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Motivation and Introduction
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Next year, BESII will kick off to search for the QCD critical point 
🔴. (150 years after the terminology “the critical point” was 
coined by Andrews)

RHIC and other facilities worldwide open new experimental 
frontier for the exploration of baryon-rich QCD matter in 
upcoming years!
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Next year, BESII will kick off to search for the QCD critical point 
🔴. (150 years after the terminology “the critical point” was 
coined by Andrews)

RHIC and other facilities worldwide open new experimental 
frontier for the exploration of baryon-rich QCD matter in 
upcoming years!

Theory?

The focus of this talk: recent progresses on understanding 
the qualitative feature and on the development of 
quantitive framework for offequilibrium effect near a 
critical point.
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Equilibration rate of diffusive modes (such as baryon density):
Γ(Q) =

σB

cp
Q2

Larger fluct., smaller relaxation rate.

Different modes, different relaxation rate.

Can we characterize qualitative features for offequilibrium 
evolutions?

Can we quantitatively describe offequilibrium evolution?

The thermal fluctuations are universally enhanced near 🔴.

This leads to enhanced multiplicity fluctuations of hadrons 
produced in heavy-ion collisions. 



“A tale of two parameters”

Akamatsu-Teaney-Yan-YY, 1810.XXXXX

Fanglida Yan, Graduate 
of Stonybrook.
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A tale of two parameters

T

μB

Goal: the parametric dependence of crit. fluctuations on these 
parameters and its implications.

λ =
τmic

τQ
≪ 1

Δs ∝ [ s
n

−
sc

nc ]

Finite time:

Missing 🔴 : 
(Δs<1 means in critical 
region)
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The fluctuations of M=s/n .

(NB: independent of how the mapping between the QCD and 
Ising variables are done. )

The correlation function of s/n 

Growing interests on wavelength dependent fluctuations. (see 
Bluhm’s talk)

Experimentally: HBT

In equilibrium, this induces the familiar critical opalescence:

Object of study:

ϕ(t, x; Q) = ∫ dΔx e−iΔx Q ⟨ δM(t, x + Δx/2) δM(t, x − Δx/2) ⟩

⟨ δM δM ⟩ = Cp ∼ ξ2−η

M ≡
s
n

ϕeq(ϵ, n; Q) ∼
cp

1 + (Qξ)2
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Set-up:

Trajectory: homogenous fireball along constant (s/n).

Mapping: (s-sc) as the order parameter and (n-nc) as the Ising 
energy density. 

In equilibrium (controlled by detuning):

Off-equilibrium: described by relaxation rate equations.

ϕeq(ϵ, n; Q) ∼
cp

1 + (Qξ)2 cp ∼ (Δs)−γ/β ; ξ ∼ (Δs)−ν/β

∂tϕ(t; Q) ∝ Γ(Q)[ϕ(t; Q) − ϕeq(Q)]
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Observation: the main feature of the offequilibrium evolution is 
the existence of the turning point ★

Frozen afterwards Emergent scales: 

𝛕KZ: proper time at ★ .

 lKZ: correlation length at ★ . 

Passing the 🔴  (Δs=0)

Below: measure quantities in the appropriate KZ units. 
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Results for passing the 🔴  (Δs=0)
Rescale ɸ

Q lKZBefore 🔴
The emergence of Qpeak ~1/lKZ driven by critical universality. 
(new in literature).

Physical meaning of Qpeak (1/Qpeak)~1/lKZ: 

The length scale with largest the critical fluctuations. 

The length scale above which the system is off-equilibrium.
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Rescale ɸ

Q lKZBefore 🔴

Rescale ɸ

Q lKZAfter 🔴

Temporal evolution becomes slow after τKZ . 

The peak structure in “correlation function” is originated due 
to off-equilibrium effect and might be preserved by off-
equilibrium effect.
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Away from 🔴 : long wavelength fluct. is offequilibrium.

Near 🔴 : diffusive constant is further suppressed.

Interesting hierarchy:

Estimation of lKZ and compare with the benchmark values

(D) l−2
n.e. = ( τ0

l2
0 ) l−2

n.e. =
1
τQ

⟶ ln.e. = l0 (λ)−1/2

(D) l−2
n.e. ∼ ( τ0

cp ) l−2
n.e. =

1
τKZ

⟶ ln.e. = l0 = (λ)− aν
aνz + 1 = (λ)−0.18

More modes are offequilibrium near 🔴 . 

lKZ ∼ (λ)−0.18 ≪ (λ)−1/2
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How close to the critical point that finite time effect would win?

(e.g. λ =0.2, ΔKZ =0.86)
(ΔKZ)−γ/β = lγ/ν

KZ = (λ)
aγ

(aνz + 1) → ΔKZ = (λ)
aβ

aνz + 1 = (λ)0.094

Approaching  🔴

(Δs)-3.9

(ΔKZ)-3.9~(λ)-0.094

~Baseline

Rescale 
fluct.

KZ scaling eq. scaling away from 🔴
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We need to describe the dynamics of hydro. fluct. and their 
influences on the bulk evolution for systems passing close to 
the critical point. 

Putting numbers

Implications

More modes are off-equilibrium. 

Critical scaling is obscured by the offequilibrium effect. 



Hydro+

Stephanov-YY, 1712.10305, PRD ’18  
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So far

We demonstrate that ɸ(t,x;Q) will offequilibrium.

We could use the relaxation time equation to describe its 
evolution.  

NB: the Q-dependent relaxation rate is known from dynamical 
universality. 

 A question: how does does such evolution affect the bulk 
evolution.  

uμ ∂μϕ(t, x; Q) ∝ Γ(Q)[ϕ(t, x; Q) − ϕeq(ϵ, n; Q)]

ϕ(t, x; Q) = ∫ dΔx e−iΔx Q ⟨ δM(t, x + Δx/2) δM(t, x − Δx/2) ⟩
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Generalize E.o.S

Replacing pressure with generalized pressure
(similar for transport coefficients) 

NB: p+(ε,n,ɸ) (or equivalently s+(ε,n,ɸ)) can be derived. 

s(+) = s(ϵ, n) +
1
2 ∫Q [log(

ϕ
ϕeq

) −
ϕ

ϕeq
+ 1]

∂μ Tμν = 0 (The same) 

Constitutive relation: the same at symbolical level

Tμν = ϵ uμ uν + p (gμν + uμuν) Tμν = ϵ uμ uν+p(+) (gμν + uμuν)

p(ϵ, n) → p(+)(ϵ, n, ϕ)
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Expansion rate/equilibration rate

ζeff/ζeq

Importance of backreaction:

c2s,eff

Stephanov-YY, 1712.10305, PRD 
18’; 

Sound velocity is larger 
than equilibrium value

Bulk viscosity is smaller 
than equilibrium value

Offequilibrium backreaction to flow is 
important! (captured by “hydro+”)
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Higher correlations, 

The derivation of η(+), ζ(+).

Can we simulate “hydro+”?

Open question
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Higher correlations, 

The derivation of η(+), ζ(+).

Can we simulate “hydro+”?

Open question

Greg Ridgway Ryan Weller

Rajagopal-Ridgway-Weller-YY (in progress) 



Conclusion
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Conclusion

The qualitative feature of the off-equilibrium effects near a 
critical point are characterized. 

The study of intriguing interplay between critical fluctuation 
and hydro. flow is under way. 

Discovery potential offered by upcoming experiments — We 
are working to build the needed theoretical tools. (see the 
next talk for a specific example in a simplified setting)


