeff) as inputs

2

Input scheme definitions

A set of three commonly adopted SM lagrangian in-
put parameters in the gauge sector is e,MW ,MZ , which
have to be expressed in terms of three measured quanti-
ties, whose choice defines a renormalization scheme. The
relation between e,MW ,MZ and the reference measured
quantites has to be evaluated at the same perturbative
order of the scattering amplitude calculation at hand and
allows to fix the renormalization conditions. The usual
set of reference measured quantities are: ↵,MW ,MZ ,
which defines the on-shell scheme; ↵(MZ),MW ,MZ ,
which is a variant of the on-shell scheme which reabsorbs
the large logarithmic contributions due to the running of
the electromagnetic coupling from the scale 0 to MZ [16];
Gµ,MW ,MZ , which defines the Gµ scheme and is partic-
ularly suited to describe Drell-Yan processes at hadron
colliders because it allows to include a large part of the
radiative corrections in the LO predictions, guaranteeing
a good convergence of the perturbative series. For a de-
tailed description of these schemes cfr. ref. [17]. The
presence of MW among the input parameters is a nice
feature in view of a direct MW measurement at hadron
colliders via a template fit method, as described above.
On the other hand, these schemes are not suited for
high precision predictions, because of the “large” para-
metric uncertainties stemming from the present experi-
mental precision on the knowledge of MW . In fact, for
NC DY precise predictions, a LEP style scheme with
↵, Gµ,MZ would be preferred. However, in view of a
direct SM determination of the quantity sin2 ✓`eff , also

this scheme has its own shortcomings, because sin2 ✓`eff
is a calculated quantity and can not be treated as a
fit parameter. With the aim of a direct sin2 ✓`eff SM
determination, we discuss an alternative scheme, which
includes the weak mixing angle as an input parameter,
sin2 ✓, together with e and MZ . The experimental refer-
ence data are the Z boson mass value measured at LEP,
the fine structure constant ↵ and sin2 ✓`eff as defined
at LEP at the Z resonance. An additional possibility
discussed in the following is to replace ↵ with Gµ. We
will refer to these two choices as the (↵,MZ , sin

2 ✓`eff )

and the (Gµ,MZ , sin
2 ✓`eff ) input schemes. At tree level

sin2 ✓ = sin2 ✓`eff . The quantity sin2 ✓`eff is defined in
terms of the vector and axial-vector couplings of the Z
boson to leptons glV,A, measured at the Z boson peak, or

alternatively the chiral electroweak couplings glL,R and
reads (at tree level) [18]:

sin2 ✓leff =
I l3
2Ql

✓
1�

glV
glA

◆
=

I l3
Ql

✓
�glR

glL � glR

◆
, (1)

where

glL =
I l3 � sin2 ✓leff Ql

sin ✓leff cos ✓
l
eff

, glR = �
sin ✓leff
cos ✓leff

Ql . (2)

I l3 = ±
1
2 is the third component of the weak isospin and

Ql is the electric charge of the lepton in units of the
positron charge.

Renormalization

We implement the one loop renormalization of the
three input parameters by splitting the bare ones into
renormalized parameters and counterterms

M2
Z,0 = M2

Z + �M2
Z (3)

sin2 ✓0 = sin2 ✓`eff + � sin2 ✓`eff (4)

e0 = e(1 + �Ze) (5)

where the bare parameters are denoted with subscript
0. The counterterms �M2

Z and �Ze are defined as in the
usual on-shell scheme. Complete expressions are given
in Eqs. (3.19) and (3.32) of Ref. [19]. The counterterm
� sin2 ✓`eff is defined by imposing that the tree-level re-

lation Eq. (1) holds to all orders. Considering the Zll̄
vertex, the couplings gfL,R, neglecting the masses of the

lepton l, are replaced by the form factors GL,R(q2) [9]
once radiative corrections are accounted for. The e↵ec-
tive weak mixing angle has been defined at LEP/SLD by
taking the form factors at q2 = M2

Z : QUESTION: in

the LEP definition the real parts were taken in

numerator and denominator separately (e.g. Eq.

12 of Bardin-Passarino-Gruenewald)

sin2 ✓`eff ⌘
I l3
Ql

Re

✓
�G

l
R(M

2
Z)

Gl
L(M

2
Z)� Gl

R(M
2
Z)

◆
. (6)

The form factors Gi can be computed in the SM in any
input scheme that does not contain sin2 ✓`eff as input
parameter, yielding in turn, via Eq.(6), a prediction for
sin2 ✓`eff , as discussed at length in Refs. [20, 21].
In this paper instead we consider the weak mixing an-

gle as an input parameter. In order to fix its renormal-
ization condition, we write the relation between the bare
coupling and its expression in terms of form factors at
a given perturbative order, with bare masses and cou-
plings.

sin2 ✓0 =
If3
Qf

Re

 
�G

f
R(M

2
Z)

G
f
L(M

2
Z)� G

f
R(M

2
Z)

!�����
0

. (7)

We replace all the bare couplings with the renormalized
ones and the associated counterterms, Eqs. (3-5):

sin2 ✓`eff +� sin2 ✓`eff =
I l3
Ql

Re

✓
�glR � �glR

glL � glR + �glL � �glR

◆
.

(8)
where �glL,R represent the e↵ect of radiative corrections,
expressed in terms of renormalized quantities and related
counterterms. We do not consider NLO QED corrections

The weak mixing angle is related to the left- and right-handed (vector and axial-vector)
       couplings of the Z boson to fermions

The radiative corrections (expressed with bare constants) yield left- and right-handed form factors; 
we focus on the scale q²=MZ²  

3

because they factorize on form factors and therefore do
not a↵ect the sin2 ✓leff definition. The e↵ective weak
mixing angle is defined to all orders by the request that
the measured value coincides with the tree-level expres-
sion; in other words, the radiative corrections that could
be reabsorbed into a redefinition of an e↵ective mixing
angle are exactly cancelled, order by order, by the coun-
terterm, which reads, at O(↵)

� sin2 ✓`eff = �
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`
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2
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From the O(↵) corrections to the vertex Z ! `+`� we
obtain
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where ⌃AZ
T (M2

Z) contains the fermionic and bosonic con-
tributions to the �Z self-energy corrections, while the
second line of Eq. (10) stems from the vertex correc-
tions and counterterm contributions. We remark that
the �Z self-energy does not contain enhanced terms pro-
portional to m2

t . The bosonic contributions in Eq. (10)
form a gauge invariant set because they are a linear com-
bination of the corrections to the left- and right-handed
components of the Z decay amplitude into a lepton pair.
The expression of ⌃AZ

T (M2
Z) and �Zl

L/R are given in

Eqs. (B.2) and (3.20) of Ref. [19], respectively. In �Zl
L/R

we suppressed the lepton family indices. The vertex cor-
rections �V L/R are given by
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and the vertex functions Va and Vb are given in Eqs. (C.1)
and (C.2) of Ref. [19], respectively.

The renormalization condition that the mea-

sured e↵ective leptonic weak mixing angle

matches the tree-level expression to all orders in

perturbation theory applies, following the LEP

definition, to the ratio of the real part of the

vector and axial-vector form factors. Since the

Green’s functions associated to the Zff̄ vertex

satisfy the Ward identities [22] for an arbitrary

complex value of the weak mixing angle, then dif-

ferent prescriptions can be devised to assign the

imaginary part of the counterterm and, in turn,

of the weak mixing angle at q2 = M2
Z .

The Gµ scheme

The muon decay amplitude allows to establsh a rela-
tion between ↵, Gµ,MZ and sin2 ✓`eff which reads
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2
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p
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(1 +�r̃) . (12)
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We note the appearance of the combination �↵(s)��⇢,
which di↵ers from the corresponding one for �r in the

(↵,MWMZ) on-shell scheme �↵(s)� c2W
s2W

�⇢. The �r̃rem
correction does not contain any term enhanced by a
mt

2 factor, nor large logarithmically enhanced contribu-
tions. Using Eq. 12 to derive an e↵ective electromagnetic
coupling, it is possible to convert results computed in
the (↵,MZ , sin

2 ✓`eff ) scheme in the corresponding ones

in the (Gµ,MZ , sin
2 ✓`eff ) schemes. The �⇢(1) ⌘ �⇢

term present at O(↵) in this relation accounts for 1-
loop quantum corrections growing like mt

2; the latter
can be resummed to all orders, together with the ir-
reducible 2-loop contributions �⇢(2), computed in the
heavy top limit in Ref. [23]; the replacement Gµ !

Gµ/
�
1��⇢(1) ��⇢(2)

�
thus includes in the predictions

a class of universal higher-order corrections.

THE DRELL-YAN PROCESS

We study at NLO-EW the neutral current (NC)
DY process, in the setup described in [24], with the
POWHEG code [25], focusing on the invariant mass forward-
backward asymmetry AFB(M2

Z). Given the gauge in-
variant separation of photonic and weak corrections, we
focus on the latter to discuss the main features of the
(Gµ,MZ , sin

2 ✓`eff ) schemes, in view of a direct deter-

mination of sin2 ✓`eff . We first consider the impact of
the radiative corrections, for fixed values of all the input
parameters and then we evaluate the parametric uncer-
tainty due to a variation of the top mass mt. Both e↵ects
contribute to limit the precision of the predictions of the
DY distributions. We eventually consider the sensitiv-
ity of the latter to a variation of the sin2 ✓`eff value, for
a fixed choice of all the other inputs. We compare the
results of the (Gµ,MZ , sin

2 ✓`eff ) and of the traditional
(Gµ,MW ,MZ) schemes.
The absolute change �AFB of AFB(M2

Z) computed
with NLO weak virtual corrections with respect to the

2

Input scheme definitions

A set of three commonly adopted SM lagrangian in-
put parameters in the gauge sector is e,MW ,MZ , which
have to be expressed in terms of three measured quanti-
ties, whose choice defines a renormalization scheme. The
relation between e,MW ,MZ and the reference measured
quantites has to be evaluated at the same perturbative
order of the scattering amplitude calculation at hand and
allows to fix the renormalization conditions. The usual
set of reference measured quantities are: ↵,MW ,MZ ,
which defines the on-shell scheme; ↵(MZ),MW ,MZ ,
which is a variant of the on-shell scheme which reabsorbs
the large logarithmic contributions due to the running of
the electromagnetic coupling from the scale 0 to MZ [16];
Gµ,MW ,MZ , which defines the Gµ scheme and is partic-
ularly suited to describe Drell-Yan processes at hadron
colliders because it allows to include a large part of the
radiative corrections in the LO predictions, guaranteeing
a good convergence of the perturbative series. For a de-
tailed description of these schemes cfr. ref. [17]. The
presence of MW among the input parameters is a nice
feature in view of a direct MW measurement at hadron
colliders via a template fit method, as described above.
On the other hand, these schemes are not suited for
high precision predictions, because of the “large” para-
metric uncertainties stemming from the present experi-
mental precision on the knowledge of MW . In fact, for
NC DY precise predictions, a LEP style scheme with
↵, Gµ,MZ would be preferred. However, in view of a
direct SM determination of the quantity sin2 ✓`eff , also

this scheme has its own shortcomings, because sin2 ✓`eff
is a calculated quantity and can not be treated as a
fit parameter. With the aim of a direct sin2 ✓`eff SM
determination, we discuss an alternative scheme, which
includes the weak mixing angle as an input parameter,
sin2 ✓, together with e and MZ . The experimental refer-
ence data are the Z boson mass value measured at LEP,
the fine structure constant ↵ and sin2 ✓`eff as defined
at LEP at the Z resonance. An additional possibility
discussed in the following is to replace ↵ with Gµ. We
will refer to these two choices as the (↵,MZ , sin

2 ✓`eff )

and the (Gµ,MZ , sin
2 ✓`eff ) input schemes. At tree level

sin2 ✓ = sin2 ✓`eff . The quantity sin2 ✓`eff is defined in
terms of the vector and axial-vector couplings of the Z
boson to leptons glV,A, measured at the Z boson peak, or

alternatively the chiral electroweak couplings glL,R and
reads (at tree level) [18]:

sin2 ✓leff =
I l3
2Ql

✓
1�

glV
glA

◆
=

I l3
Ql

✓
�glR

glL � glR

◆
, (1)

where

glL =
I l3 � sin2 ✓leff Ql

sin ✓leff cos ✓
l
eff

, glR = �
sin ✓leff
cos ✓leff

Ql . (2)

I l3 = ±
1
2 is the third component of the weak isospin and

Ql is the electric charge of the lepton in units of the
positron charge.

Renormalization

We implement the one loop renormalization of the
three input parameters by splitting the bare ones into
renormalized parameters and counterterms

M2
Z,0 = M2

Z + �M2
Z (3)

sin2 ✓0 = sin2 ✓`eff + � sin2 ✓`eff (4)

e0 = e(1 + �Ze) (5)

where the bare parameters are denoted with subscript
0. The counterterms �M2

Z and �Ze are defined as in the
usual on-shell scheme. Complete expressions are given
in Eqs. (3.19) and (3.32) of Ref. [19]. The counterterm
� sin2 ✓`eff is defined by imposing that the tree-level re-

lation Eq. (1) holds to all orders. Considering the Zll̄
vertex, the couplings gfL,R, neglecting the masses of the

lepton l, are replaced by the form factors GL,R(q2) [9]
once radiative corrections are accounted for. The e↵ec-
tive weak mixing angle has been defined at LEP/SLD by
taking the form factors at q2 = M2

Z : QUESTION: in

the LEP definition the real parts were taken in

numerator and denominator separately (e.g. Eq.

12 of Bardin-Passarino-Gruenewald)
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2
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2
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R(M
2
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◆
. (6)

The form factors Gi can be computed in the SM in any
input scheme that does not contain sin2 ✓`eff as input
parameter, yielding in turn, via Eq.(6), a prediction for
sin2 ✓`eff , as discussed at length in Refs. [20, 21].
In this paper instead we consider the weak mixing an-

gle as an input parameter. In order to fix its renormal-
ization condition, we write the relation between the bare
coupling and its expression in terms of form factors at
a given perturbative order, with bare masses and cou-
plings.
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f
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G
f
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f
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2
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0
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We replace all the bare couplings with the renormalized
ones and the associated counterterms, Eqs. (3-5):

sin2 ✓`eff +� sin2 ✓`eff =
I l3
Ql

Re

✓
�glR � �glR

glL � glR + �glL � �glR

◆
.

(8)
where �glL,R represent the e↵ect of radiative corrections,
expressed in terms of renormalized quantities and related
counterterms. We do not consider NLO QED corrections

We introduce the counterterms  and collect their effects together with the one of the diagrams in δgL,R
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Input scheme definitions

A set of three commonly adopted SM lagrangian in-
put parameters in the gauge sector is e,MW ,MZ , which
have to be expressed in terms of three measured quanti-
ties, whose choice defines a renormalization scheme. The
relation between e,MW ,MZ and the reference measured
quantites has to be evaluated at the same perturbative
order of the scattering amplitude calculation at hand and
allows to fix the renormalization conditions. The usual
set of reference measured quantities are: ↵,MW ,MZ ,
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which is a variant of the on-shell scheme which reabsorbs
the large logarithmic contributions due to the running of
the electromagnetic coupling from the scale 0 to MZ [16];
Gµ,MW ,MZ , which defines the Gµ scheme and is partic-
ularly suited to describe Drell-Yan processes at hadron
colliders because it allows to include a large part of the
radiative corrections in the LO predictions, guaranteeing
a good convergence of the perturbative series. For a de-
tailed description of these schemes cfr. ref. [17]. The
presence of MW among the input parameters is a nice
feature in view of a direct MW measurement at hadron
colliders via a template fit method, as described above.
On the other hand, these schemes are not suited for
high precision predictions, because of the “large” para-
metric uncertainties stemming from the present experi-
mental precision on the knowledge of MW . In fact, for
NC DY precise predictions, a LEP style scheme with
↵, Gµ,MZ would be preferred. However, in view of a
direct SM determination of the quantity sin2 ✓`eff , also

this scheme has its own shortcomings, because sin2 ✓`eff
is a calculated quantity and can not be treated as a
fit parameter. With the aim of a direct sin2 ✓`eff SM
determination, we discuss an alternative scheme, which
includes the weak mixing angle as an input parameter,
sin2 ✓, together with e and MZ . The experimental refer-
ence data are the Z boson mass value measured at LEP,
the fine structure constant ↵ and sin2 ✓`eff as defined
at LEP at the Z resonance. An additional possibility
discussed in the following is to replace ↵ with Gµ. We
will refer to these two choices as the (↵,MZ , sin
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and the (Gµ,MZ , sin
2 ✓`eff ) input schemes. At tree level

sin2 ✓ = sin2 ✓`eff . The quantity sin2 ✓`eff is defined in
terms of the vector and axial-vector couplings of the Z
boson to leptons glV,A, measured at the Z boson peak, or
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Renormalization

We implement the one loop renormalization of the
three input parameters by splitting the bare ones into
renormalized parameters and counterterms
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where the bare parameters are denoted with subscript
0. The counterterms �M2

Z and �Ze are defined as in the
usual on-shell scheme. Complete expressions are given
in Eqs. (3.19) and (3.32) of Ref. [19]. The counterterm
� sin2 ✓`eff is defined by imposing that the tree-level re-

lation Eq. (1) holds to all orders. Considering the Zll̄
vertex, the couplings gfL,R, neglecting the masses of the

lepton l, are replaced by the form factors GL,R(q2) [9]
once radiative corrections are accounted for. The e↵ec-
tive weak mixing angle has been defined at LEP/SLD by
taking the form factors at q2 = M2

Z : QUESTION: in

the LEP definition the real parts were taken in

numerator and denominator separately (e.g. Eq.

12 of Bardin-Passarino-Gruenewald)
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The form factors Gi can be computed in the SM in any
input scheme that does not contain sin2 ✓`eff as input
parameter, yielding in turn, via Eq.(6), a prediction for
sin2 ✓`eff , as discussed at length in Refs. [20, 21].
In this paper instead we consider the weak mixing an-

gle as an input parameter. In order to fix its renormal-
ization condition, we write the relation between the bare
coupling and its expression in terms of form factors at
a given perturbative order, with bare masses and cou-
plings.
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We replace all the bare couplings with the renormalized
ones and the associated counterterms, Eqs. (3-5):

sin2 ✓`eff +� sin2 ✓`eff =
I l3
Ql

Re
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�glR � �glR

glL � glR + �glL � �glR
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(8)
where �glL,R represent the e↵ect of radiative corrections,
expressed in terms of renormalized quantities and related
counterterms. We do not consider NLO QED corrections

The request that the tree-level relation holds to all orders fixes the counterterm for sin²θeff 

The renormalised angle is identified with the LEP leptonic effective weak mixing angle
The Z mass is defined in the complex mass scheme.

Δr is evaluated with sin²θeff as input and differs from the usual (α,MW,MZ) expression!12
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Numerical results: setup and definitions
Input parameters chosen as in   S.Alioli et al,  arXiv:1606.02330
No acceptance cuts on the leptons, but Mll>50 GeV

Simulation obtained with the POWHEG QCD+EW code simulating neutral current Drell-Yan process
directory   POWHEG-BOX-V2/Z_ew-BMNNPV
the public release of the implementation is forthcoming

Comparison of the results obtained in two input schemes:
   (Gmu, MZ, sin²θeff)  vs  (Gmu, MW, MZ)

Comparison of the results obtained in two approximations:
   NLO-EW   and   NLO-EW+higher orders  (universal corrections to the ρ parameter)

The plots show the effect of the purely weak  virtual corrections
    (gauge invariant separation between photonic and weak corrections)
     the photonic corrections modify by the same amount left- and right-handed couplings 

The plots show the percentage correction (invariant mass distribution) of the absolute shift (AFB)
Huge cancellations affect the convergence of the MC simulations

!13
All the results are still preliminary!
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AFB sensitivity to the weak mixing angle value

The AFB sensitivity to the precise sin²θeff value sets the experimental precision scale
for a measurement at hadron colliders competitive with LEP

LEP final result:   0.23153(16)

Without acceptance cuts, stronger variation ΔAFB (almost a factor 2) under a given Δsin²θeff change   

We consider relevant all the effects yielding a ΔAFB ~ 1 x 10⁻⁴

The sensitivity is dominated by the LO behaviour
!14
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NLO-EW and higher-order corrections: invariant mass distribution

The radiative corrections in the (Gmu, MZ, sin²θeff)  scheme   are smaller in size
       than in the (Gmu, MW, MZ) scheme

The (Gmu, MZ, sin²θeff) is very stable against additional higher orders

The Z resonance is naturally parameterised in terms of
 a normalisation factor (Gmu), the peak position (MZ) and a line-shape parameter (sin²θeff)
→ the experimental values reabsorb a large fraction of the radiative corrections at q²=MZ²,
     leaving a small remainder away from the peak
     → this scheme is well suited to describe neutral current Drell-Yan

!15
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NLO-EW and higher-order corrections: AFB

The radiative corrections in the (Gmu, MZ, sin²θeff)  scheme   are
       one order of magnitude smaller than in the (Gmu, MW, MZ) scheme

The (Gmu, MZ, sin²θeff) is very stable against additional higher orders

→ any determination of sin²θeff  using this scheme 
          will suffer of small theoretical systematic uncertainties due to missing higher-order corrections

!16
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Parametric uncertainties with mtop: invariant mass distribution
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The mt  dependence in the (Gmu, MZ, sin²θeff) scheme is weaker than in the (Gmu, MW, MZ) scheme

  ·because of the absence of mt² enhancement factors in the radiative corrections after renormalisation

  ·mt² factors are present instead in the (Gmu, MW, MZ) scheme via δMW²

!17
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Parametric uncertainties with mtop: AFB

The mt  dependence in the (Gmu, MZ, sin²θeff) scheme is weaker than in the (Gmu, MW, MZ) scheme

  ·because of the absence of mt² enhancement factors in the radiative corrections after renormalisation

  ·mt² factors are present instead in the (Gmu, MW, MZ) scheme via δMW²

→ any determination of sin²θeff , using this scheme, will suffer of small parametric uncertainties

!18
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Prospects: studies of theoretical systematics on sin²θeff  determination
The presence of sin²θeff among the input parameters allows

        1) to look for the best sin²θeff  value maximising the agreement with the data 

        2) to perform a clean assessment of theoretical systematics on the final result

!19

The definition of a model to fit the data involves several choices

       e.g. PDF set, QCD accuracy, EW accuracy, matching with QCD/QED Parton Shower

can we quantify the result spread w.r.t. different equivalent choices
                        the error due to the missing inclusion of a set of higher-order corrections   ?
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Prospects: studies of theoretical systematics on sin²θeff  determination
The presence of sin²θeff among the input parameters allows

        1) to look for the best sin²θeff  value maximising the agreement with the data 

        2) to perform a clean assessment of theoretical systematics on the final result

!19

The definition of a model to fit the data involves several choices

       e.g. PDF set, QCD accuracy, EW accuracy, matching with QCD/QED Parton Shower

can we quantify the result spread w.r.t. different equivalent choices
                        the error due to the missing inclusion of a set of higher-order corrections   ?

The CERN EW WG subgroup on Drell-Yan precision measurement is addressing a survey 

of all higher-order effects relevant for the sin²θeff  determination
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example:   the role of γ-induced subprocesses

1) evidence of a non-trivial distortion

2) need to translate into a sin²θeff  shift

3) add to the th. error in any analysis not including
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Conclusions

NLO-EW renomalization in a scheme with (Gmu, MZ, sin²θeff) as inputs has been presented

The (Gmu, MZ, sin²θeff)  scheme offers a possibility to perform a consistency test of the SM

finding the best sin²θeff  value compatible with the data 

via template fit of the kinematical distributions in the full SM

This scheme uses as input the effective leptonic weak mixing angle according to the LEP definition

        reabsorbs in the inputs large radiative corrections relevant at the Z resonance

        has a weak dependence on mt

        allows to quantify the impact of residual theoretical uncertainties on the sin²θeff determination

        will soon be available in POWHEG QCD+EW  

!20
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Backup slides
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Results from LEP and SLC: sin²θeff(leptonic)
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Figure 7.6: Comparison of the effective electroweak mixing angle sin2 θlept
eff derived from mea-

surements depending on lepton couplings only (top) and also quark couplings (bottom). Also
shown is the SM prediction for sin2 θlept

eff as a function of mH. The additional uncertainty of the

SM prediction is parametric and dominated by the uncertainties in ∆α(5)
had(m

2
Z) and mt, shown

as the bands. The total width of the band is the linear sum of these effects.
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• good sensitivity to the Higgs mass value 

• tension between SLD and LEP results
• tension between leptonic and b-quark asymmetries
    

an independent measurement at hadron colliders
can help to test the likelihood of the SM
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