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Based on work done in collaboration with:

®  Five-loop contributions to low-N non-singlet anomalous dimensions in QCD
F. Herzog, S. M., B. Ruijl, T. Ueda, J. Vermaseren and A. Vogt

arXiv:1812.11818

On quatrtic colour factors in splitting functions and the gluon cusp anomalous dimension
S. M., B. Ruijl, T. Ueda, J. Vermaseren and A. Vogt arxiv:1805.09638

Four-Loop Non-Singlet Splitting Functions in the Planar Limit and Beyond
S. M., B. Ruijl, T. Ueda, J. Vermaseren and A. Vogt arxiv:1707.08315

¢ Many more papers of MVV and friends ...
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Motivation
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Theory considerations in o determinations

Correlation of errors among different data DIS sets

Target mass corrections (powers of nucleon mass M3 /Q?)

Higher twist F* = Fy + ht™ (2)/Q% + . ..

Variants with no higher twist give larger as values Aleknin, Blumlein, S.M. 117
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Theoretical uncertainty of as at NNLO from DISdata > O(1...2)%
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Theoretical framework
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Deep-inelastic scattering

electron ) ) )
Kinematic variables

momentum transfer Q% = —q
Bjorken variable = = Q*/(2p - q)

2
quark

Structure functions (up to order O(1/Q%))
Fo(2,Q%) = Y [Cayi (as(u?),p*/Q%) ® PDF (u°)] (x)

Coefficient functions up to N°LO
Coi=al (Cgoz + ozscgl,g + agcgg—l—aicsz + .. )
Evolution equations up to N’LO

non-singlet (2n s — 1 scalar) and singlet (2 x 2 matrix) equations

dlrcll,u? PDF(z,p") = [Plas(u”)) ® PDF(u)] (2)

splitting functions P;; = a. P + o2PY + a2 PP +alpP + ...

Sven-Olaf Moch New results on splitting functions in QCD at four- and five loops — p.6



Evolution equations

Parton distribution functions ¢, (z, 11*), g;(x, #*) and g(z, u*) for quarks,
antiquarks of flavour 7 and gluons

Flavor non-singlet combinations n

qrjfs,ik; = (¢ £ @) — (g £ @) and gps = Z (¢ — @)

1=1
splitting functions P and P), = P, + P5,
Flavor singlet evolution

d ( ds ) Pyq Pag ds il _
= ) ( ) and ¢ = q; + q;
dIn ,LLQ g ( Pgq  Pgg g Z ( )

quark-quark splitting function P,y = Pt + P,

Mellin transformation relates to anomalous dimensions ik (V) of
twist-two operators

1
fyi(l?)(N,ozS) — —/ de N7t Pig{n)(az,as)
0
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Non-singlet
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Operator matrix elements

Non-singlet operator of spin-/N and twist two

ns

{.Ula---).“N} - w)\afy{/ilD:“2 D/LN}w ’
a = 3,8,...,(n7—1)

. b3 Pn
Calculation

Anomalous dimensions (V') from ultraviolet divergence of loop
corrections to operator in (anti-)quark two-point function

Feynman diagrams for operator matrix elements generated up to four
loops with Qgraf Nogueira ‘91

Parametric reduction of four-loop massless propagator diagrams with
Forcer Ruijl, Ueda, Vermaseren ‘17

Symbolic manipulations with Form Vermaseren ‘00; Kuipers, Ueda, Vermaseren,
Vollinga ‘12 and multi-threaded version TForm Tentyukov, Vermaseren ‘07

Diagrams of same topology and color factor combined to meta diagrams

1 one-, 7 two-, 53 three- and 650 four-loop meta diagrams for ~,:
1 three- and 29 four-loop meta diagrams for ~,..
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Anomalous dimensions

Anomalous dimensions ~(N) of leading twist non-singlet local operators

expressible in harmonic sums up to weight 7
N

S:I:ml ..... my (N) — Z (il)z SmQ ----- mip (Z)

(X!
i=1

2. 3%~ sums at weight w

Reciprocity relation v(N) = v, (N + ~v(N) — B(a)) reduces number of
2“~1 sums at weight w for ~,

additional denominators with powers 1/(N + 1) give 2“ "' — 1 objects
(255 at weight 7))

Constraints at large-z/small-z (N — oo/N — 0) give additional 46
conditions

Upshot

Computation of Mellin moments up to N = 18 for anomalous dimensions
feasible

Reconstruction of analytic all-/V expressions in large-n. limit from
solution of Diophantine equations
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Mellin momen ts ..at.fO.L.’f lppps
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Four-loop non-singlet splitting functions

¢ Top:

three-loop P.&* (x)
and large-n. limit
with ny = 4

Bottom:

four-loop P3* ()
and uncertainty bands
beyond large-n. limit
with ng = 4
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Scale stability of evolution

N

-0.22

- ding /dlnpg 4 o | ]

023 |- PO [ ]

0.24 — P ’— 0.13 |- _

C L -0.25:— :: ,,,,, e - i i

¢ Renormalization scale - x=08 | [ ]
. B R L L a1 014 = T

dependence of evolution | = —— : S .
kernel dln g, /dn p; [ : [ 1

) _ 4 005 —

® non-singlet shape - . i i

+ 2y _ 0.5 3 003 7 I |
Tqns(T po) = 77 (1 — ) : 1. :
0035 x=0.15 x = 0.01

1 1 1 IIIII| 1 1 | T T I | 004 1 1 1 IIIII| 1 1 | T T I |

L T T TTTT L LR F T T TTTT rrrTTTTy

® NLO, NNLO and N*LO 0.08 1 009 F=-. h
predictions : : [ ]
¢ remaining uncertainty - 1 oes [ ]

of four-loop splitting i ] ] ]
function P2 almost I _0= 1 007 | 0

Al 0.06 — X= - X= .
invisible ST B S BT
10" I R : 1 , o, 10

Mo/ 1 b/ 1

Sven-Olaf Moch New results on splitting functions in QCD at four- and five loops — p.13



The structure function F> (non-singlet)

Large-x convergence of perturbative series
approx. N°LO structure functions S.M., Vermaseren, Vogt ‘05

T | T T T | T T T | T T T | T T T 0-02 I T T T | T T T | T T T | T T T | T T T 0.08 T T T | T T T | T T T | T T T | T T T
_ 2] : _ i .
0 I Fons=dInF, o/ dInQ7] ] (max-min) B o/2 |
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- . =Q/2..2 i
] oosl W=CQ Q i
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_ ' : — NLO
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Potential for ‘gold-plated’ determination of a
theory uncertainty Apert.as < 1%
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Mellin moments at five loops

® Moments N = 2 and N = 3 for nonsinglet anomalous dimensions ~,;

¢ implementation by Herzog, Ruijl 117 of local R ™ operation Chetyrkin, Tkachov
‘82; Chetyrkin, Smirnov ‘84 for reduction of five-loop self-energy diagrams
to four-loop ones computed with Forcer Ruijl, Ueda, Vermaseren ‘17
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Scale stability of evolution
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Five-loop splitting function at large-x
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Left: Non-singlet anomalous dimensions v = () /In N for
non-even/odd 2 < N < 8 for n; = 3 compared to their limits for large-n.
and for N — oo (straight lines)

Right: 20 trial functions approximating piY jE(N) in large-n. limit for
ny = 3 with uncertainty band for five-loop cusp anomalous dimension As
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Singlet
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Color factors of SU (n.)

Quadratic Casimir factors C,.6*° = Tr (T2 17 )

fundamental representation Cr = (n2 — 1)/(2n.);
adjoint representation C'4 = n.

Quartic Casimir invariants occur for the first time at four loops

diy) = dgbeddated for representations labels z, 3 with generators 7
abcd 1 a b e rd . .
d, = & Tr (T, T, T, T, + five bed permutations )

SU(n.) with fermions in fundamental representation

1
dﬁ/nA = ﬂnf(nc2+36) :
1
did /na = 13 ne(ne +6)
7@ I —2
pe/NA = %(nc — 6+ 18n, )

1

trace-normalized with Tr = 3

dimensions of representations ny = n. and ny, = (n2 — 1)
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Operator matrix elements

b1 P2

Singlet operators of spin-N and twist two

O{q’ul aaaa /'LN} — wfy{/LlDlu’QD/iN}w )
O{glu'l """ ,U'N} - Fy{lu’lD/LQ ...D/'I'N—l F,U,N}V P1 P2

Quartic Casimir terms at four loops
are effectively ‘leading-order’ Ps Pn

anomalous dimensions fulfil relation for A = 1 supersymmetry
Q
Yad (N) 753 (V) = 752 (N) =7/ (V) = 0

color-factor substitutions for n, = 1 Majorana fermions (factor 2n;)

4 4 4 4 4
Ca ol a4 ad
(2ny) = 2ny = 2ny -~ =

nA na ng nrg na

Eigenvalues of singlet splitting functions (conjectured to be) composed of
reciprocity-respecting sums

quartic Casimir terms fulfil stronger condition Belitsky, Miiller, Schafer ‘99
0 3 Q 0 3
'Yég)(N)’Yéq)(N) — ’Yéq)(N)'Yc(lg)(N)
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Calculation and results

Computation of Mellin moments up to N = 16 for anomalous dimensions
feasible

Numerical approximaton z-space expressions
used for large-x limit

n— Ani
P,L(,L 1)<CU> = m —|— Bn,i 5(1 — LU) —|— Cn,i ln(l — LU) —|— Dn,i

Cusp anomalous dimensions related by Casimir scaling up to three loops
Apg = %An,q forn <3

CF
Casimir scaling at four loops broken due to new color factors
abcd jabced dabcdd abcd
A, 4 contains —=——2— and -£—F
nrg nre
abcdd abcd d abcdd abcd d abcdd abcd
A, contains 4——2 — “E£__—4  gnd £ L
na na na
Large n.-limit at four loops restores Casimir scaling Dixon ‘17

Ca

large—nc — C 4,9
F

A4,g

large—nc
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Quark and gluon cusp anomalous dimensions

Large-n. limit of quark cusp anomalous dimension (agrees with Henn, Lee,
Smirnov, Smirnov, Steinhauser ‘16)

3 [ 84278 88832 20992 352
At qliarge—n, = CFn (8—1 T G2 + o7 C3 + 180404 — —— (203 — 3525
—32¢5 — 876 (s)
39883 26692 16252 440 256
— Crnlnyg (T ~ TR1 G2 + G3+ — Ca— —— G203 — 224 C5>

2119 608 1280 32
—I—C’Fncnf( 31 - 31 C Cg——C4> —Can (g——CIS)

Result includes non-vanishing coefficients of quartic Casimir

abed jabed d abcdd abed
F A F
and

nr nr

contributions
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Generalized ‘Casimir scaling’

quark gluon Ay q Ay g
Cr _ 0 _
CrC4 — 0 —
C2CA — 0 —
CrCi Ci 610.25 + 0.1
A Ing d\) /ny ~507.0+2.0  —507.0+5.0
ng Cp ng CpC 4 —31.05543
ngCpCy  my CFCZ 38.79538
ns CpCA ngC 4 —440.6670
nediy /np npd <4> D ny ~123.8949  —124.0+0.6
e ng CpCa —21.31439
ng CpCa ng Ci 58.36737
- nf diy) Jna - 0.0+ 0.1
ng Cp ng Cy 2.454258 2.454258

Exact results (rounded to seven digits) for n; C'2 by Grozin ‘18 and for

Mg CEC Yy, Mg CrC3, Mg d}}? /mp by Henn, Peraro, Stahlhofen, Wasser ‘19 all in
agreement with approximations from S.M., Ruijl, Ueda, Vermaseren, Vogt ‘17
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Numerical implications

Numerical results (expansion in powers of o /(4))
Asq = 20702(2) — 5171.916n; + 195.5772n/ + 3.272344n; |

Asg = 40880(30) — 11714.25 ny + 440.0488nf + 7.362774n

Casimir scaling between A, , and A4 4 broken by almost 15% in n;’

non-leading large-n. part of quartic-Casimir term
(factors ‘36" and ‘6" in A4, and A4 )

Perturbative expansion very benign for quark

_|_
+ ...
_|_

Aq(as,np=3) = 0.42441 a5 [1+0.72657 as + 0.73405 a2 +0.6647(2) a + . ..
Aq(as,np=4) = 0.42441 a5 [1+0.63815as + 0.50998 a2 +0.3168(2) a + . ..
Aq(as,ny=5) = 0.42441 a1+ 0.54973 a5 + 0.28403 a2 +0.0133(3) a2 + . ..
and gluon

Aglas,ns=3) = 0.95493 as [1 + 0.72657 as + 0.73405 a2 +0.415(2) o
Aglas,ns=4) = 0.95493 a; [1 + 0.63815 as + 0.50998 a2 +0.064(2) o
Ag(as,ns=5) = 0.95493 as [1+ 0.54973 as + 0.28403 o2 —0.243(2) o
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Analytic results

Reconstruction of analytic all-IV expressions for (5 terms from solution of
Diophantine equations

Swih_ L1 1 1
example for v’ with 7 ~ N+1adv N—1 N+2
4
7&?(]\[)‘ " — 6_<30(12n2—4y2—51(451+8n—8u—11)—7y)
C5dAA/nA 3
1 1
+18877——7Z —EN(N+1)>

Recall large- N limit of anomalous dimensions
yi(i’“)(N)‘ — An; In(N) + O(consty)

N — o0

Terms S;1(N)? ~ In(N)? and N(N + 1) proportional to ¢s must be
compensated in large-N limit
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Summary

Determination of strong coupling «s at 1% precision requires QCD
radiative corrections to evolution equations at N°LO

Matrix elements of local operators of twist two

non-singlet anomalous dimensions ~'¥-* (V) (fixed Mellin
moments and exact results for large-n.) at N°LO

quartic Casimir contributions to singlet anomalous dimension vff) (N)
(fixed Mellin moments and exact results for (5 terms) at N°LO

Quark and gluon cusp anomalous dimensions
generalization of the lower-order ‘Casimir scaling’

Structural similarities of QCD to NV = 4 Super Yang-Mills theory
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