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Outline of Talk

1 Radiative corrections to decay amplitudes (with colleagues from Rome 1,2,3)

2 Evaluating long-distance contributions (with RBC/UKQCD collaborations)

3 K→ ππ decays (with RBC/UKQCD collaborations)

A full set of references is presented at the end of the slides.
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Leptonic and Semileptonic decays

For many standard quantities, including in kaon physics, lattice results now have
remarkable precision, e.g. from Nf = 2+1+1 simulations we have:

fK = 155.7(3)MeV;
fK
fπ

= 1.1932(19) ; f+(0) = 0.9707(27) .
2019 FLAG Review, arXiv:1902.08191

By “standard", I mean the evaluation of matrix elements of the form

〈0|O(0)|H〉 or 〈H2|O(0)|H1〉,
where H,H1,H2 are single hadrons and O(0) is a local composite operator.

Calculations such as these enable the determination of CKM matrix elements,
e.g.

Γ(K−→ `−ν̄`) =
G2

F |Vus|2f 2
K

8π
mK m2

`

(
1− m2

`

m2
K

)2

.

Since radiative and isospin-breaking corrections are of

O(αem) and O
(

md−mu

ΛQCD

)
∼ O(1%)

these effects must be included for further progress in flavour physics
phenomenology.
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Isospin Breaking Effects in Decay Amplitudes

With colleagues in Rome, we have been developing and exploiting techniques to
compute electromagnetic and strong isospin breaking effects in lattice
simulations. see CTS in 2018 TUPiFP in Warwick

Selected results:

Γ(π±→ µ
±

ν`[γ]) = (1.0159±0.0020)Γ
(0)(π±→ µ

±
ν`),

Γ(K±→ µ
±

ν`[γ]) = (1.0032±0.0011)Γ
(0)(K±→ µ

±
ν`) ,

where Γ(0) is the result in isosymmetric QCD defined in the GRS scheme which is
a particular (and conventionally used) definition.

IB corrections are 1.6% for πµ2 decays and 0.3% for Kµ2 decays, in line with
expectations.
These results can be compared to 1.76(21)% and 0.64(24)% found using
ChPT and large NC (and adopted by the PDG).

V.Cirigliano and H.Neufeld, arXiv:1102.0563

We find Vus = 0.22533(38) and V2
ud +V2

us +V2
ub = 0.99986(44).

For leptonic and semileptonic decays, it would be helpful to have the experimental
distributions as a function of the cut-off on the final-state photon’s energy
(particularly for πe2 and Ke2 decays).
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Finite-Volume Effects
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2. Long-distance contributions in kaon physics

RBC-UKQCD Collaborations are developing and exploiting techniques to
evaluate long-distance contributions to kaon physics, i.e. evaluating matrix
elements of the form ∫

d 4x 〈 f |T[O1(x)O2(0)] | i〉 .

Long-distance here means scales & 1
mc

.

As well as computing the non-perturbative long-distance contributions from
scales of O(ΛQCD), we aim to avoid the necessity of performing perturbation
theory at the scale of mc. For ∆mK this has proved particularly slowly
convergent. J.Brod & M.Gorbahn, arXiv:1108.2036

The techniques are being applied to

1 ∆mK = mKL −mKS and εK ;
2 Rare kaon decays K+→ π+`+`− and KS→ π0`+`−;
3 The rare kaon decay K+→ π+νν̄ .
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Generic issues in the evaluation of long-distance effects

h1 h2

ti t f

n

O1 O2

tA tB

t1 t2

1 Fiducial volume: the integration over t1,2 is performed in a large, but finite, interval
(tA ≤ t1,2 ≤ tB). This is required to allow sufficiently large intervals tA− ti and tf − tB
to ensure that it is indeed the hadrons h1,2 in the initial and final states.

2 Growing exponentials: If there are intermediate states n with lower energies that
those of the external states, then unphysical terms of relative size e(Ei,f−En)T

(where T = tB− tA) are generated.
• For kaon physics the number of such terms is small and can be handled. For
heavy mesons this is much more challenging.

3 Renormalisation: New UV divergences may be generated as x1→ x2.
• For ∆mK and K→ π`+`− decays this doesn’t happen with Nf = 4.
• The additional renormalisation, necessary for εK and K→ πνν̄ decays, has
been developed and implemented. N.H.Christ, X.Feng, CTS, A.Portelli, arXiv:1605.04442

4 Finite-volume effects: Power-like FV effects can be calculated by developing an
extension of the Lüscher formalism. N.H.Christ, X.Feng, G.Martinelli, CTS, arXiv:1504.01170
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Status of RBC-UKQCD Calculations - ∆mK

Following the development of the theoretical background and exploratory
numerical studies, we presented the first numerical results at physical masses at
Lattice 2017 Z.Bai, N.H.Christ, CTS; EPJ Web Conf 175 (2018) 13017

and updated them at Lattice 2018 B.Wang; arXiv:1812.05302.

The calculation is performed on a 643×128×12 lattice with Möbius DWF and the
Iwasaki gauge action. a−1=2.359(7) GeV, mπ = 135.9(3)MeV and
mK = 496.9(7)MeV. T.Blum et al., RBC-UKQCD Collabs., arXiv:1411.7017

Charm-physics studies with this action⇒ amc ' 0.32−0.33. We have used
amc ' 0.31 and studied the dependence on mc.

all diagrams

2018 preliminary result is

∆mK = 7.9(1.3)(2.1)×10−12 MeV ,

to be compared to the physical value

(∆mK)
phys = 3.483(6)×10−12 MeV .

The dominant systematic error is due to
discretisation effects because amc ' 0.31 .

Future project planned on finer lattices at SUMMIT.
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3.2 εK

RBC-UKQCD, Z.Bai et al.

ε
Exp
K = 2.228(11)×10−3

There has been no journal publication on the long-distance contribution to εK
even though the whole theoretical background has been developed.
A number of conference papers have been presented including:

“Long distance part of εK from lattice QCD”
Z.Bai, arXiv:1611.06601

The preliminary results below were obtained from 200 configurations on a
Nf = 2+1 flavour ensemble using DWF and Iwasaki gauge action on a
243×64×16 lattice with a−1 = 1.78 GeV. C.Allton et al, arXiv:0804.0473

The quark masses are unphysical, mπ = 339 MeV, mK ' 592MeV and
mMS

c (2GeV) = 968 MeV.

Our preliminary result for the LD contribution at these unphysical masses is

ε
LD
K = 0.11(0.08)×10−3 .

The central (unphysical) value is about 5% of the physical εK which is
consistent with expectations of the long-distance contribution.

It is planned to restart the computation of the long-distance contributions to εK in
the autumn?
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Rare Kaon Decays: KS→ π0`+`− and K+→ π+`+`−

G.Isidori, G.Martinelli and P.Turchetti, hep-lat/0506026

We now turn to the CPC decays KS→ π0`+`− and K+→ π+`+`− and consider

Ai
µ =

∫
d4xe−iq·x 〈π(p) |T{Jµ

em(x)Qi(0)}|K(k)〉 ,

where Qi is an operator from the ∆S = 1 effective weak Hamiltonian.

EM gauge invariance implies that

Ai
µ =

ωi(q2)

(4π)2

{
q2(p+ k)µ − (m2

K −m2
π )qµ

}
.

The theoretical framework has been developed and an exploratory numerical
calculation for the K+ decay has been performed.

N.Christ, X.Feng, A.Portelli and CTS, arXiv1507.03094

N.Christ, X.Feng, A.Jüttner, A.Lawson, A.Portelli and CTS, arXiv1608.07585

These decays are an important focus for the UK effort on the DiRAC resources it
has been allocated last week.
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Exploratory numerical study of the K+→ π+`+`− amplitude

The exploratory numerical study was performed on a 243×64 DWF+Iwasaki
RBC-UKQCD ensembles with mπ ' 420 MeV, mK ' 625MeV), a−1 ' 1.78 fm.

N.Christ, X.Feng, A.Jüttner, A.Lawson, A.Portelli and CTS, arXiv:1608.07585

128 configurations were used with~k =~0 and~p =(1,0,0), (1,1,0) and (1,1,1) in
units of 2π/L. With this kinematics we are in the unphysical region, q2 < 0
and the charm quark is also lighter than physical mMS

c (2GeV)' 520 MeV.
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K→ πνν̄ Decays

NA62 (K+→ π+νν̄) and KOTO (KL→ π0νν̄) are beginning their experimental
programme to study these decays. These FCNC processes provide ideal probes
for the observation of new physics effects.

The dominant contributions from the top quark⇒ they are also very sensitive to
Vts and Vtd.

Experimental results and bounds:

Br(K+→ π
+

νν̄)exp = 1.73+1.15
−1.05×10−10

A.Artamonov et al. (E949), arXiv:0808.2459

Br(KL→ π
0
νν̄) ≤ 2.6×10−8 at 90% confidence level ,

J.Ahn et al. (E291a), arXiv:0911.4789

Sample recent theoretical predictions:

Br(K+→ π
+

νν̄)SM = (9.11±0.72)×10−11

Br(KL→ π
0
νν̄)SM = (3.00±0.30)×10−11 ,

A.Buras, D.Buttazzo, J.Girrbach-Noe, R.Knejgens, arXiv:1503.02693

To what extent can lattice calculations reduce the theoretical uncertainty?
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Short and Long-Distance Contributions in K→ πνν̄ Decays

To what extent can lattice calculations reduce the theoretical uncertainty?
K→ πνν̄ decays are SD dominated and the hadronic effects can be determined
from CC semileptonic decays such as K+→ π0e+ν .
LD contributions, i.e. contributions from distances greater than 1/mc are
negligible for KL decays and are expected to be O(5%) for K+ decays.

KL decays are therefore one of the cleanest places to search for the effects
of new physics.
The aim of our lattice study is to compute the LD effects in K+ decays.
(These provide a significant, if probably still subdominant, contribution to the
theoretical uncertainty, which is dominated by the uncertainties in CKM
matrix elements.)

Lattice QCD can provide a first-principles determination of the LD contribution
with controlled errors.
The theoretical framework has been developed and implemented in an
exploratory calculation. N.Christ, X.Feng, A.Portelli & CTS, arXiv:1605.04442

Z.Bai, N.Christ, X.Feng, A,Lawson, A.Portelli & CTS, arXiv:1701.02858 & 1806.11520

Ongoing work, led by X.Feng, includes a study of the momentum dependence on
a 323 lattice at a−1=1.37 GeV with mπ ' 170MeV but lighter mc as well as
preparatory work for a physical simulation.
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K+→ π+νν̄ decays - Results from exploratory calculation
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Details of simulation: 800 configs on a 163×32 lattice with Nf = 2+1 DWF,
a−1 ' 1.73GeV, mπ ' 420MeV, mK ' 563MeV and mMS

c (2GeV)' 863 MeV.

For this unphysical kinematics, we find

Pc = 0.2529(±13)(±32)(−45) and ∆Pc = 0.0040(±13)(±32)(−45) .

Large cancellation between WW and Z-exchange contributions.
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Status of RBC-UKQCD calculations of K→ ππ decays

In 2015 RBC-UKQCD published our first result for ε ′/ε computed at physical
quark masses and kinematics, albeit still with large relative errors:

ε ′

ε

∣∣∣∣
RBC-UKQCD

= (1.38±5.15±4.59)×10−4

to be compared with
ε ′

ε

∣∣∣∣
Exp

= (16.6±2.3)×10−4 .

RBC-UKQCD, arXiv:1505.07863

This is by far the most complicated project that I have ever been involved with.

This single result hides much important (and much more precise) information
which we have determined along the way.

We are updating the results with about ≥ 6 times the statistics and much
improved techniques for reducing the systematic uncertainties.

It is planned to present updated results within the next few months.
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The Maiani-Testa Theorem

tH

tπ, ~pπ = ~q

tπ, ~pπ = -~q

tK

~pK = 0

~pπ = 0

~pπ = 0

K→ ππ correlation function is dominated by lightest state, i.e. the state with
two-pions at rest. Maiani and Testa, PL B245 (1990) 585

C(tπ ) = A+B1e−2mπ tπ +B2e−2Eπ tπ + · · ·

Solution 1: Study an excited state. Lellouch and Lüscher, hep-lat/0003023

Solution 2: Introduce suitable boundary conditions such that the ππ ground
state is |π(~q)π(−~q)〉. RBC-UKQCD, C.h.Kim hep-lat/0311003

For B-decays, with so many intermediate states below threshold, this is the main
obstacle to producing reliable calculations.
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Ongoing work

Elastic ππ phase-shifts are obtained by measuring Eππ −2Eπ and using Lüscher’s
formula.

Isospin 0, two-pion correlators are noisy (primarily due to the vacuum subtraction)
and measuring the ground-state two-pion energy is challenging.

A puzzle from our 2015 paper was that we found δ I=0
S (m2

K) = (23.8±4.9±1.2)◦ to
be compared to ∼ 35◦ from dispersive analyses.

G.Colangelo, J.Gasser, & H.Leutwyler, hep-ph/0103088

With increased statistics, and more importantly the use of additional interpolating
operators for the two-pion state, we are able to understand and reduce the
contamination from excited states and now find δ I=0

S (m2
K) = (30.9±1.5±3.0)◦.

T.Wang and C.Kelly, PoS Lattice 2018 (2018) 276

Puzzle is resolved.

In order to reduce possible contamination of excited states, we have now included
the additional two-pion interpolating operators into the K→ ππ analysis and plan
to present the results before the summer.
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Examples of Statistical Improvement
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I stress that more important in the improved analysis is the use of additional
two-pion interpolating operators.
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Results for A2

The amplitude A2 is considerably simpler to evaluate that A0.

Our first results for A2 at physical kinematics were obtained at a single, rather
coarse, value of the lattice spacing (a' 0.14 fm). Estimated discretization errors
at 15%. arXiv:1111.1699, arXiv:1206.5142

Our latest results were obtained on two new ensembles, 483 with a' 0.11 fm and
643 with a' 0.084 fm so that we can make a continuum extrapolation:

Re(A2) = 1.50(4)stat(14)syst×10−8 GeV.

Im(A2) = −6.99(20)stat(84)syst×10−13 GeV .
arXiv:1502.00263

The experimentally measured value is Re(A2) = 1.479(4)×10−8 GeV.

Although the precision can still be significantly improved (partly by perturbative
calculations), the calculation of A2 at physical kinematics can now be considered
as standard.
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“Emerging understanding of the ∆I = 1
2 rule from Lattice QCD"

RBC-UKQCD Collaboration, arXiv:1212.1474

Re A2 is dominated by a simple operator:

O3/2
(27,1) = (s̄idi)L

{
(ūjuj)L− (d̄jdj)L

}
+(s̄iui)L (ūjdj)L

and two diagrams:

L

L

s

K π

πi

i

jj

C1

L

L

s

K π

πj

i

ji

C2

Re A2 is proportional to C1 +C2.

The contribution to Re A0 from Q2 is proportional to 2C1−C2 and that from Q1 is
proportional to C1−2C2 with the same overall sign.

Colour counting might suggest that C2 ' 1
3 C1.

We find instead that C2 ≈−C1 so that A2 is significantly suppressed!

We believe that the strong suppression of Re A2 and the (less-strong)
enhancement of Re A0 is a major factor in the ∆I = 1/2 rule.
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Evidence for the Suppression of Re A2
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Notation i©≡ Ci, i = 1,2.
Of course before claiming a quantitative understanding of the ∆I = 1/2 rule we
needed to compute Re A0 at physical kinematics and found a results of ' 31±12
to be compared to the experimental value of 22.5.
Much early phenomenology was based on the vacuum insertion approach.
although the qualitative picture we find had been suggested by Bardeen, Buras
and Gerard in 1987.
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Conclusions

Many exciting lattice studies in kaon physics underway.

For leptonic and semileptonic decays, in order to make further progress in
phenomenology it is necessary to compute the isospin-breaking corrections
(including radiative correction).

This is underway!

For the evaluation of long-distance contributions to physical quantities in kaon
physics, the theoretical framework has been developed and exploratory
computations have been performed (at unphysical masses). Physical mass
calculations are beginning (for ∆mK they are well advanced) and results will be
available in ∼ 2 years.

Our results for ε ′/ε will be updated this summer, along with many related results.
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References for Isospin Breaking in Leptonic Decays

1 QED Corrections to Hadronic Processes in Lattice QCD,
N.Carrasco, V.Lubicz, G.Martinelli, C.T.Sachrajda, N.Tantalo, C.Tarantino and M.Testa,

Phys. Rev. D 91 (2015) no.7, 07450 [arXiv:1502.00257 [hep-lat]].

2 Finite-Volume QED Corrections to Decay Amplitudes in Lattice QCD,
V.Lubicz, G.Martinelli, C.T.Sachrajda, F.Sanfilippo, S.Simula and N.Tantalo,

Phys. Rev. D 95 (2017) no.3, 034504 [arXiv:1611.08497 [hep-lat]].

3 First Lattice Calculation of the QED Corrections to Leptonic Decay Rates,
D.Giusti, V.Lubicz, G.Martinelli, C.T.Sachrajda, F.Sanfilippo, S.Simula, N.Tantalo and C.Tarantino,

Phys. Rev. Lett. 120 (2018) 072001 [arXiv:1711:06537]

4 Radiative corrections to decay amplitudes in lattice QCD,
D.Giusti, V.Lubicz, G.Martinelli, C.T.Sachrajda, F.Sanfilippo, S.Simula and N.Tantalo,

arXiv:1811.06364 [hep-lat].

5 Light-meson leptonic decay rates in lattice QCD+QED
M.Di Carlo, D.Giusti, V.Lubicz, G.Martinelli, C.T.Sachrajda, F.Sanfilippo, S.Simula and N.Tantalo,

in preparation.
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RBC-UKQCD publications on the KL-KS Mass Difference

1 “Long-distance contribution to the KL−KS mass difference,"
N.H. Christ, T. Izubuchi, CTS, A. Soni and J. Yu,

Phys.Rev. D88 (2013) 014508 (arXiv:1212.5931)

2 “KL−KS mass difference from Lattice QCD,"
Z. Bai, N.H. Christ, T.Izubuchi, CTS, A.Soni and J. Yu,

Phys.Rev.Lett. 113 (2014) 112003 (arXiv:1406.0916)

3 “Neutral Kaon Mixing from Lattice QCD"
Z.Bai, Columbia University Thesis (2017)

4 “The KL-KS mass difference"
Z.Bai, N.H.Christ and CTS, Proceedings of the 2017 International Symposium on Lattice Field Theory.

EPJ Web Conf 175 (2018) 13017

5 “Results for the mass difference between long- and shot-lived K mesons for
physical quark masses"

B.Wang, Proceedings of the 2018 International Symposium on Lattice Field Theory.

arXiv:1812.05302
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RBC-UKQCD Publications on Rare Kaon Decays

1 “Prospects for a lattice computation of rare kaon decay amplitudes:
I, K→ π`+`− decays"
N.H.Christ, X.Feng, A.Portelli and CTS Phys.Rev. D. 92 (2015) 094512 [arXiv:1507.03094]

2 “Prospects for a lattice computation of rare kaon decay amplitudes:
II, K→ πνν̄ decays"
N.H.Christ, X.Feng, A.Portelli and CTS Phys.Rev. D 93 (2016) 114517 [arXiv:1605:04442]

3 “First exploratory calculation of the long distance contributions to the rare kaon
decay K→ π`+`−"
N.H.Christ, X.Feng, A.Jüttner, A.Lawson, A.Portelli and CTS

Phys.Rev. D 94 (2016) 114516 [arXiv:1608.07585]

4 “Exploratory lattice QCD study of the rare kaon decay K+→ π+νν̄”
Z.Bai, N.H.Christ, X.Feng, A.Jüttner, A.Lawson, A.Portelli and CTS

Phys.Rev.Lett. 118 (2017) 252001 [arXiv:1701.02858]
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