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LHCb : Phys. Rev. Lett. 119, 112001(2018)
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Heavy Hadron Energy Spectra:
What we know and do not know

• Ground states of heavy hadrons are known except 𝒃𝒄 baryons

• Excited states of quarkonia are well-known

• Excited states of other heavy hadrons are not so well-known compared to their light 
quark counterparts.

• Not many 𝒃 baryons are known

• Excited state of 𝑩𝒔 mesons are not well determined

• Except 𝑩𝒄(𝟏𝑺, 𝟐𝑺), 𝑩𝒄 states are unknown

• A large number of unusual heavy hadrons have been discovered in last 15 years!
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Theory
• QCD : Theory of strong Interactions

– So far, we are incapable in solving the full theory analytically in the non-perturbative regime

– pQCD

• Define theory in 4D Euclidean space-time grid and solve numerically 

: Lattice QCD (systematics needs to be in good control, 

the study of excited states with multi-hadron scatterings has made

impressive progress)

• Models :

– Motivated from QCD or low energy limits of QCD

Use chiral Lagrangian rather than full QCD Lagrangian, HQET, NRQCD etc.

 Spin independent confining interaction (linear or HO)

 Spin dependent hyperfine interactions:

 Spin-orbit and tensor interactions

 Flavour dependent short range quark force

 Flavour symmetric spin-spin interaction

𝑽𝑯𝑭 ∝ 

𝒊>𝒋

(𝝈𝝀𝒂)𝒊(𝝈𝝀𝒂)𝒋

𝑽𝑯𝑭 ∝ 

𝒊>𝒋

𝑽 𝒓𝒊𝒋 𝝀𝒊
𝑭. 𝝀𝒋

𝑭𝝈𝒊. 𝝈𝒋



LQCD : Euclidean formulation of QCD on hypercubic lattice
where lattice spacing provides the ultraviolet cut-off
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Continuum limit : 𝒂 → 𝟎,𝑵𝒂 𝐟𝐢𝐱𝐞𝐝
Infinite volume : 𝑵𝒂 → ∞

Lattice Spacing :  𝒂 = 𝟎. 𝟏𝟓 − 𝟎. 𝟎𝟒 𝐟𝐞𝐫𝐦𝐢
𝑵𝒂 = 𝟏. 𝟓 − 𝟔 𝐟𝐞𝐫𝐦𝐢
𝒎𝝅𝑳 ~ 𝟑 − 𝟓

Inputs : 
Lattice spacing (coupling) : from known masses : say 𝑴𝛀

or static quark potential
heavy meson spectrum etc.

Quark mass : 𝒖/𝒅 ← 𝒎𝝅

𝒔 ← 𝒎𝒌 𝐨𝐫𝒎ത𝒔𝒔 𝐨𝐫 𝒎𝚵

𝒄 ← 𝟏/𝟒 Τ𝟑𝑱 𝝍 + 𝜼𝒄

b ← 𝟏/𝟒 𝜰𝒃 + 𝜼𝒃

LQCD

𝒂

𝑵𝒂
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Vacuum structure 
and confinement
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quark propagators :

Inverse of very large 

matrix of space-time, 

spin and color

Quark
(on Lattice 

sites)

Gluon
(on 

Links)

Quark
Jungle
Gym



3rd Heavy Flavour Meet-2019, IIT Indore

 

t

  n  1 2   1 

)(

1

)(

0

,

).(

010

0 0)(,,)(0),(

)0()(

ttE

t
n

ttE

n

qnx

xxpi

HtHt

nn
p eWeW

xqnqnxeptG

eet



















 










3rd Heavy Flavour Meet-2019, IIT Indore

Analysis  (Extraction of Mass)
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Effective mass : 

Determine a by measuring some physical quantity 

and compare that to expt, like parameter tuning  
in any renormalized field theory
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M

L

Finite volume Effect

M

a (a2)

Continuum Limit

M

Physical pion mass

mq
)(

2

m

Input parameter

Chiral extrapolation

Chiral perturbation theory

Control of Sytemetics



LQCD for heavy quark physics

Discretization of QCD Lagrangian :

Source of discretization error (need improved 
discretization method preserving continuum 
symmetries) 

Light hadron scale  :    

Heavy hadron scale  : ?

ma << 1



LQCD for heavy quark physics

 Charm : ma = 1.275 GeV, 

ma = 0.5  a ~ 0.075 fm

ma = 0.3  a ~ 0.046 fm

 Bottom : ma = 4.66 GeV

ma = 0.5  a = 0.021 fm

ma = 0.3  a = 0.013 fm

Being heavy lattice correlation functions for heavy quarks decay rapidly.

Relativistic charm quark calculations are now possible.

However, relativistic bottom-quark is still prohibitively costly. 

ma << 1

Computational cost ∝
1

𝑎6
!



HPQCD

Mesons



Brown et al,  

Phys.Rev. D90 (2014) no.9, 094507 

Baryons



Padmanath and NM : Phys. Rev. Lett. 119 (2017) no.4, 042001

HSC : Padmanath et al, 1311.4806, Charm 2013 and 2015
Padmanath, TIFR thesis (2014)



Padmanath and NM: Phys. Rev. Lett. 119 (2017) no.4, 042001
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Singly Charmed baryons

HSC : Padmanath et al, 1311.4806
Padmanath, TIFR thesis 2014 



Doubly Charmed baryons



Doubly charmed-strange baryons (𝛀𝒄𝒄(𝒄𝒄𝒔))
Is it the next doubly charmed baryon to be discovered?

Decay to :  and

NM and Padmanath : Phys. Rev. D 99, 031501 (Rapid Comm) (2019)



bc hadrons

NM, Padmanath and Mondal :

Phys. Rev. Lett. 121, 202002 (2018)
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NM and Padmanath et al, arXiv:1311.4806 

Phys.Rev.Lett. 113 (2014) no.7, 072001
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R. Mitchel@Quark confinement 2018

Newly found heavy flavour exotics
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R. Lebed et al: 
Progress in Particle and Nuclear
Physics 93, 143 (2017)



Type equation here.

𝝍 𝟐𝑺 𝝅 ≡ 𝒄ത𝒄ഥ𝒅𝒖
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How to build a stable tetraquark?

• Two heavy quarks with two light quarks

• 𝐶𝑙 = ത3, good light diquark

 𝐹 = ത3, 𝐽𝑙= 0 ⇒ 𝐽ℎ = 1, 𝐶ℎ = 3, 𝐽𝑃 = 1+

 Spin dependent interaction ∝ 1/𝑚ℎ. For threshold 𝐽𝑃 = 1+ states, like 
𝐵∗𝐵, 𝐵∗𝐷, 𝐵𝑠

∗𝐵𝑠, 𝐷
∗𝐷, this interaction will be supressed.

 With 𝐶ℎ = 3, color Coulomb attraction, this is not present for two-meson thresholds. 

Possible states : ഥ𝒃ഥ𝒃𝒖𝒅, ഥ𝒃ഥ𝒃𝒖𝒔, ഥ𝒃ഥ𝒃𝒖𝒄, ഥ𝒃ഥ𝒃𝒔𝒄,
ഥ𝒃ത𝒄𝒖𝒅, ഥ𝒃ത𝒄𝒖𝒔 𝒆𝒕𝒄.
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Junnarkar, NM and Padmanath: 

Phys. Rev. D99, 034507 (2019) 

Possible heavy tetraquarks



Quark mass dependence of the binding energy
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Pentaquarks

Quantum numbers (JP) : [3/2¯ and 5/2+]

or  [3/2+ and 5/2¯]

LHCb : Phys. Rev. Lett. 117, 082003 (2016)
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Weak interaction and Lattice QCD
Lattice QCD is needed 

 to interpret flavour physics data
 to extract the values of CKM matrix elements

Most extensions of the Standard Model contain new CP- violating
phases, new quark flavour-changing interactions 

 New Physics effects expected in the quark flavour sector

To describe weak interaction involving quarks, one must include
effects of confining quarks into hadrons.

Typically most non-perturbative QCD effects  get absorbed into
hadronic matrix elements such as decay constants, form factors  
and bag parameters

So far, Lattice QCD is the best tool to calculate non-perturbative
QCD effects with controlled systematics. 

Using LQCD we can calculate two, three and four point functions with control systematics
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@Van de Water

Weak matrix elements 



CKM matrix elements and lattice calculations

processes on the lattice  CKM matrix elements

 One hadron in the initial state and zero or one hadron in the final state

 Stable hadrons (that is narrow or far from threshold
 easier to study on lattice)

 Chiral extrapolation is controllable

“Gold plated”
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In SM :

Decay constants from Lattice QCD

Pseudoscalar to vacuum matrix element 

of the axial current pseudoscalar decay constant

Renormalization constant (to match with continuum physics) : 
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Leptonic decay constants

Need to calculate two point correlation functions :

Two point function



𝑪𝟑,𝒎
𝑩𝒄→𝜼𝒄 𝒕, 𝝉 = 

𝒊,𝒋

𝑨𝜼𝒄
𝒊 𝝋𝒎𝑨𝑩𝒄

𝒋
𝒆−𝑬𝜼𝒄

𝒊 𝒕𝒆−𝑬𝑩𝒄
𝒊 𝝉

Two and three point functions

Can be obtained by 
 fitting these two and three point function simultaneously
 constructing appropriate ratios

𝝋𝒎:



MILC : PRD98 (2018) no.7, 074512, arXiv:1810.00250

Meson Decay Constants



Decay Constants

FNAL/MILC: Phys. Rev. D98 (2018) 074512

ETM: Phys. Rev. D91 (2015) 054507

FLAG 2019:  arXiv:1902.08191v2
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Semileptonic form factors

𝑽𝝁 = ഥ𝒙𝜸𝝁𝒄

|𝑽𝒄𝒅| and |𝑽𝒄𝒔|

Parity even current: BSM physics

SM :
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Need to calculate three point function :

Semileptonic form factors

0t ft



)(tTi



Form Factors (𝑫𝒒,𝒔 semi-leptonic decay)

HPQCD: Phys.Rev. D82 (2010) 114506,

Phys.Rev. D84 (2011) 114505

ETM: Phys. Rev. D96 (2017) 054514



FLAG 2019:  arXiv:1902.08191v2



FCNC process

HPQCD: Phys. Rev. Lett. 110 (2013) 222003,

Phys. Rev. D97 (2018) 054509

FNAL/MILC: Phys. Rev. D98 (2018) 074512

ETM: Phys. Rev. D93 (2016) 114505

𝚪 𝑩 → 𝒍𝝂 =
𝒎𝑩

𝟖𝝅
𝑮𝑭
𝟐𝒇𝑩

𝟐 |𝑽𝒖𝒃|
𝟐𝒎𝒍

𝟐 𝟏 −
𝒎𝒍

𝟐

𝒎𝑩
𝟐

𝟐



Form Factors (𝑩𝒙 semi-leptonic decay)



Neutral B-meson mixing

ഥ𝑩𝒒
𝟎 𝑯𝒆𝒇𝒇

𝜟𝑩=𝟐 𝑩𝒒
𝟎

𝑯𝒆𝒇𝒇,𝑩𝑺𝑴
𝜟𝑩=𝟐 = 

𝒒=𝒅,𝒔



𝒊=𝟏

𝟓

𝑪𝒊𝑸𝒊
𝒒

𝑩𝑩𝒒 𝝁 =
ഥ𝑩𝒒
𝟎 𝑸𝑹

𝒒
(𝝁) 𝑩𝒒

𝟎

𝟖
𝟑
𝒇𝑩
𝟐𝒎𝑩

𝟐
Bag Parameter: 

𝝃𝟐 =
𝒇𝑩𝒔
𝟐 𝑩𝑩𝒔

𝒇𝑩𝒅
𝟐 𝑩𝑩𝒅



Neutral B-meson mixing

RBC/UKQCD: Phys. Rev. D91 (2015) 114505,

HPQCD: Phys.Rev. D80 (2009) 014503,

FNAL/MILC: Phys. Rev. D93 (2016) 113016,



𝐵𝐷𝑙𝜈

MILC: Phys.Rev. D85 (2012) 114502

HPQCD: Phys. Rev. D95 (2017) 114506

LHCb, CMS: Nature 522 (2015) 68

MILC: Phys. Rev. D92 (2015) 034506,

HPQCD: Phys. Rev. D92 (2015) 054510

𝑩𝒔 → 𝝁+𝝁−
Rare decay: 



LHCb : Phys. Rev. Lett. 120 (2018) no.12, 121801
SM : 0.25-0.28



𝑩𝑪 → 𝜼𝒄𝒍𝝂

𝑩𝑪 → 𝑱/𝝍𝒍𝝂

Form factors 

.

.

: Outgoing hadron at rest

: Maximum recoil



HPQCD : 1611.01987Colquhoun et al

A. Lytle : CKM2016

NM : Lattice 2017



Alternate ways to get |𝑽𝒄𝒔| Alternate ways to get Alternate ways to get |𝑽𝒃𝒖| |𝑽𝒃𝒄|

S. Meinel, Phys. Rev. Lett. 118 (2017) 082001

Detmold et. al.: Phys. Rev. D92 (2015) 034503,

Possibility of exclusive determination of |Vub|/|Vcb|

Semileptonic form factors in baryon decays



Conclusions and Outlooks

There is a tremendous resurgence of interest in the study of bound 

states with heavy quark(s).

LQCD plays important roles for discovering many of these particles by 

predicting their possible energy values. Lattice QCD also plays crucial role 

in understanding the structures and interactions of these particles. 

LQCD can provide important information about the dynamics of strong 

interactions at multiple scales.

Lattice QCD is playing a crucial role in determining decay constants 

and form factors of heavy hadrons and in turn helping in precise 

determination of the CKM matrix elements.  

Heavy flavour physics is a precision tool to discover new physics. 

Lattice QCD calculations are absolutely necessary for this.





Decay

• Decay into two mesons :

𝑬 𝑸ഥ𝒒 + 𝑬 𝑸ഥ𝒒′ − 𝑬 𝑸𝟐ഥ𝒒ഥ𝒒′ ≈
𝟐

𝟗
𝒎𝜶𝒔

𝟐 𝟏 + 𝑶 𝒎−𝟏 > 𝟎 (Positive)

For sufficiently large m this should be bound!
No decay to two mesons   

Carlson, Heller, Tjon PRD 37, 744 (1988)

• Decay into 2 baryons :  

𝑬 𝒒𝒒′𝒒′′ + 𝑬 ഥ𝒒′′ഥ𝑸ഥ𝑸 − 𝑬 ഥ𝒒ഥ𝒒′ഥ𝑸ഥ𝑸 = 𝑬 𝒒𝒒′𝒒′′ + 𝑬 ഥ𝒒′′𝑸 − 𝑬 𝒒𝒒′𝑸
≥ 𝑬(proton)+𝑬 ഥ𝒒′′𝑸 − 𝑬 𝒒𝒒′𝑸

For known charm and bottom masses right hand side is positive
Therefore, no strong decay to two baryons Eichten, Quigg, PRL 199, 202002 (2017)



𝑉𝐶 = 

𝑖>𝑗

𝛼𝑠
𝐹𝑖 . 𝐹𝑗

𝑟𝑖𝑗

𝐹𝑖 . 𝐹𝑗 = − 2/3 in ത3

Bohr radius 𝑎 =
3

𝑚𝛼𝑠

𝐸 𝑄2 ≈ −
1

9
𝑚𝛼𝑠

2

𝐸 𝑄ത𝑞 + 𝐸 𝑄ത𝑞′ − 𝐸 𝑄2 ത𝑞ത𝑞′ ≈
2

9
𝑚𝛼𝑠

2 [ 1 + 𝑂 𝑚−1 ]


